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1 Introduction 

\Ve give below a list of 4-dimensional integrals in momentum space which were 
used in calculation of 1-loop radiative corrections to the inelastic processes of kind 
c+e- ---7 e+e-f, 1re---+ 1-re-r at high energies. For definiteness. we consider the 
case when all the scalar products of external 4-momenta are large compared to the 
mass of external real particles squared Pi Pi >> p[ = m[. Vl.'e omit systematically 
terms of order m[ / p;pj compared to ones of order unity and restrict ourselves to 
consideration of scattering type Feynman diagrams only. Remaining ones can be 
obtained by application of crossing and analytical continuation transformations. \Ve 
introduce the ultraviolet, infrared cut-offs and do not use the dimensional regular
ization. In paper of one of authors (3] !-loop integrals, related to the 2-> 2 type 
Feynman diagrams, were considered. Here we give a set of integrals for description 
of inelastic 2 --7 3 type processes. Our paper is organized as follO\Vs. In the first part 
we consider the 4-momentum integrals, appearing in one-loop vertex and five-point 
diagrams. The cases when fermions have different and equal masses are considered. 
They may be helpful in constructing the five-point diagrams with one or two exter
nal off-shell mass particles . Scalar, vector and tensor integrals are considered up 
to the case of four denominators. Tensor integrals are calculated up to a third rank. 

2 Five-point Feynman diagrams 

The case of equal fermion masses. 

Typical process: e+e- --7 e+e-')' 

2.1 Notations 
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Figure 1: Five-point Feynman diagram 
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(!) = (p1 - k)2 - m 2, (2) = (p1 - k1 - k) 2 - m 2, (3) = (P2 + k) 2 - m2
, (2) 

(4) = (q- k)2 - >.2, (5) = k2 - >.2• 

Invariants 

Xt = 2ptkt, X~= 2p~kt, X2 = 2p2kt =s-St- Xh 

X~= 2p~kt =S-St- X~, S =(PI+ pz)2, St = (p~ + p;)1
, 

t=q2, q=p~-p2, tt=q'2 ;:;;;t+x,-x;, q';;:;p;-Ph 

XI + X2 = s - St, Pi = p~ = P? = p~2 = m 2
, kf = 0. (:1) 

L,=ln(;;;j-), L,=ln(,:,), L•=ln(,~:), L,=ln(~:), (1) 

Li 2 (z) =-g ~In(!- x), 

p 2 = m2
- xis- iO, P; = m2

- xis 1 - iO, where i = 1 - x (5) 

Throughout the paper A is an UV cut-off parameter and >. is a fictitious photon 
mass. 

2.2 Two-propagator integrals 

2.2.1 Scalar integrals 

/12 = {
1 (P') . -!+LA, I,3=-l- Jn dxln --, =l+LA-L,+,r, o A 

I,. = r' (xm2
- xx;) . - lo dx In A2 = l + LA - Lx_~ + t71', 

Its = I24 = I34 = I3; = I+ LA, In= -1 -1' dx In (:0 = I +LA- L,, + i1r, 

I, = f' (xm2 + xx') - lo dx In A' . =I+ LA- Lx, I45 =I+ L-'- L,. (6) 

2.2.2 Vector integrals 

If, = (P· - i r (LA - D . ,. ( )''(! IL 11 i") I,3 = PI - 7'2 4 + 2 A - 2 ~., + 2 ' 

/f4 ,. (I I I· irr) ,. p~ ( 1) (p,+q) 4+2LA-2Lx;+2, 1"=2 L-'-2, 

2 

I'' 21 = ''(1 ) p;"(3 ) (p, - k,) 2 + LA - 2 2 + ! .. , • 

lj~ = 7'~ (~ l ) - " (~ l ) 2 2+ •. , 1'2 2+._, · 

13~ = p~ ( 1 ) ,, ,. ( 1 1 1 irr) 2 2- L., 'I23 = (p,-k, -p2 ) 4+ 21..,- 2L,, + 2 . 

/~: ... = ( k )'' ( 1 I 1 ) I" ,, ( 1 1 1 L ) PI- ~~ 1 + 2,/•.'1- 2L\, , 45 = q 4 + ?_L,\- 2 t · 

2.3 Three-propagator integrals 
2.3.1 Scalar integrals 

/J:z:l = 1 1' dx (P') I [I 2 1 2 . l --. -In ~2 = -.-- -L,- ,-L, + m(L,- L .• ) . 
S- ·"I 0 X ~"'1 ·" - -"1 2 2 

1:!45 = -1' x2m<:x+ xt In (':::
2

) = ~ [i 1·i + 1((2)]. 

"'11 = In ' dxdy 1 [I 2 • J ---,.--~~ =- -/, , - ((2)- rrrL , . 
o xYx~ - ym2 X~ 2 Xz '1 

I 1:za = _ f' dxdy = _!.._ [-~/ 2 _ ''('')] Jo .. q]Xi + ym2 \'I '2 'xz -. {- ' 

I 134 = 

+ 

1' dxdy 1 [3 2 I 2 • • • ( \;) - -1"'12 - I = --, ,-,L$ + -:-L,, - 2L.~J.,, + 2LI:z I--o yr - xyx. 1 s- x1 _ :z z z .... 

i1r (l•x;- !.,)], 

1235 = 1' dxdy 1 [3 2 I 2 • • • 
- -.,.,2 + _ = -+-- ,-2 L,, +,-

2
1.,, -21._,,1." -9,(2) o Yrl XYXI S1 XI -

+ 2Li2 (1 + ~:) + i1r (21." - :ll., J], 
/1:15 = -i 1' !~In G:) =~[it,;- L,L,- 1((2) + ir. (1. 1 - /.,)]. 

f:z:JII = -i 1' !fin Gt) = _,
1
, [iL;,- ! •.• , / •. 1 -1((2) + i;r (/. 1 - f.,, Jj. 

/245 In ' <h ( ot
2
m

2
) 1 [I 2 I 2 .• 2 2 ln .. _ :::;.---:-1,1 -:;1,,

1 o.r.x,-.r.l-:r.m -l\ 1 .r:l X1+t2 _ 

+ 2Li 2 (1-~;)]. 
/11~· In ' dnly _I [1 1, 11, ··(·) - -- - ' - - - 1, ) o y.r 2m'l- fJ:rl- y.r.r\~ - \~-I '2 '\z 2 't ' -

:1 

(7) 
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- 2Li 2 (1+~:)-i,£,:]. 
(S) 

2.3.2 Vector integrals 

The parametrization reads 

0245 

d215 

a14;; 

bl<lt; 

a:Hs 

0]2'· 

a2:ls 

bz:15 

a1:is 

a2::11 

; 

I ll - I' b '' k" d '" ijk - aiJkP! + i;kP2 + Cijk ~I + iikP! · 

I [I 2 I 2 . ( \')] -c:l-15 = -- ? L1 - -
2 

Lx, + Lx 1 - /, 1 + 2L12 1 - - , 024 ;:, = 0, 
I+ X• - -I 

(!J) 

= I [ X1 [I 2 I 2 ( X1 )]] I+ XI -L,- t +XI 2L, - 2Lx, + 2Lxo- 2L.+ 2Li2 I--t .(10) 

; I [· L . t [I 2 I 2 -,-- 2Lx• - 1 - 2zrr + -,-- -L1 - -Lx' 
X! - t I Xi - t 2 2 I 

+ 2Lx; - 2L, + 3((2) + 2Li2 (1 + ~:) + i1r ( Lx; - 2) ]] , 

; 0, CJ45 = dH:; = -,-
1
- [Lt - Lx• +in]. 

Xi- t I 

(II) 

; -c;,45 ; -d.145 ; ~L,, b,.,; ~ [-~L:+2L, -~((2)]. ( 12) 

; _!_ [--
2
1 L~, + Lx,- 2((2)], b,,; dm; 0, c,,; _!_ [Lx.- 2). 

XI XI 
( 13) 

; -c235 = - 1
- [Ls 1 - Lx1 - i1r}, d235::;; 0, 

S] +XI 

; I [ . -- -L +•" 
8 1 + Xt -~~ 

+ XI [ 3 2 I 2 . ( XI) -- 2L,, - 2Lx, - -
2 

L,, - -Lx. + 2L,, D., + 9((2)- 2L12 I +-
SJ +XI 2 St 

+ i" ( -2- 2/,x. + 3L,, l]]. (14) 

;::;; -bl3t. = ~ [L.,- i7T]' Ct35 = dt35;::;; 0. 
·' 

I [I ; -em = -b23, - d,. = - -
2

1-;, - L, L, - L,, - 4((2) 
s, 

+ i1r(l +LA- /,,,)],b234; a,;- :,3,; ..:_ [-L,, + i1r), 
s, 

~ 

(15) 

d234 ; 1[12 . l :;;- -2L,, + L,, L, + 2L, + 4((2) + "' ( -2 + L,, - L,) . 

-
1
-, [L,- 2Lx' + i1r-~ [L,- Lx'] + sJ,3,], 0]31 ; 

S-Xl I S-Xl I 

b!34 ; OJ31-JI34=-
1
-, [-L,+i7r-

2
x;, [L,-Lx•]+x;I,34]. s-x, s-x, ' 

CJ:l-1 ; d134 ; -
1
-, [ Lx• - i1r + ~ [ L,- Lx•] - sll34l· 

s-x~ ' s-x~ ' 

0]24 ; I,,;_!, [~Lx2 ' - ((2)- i"Lx·], d,,; _!, [-Lx• + i1r], 
XI 2 I l XI 1 

CJ24 ; ;., [-~L~: +Lx; +((2)-2+i,(Lx; -1)], b,,;O. 

I [1 2 1 2 . ( l Ut23 = b123- /123 = S _ St z.Ls- 2£$ 1 - Ls + Ls 1 + t7f Ls1 - Ls) , 

b123 = --1
- [Ls- Ls,], d123;::; 0, Ct23 = - 1

- [Ls, - 2- in 
S- S1 S- SJ 

s [ 1 2 1 2 . l]] + -- --L, + -L,, + 2L,- 2L,, + '" (L,- L, . 
s- s, 2 2 

2.4 Four-propagator integrals 

2.4.1 Scalar integrals 

/1245 = 

+ 

/2345 = 

+ 

11345 ; 

/.

1 ,-----:,:;d;x.::;dy"-,----,~ = - 1-[-L2 - L2,- L2 - 2L L, 
0 [xyx, - yt) [ym2- xyx;) XIX; X> x, ' X> x, 

2Lx.Lt+2Lx;Lt+4((2)+i"(2Lx, +2Lx; -2L,)], 

~f.'!~ Hln G!) +In ell)) = .. :t [L;, - L,,L,- 2L.,Lx, 

2L,, L, - 5((2) + i1r (2L., - 2L, - 2L,, + L,)], 

T J.' !~ H In ( ::) + In ( -~:;)] 

(16) 

(17) 

(18) 

(19) 

= ~ [L;- L,L,- 2L,Lx; + 2L,L, + 7((2) + i1r (2Lx: - 2L, +LA)], 

/1235 = ;, f.' !~ [~In(::) -In(:!,) l = 5~ 1 [ L;, - 2L,Lx. +L,L, 
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5((2) + 2Li, (I - ss,) + i1r ( -2£, + 2Lx1 - L>)], 

lt234 = - - --In - +In -- = - - L, + 2L,, L,· I fn' dx [ I (Pi) ( P2 
)) I [ 2 , 

x; o Pf 2 .\2 -xx; StX; 
1 

L,, L, - 7((2) - 2Li, (I - t) +in ( 2L, - 2L, - 2Lx: + L,) l· 
Useful integrals 

{I dx 

lo P 2 
= ~[-L,+irr], ('dxlnx=~[~L;-((2)-irrL,], 

S JO P 2 s 2 

-In-1
1

dx (P') 
o p2 m2 

!o
1 dx (Pf) 

P 2 
In 2 o m 

2.4.2 Vector integrals 

Parametrization 

~ [-L; + 8((2) + 2irrL,], 

; [-L;, + 8((2)- 2Li2 (1- ~) + 2irrL,,]. 

I" ,. b " k" d '" 
ijkl ;;:::; aip:IPt + ij!:IP2 + Cijkl "1 + ijklPt 

t,(l) 

a124s == T' bt245 = 0, 
_c,.(2) 

Ct245;:;::: T' 
_c,.(3) 

dl245 = ~· 

-2ttXtX~, ~(l) = X1
1 [-x;It24 + X1lt2a + (Xt + t)/245 

(x: -t-2x,)I,.s+ x•(x: -2(1 + xo))I,.,], 

t, [-x'1 lm- x,Im +(XI + t)J,., + (x'1 - t)l,., + X•X'11,,], 

(20) 

(2!) 

(22) 

(23) 

t. = 

+ 
t. (2) = 
_c,.(3) = XI [x: I,, - X1 fm +(X! + t- 2x: )I,.,+ (x: - i)f"' +X oX: foz45](24) 

t. = 
_c,.(I) = 
_c,.(2) = 
t. (3) = 

_c,.(l) 

at235 = T' 

-2SXtX2, 

t. (2) t. (3) 

bt235:;:::: T' Ct235;;;; T' dt235;:;::: 0, 

xz [(x, + xz)f,3- X1fm- sf,+ (s- x,)J,,- sx,fms], 

X• [-(x, + xz)fl23 + x,fm- sf,,+ (s + xz)f,,- sx,lms], 

(25) 

s [(Xt- xz)lm- x,f,, +sf,,- (s- xz)J,, + sx,lms]. (26) 

_c,.(l) 

a131s= T' 
._c,.(2) 

b1345 = T' 

6 

_c,.(3) 

CJ345 = di:l45 = T' (27) 

1t ;:;::: -s -l +X;, ~;:;::: 2.<;fll, ~{I);:;::: -(-.•.:11 + f\;)/J:H + ,<;(s + i)fn; 

+ 1(.< + l)rll:>- (-Ill+ ·'\'1) I"'" - sl(s + l)l~:w •. ~ (Z) = -(- ,.1 II + .<I) I I'll 

.<(I - \: ) I"" + I (2.< + I - x:) /.,.,,; - (I - \: )2 1 1•10 + .<I (I - \:)I"''';. 

~('!) = .<[(.<+21- x:)113,-sl,,-lh,,,- (1- \:)lw.+.<lfo:,.,,]. (28) 

!II = 
~(I) = 
~(2) = 

+ 
~(:\) = 

~(\) 

n 2:w> == -c234f• = "'T 
~12) ~Pl 

hn.J;; = ~. dn.J::, = "'T. 

-·"1 -{- \1• ~;:;::: ',l,..;l/1/i, 

-u 1 [-(1 + \o)l,..,- .< 1 1201•1 + (.< 1 +\,)In;+ lf:w.- s,l/"'·•··l. 
-(1 + \o)21,.,- .< 1(1 + \ 1)h,.1 + (-\•"•- -<ol)ln:. 

1(2.< 1 +I+ \>)1,..,, + .<,1(1 + \o)lzow,. 
2 

(-Xo"I - ·'ll)l,.oc, + ·'oh + 21 + \ o)l;o..,- h + \1) I,.,,, 

l(s, +xo)h,+·'ll(.<o + \o)l,..,,. 

t. (2) 2> (2) ~ (2) ~ (01) 

(/1234 = 112:14 + 6' b12:H = ~' Ci2:H = -/i2:H-~ + ~· 

dl234 

2,(1) c,l2) 

= -/J2:H+ T- T' 

t. = 2.c;tx'~x~, x~ = s- ..:i- x'1, 
2,11) = X~ [ -(.c; - sl) 1123 + (.<> - X~) /1:~1 + y~ l12·J - ·"I In" + -"1 \ ~ /12:1<1]. 

t. (2) = X1
i [(s - -"1 )/123 + (2Bi - -" + X1

i )/J;~.] - \
1
i/12·1 - S1 /2;1.1 + ·"1 \; /12:1•!] · 

(2!!) 

(:!0) 

( :ll) 

~(") = s, [(x; - x'1) In3- ( ... - x'1 )It:\1 + \', /i2·' + _..i/2:11 - .-:1 \; 1 i"l:l-1]. (:tn 

2.4.3 Tensor 

ParaJJldri~at.ioJl 

I;j~z 
'f '"' + T 1' ,, bT I' v + '/' /_/1 I,, + IT ,,, ,,, 

= !Jijk19 aiiklPi P1 + ;;~.:zP2Pz 'iikl":J n·1 ( i;kl1'1 Pt 

+ '/' { ,. "} + p'J' { '" "} .1' { ,, '"} 
oi;kl 1'1 P2 rJ;ikl Pi n·l + /ijkl 1'1 Pi 

T { ,, '''} T { '""} ·r { ''""} + P;;kl P2P1 + rr;;kz P2"·1 + Ti;kl P1 111 • 
p:l) 

w\\{'n' {· · ·) tH('aH~ synHudrizat.ion with rcspc•ct to Lor<'nl.;t, indin·:-;: { 1'1,11,,} = 1'1,11,.+ 

1'.,.11-,,. 

f. 



T 
9!245 

T 
a !245 

T 
c,21s 

T 
dl24.'l 

~T 
31245 

T 
Ail245 

T 
T121.'j 

T 
9Jns 

T 
a1z:r; 

T 
b; z:J!'> 

T 
(:Jz:~:; 

T 
(}1235 

T 
(7123!) 

T 
.fh:w; 

T 
a,:H;; 

T 
c1:w; 

T 
0 1:w; 

1 
= 2 [2/121- ClJ21- XJCJ245 + (L +XI )dJ21:,]' 

; 

+ 

; 

; 

; 

; 

; 

; 

; 

; 

; 

; 

; 

; 

-
1
-[x'I(-JJ24 + Ql24- C145) + l1a145- {1 + ).:J}U:J4!> 

l1X1 

i1Xla121s- x;(t + x!)d,zo~s], 

-
1
-, [ti ( -/124 + a!24) + XJCtzr, + (ll - xdc\<15 -XI x; CJz'l;,]: 

X1X1 

-
1
-, [XJ(-1121 + ClJz-1- (l24S) + (tJ- xdcl-15- ltdZ-1!'>- Xlx;dl24'•]: 

l1X1 

I ( T T T T 
- -/121 + al21\ + C14s + XJCn>~s1: b121s = al'N5 = Pn.,,, = 0 l2-1r, = 0, 
XI 
1 

- {/12-1- al24 + a245 + C145 + {l + xJ)dn!45], 
t, 
I 

- (-/121 + a245 + X1C1215- (t + x,)J1245j. (31) x; 

1 2 [2/m- U123 + b123- XICim], 

I 
- [x2/123- (XI + X2)al23 + Xlal25- XIX2CJ235], 
SXI 

-
1
- [xd/123- am)+ (XI+ X,)bm- X2b23s- xi ems], 

8X2 
1 7' ' 

-- [s(/123 + b12:~)- (s- X2)a235 + X2C123- sx1c1235], d1235 = 0, 
X1X2 
I T I j 
- [-/123 + a123- a23s- b123], f31235 =- [-/123 + a123 + XtCJ235 , 
s XI 

I ( j T T T - -/12.1 + a23s- b123 + XJCJ235 , 1'1235 = P1235 = r123s = 0. 
X2 

I JT ][ , Tl 2 [h:H + lc1345 , bl345 = ~ b134- b:Hs- (XI - l)Pt345 , 

(35) 

. ( , -
1 

-. -) [(s + £)2/ 131 + t(x;- s- t)a 145 - (s(s + t) + tx;)a,,, 
.<;[ XI - .<;- l 

+x; (s + t)(c11s- c,,,) + t(s + t)2c1315j, 

T T I ' )j d1:HS = T1:J4s = ( 
1 

\ [(X 1 - l)(CJ45- C134)- s{bl34- iC1345 1 
t x,-s-t 

( 
, -

1 
--

1
,[-t(x;- s:... t)a345 + x;(x;- t)(c"'- c",) 

.<;l X1- s-

~ 

/3;~45 ; 

T 
P131s 

; 

+ 

T 
92345 

; 

bi345 ; 

di345 ; 

+ 

T 
12345 

; 

+ 

T 
P2345 

; 

g'[;34 

cf234 

df234 

T 
01234 

T 
1!234 

T 
P1234 

r~34 

sx;(aJ34- lt34) + stx;cl34s}, 

-y'[,45; t( , 
1 

t) [(s + t)(bi3<- tc,3.,)- x;(ci<s- c,,.)], 
XJ-s-

af3.,; t( , 
1 

t)[(x;(x'1- t)- st)c,,.- (x;- t)'c"' s Xt- s- · 
t(x; - s- t)a3., + s(x;- t)b,3,- st(x; - t)c1345]. {36) 

I [ T T I 
I) /231 + X1a2345 + (t + xddz3<~s], oz34s = -a2345 = -t [-x1a235 
- s, 

j T T T I ta345, a2345 = Cz34s = -/i2345 =- [-ta345- (sl + XI)az3s + Sttaz34s], 
s1 t . 

1 
s,t(x, + 81 + t)[s,t(bm- b3.,)- x,(t + x,)a,35 

t(t + xda345- s,t(t + xi)b,3.,], 

I [ (XI+ s!) [ 
(XI+ s, + t) d,.,- d,3,- s,t(x, + s, + t) s,t(a,.,- a,,.) 

t(x, + si)a345 + {x1 + s!)'a,,,- s1t(x1 + si)a,,.,]], 

T I 
-72345 ; ( )fsit(a,.,- a,,,)+ t(x, + s!)a345 

s,t XI+ s1 + t 
{XI+ si)'a,3s- s,I(XI + s,)a,3.,], 

I 
s,t(x, + 81 + t) [-s,ta,,, + XI(XI + s,)a23s + t(x1 + s 1)a345 

s,tx,a2345- s,t(x, + t)d,,45]· 

; 

; 

: 

: 

~ 

; 

I ( , fl(J)l T fl(2
) - T -2 /123- X1 T , ai234 = 2T + /1234 + h1234, bl234 = b1234, 

Ll (2) Ll (3) -

2T - 2T + /J234 + bl234 + Ct234 - 271234, 

[>(2) [>(!) -
2T - 2T + l1234 + a1234 + b1234- 2&1234, 

[>(2) _ T [>(3) [>(2) • 
T + b1234, fl1234 = T - 2T - /1234- bl234 + 1'1234, 

[>(I) [>(2) _ 
T- 2T- !1234- b1234 + &1234, 

[>(2) • _ T [>(2) _ _ 
-T- b1234 + a1234, u1234 = -T- bl234 + 1'1234, 

{37) 

; 

[>(2) [>(I) [>(3) . • 
2~ - ~ - ~ + I,,,+ b1234- a1234 + /3123, - 1'1234> (38) 

9 



where 

iit234 
I [ , ' , , ' L'. 13) l = -, x~(I~,.- !123 + d1,.)- (x~ + x,)b,3- X1X,-;;- , 

StXJ Ll. 

bi234 = - 1
-, -x'1(!134-1123+cl34)+(x;+x;)(b123-bl3<)-x'I'L'., , [ 

- (3)] 
StX2 Ll. 

= -),[(sJ + X~)(/123- Jl3<l + b123- bt3<l- Ct3<l) + x;cl23 
XtX2 

cl231 

L',(3)] 
StX~T 1 

I • 1 [ L',(3)] = - [-bt3<l- Ct3<l- /134] 1 f3t234 = I bt23 + x't ~ 1 
St XI Ll. 

iit234 

.:Yt234 
I [ L',l3)] = xl -h123 + b134 + c134 + /134 - !123 + x; T . 

2.4.4 Pentagon 

Following ref. [I J we express the pentagon diagram in terms of box graphs. 

/1234S = - ± [ L'. (I) /234S + L'. (2) !,., + L'. (3) !,., + L'. (4) /1235 + L'. 15) /1234] , 

\\'here 

L'. = 2ss1tx1x', L'. <•> = s1t [-(s- s1)t - sx1 - s1x; - x.x;J, 
L',i') = st [(s- s1)t + sx1 + s1x;- X1X;J, 
1:'.13) = x 1x; [-(s + s1)t- sx1 + s1x; + X1X;], 
1:'.<4> = sx1 [(s- s1)t + sx1- s1x;- X1X;J, 
L',i5) = s1x; [(s- s1)t- sx1 + s1x; +XIX;]· 

The case of different fermion masses. 

Typical process: 1'- C -+ 1'- e·-y 

2.5 Notations (see fig.l) 

d4 k 1,k"',kllk" 
1;

1

Jfi:::' "'J ;~2 (i)(j)(k)(l)(;,) 

10 

(39) 

(40) 

( 11) 

(-12) 

(I) = (p1 - k)' - m 1
• (2) = (p1 - k 1 - k )2 

- 111
1

, (3) = (p2 + k )1 - 11 1 • 

( 1) = ( q - k )1 
- ,\ 2 - ( 5) = k' - ,\ '. ( n) 

Jn,·ariants 

\"1 = '2p,k,~ \~ = '2p;J..4 l• \2 = 2p21.·1 = s- ,<;I- \J· 

\~ = '2p~k1 = ·"- ... , - \;, s = (p 1 + p2 )
2

• 81 = (p; + p~)2. 
I= t?, q = p~- ]J2, it= q'2 = f + \1- \;. q' = p;- p1• 

X1+X2=s-,.;J· pf=p;2
=m

2
. p~=p;2 =p2 • 1.-f=O. 

(.\') ("') (,\1) (.\') /._,.,,, = In 2 , L.,.,,. = in 2 , /.,\,, = In --.; . /,_,,, = In """:i • m Jl m Jl 

(-1) (-') ("') ("') f.t,,. = in - 2 , /. 1,, = In 2 , Ls,, = In --.; . / .. ~,. = In 1 . 
111 Jl 111 Jf 

!o
' d I' Li 2(z) =- _:_In( I- .r). 

0 X 

( II) 

(I;·,) 

222) 121). P = 111. x+J..t (1-:r. -xxs-iO, P 1 = m ;r+p (1-:r -.r.r.-; 1 -10. whcr<' .r = l-.1' 

2.6 Two-propagator integrals 
2.6.1 Scalar 

'" = 

'" = 
f:H = 

'" = 

2.6.2 Vector 

-1 +LA,.., /13 = 1 +/,A,,- L.,,, + irr. 
I+ /,A,.- L\ .• + irr, l 1r; = l·JA = I + 1 •. '1,,.· lm 
1:~;. = 1 +LA,,, h 1 = I+ 1.,'1,,- L.,1,, + irr, 
) +/,A,..- J_,\lm1 /4!'> =I+ /..Am- /,1,

11
• 

(Hi) 

(17) 

It'2 = ( k,)"( ;!) ,, )"(! I I i;r) p,- 2 L,,,.- 2 ' ''" = (p1 -J>1 1 + 2"'"'- 2'- ..... + 2 . 

I" 11 = ( )'' (I I I i;r) ,, p:' ( I) PI+ q ~ + -:;_1•11,, -1/'\~, + 2 ' /,~, = 2- / .. \,,.- 2 . 

!~'., = ''(I ) p;"(:l ) (p,- !·,) 2 + !.,, .. - 2 2 + r, .. , · 

II 

t 
I 

I 
f 
i 
f 



!" = 34 

IJJ 3 1 ,, I 
P~ (2 + L,,)- p~ (z + L,,), /j5 = P; (2 - r,,), 

I" 23 = ''(1 1 I itr) 
(p1 - k 1 - p2 ) 4 + 2L''"- :/''''" + 2 ' 

/~5 = (pi- k1 t G + ~L;m- ~LX>m) 0 Jf, = q" G + ~Lhm- ~/,,,.,) • 

2. 7 Three-propagator integrals 

2.7.1 Scalar 

/123 = I [1 2 I 2 . ( l I [I 2 l 
.<; _ SJ 2'-.1,.- 2/..,:Slm +liT Ls1,..- £.~,,} 1 /:~45;;;; [ 2'-t,, + 1((2) 1 

/124 I [I 2 . l I [ I 2 , l -, -;-L,. - ((2)- zr.Lx• , lm =- --
2

Lx - 2((2) , 
XI 2 AJm lm XI lm 

(18) 

/J:H = I [1 2 I 2 . ( X~) . ( l] --.-, -:-,L.~ + 2-Lx' - 2L:sjJ.Lx• + 2L12 1-- + zn Lx· - Ls,, , 
,<;- \'i - jJ. ,,.. 1,.. s 1,.. 

In~. = 

+ 

In:; = 

/n1 = 

+ 

/2"'' = 

lw; = 

I [:J 2 1 2 , 
..,., +XI 7}_/'.~,,, + 2/"xl,.- 2Ls,"LXI,.- 9((2) 

2Li 2 (1 + ~:) + irr (2L,,- 3L,,)] , 

1[12 . 21' I' l - -
2

L, -/,AmL,m+z7r(LAm-L,m)-1((2)+2ln -+2ln-LA, 
,'; m ffi ffi I 

1 [1 2 . 2 I' - -
2 

L,m - LAm L,'" + m (LAm - L,,m) - 4((2) + 2ln -
s 1 m 

2ln !!_LA l, 
m " 

I [I 2 1 2 . ( Xz )] 
XI + l 2 Lim ~ 2 /..,Xlm + 2Ll2 1 - -i I 

I [' 2 1 2 ( • ( X~) . l -,-- -Lx' - -
2

L, - 3( 2)- ZLz2 1 +- - '"Lx• . (49) X! _ { 2 hn m -i lm 

2.7.2 Vector 

J>ararnctrization 

I" - · · "+b.. " k" d '" ( ) iik - a1,kP1 11kP2 + Cijk , + iJkP1 50 

I [ 1 2 1 2 • ( Xz )] 
(1:.!1'• ;;;; -C21.'"> = t + Xt ?/"'t"' - 2 /..,Xlm + LXlrn - Lt,. + 2Ll2 1 - -i , 

b d I [ f. XI [1 2 1 2 
11.') ;;;; Q, 245 = l +XI - •tm - '!+); 2 Lt, - 2 LXItn + 2LXIm - 2/.,.f,n 

12 

~ 
~ 

' ~ 

0145 

bl45 

0345 

a12s 

CJ25 

a23s 

b235 

a13s 

a234. 

b234 

d234 

a134 

bl34 

Ct34 

a124 

+ 2Li 2 (1- ~~)]]. 

1 [ . . t [! 2 1 2 = -- 2L, - L, -2m+-- -L - -L, + 2L, 
X~ - t X,m m X~ - t 2 tm 2 x,m Xim 

= 

= 

-

= 

= 

= 

2Ltm + 3((2) + 2Li2 ( 1 + ~~) + i1r ( Lx;m - 2)]] > 

Ol Ct45 == d145 = -,-1- [Ltm - Lx' + i7T]. 
Xt- t '"' 

1 1[12 l -c345 = -d345 = tL,,, b345 = t -ZL,, + 2L,,- 4((2) . 

1 [ 1 2 l Xz -ZLX>m + L,m- 2({2) , bm = dm = 0, 

1 
-[LX>m -2). 
XI 

-C235 = --1- [L:s,"- LXlp- i7T] I d235 = 0, 
St + Xt 

-- -L +•"+ -- 2L -2L - -L - -L 1 [ . XI [ 3 2 1 2 
St + Xt .s,~' s1 + Xt 51

1' XII' 2 .s,~' 2 x'~' 

(51) 

(52) 

(53) 

(54) 

+ 2L,,, Lx,, + 9((2) - 2Li2 (I + ~:) + ;, ( -2- 2L,, + 3L,,) ll· (55) 

= -b135 = ~ [L,m- i1r), C135 = d135 = 0. 
s 

= -c234 = -b234- d234 = 2._ (-Ls1 ~' + i1r + s1/2M], 
s, 

= a234- /234 = :
1 
[-L.s1 ~' + i1r]) 

= ~ [L.s1, + Ls11'- 2i1T- St/234] • 
s, 

= -
1-, [L," - 2Lx• + i1r -~ [L,,. - Lx• ] + si134] , s- Xt II' s- Xt II' 

I I [ . 2x; [ ] 'I ] = a134- 134 = --, -LsJJ + t1T- --, L.sp- Lxl + Xt 134 , 
s-x~ s-x~ ~-' 

(56) 

(57) 

= d134 = -
1-, [Lx• - ;, + ~ [L,,.- Lx• ]- sim]· (58) 

S-Xl II' S-XJ II' 

= I"'=~ [-2
1 L~. - ((2)- i"Lx• ] , d124 = + [-Lx• + ;,] , X1 In> lm Xtm In> 

13 

r. 



Ct21 = 

a123 = 

+ 

Ct23 = 

+ 

2.8 

!, [--
2
1 

Lx'• + Lx• + ((2)- 2 + i1r (Lx• - 1)], b124 = 0. XI 1m lm 1m 

1 [! 2 1 2 b123- /123 = -- -
2 

Ls - -
2 

Ls - Ls., + Ls1m S _ 
81 

m lm 

i1r (L,,m- L,mJ], bm = --1
- [L,m- L,,mJ, d123 = 0, 

S- SJ 

I[ . s[l' 12 -- L -2-m+-- --L +-L S- Sl $Jm S - SJ 2 Sm 2 Stm. 

(59) 

2£,m - 2[,m + i1r (L,m - L,m) ]]. (60) 

2.8.1 

Four-propagator integrals 

Scalar 

/1245 = {I dxdy = -~-[-L' - L', - Li Jo [xYXI - ytj [ym'- xyx;) XIX; X>m x,m m 

2LX>m LX~m + 2Lx,m Ltm + 2LX~m Lt + 4({2) + 2i7r ( Lxom + LX~m - L,m)]' 

/2345 = - - --In - +In -11' dx [ 1 (p~) (XXI)] 
t o Pf 2 A' -t 

= 1 [ 2 ;;! Lll1,. - Ls11' L)..l' - 2Ls1 ~> Lx1,.. + 2Ls 1,. Lt,. - 5((2) 

+ in (2Lx 1"- 2£1~'- 2L.s1,. + L>.l') +In~ ( -2Lx1,. + 2£11' - L>.,,) - ln 2 ~], 

/1345 = l1I dx [ 1 (P') (-xx;)] - - --In - +In --t o P' 2 A' -t 

= 1 [! 2 1 2 ( - -
2

L, + -L. - L,mL,m- 2L,mLx• + 2L,mLtm + 7( 2) st m 2 ~" lm 

+ i1r (2Lx• - 2L,m + L, ) -In'!!...- In!!... (L,m + 2Lx• - 2L,m - 4i")], lm m m m lm 

ft235 = 1 i.I dx [! (P') ( P~ )] 1 [! 2 1 2 I 2 - --In - -In - =- -L --L +-1~ XI 0 p2 2 ).2 XXI SXJ 2 Sp 2 Sm 2 S)m 

+ 1 ' - ( ) . ( si) . ( L 2Ls1,,- 2Ls.,Lx1., + Lsm.L>..,- o( 2 + 2L12 1--:;- +or -2 s1,, 

+ 21-' ' '( 2")] 2LXlm - L>..m) +In ;;; +In m 2Lsl' + 2LX1m - L>..m - t1T' ' 

/1234 = ..!_ {I dx [-~In (p~) In(.!!:._)]- - 1 r-~L' -~I! ~/} X~ lo Pf 2 ..\2 + -xx; - StX; 2 .~,. 2 s.,. + 2 ·' 1'" 

-2
1 L;, + 2L,,m Lx·, - L,,m L,,- 7((2)- 2I~i, (1 - ~) + i1r(2L .• ,.- 2/ •. ,,,, 

'' m - ·'>I 

14 

- u,. + /,, ) - ln2 !!... +In!!... (-2/ •. ,, - 2/__.o + /..1, + -1i;;J]. lm m 1n 111 '' ,,.., ' 

hH~fnl in1<'grals 

1.
1 d:r 

0 p2 

1\ d:r 
~ln.r 

0 p 

- -1-, +In-+,,. . 2 [ I' . l 
.<; . '" 111 

I [ \ ' . >) . I l = - -f., - (,(:_ -Iii •.<,, . $ '2 . ,. 

-In- = 1.' d.,. ( P') 
o pz m2 

~ [-/,; + R({2) + 2i;;/,,, + 2ln2 !!...]. 
.., "' ' 111 

1.
1 

d:r (Pi) -In -
u p2 111 2 

= - --t, - -r + ~'(2)- 2LI, 1--I [ I 2 I 2 , • • . • ( s,) 
·" 2 ·'lm 2 -<1 1, .-; 

'lin !!...1 •.• ,. + i;r (t .. ,," + / ..• ,,. + 2ln !!...)]· 
111 m 

(61) 

(<i2) 

TIH~ vector, t.cnsor four propagator and jH'Illagon iul<'gr<lls aJ"(' th<• :-\HIIH' as in 
t.hc ca.•.;e of equal fermion masses. 

3 Self-energy and real-photon vertex corrections 
In t.his section t.hc ma...'>:ws arc takcu int.o account.. 

;; 
~ = ~ + 

Jr 
~ 

Figure 2: Self-energy and real-photon vertex corrections to the incmning 
fern1ion 

r [PI- /II·+ 1ll , , , '{ ..t It ) I ./] ) .. ) ""' = I ,,c' +" ,,,- ,, ( ..t " )' 1 u(l'• (f>.l -x, ,,,- ,., - m 

Using well known <'Xpwssions for t.he off-shell vcrt.<~x funct.ion I' and mass OjH'rat or 
1;, we obtain 

£., = ..'::.. [A, (r- f, rp, ) +A, f, r] u(p, ). 2rr k 1p1 
{ (i I ) 

l!i 

[· 

:· ,. 



where 

m [ XI l A, ~ - ~· ") 1 - J, , x,-m 
l 2xi- 3m

2x1 + 2m'1 m2 
[ • ( ,, ) A, ~ , + L, + --., - L,, I - -

2(x,- m') 2x,(x,- m')' 1:f m' 

+ ((2!], 

;; 
~ 

( (i,'J) 

Figure :!: Self-energy and real-photon vertex corrections to the outgoing 
fermion 

C~ ~ 2: u(p~) [B, (1- f!, :,~;) + B, f!,¢'], (66) 

where 

m [ x' J B, = r., .... 1-- X~ +1
m2 (Lx; -iiT) , 

1 2x;' + 3m
2x; +2m' . m' [ . ( x; ) 8' ~ 2(x; + m')- zx;(x; + m2 )' (Lx;- "') + x;' -L12 1 + m2 

+ ((2) ]. (67) 

;; 
-~ 

Figure~ 1: Self-energy and real-photon vertex corrections to the incoming 
antifermion 

c, ~ 2: u( -p,) [c,.(¢- f, ::;,) + c, M], (68) 

16 

where 

c, m [ X2 l ~· --,.., 1- 2Lx, ' 
X2-m 

c, I 2x~ - 3m
2
x2 + 2m

4 L m
2 

[ L' ( X2) . + . + - - '' I - -Z(x2 - m 2 ) Zx2(xz - m')' " xl · · m 2 

+ ((2)]. (69) 

y 
~~ 

Figure 5: Self-energy and real-photon vertex corrections to the outgoing 
antifermion 

c; ~ z': [v, (1- f!, :::J + v, i!d] u( -p;), (70) 

where 

V, = I - 2 L , - i1r m [ x' ] 
Z(x\ + m 2 ) x\ + m 2 ( x, ) ' 

I Zx'' + 3m'x' + 2m' V - 2 2 (L . ) 2 
- "x\ + m 2 ) - 2x\(x\ + m 2)' x; - '" 

+ ~[-Li2(l+~~)+((Z)]. (71) 

17 



4 Heavy-photon vertex diagrams 

4.1 Notations 

PI k, P~P1 P~PI k, P~ PI Pi 

Figure 6: Heavy-photon vertex diagrams with real-photon emission 

4.2 

4.2.1 

d1k I k" k"k' 
J,;·:;"' = J in' (iJ(jJ(k)(i) 

(0) ~ k2
- >.', (I)~ (PI- k)'- m 2

, (2) ~(Pi- k)'- m 2 , 

(q) ~ (p1 - ki - k)'- m2 . 

Two-propagator integrals 

Scalar 

Jo1 = Jo2 = L,.. + l, J12 =LA- Lt 1 + 1, Joq =LA+ l- LxP 
.JI, ~ LA -I, J,, ~ LA- L, +I. 

(72) 

(73) 

(71) 

4.2.2 Vector 

Jtl ~ " [I I] J" '" [I L I] " ( I k ) " [ 3] Pr 2.LA- 4 , 02 = P1 2 A- 4 , Jlq = Pl - 2 ~~ Lil. - 2 , 

Jt'2 ~ (PI+ Pi)" [~LA- ~L,, + ~], J6, ~(PI- ki)" [~LA+~- ~Lx,], 
Jfq ~ (Pi+ p, - ki)" liLA+~- ~L,j. (75) 

18 

4.3 Three-propagator integrals 

4.3.1 Scalar 

.ful2 ~ :-,
1 

[-21._,!,11 + 1.:1- 2((2)]. J12q = ·J( I I ) [!.:" /.:11. 
~lJ - \ J - \I ' 

.loJq ~ _ _!_ [-Li 2 (1- _ll_) + ((2)] . 
\ 1 111 2 

.lo'lq ~ -,-1- [1., (I.,-!.,,)+~ (L,- !." )
2 + 2Li, (1 + ~)]· 

\ 1 +1 1 _ I 

4.3.2 Vector 

P~r~nwt rizat ion 

oo12 

au!q 

ao2q 

CQ2q 

OJ2q 

b!:lq 

Cl2q 

.1:jk = a;Jid'~' + b;JkPt + (';.~~·q''. 

I 
bot:.! = - L, 1 , <'o1:1 = 0, 

I, 

I I 
~ - [y,Joiq + 2/_\o- 2), boJq ~ -<'oJq ~- [-/.\> + 2). 

Xt \1 

XI I 1- \I 
0, bo2q = x; +LJ.Io"J.q +2(\; +1!)21.,- (\; +IJF/.,1. 

1 I 
= -X~+ it f,t + X'J + Ll Lxl' 

l l + 11 I 2 
= I .]J2q+ L,l -2 . Lt + -,-

XJ- XI (xi- x,)' (xi-\,)' \,-\I 

= J12q- a12q, 

t 1 / 1 t+l 1 2 
~ -_,--J,zq + 2 ' . 2 Ltl - , 2/.J + -,--. x,-x, (y,-\,) (\I-\,) \,-\, 

4.3.3 Tensor 

T 
90J'J. 

.,. 
noJ"J. 

, 1"' T I"' 'J' 1' " bT 111 1,, + T I' '' · iik = Yiikg + a iiklJl 1'1 + iikPl P1 ciJ~.lf lJ 

+ -r{"'"}+~'.,.{''"} :r{'"") n;ik P1 1'1 t 1i;k P1 q + 1iik 1'1 q · 

0 :l T T I I 
~~-A- ~/,11 + 8' a.tii'J.;;::; boJ"J.;;::; :u

1 
/,11 -

211 
I .,. T T 

-:;-• ('UI'J.;;::; fJOI'J.;;;: ')'oi'J.;:::: 0. 
~II 

! ~I 

(7(;) 

(77) 

(7~) 

( 7!1) 

(~ll) 

i ~ 
1. 

~-
t 
[: 
I . 



,.. I I 3 T 3 9 9oJ 11 = --
1

/.xl + -
1 

L_, + 
8
-, ao1 9 = Jo1 9 + -f~x 1 - ;--) , 

. . \J -\1 
T T r I 1,. T I 3 bo1 1 = CoJq = -;o1 9 = --? Lx1 + -. 3o, 11 = -aolq = -

2
,. Lx1 -

2
, · 

-XI XI ..\1 /1,1 

T I \J I t I 3 
Yoz, = -4 \;+I, L,, - 4 (x; + t.) L, + 4'-·' + g' 

6,. _ [ x,(l-x,J_ J(l'+21x,-xn]
1 

t(l+4xtl 1 02
'- (x;+t,J' 2 (x;+I,J" '"+(x;+t,J"'' 

t- Y1 d 
+ 2(x', + t,)' + (x', + 1.)2 .;

027
' 

T 1 J 1 T T r:.T Co2~ == -2 X~ + t, Lx., + 2(x~ + tl) L~~ a02q = <.lo2q = .3o2q = 0, 

T 
''io21 = 

T 
.flJ 21 = 

·r 
012'1 = 

I+ 2x, l + 2x1 I 
2(x; +I, )2 Lx. - 2(x'

1 
+ 1,)2 L,- .. 

I 11 I t I 3 :;-,--Lt 1 -

4
--,--Lt + -:;L., + 

8
-, 

'I Xi -XI Xi -XI 'l 

12 (312 + 41 11- llJ 312 11- 11 

( , )' .J127 + Z( , )' L,, - ( , )' L, + ( , J', Xl -XI XI -XI XJ -XI Xl -Xi 

(81 J 

(82) 

li ( -12 + 41,1 + 3ti) t(t- 41.) 31, 
( , )'.J12, + Z( , )' L,, + ( , )3 L, + -( -,- '"' XJ -XI Xt -XI XJ -XI x, -XI 

T = bl2q 

li 3ti (I'- 41,1- 3ti) (41,- I) 
( ,--)-,.J12,+(, )3 L,,+ Z(' )' L,+(, )'' XJ -XI XJ - Xt XJ -XI XI- XI 

T = <:12q 

1,1 J (1'+41 11+ti)
1 

t(t+2t 1) L (2t+t.) 
( ' --),. "' - 2( ' )' ,,, + ( ' )' ' - ( ' )'' X1-·X1 Xt-Xl XJ-Xt X1-X1 

T = Ql2q 

_t,_t_
1 

t1(5t+t 1) L _ t(t+5t.) l ~ 1+11 

( ' )'. 127 + 2( ' )3 ,, ?( ' )3 ,, + 2 ( ' )'' XI -XI Xt -XI -XI -XI XI -XI 

T = /JJ2q 

ti t,(t +51,) -t' + 51,1 + 2ti 
( ' --)-,.J.,,- 2( , )'L,, + 2( ' )' L, Xl -XI Xi -XI XJ -XI 

T = 712'1 

t- 71, 
2(x; -x,)'. + (83) 

4.4 Four-propagator integrals 

4.4.1 Scalar 

J0127 = --
1
- [-L,L,, + 2t,,Lx,- t,;- 2Li2 (1- .!..) - ((2)]. (84) 

X1l1 t, 

20 

4.4.2 Vector 

Parametrization 

ao12q = 

bo12q = 
+ 

CQt2q = 

J" - " b '" + " Oi2q - Got2qPI + OI2qPI Co12qq · 

~[-(t•X• + lx;).J.,, + (x; + t.)' Jo,,- X•(x; _:.t.)Jo,, 

l,(x; + I.)(Jo., + x,.J • .,,)], 

~[(l,x', + lx.).J.,,- (XIX;+ I,I)Jo,,- XJ(I, - x.)Jo,, 

1,(1, - x,)(J012 + x.J • .,,)], 

~[-l,(x, + x',)J.,, + l,(x; + I.)Jo,, + x,I,Jo,, 

li(Jo., + x•Jo.,,)]. 

where d = -2ttXtX~· 

4.4.3 Tensor 

Parametrization 

.J IJ" _ T IJV + T IJ v·+ bT IIJ lv + T " v OJ2q - 9ot2q9 aOI2qPIPI o12qPI Pt co12qq q 

+ T { • '"} + (JT { • "} + T { '" "} O'o12q PtPt o12q P1 q lo12q P1 q · 

gT -
I 

012q - 2 [J.,, - XI Co!2q] , 

T = ~[(x'1 + t,)'(J.,,- x,eo.,,)- (x,t, + x',t)a.,, aoi2q 

X•(x;- l,)ao,,- l,(x; + l,)(ao., + x,a • .,,)], 

b~l2q = ~[(t,- x.)'(J.,,- x,eo.,,) + (x;l, + x,l)b.,, 

(t,t + x•x;)bo,, + X•(X•- l,)bo,, 
+ 1,(1!- XI)(aol2 + XIbol27)], 

T -
Cot2q - ~[li(.J.,,- 2XtCol27)- l,(x; + X•)c.,, 

l,x,bo,, + t,(t, + x;)eo,,J, 

T ~[-(t,l + x.x;)(J.,,- x.eo,,.) + (x;l, + x,l)a.,, a012q = 
+ X•(X• - II}ao,, + l,(t, -xi)( ao., + X•"o!2 7)], 

(JT -
012q -

~[1,(1. + x;)(J.,,- 2x,eo.,,)- (x,l, + x;l)c.,, 

21 

(85) 
f: 
I 
'· 

(86) 

(87) 
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