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1 Introduction 

The present article is devoted to the oscillator system on the two-dimensional sphere 
s; + s~ + s~ = R2, which is also known as a Higgs oscillator [1] 

o2R2 s2 + s2 
V=---1 __ 2 

2 2 , 
S3 

(I) 

where s; are the Cartesian coordinates iri the ambient Euclidean space· and R is 
a radius of sphere. As a "flat" space partner [2], this is a superintegrable system 
and has the same properties as accidental degeneracy of the energy spectrum [I], 
separation of variables in more than one coordinate systems [3, 4] and nontrivial 
realization of hidden symmetries [5] (see also [6]). 

The aim of this paper is to describe of solutions to the Schrodinger equation 
for the potential (I) in three spherical systems of coordinates and to calculate the 
coefficients of interbasis expansion between the corresponding wave functions. 

2 Quantum motion on two-dimensional sphere 

The Schri:idinger equation on the two-dimensional sphere has the following form: 

HiJJ = [-~6LB + v] iII = Elf/ (2) 

where 6LB is the Laplace-Beltrami operat~r 

1 ( 2 2 2 6LB = R2 Li + Lz + L3) (3) 

and L, are the generators of the Lie algebra o(3) 

L,=-t,kjSk!lf), [L,,Lk]=c,ki, i,k=l,2,3. 
USj 

(4) 

For V = 0 the separated eigenfunctions of the Laplace-f3cltrami operator satisfy 

6 'V=-l(l+l) lW=kW 
LB R2 ' ' W1k(a,,6) = 1/J1k(a)ef11k(/3) (5) 

where I is a second order operator in the enveloping algebra of o(3) 

I= a,kL,Lk, Ujk = aki, (6) 

The matrix a,k can be diagonalized to give [7] 

I(a 1,a2 ,a3 ) = a1Li + a.2n + a3L;. (7) 
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When all three eigenvalues a, are different, the separable coordinates in (5) are 
elliptic [8]. If the two eigenvalues of a, are equal, e.g. a1 = a2 # a3 or a1 -=/ a2 = a3, 
or a

1 
= a3 # a

2 
we can transform the operator I into the operators: I(0, 0, 1) = £5, 

J(0, 1, 0) = L~, or J(I, 0, 0) = Lr Thus, the corresponding separable coordinates on 
52 are the three type of spherical coordinates 

s1 = R sin 0 cos c.p 
s 2 = Rsin0sinc.p 
s3 = RcosO 

RcosO' 
= Rsin 0' cos c.p' 
= Rsin0'sinc.p' 

Rsin 0" sin c.p", 
Reos O", 
R sin O" cos c.p" 

(8) 

where c.p E [0, 21r), 0 E (0, 1r). The eigenfunctions of the three sets of operators 
{llLB, L,} are the usual spherical functions on 52: 

l(l+I) 2 2 
fl LB Yim, ( 0, 'P) = -~ Yim, ( 0, 'P) L; Yim, ( 0, 'P) = m; Yim, ( 0, 'P). (9) 

Geometrically, the spherical coordinates (8) are connected with each other by rota
tion which may be expressed through the Euler angles ( a, ,6, -y) in accordance with 

the relations [10] 

cosO' 

cot(c.p'+-y) 

cos O cos ,6 + sin O sin ,6 cos( c.p - a) 

cot O sin ,6 
cot(c.p-o)cos,6-. ( ) 

S111 c.p - a 

Correspondingly, the spherical functions Yim ( 0, c.p) are transformed by the formulae 

[10] 
l 

Yi,m' ( 0', c.p') 
"\""" l 7r 7r 
L., Dmm'(O, Z' 2)Yi,m(0,c.p), 

m=-l 

l 

Yi,m11(011 ,c.p") 
"\""" l 7r 7r 
L., Dmm"(2, 2,0)Yi,m(0,c.p), 

m=-l 

I 

( 
II ") "\""" l ( 7r 7r) (0' ') Yi,m" 0 , 'P = L., Dm'm" 0, 2, 2 Yi,m' , 'P , 

m'=-l 

where D;,.
1

,m
2
(0,,6,-y) - are the Wigner fl-functions. 

3 Higgs oscillator on the two-dimensional sphere 

3.1 Solution to the Schrodinger equation 

3.1 The oscillator potential (I) in the spherical coordinate (0,c.p) is 

0 2 R2 82 + 82 0 2 R2 
V = -- -1--2 = -- tan2 0 

2 s~ 2 
(10) 

:;%r£"£i~·;;;r;:i:rr°izy~ · 
;~~t~'.~-Cr .h~~ ~~:-~·tr f~r;tt 
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and the Schrodinger equation (2) has the following form: 

1 [J ow 1 82w [ a
2 R2 ] 

sin0 [)() sin0 [)() + sin2 () [)c.p2 + 2R2 E - -2-tan2 0 iI1 = 0. 

Choosing the wave function according to 

Z(0) eim,p 
ilf(() u,) - ---

' T - ~ ,.(ii;' mEZ, 

(11) 

(12) 

after the separation of variables in equation (11) we come to the Poschl-Teller - type 
equation: 

--+ c:----4 ___ 4 Z=0 Jl Z [ m
2 

- ! v2 
- !] 

d02 sin2 () cos2 () 
(13) 

• 
where v ~ ✓ a2 R4 + ¼ and t: = 2R2 E +a2 R4+ ¼- The solution of the above equation 

orthonormalised in the interval () E [O, 1r /2] is 

Z(()) = Zn,m(()) = 2(2nr + jmj + V + l)(nr)!I'(nr + 1ml + V + 1) 
(nr + lml)!r(nr + v + 1) 

(sin (J)lml+½( cos 0)"+½ PJ~l,v)( cos 20) (14) 

where pJcx,P)(x) are the Jacobi polynomials [11] and the energy E takes the values 

1 
En= 

2
R 2 [(n + l)(n + 2) + (2v - l)(n + 1)] (15) 

where nr is a "radial" quantum number and n = 2nr + 1ml is the principal quan
tum number. The degree of degeneracy of the energy spectrum, like the flat two
dimensional oscillator system, is equal to 2n + 1. Note also that in contraction limit 
when R --> oo, we have v ~ aR2 and from formula (15) the energy spectrum for 
two-dimensional circular oscillator is restored [9]. 

3.2 In the second spherical coordinate ( ()', c.p') the potential (1) has the form 

V = -- --=----=-- - 1 
0 2R

2 
( 1 ) 

2 sin2 ()1 sin2 c.p' • 
(16) 

After the substitution 

il1(0',c.p') = ~S(0')S(c.p') 
v sm0' 

(17) 
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we come to the system of differential equations 

d2S [ A2_1] 
do '2 + [ - ---2-4 s = 0 

Sill 0' 
-+ A --- S=0 
d2s• [ 2 i,2-¼] 
dc.p' 2 siu2 <p' 

where A is the separation constant. Solving equations ( 18) we obtain 

(18) 

I ( 1) 2 

A=n1 +11+ 2, t:= n2+A+ 2 =.(n 1 +n2 +v+l)2 =(n+v+l)2 (19) 

where n 1 , n 2 E N and the principal quantum number n = n 1 + n 2 , so that the energy 
spectrum is given by equation (15). The orthonormalized eigenfunctions '11(0', c.p') 
could be written a.s 

Wnpi2(0
1
,<p

1
) = ✓ : 0 s~;(0')S~I (c.p') 

Sill 1 
(20) 

where 

I'(a+l)r(n+a+½) 
S~('P) = f(n +a+ 1) 

(n +a+ l/2)n! . , , 
1rr(n + 2a + 1) (smc.pp-+ac~+,(cos<p) (21) 

and C~ are the Gegenbauer polynomials [ll]. Finally, note that the operator cha.r
;1ctcrizing the separation solutions in this coordinate system is 

( 
8

2 
v

2 
- ¼) [ 2 2 2 1

12 
- ¼] 2 J1Wn1n2= a ,2 --.-2-, Wnpi2= L1-(·•2+s3)--2 - Wn1n2 =-AWnp,2f22) 

<.p Sill <p s3 · 

:J. :J For the potential ( 1) in the coordinate system ( 0", c.p") we have 

V=-- . -1 a2R
2 

( l ) 
2 sin2 

() 11 cos2 <p" • 
(2:3) 

The orthonorma.lized solution to the Schrcidinger equation (2) have the following 
form: 

ljl (0" ,.~") = _l_.,v ( ,, + !!..) SB(0") 
1112 , r ✓sin 0,, 1, 'P 2 12 

(2,t) 

where l1, 12 E N, the principal quantum number n = /1 + 12 and the const.a.nt 
lJ = l1 + v + ½- For the energy spectrum we come to expression ( 15) and the wave 
function S~(0) is given by formula. (21). 

The additional opera.tor describing this solution and separation is 

( 
82 2 1 ) [ 2 I] _ V - 4 _ 2 ,2 .2 // - 1 _ 2 ~ 

.l2W1,12 - " ,,2 - ~ W1112 - L2 - (-'1 + ·':i)--2- W1,12 - -B '111,12. (20) 
U<p cos <p S:I 

5 



3.2 Algebra 

If we take the constant of motion in the form 

2 

13 = L3, J- _ L2 2R4 8 2 
1- 1-Q 2' 

83 

.2 
/
- 2 2 4 8 1 

• 2 = L2 - a R 2' 
":i 

we have the Hamiltonian 

1 [- - -J H = - 2R2 J1 + .12 + J3 ' 

and the commutator relations 

[J1,l2] = {Li, {L2, L3}} + 2c.i-2R4 (s~ ~sf+ 2s1/2 L3) 
,53 83 

[J1,J3] -{L L } _ 2 2R481S2 I, 2 Q - 2 
83 

[J2,J3] = {L1,L2}+2a2R
48182 

82 
3 

(26) 

where {,} is the anticommutator. To close this algebra, we use the redefined oper
ators 

S1 = ]3, S2 = 11 -12, 

and derive the following relations: 

S3 2{L1,Li} +402R48182 
82 ' 

3 

S3 = [Si, S2] 

[ 4HS1 3 ( 2 4 ) [S3,Si] = 4S2, S3,S2]=~+8S1 +4 foR -1 S1 . 

(27) 

(28) 

(29) 

Thus, the operators S1, S2, S3 a generate nonlinear algebra, the so-called cubic.or 
Higgs algebra. 

4 Inter basis expansions 

Let. us now consider interbasis expansion between two spherical wave functions 

n 

'Vn,,n,(0',cp') = L w,:n,'Vn,m(O,cp)_ (30) 
m=-n 

To calculate an explicit form of the expansion coefficients w,:n, it is sufficient to 
use the orthogonality for the wave function on one of the variables in the right-hand 

6 

. 11\ 

t./ 

) 

side of (30) and to fix, at the most appropriate point, the second variable that does 
not participate in integration. Rewrite the left-hand side of (30) in the spherical 
coordinates ( 0, cp) according to the formulae 

0
, . 

0 
, sin 0 sin cp 

cos = sm cos cp, cos cp = --;====== J1 - sin2 0 cos2 cp 

Then, by substituting 0 = ~ and taking iI}to account that 

c>-( ) = r(2.\ + n) 
n 1 ~!r(2.\) 

we obtain an equation depending only on the variable cp. Thus, using the orthogo
nality relation for the function eimip upon the quantum number m, we arrive at the 
following integral representation for the coefficients w,: ,n,: 

. (n2)! (n1 + V + ½) r(n1 + 2v + l)(n~m)!(n~m)! wm ( l)n-/ml 
n1n2(v) = - 2 

2v+17r (ni)!r(n + n1 + 2v + 2)r(n~m + v + l)r(n~m + v + 1) 

r(n1+v+Vr(n+v+l) J" 
r(n + V + ¾) n1n2m 

(31) 

where 

,, 1 /2,r 
In,n

2
m = ,.,/2-i}o (sincpt1C;;+v+I(coscp)e-imipdcp. (32) 

To calculate the integral I~,n,m it is sufficient to write the Gegenbauer polynomial 
C;:; +v ( cos cp) and ( sin cp t' as a series in terms of the exponents. After integration 
we obtain 

12" . (-1(,m2>--k+½7rr(.\+n+!)k! 
sin kc>- cos e-,m<pd = 2 

0 ( cp) n( cp) cp n!r(.\ +½)r (n+~-m + 1) r (k-;+m + 1) 

{ 

-n _n+k-m ,\ } 
' 2 ' 

3F2 1 . 
- A - n + 1, k-;+m + 1 

The introduction of (32) into (31) gives us the inter basis coefficients in the closed 
form 

w,:n, (v) 
2(n1 + v + ½)(n1)!r(n1 + 2v + --1:__) ( - l) lml-;-n, 

(n2)!r(n + n1 + 2v + 2)r(n~m + V + l)r(n~m + V + 1) 

(ntm)! r(n+v+l) 
(n~m )! r(n1-~2+m + 1) {

-n2, _n~m, n1 + V + 1 
3F2 

-n - v, n1-~2+m + 1 

7 
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The inter basis coefficients w:; n, ( 11) could also be expressed in term of the Clebsch
Gordan coefficients for SU (2) group, analytically continued to the real values of their 
arguments. Using the formula for the Clebsch-Gordan coefficients C~::;b,(J [10] 

c~::;b,(J = o'Y,°'+(J 
(a+ o:)!(b- ,B)!(c + ,)!(c - ,)!(2c + 1) 

(a+ b- c)!(a + b + c + l)!(a - o:)!(b + ,8)! 

✓(a - b + c)!(c - a+ b)! F, { -a - b + c, -a+ a, -b- ,8 I } 
(-b+c+o:)!(-a+c-,8)! 3 2 -a+c-,8+1,-b+c+a+l 

1 

and following the property of the polynomial hypergeometric function 3 F2 

3
F

2 
{ a·, b, c Ii} = I'(d)I'(d - a - b) 

d, e I'(d-a)I'(d-b) 
F, { a, b, e - c I l} 

3 2 a+ b - d + 1, e • 

We can rewrite the formula (34) in the form 

(2c + l)(b + c- a)!(b- ,B)!(c+ ,)!(c - 1 )! 

(34) 

(35) 

c~::;b,(J = o"f,C<+(J (a+ b - c)!(a - b + c)!(a + b + c + l)!(a + o:)!(a - o:)!(b + ,B)! 

(2a)!(c-b+o:)! 
3
F

2
{-a-b+c, -a+a, b-a+c+lll}(36) 

(c-b+o:)!(c-a-,8)! -2a,c-a-,B+l . 

By comparing equations (36) and (33) we finally obtain 

lml-m-n1 n1 +v, V wm (11) = (-1) 2 c!!il tlm.. !!il = 
n1 n2 2 , 2 , 2 , 2 

(37) 

The inverse expansion of (30), namely 

n 

Wnm(0,cp) = L W,:',;,(v)Wn 1 n2 (0',cp') (38) 
n1=0 

immediately follows from the orthogonality property of the SU(2) Clebsch-Gordan 
coefficient. Thus, the interbasis coefficients in expansion (38) are given by 

,., lml-m+n1 n 1 +v v wn, (v) = (-1) 2 c!!il ~-!!il = 
nm 2 , 2 , 2 , 2 

(39) 

and may be expressed in terms of the 3 F2 function through (33). 
Using the same method we could calculate the coefficients of the interbasis ex

pansion for the wave functions (24) and (12). We have 

n 

W1,1,( 0", cp") = L ( -1 r+lf-wz';i, (v)Wnm ( o, cp) ( 40) 
m=O 

8 

r 

.] 
lo 

where the coefficients W17i
2 

( 11) are given by formulae (3:J) or ( 37) by replacing the 
quantum number n; -> l;. 

The last interbasis expansion between two spherical wave functions (24) and (17) 
can be constructed by using equations ( 40) and (38) 

n 
w,,1,(0

11
,cp") = L u;;i,(11)\fln,n,(0',;p'), ( 41) 

n1=0 

where 

n 

U,7i,( 11 ) = (-1)'2+'1
~"

1 L ( l)TCl1+v,v cn,+v,v 
- !!tt ct.!!:!.. ~ !:=.!!!. ~ ti!!!_. ~ ~ 

2·2•2 1 2 2 1 2 1 2 1 2 m=-n 
(42) 

Finally, note that direct methods of calculation of the coefficients in expansion (41) 
give us the hypergeometrical ftmction 4 F._1 from the unit argument. 
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AKOIDIH E.M., TioroCHH r.c. 
Me)K6a:mCHbie paJJIO)KeHIUI .wrn H30TpOnHoro OCl..{IDiilllTOpa 
Ha .z:IB)'MepHoii ccpepe 

E2-98-82 

AHaJIH3HpyeTC51 CHCTeMa H30TpOilHOro OCl..{HJIJUITOpa Ha .[IB)'MepHoii ccpepe B 
ccpepHqecKJIX ClICTeMax KOOp.[IHHaT. BbJqHcneHbl K03qJqJIIQHeHTbl paJJIO)KeHIIii Me)K
.z:IY TpeMH ccpepHqeCKIIMII 6a:mcaMH OCUIDiilllTOpa. TIOKa3aHO, qTQ CO0TBeTCTBYJOIUIIe 
K03qJqJHQHeHTbl Bblpa)KaJOTC51 qepe3 o6o6m;eHHbie K03qJqJIIUIIeHTbl Krre6ma-rop.z:1a
Ha rpynnbl SU(2), npO.[I0fl)KeHHble no CB0HM HH.[leKCaM n o6naCTh .[lettCTBHTenbHbIX 
JHaqeHHii. 

Pa6oTa BhrnonHeHa B Jia6opaTOpIIH TeopemqecKoii qJHJIIKII HM. H.H.Eoronro-
6ona 01151H. 

Ilpenpl!HT Om.e,[ll!HeHHOro IIHCTIITYTa ll,[lep111,1x IICCJ!e,[IOBaHllii . .Ily611a, 1998 
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We analyze the isotropic oscillator system on the two-dimensional sphere in the 
spherical systems of coordinates. The expansion coefficients for transitions between 
three spherical bases of the oscillator are calculated. It is shown that these coefficients 
are expressed through the Clebsch-Gordan coefficients for SU(2) group analytically 
continued to real values of their argument. 
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