


1 Introduction

The lagrangians. describing irreducible higher spins and guaranteeing the absence
of unphysical degrees of freedom must have very special structure and admit some
gauge invariance both in the massive and massless cases [1}-[10]. Along with ba-
sic fields such lagrangians in general include additional fields. Some of them are
auxiliary. others can be gauged away. The role of these fields is to single out the
irreducible representation of the Poincare group. The massless case is investigated
wiore extensively and has an elegant description in terms of a single tensor field with
vanishing second trace [4].

The rank - » symmetrical tensor field (Dﬁ}})m,,,ﬂn(x) describing the irreducible
higher spin n must satisfy the following system of equations

(0 = ma)®, (1) =0, (1.1)
3,8 . (x) =0, (1.2)
B (2) =0 (1.3)

Thev correspond to the mass shell, transversality and tracelessness conditions for
the field @) (r). In an auxiliary Fock space, which naturally leads to the
description of higher rank symmetrical tensor fields, all these conditions appear to
be some constraints. The total systen of constraints, corresponding to the equations
{1.1)-(1.3), contains, in general, only one first class constraint (mass shell condition)
and two pairs of second class constraints. In the massless case (m, = 0) only two
constraints, corresponding to the tracelessness of the field, are of the second class.

The BRST approach to the construction of the lagrangians, from which all the
equations (1.1)-(1.3) follow, is very powerful. It automatically leads to appearance
of all auxiliary fields in the lagrangian. In the massless case the BRST charge for the
system of only first class constraints, corresponding to the equations (1.1) - (1.2) was
constructed in [11]. The lagrangian describes the infinite tower of massless higher
spin particles, infinitely degenerated on each spin level. The goal of the present paper
is to include in the BRST charge the additional second class constraints, which delete
the extra states and lead to the irreducibility conditions (1.3).

The methods of such construction were discussed in [12]-]14). With the help of
additional variables one can modify the second class constraints in such a way that
they become commuting, i.¢ the first class. At the same time the number of physical
degrees of freedom for both systems does not change if the number of additional
variables coincides with the number of second class constraints.

On the other hand, the BRST charge for the second class constraints in some
cases can be constructed using the method of dimensional reduction. In [16] the
system of massive higher spins satisfying equations (1.1) - (1.2) was described in
the framework of the BRST approach. The corresponding BRST charge is nilpotent
and has a very special structure. In particular, the modified constraints have the
algebra, which is not closed. Nevertheless, the nontrivial structure of trilinear terms



in ghosts in the BRST charge compensates this defect and makes the BRST charge
to be nilpotent.

In the second part of the paper we illustrate the method of BRST construction
in the simple case of one first ciass (mass shell) and two second class constraints
which implements tracelessness of the fields. The same procedure is applied in the
third part of the paper to the total system of constraints, describing the massless
irreducible representations of Poincare group in arbitrary D - dimensional space -
time. The resulting nilpotent BRST charge includes in a very special way the terms
up 1o the seventh degree in ghosts fields. The Fronsdal lagrangian [] is then obtained
from the BRST quantized lagrangian after the partial gauge fixing.

2 A Toy Model

As it was mentioned in the Introduction, for description of all higher spins simulta-
neously it is convenient to introduce auxiliary Fock space generated by creation and
annihilation operators a:,aﬂ with vector Loreniz index g = 0,1, 2, ... -1, satisfying
the following commutaticn relations

fayat] = =g g = diag(l,—1.-1,...-1). (2.1
The general state of the Fock space
;q)) = Z q’f":)ﬂr"ﬂn (I)a:I a:? T CLI" |0> (")'2)

depends on space-time coordinates r, and ils components ) (@) are lensor
fields of rank n in the space-time of arbitrary dimension D. The norm of states in
this Fock space is not positively definite due to the negative sign in ihe commutation
relation (2.1} for time components of creation and annihilation operators. It means.
that physical states must satisly some constraints to have positive norm,

To describe the irreducible massless higher spins we must take into account the

{ollowing constraints {16}:

Lo =~ (2.3)

L =puoy, LT = p#a:a (2.4)
1 1

Lg = aa“a‘” L; = Eajaj. (2’))

Indeed. quantizing the theory @ Ja Gupta - Bleuler, we impose only part of the whole
system of constraints on the physical states

Lo|Phys) = Ly|Phys) = Ls|Phys) = 0. (2.6)

These cquations lead to the correct system of equations for component fields

olet (). In what follows we vl show. that BRST quantization of the system

with constraints (2.3)-(2.5) is equivalent to the Gupta - Bleuler guantization.
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The constraints (2.3)-(2.5) form the algebra:

[Ll ] L-—Z] = _L—fh {L—! ] L'J.j = Lla (2‘7)
D
[L] . L...]] = Lo, {Lg . L_g] = —a:a“ + '9‘- = Go. (28)

It means that the second class constraints L+, must be included in the BRST charge.
Following the line of {12] - [14] one might try to transform these constrainis into the
commuting ones by introducing additional degrees of freedom. This procedure is
rather simple for the classical case when the Poisson brackets are used instead of
commutators. It leads to the finite system of differential equations which can be
solved without troubles. In the quantum case the corresponding system of equations
is infinite due to accounting of repeated commutators.

In this section we describe the modification of the procedure of {12] - [14] in the
simplified case of one first class constraint Lo (2.3) and two second class constraints
Lo, L_z (2.5). It gives the structure of the BRST charge analogous to one derived
in [16] by dimensional reduction. To illustrate the BRST - approach to this simple
system, we introduce the set of anticommuting variables %o, 2,04, having ghost
pumber one and corresponding momenta Po, P¥, P2, with commutation relations:

{10, Po} = {n2,Pf} = {m P2t =1. (2.9)

We modify our system of constraints by introduction of additional operator b together

with its conjugate b*: [b,b%] = —1. By the analogy with [16], we consider two
modified constraints Lo and L_j:

L, = L+ Xib (2.10)

Py = La+b Xy, (2.11)

X, = Go—bth (2.12)

In spite of the fact, that these operators do not have a closed algebra,

(Lo, Do2) = —btXalo— LooXob+ b X350, (2.13)
Xy = fGo—ttb—1/Go~b+b+2, (2.14)

the special structure of the last two terms in the BRST charge

Q = nf Ly + mEt 4 molo + 13 mPabt Xy — 07 PImXob (2.15)

leads to its nilpotency. :
Consider the total Fock space generated by creation operators at, b*,no, 01, P31
The BRST - invariant lagrangian in such Fock space can be written as:

L= [ dno(xIQlx). (2.16)
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[x) = 150) + wF PF182) + 5PF |Sa), (2.17)

with vectors |S;) having ghost number zero and depending only on bosonic creation
operators af, bt

[Si) = Zd}f‘:m R € al ..al (67)%)0). (2.13)
After the integration over the n, we get the following lagrangian in terms of |5;)
L = (S1|L0[S1) + (SzlLoiSQ) + (511L+ + b+X1|53) -+ (2.19)

S3EL2 + -lelb]) - (Sz’Lz + .3{1‘2(,)[53) —_ (Sang' + b+.\rl‘2|5-2)
where we have introduced the notation
Xl.:u = VGO ~ bth 4 n. (220)

Owing to the nilpotency of the BRST - charge - Q% = @, the lagrangian {2.16) is
invariant under the transformation

S = Q1A) (2.21)

with [A) = PFIA). Now it is straightforward to write the component form of the
gauge transformations

8151) = (L3 + X)), (2.22)
81S2) = (Lo + Xi2b)|A), (2.23)
518y = Lofh) (2.24)
and the lagrangian equations of motion as well:
Lol$1) = (L3 +b7X1)1%), - {2.25)
Lo|S2) = (Ly+ X120)|53), (2.26)
(L2 + ,‘:lb)lgﬁ = (L; + b+)('1!2)|s-2)_ (2.27)

One can prove that the gauge freedom (2.22)-(2.24} Is sufficient 10 eliminate the
fields |S;) and |S3) and to kill the b% dependence in |S)). First we eliminate the
field {S5) with the help of transformation (2.24). Then there will be residual gauge
invariance with the parameter |A’) under the condition

Lol>') = 0. (2.28)

Eliminating of field |$,) with the help of the equation |8) + (Lp + X;2b)|A7) = 0,
which is consistent with (2.28) and equations of motion, the new residual parameter
|A7Y will satisfy two conditions Lo|A”) = (Lz + X120}|A") = 0. With the help of this
parameter all the fields [Sy 1), having k -th degree of operator b* -

o ik Coatat (b+] 10} (2.29)

|S1.4} = Doy aiizaentin Gy Tz

except |S)g) can be eliminated as well. One can easily =ee. that the lagrangian
{2.19} falls into a sum of pieces, cach connecting the vectors with different n and & -
numbers of operators «F and b* in |S)). Let us denote such fields as @%. Then the
ollowing set of them are connected in the lagrangian:

oo, @, ol ) (2.30)

where [£] stands for the integer part of the munber 3. Starting from the end of the
clhain (2.30) with the help of transformation (2.22) one can delete step by step all
its components except the first one 4. Therefore the following conditions on the
reduced field |S) o) are obtained:

1.0'51,0) = ];2'51.{)) =0. (23])

The second of the conditions (2.31) means tracelessness of the wavelunctions
&y saoyne The first one simply implies masslessness of the field. Note the lack
of Hdl'l‘-i\'t‘]"-iéllll\ condition and consequent presence of ghosts in the spectrum of
our simple model. Tn order 1o kill them. in the next section we will include in the

consideration the constraints Ly, as well.

3 Irreducible massless higher spins

As it was shown in [17). all constraints in the total system {2.3)-(2.5) can -he con-
verted into the first class constraints by introduction of fwo additional operators
by, by together with their conjugates bf.0f. [h b} = —1. [b.d3] = 1. The mod-
ified constraints are: Lo = Lo, L1 = Lay, Ly= Ly + bt b, L,=Ly+ b2 by and
Go=Go + b} by + b b;. Note the appearance of one additional constraint Go. which
manifestly depends on the dimensionality D of space - time. This dependence leads
to consistent description of higher irreducible spins only if D is even,

Now we will construct the BRST chalge lagrangian ete. along the line of pn-rml -
ing Section. by introducing only one pair of additional operators b.b*. [b. ﬁ]

Now we introduce larger set of anticommuting variables #o. . T hd\ ing
ghost number one and corresponding momenta Po, PF. Py, PF, P, with commutation

relations:
{1, Po} = {m, P} = {of . Pat = {2 P7} = {7 . P} = 1. (3.1
The following nilpotent BRST charge corresponds to the total svstem of con-
straints (2.3)-(2.5)
Q = nolo+mLt +m L +of Lo+ afle + 0 Xeb+ mbt X, ~ (3.2)
?h tmPo — 0 P+ ni mPy — 0F P Xob + 9 paPabt X, -
nind P Xab + PEmmab® Xs + 0 Pl Xab — o s Pib¥ Xy —
2 PHPFmn Xsb —nf 1;2 PPy PabT Xy — i3 PP X b -
’?2 p+7]17h7)25+ X+ Th ny PYmPyXsb + 7]]"7:’+?}1 Pt X —
2 nd PHPF nuna Py Xeb 4 5 nd Pl Py Pab™ X,
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where

Xy = /=14 Gy - btb, {3.3)

Xin=y/-1+Go—btb+n,
Xo=X, - X2

X=X 4+ X
Xy=4X, - X - X+ Xia.
No= - X1 42X, - X,
Xe=+X) = 2X 1, +2X5 - X4

Note the appearance of additional —1 in the definition of X7 as a result of inclusion
of constraints Ly, into BRST charge.

As in the toy model, the modified constraints Lo=Lo+Xib, Ly =L ,+b*X,
have nonclosed algebra. The consequence of this fact is the appearance in the BRST
charge of the special terms up to the seventh degree in the ghosts.

Again. the BRST - invariant lagrangian can be written as in the case of the toy

mode|
L= [, (34)
where [\ } has now more complicated form:
) = 150+ o IS + 0 PYISs) + 0 PFISH) + (3.5)

13 PIISs) +ming PEPY 1S6) 4 noPr |4 +
10PF | A2) + aom PP 14) + ond PTPT | A)
with vectors |5} and |A)) having ghost number zero and depending only on bosonic
creation operators at, bt
Integration over the no leads to the component form of (3.4):
~L = (AiliAr} — (A:]|S2} + (As]|S) — (AdllAd) — (S2l|A2) + (SallAs) +
(A1lL3|Sa) + (M| L} [S2) = (A1l La]S1) + (A2|LF|S3) + (Al LT15s) —
(Aa| L2l S1) + (AslLF1S6) — (As|LilSs) + (As]La}S2) = {Aa]LT[S6) —
(AdL1]S3) + {AalL2]Sa) = (51]L71A2) — (SiLT A1) + (Si]Lo[51) +
($2)LF 1Az} = (S2lLalS2) + (SalLa|Ar) — (SalLT|As) — (SalLolSs) +
(SalLalAz) + (SalLF1 A} = (SalLolSs) + (Sel L2l Ar) — (Ss| L [ As) —
(SslLolSa) + (Ss|L1]A2) + {Ss|LolSe) —~ (SelLa|Aa) + (SelL2]As) +
(A6 X14]54) 4 (A2|bF Xy 2] S5) — (A2]X18]S1) + (Aalb* X 4[86) +
(As| X1,2b]92) + {As] X12054) ~ (S1]6T X1 A2) + (Szlb* Xy 2| 4s) +
{S3[ X1 2b| A2y + (Sa|bF X[ A} + (Sal X318 A1) + {Se| X1,48[A3).  (3.6)

The BRST gauge invariance
élx) = Q1A (3.7)
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O m— pp—,

with the most general parameter |A), having ghost number —1
Ay = PFh) + P +af PEPEAe) + 03 PEPS D) + noPF PT1s) (3.8)

weans. in turn, the invariance of the lagrangian (3.6) under the following transfor-
niations:

815 = Lf|a) + LEPg) + 67 Xalde), (3.9)
86182) = =) + Lifh) + LT [As) + b X 2103},

6183y = [As) + LaAa) — Li|Ad) + Xaabfha),

618y = —|As) + La|ha) — Ly As),

8155y = FLTIAY + LAy + 67 Xy alhe) + Xaablh,

818s) = —La|As) — XyqblAs} + Li|As),

8|41y = +LI|As) + Lold) + 07 X11f2s),

6l4z) = —Li|As)+ Lo|Aa),

§1Aa) = +LolAs) — Li|Xs),
6lAd) = +LolAs) — La|As) — X1 3blAs).

Since (3.7) is unaffected by the following change of the gauge parameter 8|2} = Qlo),
with |} = P PFlen), one of the parameters [X;) in (3.8) is inessential. In what
follows we choose the gauge, where |As) = 0.

Combining the equations of motion

b: —L}[Ag) = Li|Ar) 4 LalSi) — 6" X1 0] A2) = 0, - (3.10)
S2: —|Ad) + LE|As) = LolS2) + La| A1) + b Xy 0] A3) =0,

$3:  |As) — LT1Aq) = LolSs) + L2l A2) + X126 Ay) = 9,

S4: LE|Ad) = LolSs) + Lol Ay) + 67 X1 3l Ad) + Xa15l41) = 0,

S5 —LF|As) — LolSs) + L1]Az) =0,

86:  Lo|Se) — LilAd) + La|As) + X14b|As) = 0,

Al ALY + LE|Se) + LFS2) — Ly|S1) + 67 X14|S4) = 0,

A2: LF|Ss)y 4+ LIS} — Lal8y) + bF X1 0|55 — X1001S3) — |S2) = 0,

A3 L3|Se) — LiiSs) + LaiSa) + 5" X1.al86) + X120(S2) + |53) = 0,

At —Ag) = Lf|Se) — La]Sa) + La|Sa) + X1b154) = 0,

and the gauge transformations (3.9) one can prove, that only essential field is
the b* - independent part of |5;), which satisfies all needed equations and describes
at each level n exactly one massless representation of the D - dimensional Poincare
group with spin n. Instead of straightforward choice of gauge, leading to these results,
we will show, how to connect our approach to already known elegant description of
massless higher spins in terms of one symmetrical tensor field with vanishing second

trace [4].



Using the gauge freedom (3.9) with parameters JA;). (i = 1.2.3.4]. one can
climinate all fields except |51, 152} and [A;). Moreover. as in the case of tov model.
one can kill the b* - dependence of these fields. We denote the remaining fields as
iS10), |S20) and {A10). The system of equations of motion (3.10), except the ones
for the fields |Sy,0), and [Szo) which lead to the dynamical equations, now reads

Laidy o) =0, (3.13)
A o) + L [S20) — LifSha) =0, (3.12)
La|S1a) + S20) =0, (3.13)
L2| S0} = 0, {3.14)
with residual invariance
51S10) = LTIMY 81800} = LilM). ElAre) = Lolha). (3.15)

where parameter |A;) is restricted by the condition
LA}y =0. (3.16)

Using the equations {3.12) and (3.13) one can express |S20) and |Aq0) through
|5,.0) and insert them into (3.6). The Jagrangian now depends only on the field |5).0)
and takes the following form {15]

~L = (Sigilo—L¥Ly— LELY L, — L3141y (3.17)
—QLQL;LQ - L;L+L1L2|SI.D).

The field 151 0), as a consequence of the equations (3.13) and (3.14), is restricted by

the condition ’
L2La)810) =0, o (3.18)

making (3.11) to be identity. After taking the expansion

15100 = Bus e al el .a} |0} (3.19)

sebbn g Ta T

we find that the lagrangian (3.17) in terms of the fields dy, p...un coincides with
the one given by Fronsdal [4]. As the consequence of the condition (3.18) the field
By, sz..um has vanishing second trace Guuppu g i and the lagrangian is invariant
under the transformation

565#1.#2»--1”‘ = a{;q)‘;ngyg...pn} (3_).0)

with constrained parameter Auuuy..un = 0.

4 Conclusions

In this paper we have applied the BRST approach to the description of irreducible
massless higher spins. The nilpotent BRST charge was constructed and correspond-
ing lagrangian, containing along with basic field some auxiliary fields was derived.
When the gauge in the model is partially fixed. the vesulting lagrangian coincides
with the lagrangian of [4]. It would be interesting to generalize the procedure to
the case of halfinteger spins [5]. It seems to be possible. since the approaches to
the description of integer and halfinteger spins are similar to each other. The main
difference will be the presence of odd constraints. leading to the Dirac equation. and.
corresponding.appearance of the bosonic ghosts in the BRNT charge.
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