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1. Introduction 

Interactions of physical fields of the extended superg~avity {SGD: graviton 9mn 1 grav­

itino 1/J~i and the abelian gauge field Am have firstly been investigated in the framework 

of the formalism that takes into account equations of motion for the proof of local super­

symmetry [1, 2]. The problem of auxiliary fields of SG~ has been solved in refs. [3, 4]. 

V1/e shall consider a version of the Einstein N = 2 supergravity with 40 boson and 40 

fermion field components. It should be noted ~hat lhe component tensor calculus of SG~ 

leads to very tedious calculations in constructing interactions with matter supermultiplets 

and 'analyzing quantum properties of the theory. So various superfield approaches to the 

study of the extended supergravity have been developed intensively in parallel with the 

component analysis [5, 6, 7, 8, 9]. 

A geometric approach to the superfield description of SG~ has been proposed in the 

method of harmonic superspace (HSS) [lOJ. Analytic prepotentials of SG~ appear in 

a decomposition of the invariant harmonic derivative fl++ in terms of the operators of 

partial derivatives in HSS. \Ve have shown in [12} that harmonic superfield constraints 

of zero dimension in SG~ can be solved in the special flat coordinates by analogy with 

the solution of the corresponding harmonic constraints of the nonabelian supergauge 

theory [II, 13, 14). Using this solution the authors of ref. {15) have solved all superfield · 

constraints of SG~ and constructed the superfield action nonlinear in prepotentials. The 

conformal N = 2 supergravity and alternative versions of the extended Einstein SG have 

also been studied in H SS {16). 

Effectiveness of superfield formulations in supersymmetric theories is mainly connected 

with simplification of quantum calculations. It should be underlined that a procedure of 

H SS-quantization of the extended supergravity seems us technically more complicated 

than the quantization of Yang-Mills theory in HSS [11). First of all, SGl has several an­

alytic prepotentials analogous to one matrix prepotential of the gauge theory. Besides, in 

refs. [10, 15], the gauge symmetry of the classical formalism of the extended supergravity 

has been considered, and the additional background supersymmetry of perturbative ex­

pansion of the sa: action in degrees of the gravitational constant K, has not been discussed 

there. We know from the formalism of quantization of the superfield N = 1 supergravity 

[18, 19] that the background supersymmetry is very important in constructing superfield 

Feynman rules. This work develops the investigation of the background-supersymmetry 

problem in the harmonic formalism of s~ started in [17]. 

In sect. 2, we discuss a connection between dHferent bases of differential operators 

in the background HSS and show that gravitational superfields depending linearly on 

the spinor nonanalytic coordinates ()- (linear harmonic superfields) naturally arise in 'the 

covariant basis. Analytic prepotentials of a holonomic basis {10] can be treated in this 

approach as coefficients of the o--decomposition of background linear superfields; so they 

have nonstandard transformations with respect to the background supersymmetry. 

Note that the use of an analytic compensator [15] guarantees only the background 

supersymmetry without the central charge in the S~ action, but the formal covariance is 



hidden after the shift of this compensator superfield on the flat part manifestly depending 
on spinor coordinates. 

In sect. 3, we consider a solution of the analyticity condition inS~ which guarantees 

the covariance with respect to the background supersymmetry with the central charge 
(B-covariance). Alternative possibilities of choosing unconstrained superfi~ld variables in 
the harmonic superspace are studied. In particular, we discuss the solution of the S~ 
constraints in HSS corresponding to the representation-of linear gravitational superfields 
through the unconstrained harmonic spinor superfield of dimension d = 5/2. In a special 
gauge this solution can be expressed in terms of the harmonic-independent spinor prepo­
tential, which has been considered earlier while describing the linearized supergravity in 
the ordinary superspace f9]. B-covadant soJut.jons of the S~ constraints are discussed 
in sects. 4 and 5. 

Sect.6 is devoted to a discussion of terms in the harmonic S~ action quadratic in the 
vector and scalar superfields. The structure of these terms is similar to the struc!.ure of 
the action in N = 2 gauge theory [17}. Note that the quadratic action has an additional 
global symmetry. B-covariant decomposition of the s~ action in K can be constructed 
by an iteration method taking into account the gauge invariance. 

In ref.[15J, the nonlinear action of SG~ has a form of the action for an analytic com­

pensator in which the flat part manifestly depending on spinor coordinates is separated. 
This representation allows one to prove the gauge invariancej however, it does not possess 
the manifest B-covarianCe. 

In sect.7, we discuss the alternative harmonic formalism of the linearized SG~, in 

which spinor prepotentials of dimension d = 3/2 determine the dual invariant harmonic 
derivative 6.--, a spinor component of the torsion with d = -1/2 vanishes identically, and 
equations of motion are equivalent to the dynamical analyticity condition (zero-curvature 
representation ). This formalism is constructed by analogy wi~h a dual formulation of the 
N = 2 Yang-Mills theory 121]. We hope that superfield methods will help us to study the 
quantum structure of N = 2 supergravity. 

In Appendix, the definitions and. notation of the basic derivatives in the flat H SS and 
some other useful formulae from refs. [10, 11] are written down. 

2 FLAT BACKGROUND HARMONIC 
SUPERSPACE 

It is convenient to consider superfields with a real central charge in the harmonic 

sup;rspace HSS(Z) I! OJ with the coordinates ur and 

ZM = (x~ xm o~+ OiJ+ o/.1- BiJ-) 
A Al A l ' l l . l (2.1) 

where uf are the SU(2)/U(l) harmonics, x~ is a special coordinate associated with the 
central charge Z, and m, Jl, jJ, are vector and spinor indices of the Lorentz group SL(2, C). 
The analytic subspace ASS{Z) is defined by the coordinates 

((Z) = (x~, () = (x~, e;+) , (2.2) 
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where ( d("scribes 4-dimensional analytic coordinates, and the notation 7ll = (5. m) and 

'ji = (p, it) is introduced. 
An introdu<tion of the fifth coordinate is connected with a geometric interpretation 

of the central charge, and superfields can only have the cyclic dependence on .r~ 

_aa <I>= iz.l>. 
x' A 

(2.3) 

The ga~ge supergroup of the extended supergravity ASG~ is defin<.>d quite naturally using 

the transformations of the analytic coordinates ::~' [10]. 
The basic infinitesimal parameters of the gauge transformations do not dep<'nd on 

.r~. o-, o-
Ox~1 = X"((.u) • 

co~+=>.~+((, u). 

(2..!) 

(2.5) 

Harmonics do not transform in ASG~ , and transformations of spinor coordinates with 

the charge -1 depend on all II SS(Z) coordinates besides x~ ... 

oo#- = ;.#-(x:'.o±,O±,u). (2.6) 

A local gauge transformation of t.he general scalar sup<.>rfield ell(:: ..... 11) in .\SG~ 

J<I>=-M (2.7) 

is defined by the transformation operator A that indud<.>s th<.> analytic- operator >. 

A=>.+ >.;;-at >.=>.,;;a!+ >.'+a~. 
11' m I' 

(2.$) 

Gauge transformations of superfields preserve t.h<' Grassmann analyt.ic-it.y and I he 

cyclicity condition (2.3) 

IJ.f,>.J=O, 
" 

liii,AJ = (oi>.;-w:t. ,. ,. ,, 111, .. \] = o . (2.B) 

The local gauge transformations of analytic superfidds hav<' t.he form J ....... = -~ ..... •. 
· The difft'rential operator A in eq.(2.8) is givt'n in t.h<' holonomk basis. i.('., in a form 

of decomposition in terms of partial deriva.t.iv<.>s 8;.~. Gravitational prepoh'ntials of . .:..·c;~ 
have also been defined in this holonomk basis as <'OC'ffidC'nl.:; of i.hC' .\-iu\'ariant. harnHUlic 

differential operator 

6.++ =a-+++ I-1'71 -++a~ + uiit+:>la:: + 11ii+ai. 
m I' I' 

(~.Ill) 

Fnll gauge variations of these prepot.<'nl.ials hav<' a wry simpk form 

o., 11 ;.+-+ = ~ ++ >.'i' , o_,uiit:tH-2) = ~ ++ .xii:t . (1.11) 

:I 



Commutator of two full variations can be calculated very simply in virtue of the in variance 
of the operator Ll ++ 

[o,o,jHM++ = ~++),M(1,2), 

AM (I, 2) = A2Ap - A1Af , 
Ai.i-(1,2) = A2Af_- A~Af-, 

where M = (fii,ji) and the differential operators A and A (2.8) are used. 

(2.12) 

(2.13) 

(2.14) 

We shall use the following gauge for the nonanalytic gauge transformat~ons [10}: 

Ll ++ .x_Z- = >.Z+ . (2.15) 

The matrix of induced tangent transformations is covariantly independent of harmonic 
variables in this gauge L).++(JIAZ'- = 0. 

" The condition (2.15) corresponds to the following gauge of the nonanalytic prepoten-
tial: 

Hi.i+ = oi.i+ . (2.16) 

In ref. [10], a flat limit of gravitational superfields is defined and a possibility of 
expansion in terms of the gravitational constant '"'with respect to this limit is discussed. 
We shall consider the flat superspace HSS(Z) as the background classical superspace of 
N = 2 supergravity. The background supersymmetry with the real central charge will be 
denoted by a symbol Bi(Z), and the background superficlds will be called B-superfields. 
Gravitational and matter superfields and the interaction in any degree in K should be 
covariant under B~(Z) in this approach. 

It should be underlined that the holonomic basis of HSS(Z) is noncovariant with 
respect to B;(Z), and the corresponding prepotentials Hffl++ (2.10) cannot be treated as 
B-superfields. 

In ref. [12], the real coordinates have been used in HSS(Z) 

ZM = (x$, Xm, or, (jiil) (2.17) 

and the B-covariant decomposition of the invariant analytic operator has been considered 

L),++ =a+++ a-++, [Dt,G++J = o, G++ = hM++aM = hM++a:, ·. {2.18) 

This representation is useful for studying an iterative solution to the harmonic equa­
tions of so;; however, it also uses the holonomic bases 8u and a:, noncovariant with 
respect to BJ(Z). Gauge transformations of the prepotentials h"'++ and h"'++ can readily 
be obtained from the transformations (2.11) by using the relations 

h,m++ = hm++ = f{m++ + 2iO+amO+ hZI+3) = H'ii.C+3) h'ii.+ = 0 
' ' ' 

h~++ = h~++ = ]{5++ + i(0+)2 - i(0+)2, lz'ii.k++ = uk-h'ii.c+s). 
(2.19) 

(2.20) 

Note that these prepotentials have a dirriension d = 1 and 1/2, they do not contain flat 
parts and are proportional to the constant li.. 
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It is convenient to study component stuff of the analytic prepotentials in the physical 
IV Z-gauge [I 0] 

h;_:~+ = K[-2iO+uaO+h;:(x..t) + (8+) 20a+u;1/J:k(xA) + 
+(0+)'8"•u;~&'(x.) + (O')'(O+)'u'-u'-V(k'l)(x.)], (2.21) 

h!:i = K[iO+uaO+ Aa(x..t) + (0+) 20a+u;p!(xA) + 
+( e+)'8"•u; Pi( x.) + ( e+)'(O+)'u; U/ st"l(x.)] ' (2.22) 

h~i'' = K{(O+)'Bt[B""(x.) + iC""(x.)] + (O+)'Ot[•""(M + iN)(x.) + 
+TI••l(x.)]+ (O')'(ii+)'u;~"'(x.)} . (2.23) 

Here h';:, '1/.i';:k and Aa are physical fields, and other components play a role of auxiliary 

fields. 
In Appendix, we consider two bases of B-covariant differential operators: 1) D = 

(O++, a--, D,) in the coordinates uf, z"' and 2) DA = (D++, n--, D~) in the co­
ordinates (2.1). Corresponding to these bascs,decompositiQns of G++ and other objects 
of differential geometry will automatically be covariant with respect to the background 
supersymmetry. 

Define now gravitational B-superfields G"'++ in the basis Dt 
A++ = v-++ + Gm++ a~ - G;(+3) n=. 

m " 
(2.24) 

Superfields em++ can be written in terms of the analytic prepotentials of the holonomic 

basis 

am++= hm++ + 2i0-amh(+3) + 2ih(+S)O'm(j-' 

QH+ = hH+ - 2i(0- hi+'))+ 2i(Q- ii<+'l) , 
d;i(+3) ~ h';i(+l) . 

(2.25) 

(2.26) 

(2.27) 

By definition, B-superfields have trivial full background e: variations 08 G"'++ = 0, and 
B-transformations of the analytic prepotentials have a non covariant form 

Oshm++ = 2i(um),.u:.(lkVh~(+3)- !kJ•jii-(+3l)uk 1 

0
8
h5++ = 2i(e:k~h~+3l + lkVji~+3))uk , 08 h";;(+.3J = 0. 

(2.28) 

(2.29) 

The operator condition of analytidty [D:t,G++1 = 0 is equivalent to the following 
" relations for the gravitational superfields: 

U:!:G;t+sJ = 0 , D±GH+ = -2iG0'31 
, 

" " " D!G"'++ = 2i(um)aaG&C+S) = -(um)aoD0+Gs++ 
btG"'++ = -2i(um)o&Go-f+3J = (um)aoDa+o~++ 

(2.30) 

(2.31) 

(2.32) 

Y.,/e shall consider the following decomposition of the transformation operator A in 

covariant bases: 

A= AMD-:, = 'AMDM' (2.33) 
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Am= Am= Am+ 2iO-o-m>.+ + 2iA+umO- , 

A'= A'=>.'- 2i(B->.+) + 2i(ii-X+), A;;±= >,'P± , 

A~= >.~+u;;- A~-ut . 

(2.34) 

(2.35) 

(2.36) 

It is evident that these B-superfield parameters satisfy the constraints analogous to 

eqs.(2.30-2.32), in particular, the parameters Am are linear in oP.-. 
It should be stressed that the use of background supersymmetry in the formalism 

of N = 1 supergravity lead.s to appearance of linear vector superfield parameters which 

contain chiral parameters in the zero and first orders of the &-decomposition [19]. 
Transformations of the differential operators of the covariant basis are 

ovu = [A,Du] = -(DuAM)Dt,, oDt, = {A,Dt,);: -A~D~, 

AN-0 An-aA.An A'-8A.N' AV-+-v-AV+ 
!>- ' m- m 1 m- m ' ; - /i 1 

A';:-;::;: D;Am- 2i(u111 )p.;,F-, A~-:;:; D;A!> + 2i>.;. 

(2.37) 

(2.38) 

(2.39) 

The operator .1_++ is invariant by definition, and this allows us to derive a transfor­

mation la.w of G++ in ASG~ 

iiG++ =-liD++= [D++ ,A]. (2.40) 

The full variations of the covariant gravitational superfields have the following form: 

OG''H+ =: f:j,_++Am+2i(u 171 )p.;,(GP.(+3J).Ii- -GV(+3)Ap.-), (2.41) 

ocs++ = 6. ++A~- 2iGP.(HJ A; - 2iG11!+3l ).~ • (2.42) 

Corresponding local gauge transformations JGM++ = OGM++ - AGM++ are 

JaM++= (D++ + a++)AM- >.aM++= R;:++(G)AN , (2.43) 

where the components of the local transformation operator JJ.:J+-+- (G) are defined. It is 

evident that these transformations are consistent with the constraints (2.30-2.32). 

The local variation of the operator G++ is determined by the transformations JGM++ 

JG++ = [(D++ + G++),>.], (2.44) 

since the operators Dt, are not change with respect to local transformations. This relation 

is useful for calculation of linear bracket parameters in the commutator of transformations 

(2.43) 
Am(l,2);::;:A2A~-A1 A~, >.=A"'8n-AV+v:;, 

which are constructed by analogy with eq.(2.13) for analytic parameters. 

(2.45) 

The functions Ali- in the gauge (2.15) are the series in terms of the superfields G 

,;;_( ) _ J du,du, [ ,;;+( ) _ G++(z, u,)>.'P+(z, u,)J O(G') (2 46) 
1\ z, u - ( + +) 1\ z, u, ( + +' + . . 

u tt1 tt1 tt2 

Note that the local variation of gravitational superfields (in distinction with the full 

variation OG;;.++ and the operator A) 4oes not contain ..xP-; so the operator R:J++(G) 

in the perturbation theory can be decomposed into the sum of terms of the first and zero 

degree in the gravitational constant (superfields G are linear inK). 
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3. ALTERNATIVE REPRESENTATIONS 

OF GRAVITATIONAL SUPERFIELDS 

Let us remind that in the harmonic representation the nonlinear superfield constraints 

of SG~ arc reduced to the analyticity conditions for the prepot.entials HM++ or to the equh·­

alent. linear constraints (2.30-2.32) for the gravitational background superfields. Consider 

the manifestly covariant. representation for em++ [1 i] 

G"'"(>ll) = (o-"').;[(D+)'lJ;+>J!•-- (lJ+)'D•+.j>,l-]. 

G'"(>ll) = (lJ+)'D~>l!"- + (D+)'Dt>~<•-. 
(:3.1) 

(3.2) 

which allows one to solve all constraints and to rewrite all geonwtric quantities through 

the unconstrained spinor superfields W~(.:,u) and q,,i(.:.u) of dimension d;::;: -5/2. In a 

special gauge the spinor prepotentials arc linear in u; and proportional to <'Ill ordinary 

sup('rfidd IJ.Ik(.:) analogous to tlw gauge superfidd of the linet~rized SG~ [9]. 
A sOlution of constraints for the superfidd parameters :\'» (2,:l1.:2.:~5) can also be 

written in t<:>nns of unconstrained parameters /\-,~- 31 (::. 11) 

A"'(!\) = ( o-"' ),,;[( v+ )' l)B+ /\"'-" - (I)+ )2 o•+ 1\"8'-"J , (:1.3) 

A'(!\) = ( i)+ )2 D~ /\"1-" + ( v+ )2 Dt i\.,,_, , (;l.-1) 

>.~(I\)= ~(D+)'(D+)'h·,~-'', >.(!\) = A"'(I\)8;;- >.;;+(1\)D~ . (:l.o) 

Local transformations of the superfidds Ill,;" contain the f<•nnionic parameters /\·,~-~~ a:; 

well as t.he additional bosonic parameters of transformations 

J>11~ = [D>+ + c;++(>li)Jh·,;"- >.(1,·)>11~ + D~ w- + 
+Dc+w- + viJ+s-~ 

(<lP} o.{J ' 
(:l.G) 

where a-- and B;~ are real parameters1 and B(~jJ) are 8j'l1lmet.ric<tl in spinor iudin•s. It 
is easy to show that these transformations produc<> the local transformations (2.-1:!) for 

atn++(lJI) dependent on the fermionic parameters only. 

Commutators of additional transformations vanish. and t.h(' brack<•t. param<'l<•rs of 

nontrivial commutators have the following form: 

/\~-' 1 (1,2) = >.(1,·,)/,·~~'1 - (I<-> 2), 

BF,;;(I,2) = >.(1\',)BF,;;,- (I<-> 2). 

A derivation of these relations is giv<'ll by using eq. (2.4·1). 

(:l. 7) 

( :l.~) 

By analogy with eqs-(2.25,2.26), we now consider t.h(' /1-co\"aritml non local rqm•spn­

tation for the solution of t.he SG~ constraints (2.30-2.:l2). which is us(-fnl in tlw ;uHdysi:-; 

of t.he linearized supergravity 

em++ = 9"'++ + 2i( a"' L";[e~·- h''(+~l - <-r"·-Jtl'(+·~ll 

c~++ :::: gH+ _ •>iel•- f1C+~l _ 2;(-)ti- Jtl_+~l 
• - I' Jt 

' 

('I. !l I 
(:l.lll) 



where the following operators are introduced: 

e~- = _j_frv n~ 
20 " 

(3#_- = - _!_av# n-
20 " 

(3.11) 

it is evident that one can restore locality of the representation using variables g£.Hl = 
p 

o- 1h!!31 of dimension 3/2i however} this changes dimensions of the corresponding com­
" ponent fields. 

It is not difficult to establish relations between the auxiliary B-superfields g and the 
local prcpotentials h 

g"'++ = hm++- ~(am)~v(a~PtJ;l/(HJ + (}P~'-8;hs•(+3J)' 

g"-++ = h~++ + _!_({)~PtJ~h(+3)- {)P#{)-h~+3J) . 
0 .P~ p~ 

(3.12) 

(3.13) 

Due to the nonlocality of these relations, one should carefully study connections be­
tween field components of these superfield representations. In various treatments of the 
gauge symmetry.components of the superfields gM++ could differ from the standard set of 
components of the prepotentials hMH (2.21-2.23). 

Consider the additive gauge transformations of the superfields i;.++ induced by lin-
earized transformations of hm.++ 

Oogm++ = D++ lm = n++ [..\m- ~(am)~v(a~Pa; ~V+ + {)P~'-a; ..\~+)J ' {3.14) 

o g"' = D" t' = D" 1-"- .!..(a•;tr >.+ - o'•a-Xt)J . 0 0 p~ (J~ (3.15) 

The transformations are nonlocal in this treatment, and components of g;;.++ are non­
local combinations of the standard components. If one would treat g;;.++ and the param­
eters l;;. as independent analytic superfields, a stuff of auxiliary components could change 
essentially; so we shall not develop here such a treatment. 

4. SOLUTION OF HARMONIC CONSTRAINTS 
IN SG~ 

Solution of the basic condition of the Grassmann analyticity allows one to construct 
all geometric quantities of Sa~: supervielbein, connection and tensors of torsion and 
curvature. 

In the harmonic formalism of S~, one introduces the 2 nd invariant harmonic oper­
ator in addition to the basic operator (2.24) 

~ -- = v-- +a-- , a-- = hM--a~ =aM--n:, , {4.1) 

where the corresponding coefficients a.re considered in different bases. The B-superfields 
ci"---. aP.- and aP.c-lJ play an important role in the geometry of supergravity; they can 
be written through the basic superfields am++ in perturbation theory. 
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I. 
~ 

( 

' 

Gauge transformations of the B-superfields GM-- arc determined by the invariance 
condition of the operator ~ --

5(]"'-- = 15.--Am + 2i(um),,(G"- X'- -a'->.•-) , 
oa~-- == .6._--A~- 2ia~- .>.--ziG;.-~~, 

p p 

oa;- = ~ -- .>.~+ - ..\~- , oaJ.<-3
) = ~ -- >.~- _.. 

(4.2) 

(4.3) 

( 4.4) 

Commutation relation between the invariant harmonic derivatives is the fundamental 
constraint of the harmonic formalism of s~ [10, 12] 

]15.", 15. --] = [(D" + G"), (o-- +c--)] = D' . (4.5) 

This harmonic equation has the manifest iterative solution [12] 

a--= ~(-1)" ]au d G"(z, u,) ... G"(z u ) L l···Un ,n 
n=l (u+ui) ... (u~u+). 

{4.6) 

A solution to the functions hM-- has an analogous structure in all degrees of perturbation 
theory. 

B-covariant equations for the coefficients in expansion of this operator have the fol- · 
lowing form: 

D"G"'--- o--G"'" + G"G"'--- c--G"'" + 
+2i(am)~-'v(Gts<+3>G~'<-3 ) + QP<-3>Qii<H>) = 0, 
n++a~--- n--a~++ +a++ a~--- a--a~++­

-2iGP<+3>c<~-3 > + 2iG;.+a>Gio<-3> = o , 
n++aP.-- n--a'V.<+3> + a++aP.-- a--af<+3> = o, 
ci'- = (D" + G")G~'<->>. 

{4.7) 

{4.8) 

{4.9) 

{4.10) 

These equations can readily be solved in perturbation theory; for instance, in the first 
two orders we have 

,.,;; __ ( ) J du, ,.,;;.,( ) 
v(l) z,u = (u+ut)2v z,u, , {4.11) 

G;,_,.,,( )-Jdu,(u±u~)G;'"'(. u) 
(1) Z, U - ( + +)2 z, 1 ! u u, 

{4.12) 

,..,__ J du,du, {G"( )Gm"( ) 
"'''' (z,u) = ( + +)( + +)( + +) z,u, z,u, + u u, u,u, u,u 
+2i(u~u;)(um),,GP<"'(z, u,)G''"'(z, u,)} , ( 4.13) 

G, __ ( ) j du,du, {G"( )G"+( ) 
(2) z,u =. ( + +)( + +)( + +) z,u, z,u, -u U1 u,u, u2 u 

-i(u~u;)[G"'"'(z, u,)G',"'(z, u,)- G';''(z, u,)G"'"'(z, u,)]} , {4.14) 

where the harmonic distributions (u:±ut,) and (u:+ut2 )-n [11] are considered. 
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It is reasonable to discuss the 1 st order solution only in the nonlocal representation 

(3.9-3.10) 

em-- = 9m-- + 2'(<7m) · [e~-1/- - El-h~- - e~+ J/1- 31 + fi+ h~1-31 ] 
{l) {J) l ~~~ {I) {J) {I) {l) ' 

a·--= ·-- + z·[e-h"- + 07h•-- e+h"'-''- eth"'-''J 
g(l) z ~ {J) ~ {J) ~ {I) ~ {l) , 

( 4.1.5) 

(4.16) 

where e~+ = foa~v Dt, aild also there are defined quantities gft
1
-- and hE~-H:IJ which can 

be written via the corresponding prepotentials by analogy with (4.11,4.12). 

5. SUPERFIELD DECOMPOSITIONS 

OF SUPERVIELBEIN AND CONNECTION 

Differential geometry of SG~ has been considered in the holonomic basis !15]. \Ve 

shall study the background supersymmetry of basic geometric objects in the B-cov:uiant 

basis. By analogy with the formalism of D = 4, N = 1 conformal supergravity [20] 

one can introduce in H SS a so-called almost covariant basis of differential operators E8 , 

which helps to define B-superfield blocks necessary for construction of supervielbeins and 

connections of the theory. The initial step of this construction is connected with the 

following spinor operator: 

E::;; [D.:t, L'. --J = -D:: + [D:t, a--J. 
o o n o 

Define also vector and scalar operators' 

i . i . 
E.= -4(u.)8"{D~, Ei} = i!. + 4 (u.)8"{D~, [a--, DtJ) , 

i i 
E, = 2{o"+, E;) =a,- 2{o•+, [a--, o:n, 
- i - '+ 
E, = 2{D" ,E;}. 

By definition, components of the basis E8 satisfy the relations 

(5.1) 

(5.2) 

(5.3) 

(5.4) 

[t.++,E::] = D:t, [L'.--,E::] = 0, [L'. .. ,E.] = [t.±±,E,] = [t.±±,£,] = 0. (5.5) 
• • • 

Decomposition of the almost covariant operator E8 = G'; D't, determines matrix ele­

ments of supervielbein. The corresponding density E = BerG:J has the correct transfor­

mation law 
JE = (omAm + D::>.;,+- 01:>.;,-)E. 

" " 
(5.6) 

Note that the density E of this theory is defined uniquely and does not depend on a choice 

of basis; however, we prefer to use its expression in terms of the B-superfields. 

By definition, this quantity is 8-covariant and does not depend on the scalar superfield 

G5++. The linear approximation for E is 

E D+ai:- ;o·•o-,;•a--
(J) = .... (1)- 4- ,; • 

" O'p(1} 
( 5. 7) 
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Higher-order terms in E are calculated straightforwardly from decompositions of the 

supervielbein or by using the equation 

[D++ + G++- a:aam++- D.:G;1+-'1)E = 0. 
" 

(5.8) 

A gauge-covariant S L(2, C)-basis in the harmonic superspace o~ SG~ has been con­

structed in ref.[15]. One defines the SL{2, C)-covariant spinor operator instead of t.he flat. 

operator D'! 
~+=u+~i =D++FP{)T 
0- I (l' 0 0' /,1. 1 (5.9) 

where 
F~ = ti!~i·- = D!tJ,V-(1- lJ+J,-)~tP (5.10) 

is the matrix which is expressed in terms of the transition function v~P- for the so-call<'d 

hybrid basis. 

We consider the terms in this matrix linear in "-

F •o•a·•-- + ' ( ) (D•)'a·-- o+.;-
oj.(1) = 1Lk o 'jl(l) 8 O'n oj. Ill = o 'f'1itl} · (5.1!) 

The SL(2,C)-basis also contains a function F which depends on t-he superfidd c~++ 

[15]. The linear approximation for this function is 

F -
1o•a"- i(D.)'c•--

(1)- -2 I" (J) - 8 '(1) ' (5.12) 

' F I o+>"-o(oJ PI= 2 ,. A (5.13) 

The functions F, F, Fg and F% determine components of superfield connection. 

6. B-SUPERFIELD ACTION OF SG~ 

In the harmonic SG~ formalism we can consider iterative construction of the B-sup<'r­

field action set= z:s,~l which begins with the quadratic action of lilwariz<'d t.lwory s(~)' 

and terms of higher order in superfields G should be restored with the help of t.h(• gcntge 

symmetry 
A I A I 
01 1 1 S1~ 1 + 01o1Srn+l) = 0 . (6.1) 

The linearized harmonic action has been constructed in our work [I i] 

<:;d l J d"-d [a"•c~-- 1 c•n++c-- ] 
'-(2) = 2,..;2 - 1t 'tll + 2' 'm(l) ' (6.2) 

where eq. (4.11) is used. This expression is a quadratic form, l'ach 1-<'l'lll hciug similar 

to the action of the abelian gauge superfield V++ in the full harmonic supC"rspacC'. It 

should be noted that this quadratic form possess<'s addit.ional SO(:J. 2) symnl<'t ry. and 

the components of the 5-v<'<'tor G;;++ have a nonstandard normalization wit.h l'<'~p<•ct to 

this symmetry. 

I 1 



One can easily verify, using WZ-gauge (2.21-2.23), that this action is equivalent to 
the component action of linearized S~. This can be checked quite simply for the" terms 
quadratic in auxiliary comp·onents . The corresponding terms in G~)Wz can be calculated 
in the coordinates z': using relations of the following type: 

v--lwfo••u;;J = D>+[Wo-)0"-u;; + ~(o-)'o••u;;- ~(o-)'o•-utJ , (6.3) 

v--[W)'B"-iiH] = -n••[(B-)2B"+e•-j. (6.4) 

It is useful to consider the equivalent analytic representation of St~> 

-1-jd~"<-t>du[G~++r.~++ + !am-++y++ + G";<HlT.f ] 2"2 '> (1) 2 m(l) p(l) ' 
(6.5) 

where we introduce the linearized components of torsion which can easily be written via 
spinor derivative of harmonic superfields G~l-- comparing various integral representations 

of S,,, and using eqs.(8.15). 

T+ ; (D•)' n•c•-- ; (D+)'D-"c--
p(l) = -4 p (I) - 8 pli(l) ' 

n:T;!I) ;::: -2ievi'Tc~1+ ' DtT:<,) ;::: -iJ;~l) . 

(6.6) 

(6.7) 

~ote that the linearized components of torsion satisfy the following conditions: 

n>+r;!" = 0 D±DiT} = 0. 
1'{1) ' 0 IJ 1'(1) 

(6.8) 

The action S<2> is invariant under the linearized transformations 6<o>G~+ ;::: D++ Am . 
Using the representation (3.1,3.2) for the superfields G;;;>+(li') in the action (6.2) one 

can obtain the linearized equation of motion for SG~ varying in the spinor prepotential 

w•-
(6.9) r~,,(w) = o. 

In the nonlocal superfield representation (3.9,3.10), one can construct the invariant of 
linearized transformations for the analytic B4 superfield g~++ 

J d
12

zdu1 du 2 H+( ) •>+( ) 
( + +)2 9 ul 9 u, u, u2 

(6.10) 

and the analogous independent invariant for gmH. The only local invariant of local 
transformations and appropriate dimension exists in the initial superfield variables (6.2). 

The non local invariant can also be constructed in terms of the gauge spinor superfield 

J d"zdu,du, h"'"'[a - ~(u•u•)n- jjcjh''"' (6 11) O(u{ut)3 pv 2 1 2 PI v2 • • 

In principle, nonlocal invariants can be used in the quantum effective action of this thE".ory. 
~ote that it is possible to use an .alternative approach in which the background su­

perspace is connected with a fiat supersymmetry without the central charge B~ ::: B' 

6.++;::: n;+ + c;m++a:n + H~+~a:- Gi<<+J)(D~h, (6.12) 

12 

~ 

' 

where the B 1-covariant harmonic and spinor derivatives D:+ and D-; (independent. of 
derivative a:) are introduced. Transformations of the superfields om++ and G;.Hs> are 
identical in different background bases, but the analytic compensator transforms covari­
antly with respect to the B' supersymmetry only, and its transformations in B~(Z) contain 
inhomogeneous B-dependent terms. Note that connection of different harmonic superfield 
representations and background bases has been discussed, for the gauge theory, in refs. 
[13, 22, 23]. 

A nonlinear action of S~ has been constructed in ref. [15] as the gauge-invariant 
action of analytic compensator (6.12) 

S(H') = j d" zduE- 1 H'++ w-- , (6.13) 

which possesses independent B'-invariance by definition. The use of the expression of 
HH:,j, via the 8-superfields am++ in this formula leads to the appearance of terms mani­
festly depending on spinor coordinates, in particular, the corresponding quadratic action 
contains similar terms. Apparently, it is possible to reconstruct this action as an expan­
sion in terms of superfields G and see a transmutation of the background supersymmetry, 
but we prefer simple iterative constructions with the manifest B-covariance. 

7. ON DEVELOPMENT OF THE HARMONIC 
FORMALISM OF SG~ 

Our investigation can be used for the superfield quantization of N = 2 supergravity in 
the flat background superspace by analogy with the superfield formalism of qu<\Iltization 
in N::; 1 supergravity [18, 19]. The use of the representation of gravitational superfields 
via the spinor harmonic superfield W:;(z, u) seems to be most adequate for the solution 
of this problem. A more interesting and difficult problem is the study of nonperturbative 
structure of theory taking into account results that can be obtained by perturbative su­
perfield methods and by the dual transformations, insufficiently analyzed in supergravity. 
\Ve shall discuss one possibility of a dual description of N ;::: 2 supergravity in terms of 
alternative superfield variables in the harmonic approach. 

Superfield constraints of the nonlinear S~ theory are reduced to the kinematic an­
alyticity condition in the standard formalism , and nonlinear equation of motion for the 
superfields GM++ are additional dynamical restrictions on the components of torsion. 

By analogy with a dual formulation of theN::; 2 supersymmetric gauge theory [21] we 
can consider the dual harmonic formalism of the linearized SG~, in which the equation for 
the spinor ( d = -1/2) component of torsion is solved, and then the dynamical analyticity 
condition arises. The basic operator of the dual formalism is 6.-- = v-- + G--, and the 
linearized equation of motion of the standard approach with the analytic G++ transforms 
into a solvable linear constraint T:C,> = 0 for the dual superfields GM--. A solution of this 
constraint can be written in terms of the new nonanalytic spinor prepot.entials A";<-~l of 
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dimension 3/2 

G5--(A) = v; Alll-31 + bt A~~-31 , 

c-c(A) ~ fJ+ A._,, - n+ }!\-'' 
"" " Jl p " ' 

r,;.,,(A) ~ (fJ+)' D!G'--(A) + ~(D+)' fJ'+G;;-(A) = 0. 

(7.1) 

(7.2) 

(7.3) 

The operator G++ in this formalism can be calculated with the help of eq.(4.5) and does 

not satisfy the analyticity condition off-shell. The dynamical zero-curvature c<>ndition 

becomes a du~ equation of motion 
{D:!:,L'>") ~ 0, 

0 
(7.4) 

which is equivalent to the linearized equations of motion for the physical fields of SG~ 

and to the disappearance of all auxiliary components. 

Equations of the dual formalism of S~ for the prepotentials A!.:-3
' are equivalent to 

" standard equations for the linear superfields G; however, off-shell structures are essentially 

different in alternative formulations. In particular, the dual formalism has an infinite 

number of auxiliary components in the gravitational multiplets which vanish on the mass 

shell only. 

I am grateful to E.A. Ivanov for interesting discussions. This work is partially sup­

ported by grants RFBR-96-02-17634, RFBR-DFG-96-02-00180, INTAS-93-127-ext and 

INTAS-96-0308, and by grant of Uzbek Foundation of Basic Research N 11/97. 

8. APPENDIX 

In this appendix we shall consider some useful definitions and relations connected with 

the flat harmonic superspace [10). The harmonic derivatives 8-++, a-- and fr satisfy the 

relations of the Lie algebra SU(2) and are defined by their action on· the harmonics 

{a++, a--J ~if , {8', au] ~ ±2au , 

a++ ut = 0, a++ u; = ut, ffut = ±ut' 
a-- u;:- = 0, a-- ut = u; . 

(8.1) 

(8.2) 

(8.3) 

The holonomic basis in the set of differential operators f:J~& contains partial derivatives 

on the coordinates z~ (2.1) 

a, - (a++ a-- a• a• a- a·- a+ a+) 
- ' ' m' 5' "' i<' P' i< • (8.4) 

The holonomic basis in the flat real coordinates zM consists of the operators i)jiJzM. 

The B~(Z)-covariant harmonic derivatives have the following form: 

n++ =a++- 2iO"+ov+a:v + i[(o+?- (0+)2Ja: + o"+a: + OP+(Jt, 
n-- ~a--- 2io•-e•-a•. + ·f(O-l'- (ii-)'Ja' + o•-a- + iP-rr 

"'" l 5 p p ' 

where (0±)2 ~ o••o~ and (ii•)' ~ ozoo±. 
14 

(8.5) 

(8.6) 

~ 

" 

Write also known expressions for 8-covariant spinor derivatives 

D; = -0 I ao"+ + 2iOV- a:v - 2iO; 85"' , 

D; = -8 I aov+ - 2i0~'- a:.., - 218;: a: , 
D! ~ a;ao•+ =a: , tJt ~ a;ae•+ =a; . 

Thest> operators form the B-covariant basis 

D' ~ (D" n-- a• a• -n- n+J 
' ' m' ~' J;' ;;. . 

The alt<::rnat-ive B-covariant basis is independent of harmonics 

DM = (8,, a~. D~) . [D.\f• DHJ = o 

and contains covariant spinor derivative's in the coordinates ::M 

D' -a' ·o·'"a . - ·o'a 
1,- ,..+1 JIV 1 1,$, D.' - "' ·o"'a . - ·o·'a p.-Vj,-1 ''ll lp.5· 

(8.7) 

(8.8) 

(8.9) 

(8.10) 

(8.11) 

(8.12) 

We shall use the following condensed notation for scalar d<•nwnt.s in the algebra of 

spinor derivatives: 

( n• )' ~ n•• D!; , (lJ• l' = fJj' tJ0• . 

(D±)' ~ _!_(D±)'(fJ±)2 (D)'~ ..!._(/J+)'(D-)2 

16 . 16 . 

(Kl:l) 

(8.11) 

These elements are included in the definition of integration measure of the full harmonic 

superspace and the analytic measure 

d"z, ~ d'x,(D-)'(D+)', d"z ~ d'.r(D)'(fJ)', d(Hl ~ d'.r(U-)·1 • (8.15) 
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3ynHHK E.M. E2-98-67 
cl>oHOBble rapMOHHlfeCKHe cynepnoiDl B N = 2 cyneprpasmawm: 

PaccMarpHsaerc51 MO.llH¢HKaUllil cynepnonesoro rapMOHHl·lecKoro <PopMaJIH3Ma D = 4, 
N = 2 cyneprpa.BHTaiiHH C .llOflOJIHHTeJlbHbiM ycnOBHeM KOBapHaHTHOCTH OTHOCHTeJlLHO q>oHO­
BOH cyn.epcHMMerpHH c ueHrpanbHblM 3ap.!UI.OM (B-KoeapuaHTHOCTb). CoxpaHeHHe aHanH­
TH"'HOCTH COBMeCTHO C B-KOsapHaHTHOCfbiO npHBOAHT K fl051BJleJ:fHIO rp3BHT3UHOHHbiX 
.1HHeHHLIX cynepn011eH. AHaJIHTH"'eCKHe npenoreHunanbl B03HHKaJOT B pa31IO)KeHuu 4>oHOBLIX 
mmeHHbiX cynepnO.TieH no CflHHOpHblM KOOp.llHH3TaM H npeo6pa3YJOTC51 HeCTaH.llaprHO OTHO­
CHTeJlbHO <PoHOBOH ·CynepCHMMeTpHH. nHHeHHLie rpaBHTaUHOHHLie cynepnOJ151 MOI)'T' 6LITL 
BblpaJKeHbJ Y.epe3 CflHHOpHbJe npOH3BO,UHble HeaHMHTHY."eCKHX CflHHOpHbiX npenoreHUHaJIOB. 
PaccMaTpHBaeTC$1 B-KosapHaHrHoe pa3.1IoJKeHHe JleHcrBIDt pacwHpeHHOH cyneprpasHTauHH 
no rpaBHTaUHOHHhlM cynepnOJUIM H COOTBeTCTB)'lOIUHH BapHaHT cpopM31IH3Ma JlHq>¢epeH­
UH3JlbHOH reOMeTpHH. 06C)')K.llaeTC51.llYaJILHOe rapMOHHl.JeCKOe npe.acraBJleHHe JlHHeapH30B3H­
HOH pacWHpeHHOH cyneprpasHTaUHI-i, KOTOpOMY COOTBeTCTBYeT .llHHaMH"'ecKoe ycnOBHe 
rpaCCMaHOBOH aHaJIHTHl.JHOCTH. 

Pa6ora BLmonHeHa s Jla6opaTopHH reopeTHl.JecKoH q>u3HKH HM. H.H.E0romo6osa 
01Ull1. 

OpenpuHT Ofu.eJiuHeHHoro HHCTu-ryra mxepHbiX ucCJie,llOBaHuit lly6Ha, 1998 

Zupnik 8.M. E2-98-67 
Background Harmonic Superfields in N = 2 Supergravity 

A modification of the harmonic superfield formalism in D = 4, N = 2 supergravity using 
a subsidiary condition of covariance under the background supersymmetry with a central 
charge (8-covariance)·is considered. Conservation of analyticity together with the B-covariance 
leads to the appearance of linear gravitational superfields. Analytic prepotentials arise 
in a decomposition of the background linear superfields in tenns of spinor coordinates 
and transfonn in a nonstandard way under the background supersymmetry. The linear 
gravitational superfields can be written via spinor derivatives of nonanalytic spinor 
prepotentials. The perturbative expansion of supergravity action in tenns of the B-covariant 
superfields and the corresponding version of the differential-geometric fonnalism 
are considered. We discuss the dual hannonic representation of the linearized extended 
supergravity, which corresponds to the dynamical condition of Grassmann analyticity. 

The investigation has been performed at the Bogoliubov Laboratory of Theoretical 
Physics, JJNR. 
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