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1 Introduction 

The purpose of this article is to use Lie algebra contractions to relate the separa
tion of variables in Helmholtz equations on n-dimensional spheres Sn and on the 
Euclidean spaces En- An earlier article [1] was devoted to the case n = 2. It was 
shown that spherical coordinates on S2 can be contracted either to polar or Carte
sian ones on E2 • Elliptic coordinates on S2 were contracted to elliptic, parabolic 
and Cartesian ones on E2 • 

The more complicated case of contractions from a two-dimensional Lorentzian 
hyperboloid H 2 to E2 has also been studied [2]. 

Here we are interested in the case of Sn for arbitrary n, but will only consider 
the simplest types of coordinates, the so-called subgroup type coordinates [3, 4, 5, 6, 
7, 8]. For Sn these are polyspherical coordinates introduced by Vilenkin [9, 10] and 
described by the "method of trees" [9, 10, 11, 12, 13]. Trees, or "clusters" can of 
course also be introduced to describe subgroup type coordinates in En and we shall 
show how "trees" on Sn are related to "clusters" on En via the group contraction 

O(n + 1) --t E(n). 
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At least two definitions of Lie algebra contractions exist in the literature. The 
original Inonu-Wigner contractions [14, 15, 16] can be viewed as singular changes of 
bases. The more recent "graded contractions" [17, 18, 19, 20, 21, 22, 2:3] are obtained 
as deformations of the original Lie algebra via modifications of the commutation 
relations, preserving a given grading of the Lie algebra. In many cases, though not 
all, the two concepts are equivalent [23]. In particular, the contractions considered 
in this article are simultaneously Inonu-Wigner and Zrgraded ones. 

Our main tool for dealing with contractions is the concept of "analytic contrac
tions", already introduced in Ref. [l]. The generators of the original Lie algebra, 
in our case o( n + l ), are written as differential operators, involving the contraction 
parameters, in our case the radius R of the sphere. The parametrization must be 
such that in the contraction limit, in which the o( n + l) algebra contracts to the e(n) 
one, the generators themselves as differential operators, contract into generators of 
e(n). 

As motivation for this study we mention first of all the theory of special functions. 
Indeed contractions relate two different groups and their homogeneous spaces. They 
relate separable coordinates in these two spaces, the separated equations and their 
solutions. The contractions will thus in particular provide asymptotic formulas and 
other relations between Special functions. 

Other applications concern relations between integrable systems in different 
spaces, in particular on spheres Sn and Euclidean spaces En. Indeed, each sep
arable system can be extended by adding a potential that allows separation. The 
corresponding Hamiltonian systems will be integrable both on Sn and En, since they 
will also have n integrals of motion in involution. Again the contractions relate the 
Sn and En integrable systems and their solutions. 

In Section 2 we review some known results on the method of trees for Sn [9, 
10, 11, 12, 13]. We introduce O(n) subgroup diagrams and relate them to the tree 
diagrams. Section 3 is devoted to separation of variables in Euclidean spaces En. 
We introduce E(n) subgroup diagrams, En "cluster" diagrams and relate them. 
Beltrami coordinates are used in Section 4 to introduce the radius of the sphere into 
the expressions for the elements of the o( n + l) Lie algebras. This provides the tools 
for an analytical realization of the Lie algebra contraction o( n + 1) ----> e( n ). The 
contraction of the coordinate systems and the complete sets of commuting operators 

is presented in Section 5. Finally, the asymptotic formulas representing contractions 
of solutions of Laplace-Beltrami equation on Sn to those of the Helmholtz equation 
on En are presented in Section 6. 
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2 Subgroup type coordinates and the method of 

trees 

2.1 Subgroups of Lie groups and Separable Coordinates 

We shall make use of an algebraic approach to separating variables in Helmholtz ( and 
Hamilton-Jacobi) equations in Riemannian and pseudo-Riemannian spaces that are 
homogeneous spaces for some Lie group G [3,.4, 5, 6, 7, 8]. 

The equation that we are interested in can be written as 

1 a .. a 
D.LB = y'9 ae ,/gg'1 aej, g = I <let 9ij I, D.LBW = Ell!, (2.1) 

where 9ii is the metric tensor written in the considered coordinates e;. The space 
M can be identified with some factor space M ~ G/G0 , where Go is the isotropy 

group of the origin. . 
The separated solutions of the eq. (2.1) are simultaneous eigenfunctions of some 

complete set of n commuting operators Ya (including the Laplace-Beltrami opera-

tor). We thus have: 

Yaw= >-aw, IJ/ = IIw;((;;>-1,>-2,•••,>.n)- (2.2) 

i=l 

The operators Ya are second order operators in the enveloping algebra of the 
Lie algebra of the isometry group G. Thus we have a Lie algebra L with basis 

L ~ {X1 , ... ,XN} and put 

Ya = AfkX;Xk, [Ya,~] = 0, Afk = Aki; a= l, 2, ... , n. (2.3) 

The commuting sets of operators {Yi, ... , Yn} can be classified into conjugacy 
classes under the action of the group G. Mutually conjugate sets provide equivalent 
systems of coordinates, transformed amongst each other by the group G. 

A classification of the sets {Ya} provides a classification of coordinate systems. 
The essential properties of the coordinate systems are related to properties of the 
operators Ya• In particular, ignorable coordinates [24] ei, (i.e. coordinates that do 
not figure in the metric tensor 9ik), are associated with operators 1'j that are squares 

of the elements of the Lie algebra 

1'j = {t aikxk}

2 

k=l 

3 

a2 
a 2· 

°'i 
(2.4) 



Hence, maximal Abelian subalgebras [25, 26, 27, 28, 29, 30, 31] of the algebra L will 
provide maximal sets of ignorable variables. 

Particularly simple coordinate systems are obtained if all operators Y,, in a given 
set are either squares of elements in the Lie algebra L, as in eq. (2.4), or Casimir 
operators of subalgebras of L. Such coordinate systems have been ca.lied subgroup 
type coordinates [6]. Thus, consider a chain of subalgebra.s 

L :) L1 :) L2 :) · · · :) L M, (2.5) 

such that each subalgebra Li has at least one second order Casimir operator (sec
ond order operator in the center of the enveloping algebra of Li). Subgroup type 
coordinates are obtained if the chain of subalgebras provides n linearly independent. 
second order operators. They will automatically commute amongst each other. 

In this article we restrict our attention to subgroup type coordinates on spheres 
Sn and Euclidean spaces En. We mention that on S2 precisely two types of separable 
coordinates exist. Spherical coordinates are subgroup type, the subgroup chai11 
being 0(3) :) 0(2). Elliptic coordinates are not subgroup type. On S3 six separable 
coordinate systems exist [6, 32, 33], two of them subgroup type, corresponding to 
the chain 0(4) :) 0(3):) 0(2) and 0(4):) 0(2)@ 0(2) respectively. For E3 three 
out of eleven separable coordinate systems are of the subgroup type: Cartesian, 
cylindrical and spherical. 

A graphical method, called the "method of trees" has been developed to treat 
subgroup type coordinates on real and complex spheres [9, 10, 11, 12, 13]. We will 
reproduce some of the relevant results for real spheres Sn in the following subsection, 
and then extend them to analyze subgroup type coordinates on En. Moreover, we 
will connect the tree diagrams with subgroup diagrams, introduced below. 

2.2 Subgroup Type Coordinates on Sn and the Method of 
Trees 

Let us consider the Lie algebra o( n + 1) and use the standard basis of operators on 
Sn: 

L;k = ( u;ak - uk8;); 

[L;j, L,s] = -gjsLir - 9irLjs + 9jrLis + 9isLjr, 0 S i, k,j, r, ,S '.S n. (2.6) 

Let us now consider the defining representation of o( n + 1) by matrices 

XE n(n+J)®(n+l), xT + X = o, (2.7) 

acting on the space n(n+I)_ Maximal reducibly imbcdded subalgebras of o(n + 1) 
will leave some vector subspace of nn invariant. All subalgcbras of this type have 
the form 

o(n+l):)o(ni)EBo(n2), n1+n2=n+l, n 1 2:n2 2:2, or o(n+l):)o(n). 
(2.8) 
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:\laximal irreducibly imb<'ddcd subalgcbras also <'Xis1. <'.g. u(n) C 0(211) or _(}2 C o( ,). 

but they will not h<' needed here. 
Chains of mutually maximally imlwdded subalgcbras arc· obi aincd h~- furl hn 

splitting o(n 1 ) and 0(11 2 ) into pairs of algebras. 1ill 11·<· PII<l 11w chain ll"i1h 011<'
di11ll'nsional subalgebras o(2) (\\"(' drop all 1he o(l) ~ {O} algebras). \\"<' shall 
describe subalgebra chains by subalgebrn diagrams ( or equi1·alent ly subgroup di
agrams). Each O(k) subgroup is repn·s<'llt('(I by a circl<' ll"ith the corresponding 
11urnbcr k in it. All subgroup diagrams oft his typ<' arc sholl"n 011 Fig. I for 11 ~ 5. 
Their recursive character is obvious: different subgroup diagrams for a giw·n 0(11) 
correspond to different. flags of invariant subspaces of 'R .. 

The subgroup diagrams arc• closely rcla1 ed tot lw 1 rec diagrams of \"il<-11 kin [9. I OJ. 
d<~scribing polysphcrical coordinates 011 .'-.',,. On Fig. l 11·c· associa1 e a 1 !Tl' diagram 
with each subgroup diagram for 2 ~ n ~ ;i. Famili<"s of differPnt, hu1 1opologically 
equivalent trees arc associal<'d with t lw s,rnw subgrnup diagram. Th<"y are obi ainc•d 
cit.her by pcnnuting the end points, corr<·sponding 1o t lw coordinates. or l'qlliva
leut.ly, by rot.at.ing branches arirnml branching poiuts on 1lw In·<·. ,\II different t1Tl'S. 

including cquiva.lcnt ones, are shown for 8 2 , S:1, 8 1 011 Fig.2. 
The t.rcc diagrnms ,1rc best described in the original artick [9] and tlw book [1:1]. 

Together with the subgroup diagrams described above, they provide a tool for writ
ing coordinates on Sn, complete sct.s of comm11 t.ing opera I ors and their eigenYa hll's. 
and separated solutions of t.hc lldmholt.z equation. 

Let us recall some basic facts here, using the exam pk of a specific tree. nanH·ly 
that on Fig.3 for S;. On Fig.;I a we give the corresponding 0(8) subgroup diagram. 
The a.dual S; I.rec is pn Fig.:lb., Fig.:lc and :Id n-kr to the /,'(7) group and F7 space 

(after contract.ion) and will be used below. 
Ea.ch end point on t.hc tree of Fig.;lb corresponds to a Cartesian coordinate in 

the ambient space 'R.8 • /\t. each branching poini. we· int.rodun· an angle //;. \\"e 
move along the I.rec from the ground upwards to a sperilic coordinate u; . . \t !'ach 
branching point we write cos 0,, if we go to t.hc ldt, si11 O" if 11'<' go tot lw right. Tlw 
polyspherical coordinates corresponding t.o Fig.:lb ll('nce an· 

u.0 = fl cos 01 cos 02 cos 0:i, 

U.1 = n cos o, cos 02 sin (J:i, 
u2 = H <'.os 01 sin (}z cos 0.1, 

11,:i = Rcos0 1 sin02 sin0,i, 

11.,1 = fl sin 01 cos (Jr, ('OS O,; cos 07 • 

ur, = /?sin0 1 cos0,,cos0,;.sin07. 

111; = H sin 01 cos 0,, sin O,;, 

11 1 = /?sin0 1 sin 00 • 

(2.!l) 

The complete set of 7 commuting opcrntors is also read off from t lw 1 IT(' diagram. 

or from the subgroup one. We have: 

h = f,G1' Y, = q:p Y1 = J,i,,, )·;; = J,1,, + {,?,,; + {,;,;• 

½= L li, }5 - L li, Vi = L li. (2.10) 

U5i<k53 4~i<k~7 ll~i<k~7 
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\Ve see that Yi- Yi and Y1 arc Casimir OJ)('rators of o(2) algebras, Vi; of an o(:l) one, 
}2 and Y5 correspond to o( 1) algebras and Vi is the original 0(8) Casimir operator. 
:\lore generally, each circle in the subgroup ch,1in pro\·idcs the Casimir operator of 
the corresponding o(k) to the set {Y.}. 

To each branching point on the tree diagram, or <'ach circle on the subgroup dia
gram, we also associate a quantum number lj, (sec Fig.:Jb for a specific case). It will 
determine the eigenvalue ,\ of the corresponding o( k) invariant operator according 
to the formula 

YjW = 61,8 W = -li(/1 + k - 2)\jl, (2.11) 

where k is the dimension of the ambient space above the corresponding vertex on 
the tree (the same k as in O(k)). The numbers /1 arc nonnegative integers, labelling 
irreducible representations of O(k) for k 2'. :t For k = 2, i.e. the group 0(2) we 
have: Ii= 0, ±1, ±2, .... 

2.3 The Separated Eigenfunctions for Sn 

To specify the separated wave function 

w = n;;-=l \jlk(ok) (2.12) 

on Sn, we follow Refs. [9, 10, 11, 12, l:l] and introduce four types of vertices, or 
"cells" on a tree, as illustrated on Fig.1. The first row, diagrams la, ... , le, contains 
elementary Sn cells. The second row, 2a, ... , 2c contains En cells, obtained after 
a contraction, and will be discussed below in Section 6.1. The dashed lines in row 
I will also be explained below. /\ circle on diagrams la, ... le denotes a "closed" 
end, i.e. one that leads to further branches. /\n open end (no circle) leads directly 
to a coordinate. E.g., on Fig.3 angles 03 , 04 and 07 correspond to cells of type "a", 
0,, and 06 to cells of type "b"', and 01 , 02 to cells of type "c". The angles in the 
polyspheric coordinate systems satisfy 

0:::; Oa < 27f, 0:::; ob:::; 7f, -7f/2:::; ob':::; 7r/2, 0:::; Oc:::; 7r/2. (2.13) 

The following numbers arc associated with each cell: m, l, l/3, la are related to the 
separation constant corresponding to each vertex, Sa = number of vertices above 
vertex /"' Sr1 = number of vertices above vertex 1/3. The numbers m, I, l/3, la are 
all integers, labeling representations of the corresponding rotation subgroup in the 
chain, i.e. angular momentum type quantum numbers. We have: 

6 + C = n' - 2 (2.14) 

where n' is the number of endpoints u; connected to the vertex Oi and c is the 
number of vertices above and to the left of vertex Oh' or Oc. 

Each vertex and each angle O; provides a ·'building block" IV;(O;) for the wave 
fu11ction 1v(01, ... 'On) of eq. (2.12). Specifically WC have: 
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Cell of type a: 

1 . 0 
Wm(Oa) = ,Jiie•m •; m = 0, ±1, ±2, ... , 0:::; Oa < 27f. (2.15) 

Cell of type b: 

W~,11'(0b) = N;•a(sin0b)11'p~a,a)(cos0b), (2.16) 

• 5(3 
n = l - 1(3, a = 1(3 + 2' n = 0, 1, 2, ... , 0 ::::: ob ::::: 1r. 

where P~a,/31( x) is a Jacobi polynomial. 

Cell of type b': 

W~.1J0b,) = N~•f3(cos0b,)10 P~f3,f3)(sin0b,); (2.17) 

n = I - I~, (3 = la + ~a, n = 0, 1, 2, ... , -7f /2 :::; Ob, :::; 7f /2. 

Cell of type c: 

q,a,/3 (0 ) = 2(a+fJ)/2+t Na,{J(sin 0 )1!3(cos O )10 p(a,f3)(cos 20 )· (2 18) 
n,lt3,lo. c n c c n c , • 

l - la - l/3 5(3 Sa 
n= 

2 
, a=l/3+ 2 , (3=la+ 2 , n=0,1,2, ... , o:::;oc:::;7f/2. 

The normalization constants are:· 

Na,f3_ 
n -

(2n +a+ /3 + l)r(n +a+ /3 + l)n! 
2a+f3+1f(n +a+ l)f(n + /3 + 1) · 

(2.19) 

We mention that the wave functions (2.16) and (2.17) can also be expressed in terms 
of Gegenbauer polynomials, using the formula [38]: 

r(2,\ + n)f(,\ + 1/2) p(,\-1/2,.H/2)(x). 
C~(x) = f(2,\)f(,\ + n + 1/2) n 

(2.20) 

3 Subgroup type coordinates on En and cluster 
diagrams 

Let us now consider the Euclidean Lie algebra e( n) with a basis 

L;k = x;Oxk - XkOx;, Pi = ax., i, k = 1, 2, ... , n. (3.1) 

7 



The commutation relations are as in eq. (2.6), together with 

[Pi, L;k] = /jjiPk - /jjkPi, [p;, Pk] = 0. (3.2) 

Subalgebra chains (2.5) will include Euclidean subalgebras e(k) and rotation subal
gebras o( k ). A possible link in a subalgebra chain is: 

e(n) :) e(n1) EB e(n2), n1 + n2 = n, n1 ? n2 ? l. (:l.3) 

The Casimir operator of e( n) is: 

~n = Pi + P~ + · · · + P~ · (3.1) 

Hence we have ~n = ~n, + ~n2 in the chain and only one of the Euclidean subalge
bras (3.3) provides a new invariant operator, say e(n2 ). Alternatively, ~n, and ~n, 
can replace ~n- A further possible link in a chain is: 

e(n):) o(n), n? 2, (:l.5) 

where o( n) will provide a new ( with respect to e( n)) invariant operator. 
As in the case of the 0( n) group we will introduce diagrams for the E( n) group 

to illustrate subgroup chains and subgroup type coordinate systems on En Euclidean 
spaces. We shall use rectangles ("boxes") to denote E( k) groups ( or e( k) algebras) 
and circles to denote 0(k) groups (or o(k) algebras). As an example we give all 
subgroup chains for E(n), 1 :=; n :=; 4 on Fig.5. Maximality requires that as we go 
from one level to a higher one, we obey the following rules: 

1. From a rectangle representing e(n), we can go to two rectangles (see eq. (3.3)), 
representing e(n1 ) EB e(n2 ), with n 1 + n2 = n, n 1 ? n 2 ? 1, or to a circle (see 
eq. (3.5)), representing o(n) (same n as in the rectangle). 

2. From a circle representing o( n) we can go to two circles, representing o( n 1 ) EB 
o(n2 ), n1 + n 2 = n, n 1 ? n2 ? 2, or to one circle, representing o(n - 1 ), n ? 3. 

Now let us consider subgroup type coordinates on the Euclidean space En and 
introduce diagrams to represent them. We shall call them "cluster diagrams" and 
they will consist of individual trees of the 0( k) type with a tree "trunk" added, or 
isolated "trunks", or of clusters of trees with trunks and isolated trunks. The En 
cluster diagrams are simpler than the E(n) subgroup diagrams, since E(k) subgroups 
that do not contribute new invariant operators will be omitted. 

All clusters for En, 1 :=; n :=; 4, are also shown on Fig.5. An isolated trunk 
corresponds to a Cartesian coordinate. A trunk with further branches above it 
corresponds. to a radial coordinate r satisfying 0 :=; r < oo. The tree above the 
trunk is treated exactly as in the case of polyspheric coordinates on Sn spheres. 
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As an example let us consickr lh<' diagrams 011 Fig.:ld,thc coordinates in /'.
0

7 arc: 

.l'J -;:;. 

. r2 = I" I COS 0.i, 

:r:1 = r1 sin 0.1 . 

.r.1 = ,-.2 cos Oc. cos O" cos 07 • 

. i: 0 = r2cosO,cos0i;sin07 • 

:r·<; = r2 ros (}_-, sin O,; . 

. r, = r2 sin 0,-,. 

(:l.G) 

The prescriptions for writing the complete sC'ls of commuting operators. <'igc'11\"al11cs 
a.nd eigenfunctions arc 110\V quite simple. 

To each t rec, tnlllk we associ,ll <' an ,\/- dimensional Laplace opcrat or. where .\/ is 
the 1111mbcr of end poiut s ( ( 'art csia11 coordiuatcs) abon· t lw trunk. \\"c also associat <' 

a 1H1mlwr I.: E R > 0 with each t rnnk. The correspondiug radial cigc•ufunct ion 
(uormalizcd to the delta function: li(k' - I,)) is: 

r-r-\Jlk1(r) = V ~J1+(.\t-2)/2(kr), .\I ? 2. 

Cikz 

wk(:::)= r.c· ·" = t. 
v'.Zir 

(:l.7) 

The ,rngular part of the eigenfunctions is writteu following the mks for i,',, spheres. 
as arc the invariant operators and their eigcnvaltws. 

For the example of Fig.:lc. :ld the iuvariant operators are: 

Yi =pf, l2 = pj + JJ1, V3 = P1 +Pi+ Pt+ P~- L, = rL. 
Ys = L~s, ),;, = /,~ 0 + Li(; + tt;, ) ,• -,- ~2 L /,ik· 

•ts;i<ks;7 

(:U,) 

We note that the Laplace operator on E, does not figure <'Xplicitly. it is <'qua! to 

~ 2 ) . \. ) . 21. = L/li = ,, + ,·2 + ·:1- (:l.D) 

i=1 

4 Contractions of the Lie Algebra and Casimir 

Operator 

Let us consider the n-dimensional sphere S.,,: 

n n 
2 ~ 2 ~ 2 11-o + L uv = L _q1,,,11 1,'u,, H . /?2 > 0. (I.I) 

v= I Jt,v=O 

where u
1
,. arc Cartesian coordina.tc·s in th<' E11clicka11 alllliit'nt span' f:',,+ 1 and t lw 

llldric tensor in this case has the forlll: y, 11, = dial-\( I. I ..... I). Tlw isonwt r_,· group 
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is O(n + 1). \Ve choose a standard basis l,,w for the Lie algebra 0(11 + l) as 111 

eq. (2.6). 
The Laplace-Beltrami operator 011 S',, 1s: 

I ~ 2 
Cl[,H = R2 L [,,w. (·1.2) 

0~1t<v~n 

\Ve shall use R- 1 as t.he contraction parameter. To realize the contrnct.ion ex
plicitly, let us introduce l3clt.rami coordinates 011 the spher<! S,, put.ting 

u, ( I ~ 2)-1/2 
.1/i = R- = 11; I - 2 L Ilk 

uu R z I, 2,:l, ... ,n. 
k=l 

The 0( n + 1) generators then can be expressed as: 

Lu; 

R 

L;k 

1/~ 
Jr;= Pi+ R~ L(YkPd, 

k=l 

YiPk - JJkPi = Y;Jrk - ?}kJr;; i, k = 1, 2, ... , n, 

where p; = iJ / f}_,J;. The commutation relations now arc: 

[Lik, Lmn] = bkmLin + h;nLkm - b;rrJ'kn - bknLim, 

[1r;, Lk1] = b,k7rj - b;j7rk, [1r;, 7rk] = ~;:, 

( ,J.:l) 

( 4.4) 

(4.5) 

(4.6) 

(1.7) 

so that for R ---t oo the o(n + I) algebra contracts t.o the Euclidean e( n) one. The 
Beltrami coordinates Yi (,1.:3) contract to Cart.csian coordin<1tes on J,;n and we have: 

D 
Yi --, X;, - --, Jr; --> p; - iJx; (4.8) 

so that the rotation generators L0; go into the translations p;. 

The o(n + I) Laplace-Beltrami operator (2.1) contracts to the e(n) one: 

~ 2 ~ L;k 2 2 2 
6LB = L Jr; + L 2R2 ---t 6 = P1 + P2 + · · · + Pn· 

i=I i,k=l 
(4.9) 

5 Contraction and Coordinate Systems. The Gra
phical Method 

5.1 General Formulation 

\Ve have seen that all subgroup type coordinates on a sphere Sn can be characterized 
by tree diagrams. Similarly, there is a one-to-one correspondence between subgroup 
type coordinates in a Euclidean space En and the cluster diagrams of Section 1. 
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We shall now introduce a graphical method for connecting the subgroup type 
coordinate systems on Sn and En and give the rules relating the coordinates, 
invariant operators, eigenvalues and basis functions. The relations are asymptotic 
ones for the radius of the sphere satisfying R --> oo and one, or more, of the angles 
O; satisfying O; --> 0. 

A general Sn tree diagram can be represented by Fig.6a. One principal branch 
of the tree goes from the ground to the point representing the coordinate u0 • The 
branches growing from this one can lead directly to a coordinate ·u;, or they ·can 
branch further and lead to sets of coordinates, 'e.g. { u1+i, u1+2 , .•• , u1+d- Graphically 
the contraction R --> oo corresponds to the fact that we cut off the ground to u0 

branch by the dashed line on Fig.6a. The dashed line then bec_omes the ground for 
the corresponding cluster En diagram of Fig.6b and the ambient space coordinates 
( 110 , u1 , ... , un) for Sn are replaced by the Cartesian coordinates (x 1 , x 2 , .•. , Xn)- The 
angles 01 , 02 , ... , Oi that lead to branches cut-off by the dotted line satisfy Oi--> 0 in 
the contraction and are replaced by radial coordinates r;, or Cartesian coordinates 
Xm (if the surviving branch leads directly to a single coordinate on Sn and En)- We 
have: 

R --> oo, Oi --> 0, R tan O; ~ R sin O; ~ RO; -+ r;. (5.1) 

The individual trees in an En cluster correspond to O(k) subgroups of O(n) that 
survive the contraction. 

All contractions of coordinate systems for Si, 82, and 83,are illustrated·on Fig.7. 
Let us run through the individual cases. 

5.2 Contractions from S1 to E1 

In the case of a one-dimensional sphere, i.e. a circle, we have only one diagram, 
namely No. 1 of Fig.7. In the original ambient space we have polar coordinates 

u0 = Rcos0, u 1 = RsinO, 

with 0 ~ 0 < 21r. The Beltrami coordinate satisfies 

Yi= Rtan0--> x, 

where x is a Cartesian coordinate on E1. 

5.3 Contractions from S2 to E2 

(5.2) 

(5.3) 

In the case of the two-dimensional sphere S2 we have two tree configurations and 
two types of coordinate contractions to consider, namely No. 2 and No. 3 of Fig.7. 

For diagram No. 2 we have 

u0 = Rcos01 , u1 = Rsin01cos02, u2 = Rsin01 sin02, (5.4) 
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where O ~ 01 < 1r, 0 ~ 02 < 21r. Introducing Beltrami coordinates and taking the 
appropriate limits R --+ oo, 01 ~ r / R we have: 

y1 = Rtan 01 cos 02 --+ X1 = r cos 02, Y2 = R tan 01 sin 02 --+ x 2 = r sin 02 . ( 5.5) 

The subgroup chain 0(3) ::> 0(2) contracts to the Euclidean one: E(2) ::> 0(2); 
the 0(2) invariant and its eigenvalues m survive the contraction Lf 2 --+ Lf 2 , m --+ m. 

For diagram No. 3 on Fig.7 we have 

uo = R cos 01 cos 02, u 1 = R cos 01 sin 02, u2 = R sin 01 

and the Beltrami coordinates satisfy (R--+ oo, 01 ~ xi/ R, 02 ~ xi/ R) 

Y1 = R tan 02 --+ xi, 
tan01 

Y2 = R----+ X2. 
cos 02 

(5.6) 

(5.7) 

The subgroup chain 0(3) ::> 0(2} contracts to E(2) ::> E(l) © E(l) and the 0(2) 
subgroup invariant undergoes a contraction 

Y1 L2 
- - 01 2 2 
R 2 - R2 = 1r1--+ Pi· 

5.4 Contractions from S3 to E3 

(5.8) 

Five types of 0(4) tree diagrams exist, but only four of them give different contrac
tions. 

The diagrams No. 4 and 4' on Fig.7 correspond to spherical coordinates on S3 

going into spherical coordinates on E3 • For No. 4 the polyspherical coordinates are 

uo = Rcos01, u 1 = Rsin01 cos 02 , 

u2 = R sin 01 sin 02 cos 03 , u3 = R sin 01 sin 02 sin 03 . 

The Beltrami coordinates satisfy (R--+ oo, 01 ~ r/ R) 

y1 = R tan 01 cos 02 --+ X1 = r cos 02, 

y2 = R tan 01 sin 02 cos 03 --+ x 2 = r sin 02 cos 03, 

y3 = R tan 01 sin 02 sin 03 --+ x 3 = r sin 02 sin U3. 

(5.9) 

(5.10) 

We have 0(4) ::> 0(3) ::> 0(2) --+ E(3) ::> 0(3) ::> 0(2) so that the 0(3) ::> 0(2) 
subgroups and their invariants survive: 

' 
Yi = L2 = Li2 + Li3+ L~3 --+ L2, ½ = L~3 --+ L~3 

The situation for diagram No. 4' is quite analogous. 
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(5.11) 

The case '.\o. 5 011 Fig.7 correspond, to spherical coordi11atcs co11tracti11g to 
cylindrical oru•s. \Ve have 

11 0 = fl cos 01 cos 02 , 11 1 = fl cos 01 si11 02 cos 0,1• 

11 2 = H cos O, sin 02 sin 0:1• 11:1 = U sin 01. 

For Beltrami coordinates (U--+ 00 1 02 ~ r/ H. 01 ~ .r:1/ U) we obtain: 

1/1 = /? tan 02 cos 0:1 ~ .r 1 = ,. cos 0;1• 

!h = fl tan 02 sin 0,1 --> :r2 = r si11 0:i, 

tan 01 
!h = !?-- --> .r:i = ::: . 

cos (Ji 

(;"i.12) 

(:i.l:l) 

The subgroup chain ccmtrartion is 0( 1I) ::> O(:l) ::> 0(2) --> H(:l) ::> H(2) S H( l) ::> 
0(2) and the subgroup invariants rnntract as 

Yi _ j 2 2 2 _. 2 2 /, i 2 2 2 ,• _ 2 2 c 
n,

2 
- R 2 (Lu, + Lu2 + l,,J - rr, + rr2 + l{2--+ /l1 + 1i2· )2 - /,,2--+ L12. (,>.1-1) 

The diagram No. 6 on Fig. 7 corresponds to 1 IH' rnnt ract ion of splH'rical coordi
nates to Cartesian ones. \Ve have: 

11 0 = R cos 01 cos 02 cos 0:3, 

112 = R cos 01 sin 02, 

11 1 = Ucos01 cos02sin0:1, 

1t3 = Hsin 01. 

For Beltrami coordinates after the contractio11 fl --> oc, 0:1 ~ .r 1/ fl. 02 
01 ~ x:1/ R we have 

y1 = UtanO:i--> :r,, 

tan 02 
112 = U-- --> .r2, 

cos O:i 
ta110, 

1/3 = fl---- --> .1";1-
cos 02 cos 0:1 

( :i.15) 

.r1/ H. 

( :i. I G) 

The subgroup chain undergoes the co11tract.io11 0(-1) ::> 0(:1) ::> 0(2) --> q:l) ::> 
/~(l)@ Z.:(l) 119 E(I) and the subgroup invaria11t.s satisfy 

Yi _ ~ 2 2 2 _ 2 2 _ /,f 2 2 2 
fl2 - n,2(Lo1 + f,u2 + L,2) - rr, + 11'2 - H2--> /l1 + /!2, 

) . / 2 
~- "01 -) 
!?2 - H1 = r.j __, /Ji· 

( ,i. I 7) 
Finally the diagram No. 7 of Fig.7 rnrrcsponds t.o polysplwriral (or cyli11drical) 

coordinates 011 S';i contradi11g to cylindrical 011cs 011 l~:l• \Ve h,l\'c: ~ 

Ho = H cos 01 cos 02 , 

u2 = H sin 01 cos 0:1 , 
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111 = /?rnsO, sin 02. 

U:1 = /(si11 01 sin 0;1. 
( :i. I 1') 



For the Beltrami coordinates after the co11\ractio11 H---> x, 02 ~ :r 1 /H, 01 ~ r/R 
we obtain: 

y 1 = R I an 02 ---> .r 1 • 

cos 0-1 
y2 = fl I an 01 -·-n_· ---> .r 2 = r cos O:i, 

cos 62 
sin f/1 . 

1/:! = R tan 01-- ---> .r:1 = r sm 0:1. 
cos 02 

(.'i.19) 

The subgroup chain satisfies 0(1) :::) 0(2) r:! 0(2)---> f.,;(:q:::) /~'{2) (l) 8(1):::) 0(2) so 
that for the subgroup invariants we have: 

Y, 12 I '01 2 . 
Jl2 = Jl2 = 7r I -+ p~' V2 = 1,t1 ---> /,ti- (.'i.20) 

6 Contractions of basis functions 

6 .1 Contractions of functions corresponding to elementary 
cells 

\Vhcn we cut off the branches of a tree c1s 011 Fig.6, the cutting line intersects an 
elementary cell ( sec Fig.4.) at each branch. Each elementary 0( n + 1) cell then 
goes into an elementary trunk for E(n), c1s indicated by the lower row of diagrams 
on Fig.4. 

Let us now discuss the four cases on Fig.4. Tlw limiting procedure is always the 
same, namely 

ri k . I I' 01 ~ R, li ~ fl, H ---> =, J = a, >, > , c, (6.1) 

where r1 is the radius of the sphere that survives the contraction, i.e. corresponds to 
the circle on the right-hand side of the 0(n + 1) cell and on top of the E(n) trunk. 
Thus, for j = a and j = b' we have r1 = :r, a Cartesian coordinate. Similarly, we 
have lex = m E Z and also l{J = m E Z. 

Let us now run through the individual cells on Fig.1. 

1 Cell la to 2a 

{jsing cq. (2.J.5) and (6.1) we have (R---> =,m ~ kR,O ~ x/R): 

1 . 0 ] .k 
Jim --e•m a = -- e' X 

H-co ,ff; ,ff; 

2 Cell lb to 2b 

The contribution to the sepc1ratcd 0( n+ 1) basis function is given in eq. (2.16). Using 
the forrrnila for .Jacobi polynomials in the terms of the hypcrgcomctric functions [38] 

14 

we have: 

N l13+S13/2,l13+Sf312( . (} )l!3p(l13+S13/2,113+S13/2)( (} ) _ 
1-113 Slfl b 1-1/3 COS b -

(2l +Sp+ l)(l + lp + Sp)! 
2(1- lp)! 

(sin0b)
1
1' ( Sp . 2 0b) 

· 21/l+s13 ; 2r(lfJ + SfJ/2 + l) 2F1 -l + lp, l + lfJ +Sp+ l; lp + 2 + l;sm 2 . 

Now using the asymptotic formulas for the hypergeometric and r functions (l ~ kR, 
ob~ r/R) 

lim 2F1 (-z + lp, l + lp +Sp+ l; lp + Sp + l; sin2 Ob) 
R-oo 2 2 

( 
S k2r

2
) = 0 F1 lp+; +l;--

4
- , 

lim ~~z + ;~ = zcx-§ (1 + _!_(a - /3)(a + /3 -1) + O(z-2)) 
l•I-= z + 2z 

and formula for Bessel function 
<· 

( z)v 1 ( z
2

) lv(z) = 2 r(v + l)oF1 V + l;-4 

we obtain: 

lim 1 Nl13+S13/2,113+S13/2(sin 0 )l13 p(l13+S13/2,113+S13/2)( 0 ) {T . 
R-oo ✓Rs13+1 l-113 b I-Ir; cos b = V -;:s; l113+s13 ;2(kr). 

3 Cell lb' to 2b' 

The contribution of this cell to the 0(n + 1) separated basis function is given in 
eq. {2.17). In order to take the contraction limit (6.1) we express the Jacobi poly
nomials in terms of hypergeometric functions [38]: 

p(a,a\x) = 2
20 

r(n + Q + 1) 
n ✓,r'f(n+2a+l) 

{ 

(-l)n/2I'([n+l]/2+0) F (-!!:. n+l +a·!, x2) 
r(n/2+1) 2 1 2' 2 '2' ' 

X (-l)(n-l}/2r(n/2+0+1) 2 F (-n-1 !!H + . }. 2) r([n+l]/2) X 2 1 2 , 2 a, 2, X , 

n even, 

n odd. 

In the limit R -+ oo and 0b, ~ Xn/ R, l ~ kR, l 0 ~ pR we have: 

]' ( l)(l-la)/2 Nla+Sa/2,la+Sa/2( 0 )la p(/a+Sa/2,la+Sa/2)( . () ) 
R~ - I-la COS b' I-la Sill b' 

= ~ X oFi 2; ---f'1" ' 
{ 

(
1 -k

2
x

2
) 

f!f -z(knxn)oF1 ( 2 , - 4 ), 
1rk · 3. -k~x~ 
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where k2 = p2 + k~. The 0F1(x) hypergeometric functions in this case are expressible 
in terms of sin knXn and cos knXn functions [38] 

(
1 -k

2
x

2
) 

0F1 2; ~ = COS knXn, ( ) (
3 -k,/x~) . knXn 0F1 2; --

4
- = Sll1 knXn, 

and we finally have: 

l" ( l)(l-1 0 )/2 Nl"+So/2,lo+So/2( O )I" p(l"+-"f-,la+-"f-)( . O ) 
R~ - I-lo cos b' I-lo Sin b' 

{2k{ cos(knxn) } 
= V ;tz: -i sin(knxn) · 

4 Cell le to 2c 

The relevant basis function is given in eq. (2.18). To take the limit (6.1), l ~ kR, 
["' ~ k"'R and O ~ r / R, we use the equation expressing Jacobi polynomials in terms 
of hypergeometric functions, and take the limit leading to Bessel functions: 

r r([t - t"' - t13 ]12 + 1) P(l/l+i.1"+-"f-\ 20 ) r 1 
R~ f([[ - [0/ + [13 + S13]/2 + 1) (/-lo-113)/2 COS C = R:.1! f(l13 + S: + l) 

. F (-l-la-l/3 t+la+l13+Sa+S13+l·l +S13 l·. 20) 2 1 
2 

, 
2 

, f3 
2 

+ , sm c 

1 ( S k2r2
) ( 2 )l13+S13/2 

= I'(l13 + S13/2 + 1) oA !13 + ; + l; -7 = k13r l113+S13/2(k13r), 

where k'; + ki = k2. The final result is: 

2(1o+Sa/2+113+S13/2)/2+1 · 
Jim -------Nlr,+S13/2,lo+So/2(sin O )l!3(cos O )I" 

R-oo ✓ Rs13 +1 (l-lo-113)/2 c c 

P (l13+S13/2,lo+Sa/2)( 0 ) - ~J (k ) 
. (l-lo-1{3)/2 cos 2 C - V -.;s; l13+S13/2 13r . 

These contractions for basis functions of the elementary cells (la, ... , le) de
termine the general contractions for hyperspherical functions corresponding to any 
tree for the sphere Sn. 

6.2 Examples 

The contraction formulas for basts functions of 0(3) were given in Ref. [l]. Herc we 
apply the general rules to give all different S3 and S4 contraction diagrams on Fig. 7. 
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The 83 sphere 

1. Polysphcrical to spherical coordinates (sec Fig.7(1) 7(·1')) [R--> x . .J ~ kR] 

lim _!_\Jl.11,,,(01,02,0:d = 0._.!1+1;2(kr)}i,,,(02.0:1l-
11-oo R V--; 

where }'i,,, ({Ji, O:i) is a spherical fun ct i'.m on 52. 

2. l'olysplwrical to cylindrical coordinates (sec Fig.7(5)) [R --> x . .J ~ 1.-R. 

l ~ k:1/ R] 

. (-1 )(./-1)/2 H[;·p cimO:, { cos /.-3::: } 
hm In \J!.11m(01,02,0:i) = -J.., ./1,,,1(pr) ;:,= .. · /..· _ • 

/I-ex• y /? To ;i y 2r. -/ S111 :l~ 

where 1.: 2 = k:{ + p2. 

:l. Polysphcrical to Cartesian rnordina!C's (sec Fig.7(G)) [R --> x . .I ~ k1H. 
/ ~ kif I?, Ill ~ k3R) 

f;!i; cik1.1·{ 
lim (-l)(./-m)/2\Jl.11m(01,02,03) = ---oo T, 

where k2 = k; + k~ + kJ. 

COS f..•2!/ ('OS f.-;1::: 

-i sin k2y cos f..·:1::: 
-i cos l.-2y sin k:i::: 

- sin l.-2!/ sin k:1::: 
} 

1. Polyspherical (cylindrical) to cylindrical rnordinatcs (s<'<' Fig.7(7)) [R--> x. 

.J ~ kR, m ~ k:iR] 

[ ;r· . ('im,O:, 

lirn tn\J!.1m1m2(01,02JJ:1) = -.l1m,i(JJl')c
1
h= r.,=' 

n-co V R T, v2r. 

where k2 = k~ + p2. 

The 84 sphere 

I. Polysphcrical to polysphcrical coordinat.<'S (s<'<' Fig.7(S) 7(S"'))[/l--> oc . ./ ~ 
kR] 

. l ✓f.. 
Inn rn-, \JI Jl1l2m( Oi, 02, O:i, 0,1) = -./11+1 ( f..T)IJ/ l1l2111 ( 02. O:l• 01 ). 

11-00 y J?,3 r 

where IJl1,1,m.(02,03 ,0,1) is a hypcrsphcriral funct.ion 011 ,S\. 
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2. Polyspherical to cylindrical coordinates (sec Fig.7(9)) [R-> oo, J ~ kR] 

. 1 ./k 
hm Ir,', \JI J/m1m 2 ( 01, 02, 03, 04) = -./1+1 ( kr) W tm 1 m2 ( 02, 03, 01), 

l/-x y fl3 r 

where W1m,m 2 (02,03,04) is a hypersriherical function on 5';1• 

:3. Polyspherical to four-dimensional cylindrical coordinates on Fig. 7( 10) ( see also 
Fig.7(10')) [R-> oo, J ~ kR, m 1 ~ k1R] 

1 ff k lim -
1
~ \JI Jim, m2 ( 01, 02, 03, 04) = -e' ,x, ./1+ 1;2(pr) Yim, ( 7r /2 - 03, 04), 

R-= t r.r 

where Yim, ( r. /2 - 03, 04 ) is a spherical function on 5'2 and k2 = kf + p2 • 

4. Polyspherical to four-dimensional cylindrical coordinates on Fig. 7( 11) (see also 
Fig.7(11')) [R-> =, J ~ kR, l ~ k4R] 

. ( -1 )(J-li)/2 
bm -'---'---\JI Jt,t,m(01, 02, O:i, 01) 

R-= R 

ff{; { = l12+.!.(pr)Yt,m(03,04) 
4 2 

cos(k4 x4) } 
-isin(k1x1) ' 

where Yt,m(03, 04) is a spherical function on 52 and k2 = k~ + p2. 

-':i. Polyspherical to bipolar coordinates on Fig.7(12) [R-> =, J ~ kR, l ~ k1R] 

I. l ,r, (0 O O O ) _ v1'[IT;J (k ) J (k ) im10,+im20, 1111 -'1'.J/m1m2 1, 2, 3, 4 - -, - m, 1r1 • m2 2r2 e n-00 R 2r. 

where kf + ki = k2
• 

6. Polyspherical to double cylindrical coordinates on Fig. 7(13) (see also Fig. 7(13')) 
[R-, =, J ~ kR, l ~ k1R, m ~ k2R] 

(-1)(/-mt)/2 
lim In \J!,/lm1m2 (01, 02, 03, 04) 

n-= vR 

kJk? + k? ik X { ---e 1 1 

r.3k2 } 

eim20, 

. . (k ) l1m21( k3r) ~ -z Sill 2X2 V .err 

cos(k2x2} 

where k; + ki + k5 = k2. 
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7. Polyspherical to double cylindrical coordinates on Fig.7(14) [R-> CXJ, J ~ kR, 
l1 ~ k3 R, l2 ~ k1R] 

(-l)(J-12)/2 

lim vR WJt112 m(01,02,03,04) 
n-oo R 

2k1kvrc1 -r-rc2J1m1(k1r e ~ • ) im2O4 { 
r.3k2k3 

where kf + ki + k5 = k2. 

cos k3X3 cos k4X4 

-i sin k3 x3 cos k4 x4 

-i cos k3x3 sin k4x4 

- sin k3X3 sin k4x4 

}, 

8. Polyspherical to Cartesian coordinates on Fig. 7(15) [R -+ CXJ, J ~ kR, m ~ 
k1R, l2 ~ k2R, l1 ~ k3R) 

Jim (-l)(J-m)f21J!Jft/
2
m(01,02,03,04) = 8kJk2+k2Jk2+k2+P. 1 2 1 2 3 e•k1 x, 

R-oo r.4 k2k3 k4 

{ 

cos k2x2 cos k3x3 cos k4x4; 

x -~ cos k2x2 sin k3X3 c~s k4x4; 
-z cos k2x2 cos k3x3 sm k4x4; 

- cos k2x2 sin k3x3 sin k4x4; 

-i ~in k2x2 ~os k3x3 cos k4x4; } 
- sm k2x2 sm k3x3 cos k4x4; 

- sin k2x2 cos k3x3 sin k4x4; ' 

-i sin k2x2 sin k3X3 sin k4x4; 

where kf + k? + k5 + kJ = k2. 

As a final example let us consider the contraction 0(8) -> E(7) for the coordinate 
systems of Fig.3. The contraction of the 0(8) basis to the E(7) one in this case is 
[R-+ =, l1 ~ kR, l2 ~ k2R, [3 ~ k1R]: 

lim R\ \JI 11121,1,15 1617 ( 01, 02, 03, 04, Os, 06, 07 ) 
R-oo 

~J (k )J (k • ) ik1x1 i/404 y, (0 0 0 ) = -- 114 1 2r1 15 +1 37'2 e e 15 16 17 s, 6, 7 • 
2r.r2 . 

7 Conclusion 

In our previous paper [l] we studied contractions of all (i.e. both) coordinate systems 
on 52 to all (four) coordinate systems on E 2 • Here we have presented all possible 
contractions of subgroup type coordinate systems on Sn to subgroup type ones on 
En for n arbitrary. Moreover, we have developed a graphical formalism illustrating 
these contractions. 

Contractions of ellipsoidal and paraboloidal coordinate systems will relate mor;e 
"exotic" special functions amongst each other. For instance Lame polynomials and 
their generalizations will go into Mathieu functions, parabolic cylinder functions, 
spheroidal functions etc. Work in this direction is in progress. 
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Fig.I. Subgroup type coordinates on Sn. 

N Subgroup chain Subgroup diagram Tree diagram 

Uo "1 

2 0(2) 0 V Fig.2. Equivalent tree diagrams corresponding to one subgroup diagram. 

Uo Ut u, 

3.1 0(3) :::> 0(2) ~ ~ S2 I 
1lo 111 U2 

V 
Uo U1 ll2 

V 
~ 

Uo Ut U2 U3 

4.1 0(4) :::> 0(3) :::> 0(2) 

~ 
"o Ut u, 1'3 

4.2 0(4) :::> 0(2) ® 0(2) 0 0 ~ © 

Sa ] 
Uo 111 U2 U3 Uo 111 112 113 1lo 111 112 1l3 llo 111 U2 113 

wwww 
J J J J 

Uo Ut u, U3 u, 

5.1 0(5) :::> 0(4) :::> 0(3) :::> 0(2) ;,, ~ V 
llo tl1 . 112 113 

Sa 

'><Y 
J 
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llo Ut~ ll2 113 1l4 uo 111 tt2 tl3 ll4 

tlo Ut U2 U3 u, 'f ~ \ 

5.2 0(5) :::> 0(4) :::> 0(2) ® 0(2) 
®{ ~ S1 

J J 

Uo Ut U2 U3 U4 
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Fig.2. (continue) 

Uo tt1 U2 U3 U4 Uo Ut U2 U3 U4 Ho UJ lt2 tl3 1!4 

\. \. / / / \. \. \. / / \. \. \._/ / I 
Fig.3. Example of an O(S)subgroup :ind S7 tree diagram: 

11 Vl1 l1V 
I Uo U1 U2 ' U3 U4 U5 u6 U7 

J J J I 

® 
Uo Ut U2 tl3 tt4 Uo UJ U2 U3 tl4 Uo Ut U2 U3 U4 I 

VI 
J J J I V 
Uo tlt U2 V\ tl3 U4 Uo Ut U2 U3 U4 

y "\. /1 

m1 m2 3a 3b 

I 

% J J X1 X2 X3 X4 X5 x6 X7 

y o// Uo Ut U2 U3 U4 Uo UJ U2 U3 U4 0 
V ~y v.~ J 

[7 0 

~ 
[6 0s 

~ ls 

V V I I I I k1x1I I k2r1 I k3r2 
J J 

Uo UJ U2 U3 U4 Uo Ut U2 U3 U4 I I 7 

"\. 
m1°" '\ /m2 m1 °"/ 

/m2 

l 
3c j 3d 

J J 
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Fig.5. Subgroup chains for E(n) and cluster diagrams on En, 

Subgroup chain Subgroup diagram Cluster diagram 

E(l) [iJ ~I 

Fig.4 Elementary cells for Sn (diagrams la, ... , le) and their contract.ions 

to En ones (diagrams 2a, ... ,2c) 

~ 
,T1 X2 

E(2) :::> 0(2) 

~ 
bj X1 X2 

£(2) :::> E(l) ® E(l) 

CJ 
l/3,S/3 le,, Sc, l,,,Sc, l/3, S/3 

V V V V 
m l l l 

la lb lb' le 

X l/3,S/3 Xn _(: 
kx I kr ___ _\ knxn 

I 
X1 X2 X3 

E(3) :::> 0(3) :::, 0(2) ~ I 

r 

M 
x, ,T2 X3 

E(3) :::> E{2) ® E(l) :::, 0(2) 

~ 
~ 

X1 X2 X3 

E(3) :::> E(2) 0 E(l) :::> E{l) 0 E(l) ill 3 

1 

(2) 

2a 2b 2b' 2c 
Xt X2 X3 .T4 

E(4):::, 0(4) :::> 0(3) :::> 0(2) 

4 
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Fig:s. (continue) 

x, .'J:2 X3 X4 

E(4) :::i 0(4) :::i 0(2) 0 0(2) 

® ® 

& 
03 

~2 

01 

1· 

Xt X2 X3 X4 

E(4) :::i E(3) 0 E(l) :::i 0(3) :::i 0(2) Yl ) 

r 

E(4) :::> E(2) 0 E(2) :::i 0(2) 0 0(2). M 2 

4 

x, X2 X3 X4 

Xt X2 X3 X4 

E(4) :::> E(3) 0 E(l) :::i E(2) 0 E(l) :::i 0(2) Jill 
E(4) :::i E(2) 0 E(2) :::i 0(2) 0 E(l) 0 E(l) 

-

Xt 

l;~ill 
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Fig.5. (continue) 

E(4) :::i E(3) 0 E(l) :::> 

E(2) 0 E(l) :::i E(l) 0 E(l) 

E(4) :::i E(2) 0 E(2) :::i 

E(l) 0 E(l) 0 E(l) 0 E(I) 

Xt X2 X3 X4 

[U 
Xt X2 X3 X4 

4 I [U 
Fig.6. Contractions of tree diagrams into cluster ones for Sn. 
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---

fig. 6b 
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Fig.7. Contractions of tree diagrams into cluster for 1 :::; n::; 4. 
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