


1 Introduction

In paper [1], the one-dimensional (1) f-Toda mapping {chain) responsible
for the existence of the N = 2 supersymmetric Nonlinear Schrédinger
(NLS) hierarchy (2] was introduced. Using this mapping as a starting point,
the Hamiltonian structure and recursion operator connecting all evolution
systems of the N = 2 NLS hierarchy were explicitly constructed there. On
the other hand, it has been proved in [3] that the 1D f-Toda chain with
fixed ends is exactly integrable system, and the method of constructing its
general solutions in terms of a perturbative series with a finite number of
terms was proposed. However, these calculations are sufficiently boring,
and hence the explicit solution was presented only for a very particular case
[3]. Interest in the general solution of the 1D f-Toda chain with fixed ends
is mainly motivated by the fact that they, in turn, allow one to construct
explicitly multi-soliton solutions of equations belonging the N = 2 NL$
hierarchy.

After this, the N = 2 supersymmetric Toda lattice hierarchy whose
first bosonic flow is equivalent to the 1D f-Toda chain was constructed,
and its Hamiltonian and Lax-pair descriptions were developed in [4].

The aim of the present letter is to generalize the 1D f-Toda chajn to
the two-dimensional case and to construct its general solutions. It turns
out that the integrable generalization — 2D f-Toda lattice — actually
exists and its general solutions in the case of fixed ends can be expressed
in terms of matrix elements of different fundamental representations of
the SL(n|n — 1) supergroup. Our construction is mainly based on results
of Ref. [5], where the method of constructing a wide class of integrable
systems related to the sl(n} algebras has been proposed. We observe that
in a framework of this method there exists some hidden, omitted in (5]
non-trivial possibility for deriving a new class of integrable systems. The
developed here method is applied to both the case of algebras sl(n) and
superalgebras si{njn~1). The 2D {~Toda lattice just belongs to a new class
and gives the first, simplest representative that possesses the N = (0]2)
superconformal symmetry.

2 Structure of sl(n|n — 1) and sl(2n — 1) (su-
per)algebras

In this section we shortly summarize the main facts concerning the (su-
per)algebras sl(n|n — 1) and s/(2n — 1) which we use in \_Vhat foHow§ (for
more detail, see [6, 7, 8] and references therein). We consider them smlu.l—
taneously keeping the explicit dependence of all relevant formulae on their

Grassmann nature via the factor P which is P = 0 or P'= 1, respectively.

The (super)algebra sl(2n — 1) (sl(n|n — 1)) can be generated by a set
of 4n(n — 1) graded (2n — 1) x (2n — 1) matrices with zero (superl)trace.
In the Serre-Chevalley basis its defining commutation relations are

C[Hy Hj) =0, [HiXE)=EKgXF, [XHX;}=6,H;,
where H; and Xf are the generators of the Cartan sub.a.lgebra and'ra:is-
ing/lowering operators, respectively, Kij is the symmetric Cartan matrix,

Ky = K = (=) (65— 1+ (D7) + (1) 8i501),  (2)
and the brackets [, } denote the graded commutator. All its other genera-
tors can be derived via the formula ’

YA = X X X XD - 1)
(1<k<r, 127 (r—k) - (3)
where r is the rank of the (super)algebra, r = 2{n —1).

As opposed to the algebra sl(2n —1), the superalgebra si(n|n — 1). pos-
sesses several inequivalent systems of simple roots. The Cartan ma.t'rax (2)
for P = 1 corresponds to a purely fermionic simple-root s;).(ster.n with the
fermionic raising/lowering operators X Ji which together with the Cartan
generators can be represented by the graded matrices

H; = ("'1)j+1(EJ',J'+ Ej+1..f+1)a Xf = ("UjHEj,ij X.;" = Ejn s
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(Eij)ps = 0ipbiq (4)

with the zero (super)trace,

str(M) = Zj:(—nf“ M;;, (5)

1ereafter, we understand that there is no summation over repeated indices.




and the Grassmann parity d;; of their entries defined as d;; = (—1)7,
where the value di; = 1 (di; = —1) corresponds to bosonic (fermionic)
statistics of the entries M;;. At such Z,-grading the generators (3) Yjﬂm
are bosonic while Y;ﬂzkﬂ) are fermionic ones. The Cartan generator of
principal osp(1|2) subalgebra of si(n|n — 1)
1 2(n-1 2{n-—1
= 52;1 )E,-il KYaH (6)

defines a half-integer grading of superalgebra si(njn — 1) = G_GoG, =
(©F239.1) Go (®321G%), and H; € Go, XF € Gy and ¥*® € g,
Thus, bosonic generators have integer grading, while fermionic ones have
half-integer grading, and positive (negative) grading corresponds to upper
(lower) triangular matrices. Here, (KX~1);; is the inverse Cartan matrix
KK =KK'=1I ’

The highest weight vector | j) and its dual vector (7 | (1 £ j < 2(n—1))
of the j-th fundamental representation possess the following pgnperties:

XF1N=0, Hl|i)=6&;15), GI1X7=0, (G|H=46;{]
Gl =1 (7}

The representation is exhibited by répeated applications of the lowering
operators X; to | 7) and extraction of all linear~independent vectors with
non-zero norm. Its first few basis vectors are

In the fundamental representations, matrix elements of the group (7. €
SL(nln — 1) (G € SL(2n — 1)) satisfy the following important identity?

[7):

sdet [ V1 X7GX713) GIXSGj 20-1) - | ) K
dt( (jIGXJ-‘U){) (J(i';c]})J))=H.-i1 G161y, (9)

where K;; is the Cartan matrix (2). It can be used as a generating relation
for a number of other useful identities connecting different matrix element

2Let us remind the deﬁnit-ion of the superdeterminant, sdet ( é‘ g ) =det(A—

BD-1C)(detD)~".

of the group G. Indeed, new identities can be derived by replacing G by
exp (t404)Gexp (t-1_) on both sides of egs. (9), where [y are arbitrary
linear {unctionals of the generators X?,Y}im (3) and differentiating the
resulting expression over the parameters® {4 at tx = 0. For example, let
us present the following identity:

et ( GIXBGIXT ), (155G 1)) )
| Gleexs (. G1G1)

2(n— . A=y
= @O T | e Ge== |y igmo
=2 ol o [IN TG iy (10)

which is only valid for the operators [, (/_) annihilating the highest weight
vector | 7Y ({7 1), {4 | 7) =0 ({j | - = 0) and p,q = 0.1. The operation {0
(I_o) is defined by eq. (10), and it represents the left (right) infinitesimal
shift of the group G by the generator 1, ([}

The identity (9) represents a generalization of the famous Jacobi re-
Jation connecting determinants of (n + 1), n and (n — 1) orders of some
special matrices to the case of arbitrary semisimple Lie (super)groups. As
we will see in the next section, this identity is so important in deriving in-
tegrable mappings and lattices that one can even say thal it is responsible
for their existence. We call it the first Jacobi identity. Besides egs. (9).
there is another independent identity (5]

TSRS CIE BRI B AT
G1GT3) G-11G15-1)
G XSG -1 XG5 = 1)
GIGING-11G15-1)

(i)

(-1

“which we use also in what follows and call the second Jacobi identity. It is

responsible for the existence of hierarchies of integrable equations which are
invariant with respect to integrable mappings. From this identity one can
generate other useful identities in the same way as it has been explained
after formula (9).

3The Grassmann parity of 11 coincides with the parity of the operator le.




3 The SUToda(Z, 2;{sf,s7}) mappings and lat-

tices

In this section we derive new integrable mappings together with the corre-
sponding interrupted lattices on the basis of the representation theory for
the algebras sl{njn — 1) (P = 1) and s{(2n — 1) (P = 0) summarized in
the previous section.

Cur starting point is the following representation for the group element

G(zy,2_) € SL{nln — 1) (SL(2n - 1)) I8, 5]:
in terms of the product of upper and lower triangulaf (including a diagonal)

matrices M;(24) and M_{z_), respectively, which are defined as solutions
of the following equations:

2(n-1)

Ay = MO Ms = (FUP( Y. (0xdt(ze)H; + v (22) XF)

=1
2{n—1)-1
+ Y s, (13)
=1
where z; are bosonic coordinates (8: = %), $¥(z2) and s7(z4) are

arbitrary bosonic functions, while v/ (z4) are arbitrary fermionic (bosonic)
ones. It is well known that for any finite-dimensional representations of a
(super)algebra, the equations for M, can be integrated in quadratures, and
their solutions contain only a finite number of terms involving products
of X§ and Y}im. The fields A4 belonging to a (super)algebra can be
treated as components of two different pure gauge connections in the two—
dimensional space with coordinates (z4,z_) (see appendix).

At this point it is necessary to make an important, for further consider-
ation, remark concerning equations (13). Similar equations has been used
in [5]. They have enly but crucial difference as compared to eqs. (13): all
higher grade functions sf, which belong to Ay, were chosen equal to unity.
Of course, this can always be done by suitable gauge transformation®, but

4Let us recall that the form of equations {13} for the matrices My is invariant with
respect Lo gauge transformations Mg — 93} M1gs generated by the Cartan subgroup

2(n~1
g4 = CXP(Zj.(:nl )(ff(zi}H_,-), where fj-i(zi) are parameter—functions.

6

only in the case if s;-t # 0 for any j. Obviously, in the opposite case, i.e. if
sf = 0 for some set of indices /, it is impossible to reach the value s =1
for this kind of indices ! by any gauge transformations. Thus, we are led
to the conclusion that the space of gauge inequivalent solutions of egs.
(13) is parameterised by the numbers {st,s7,5=1,...,2(n — 1)}, which
take only two possible values, 0 or 1. In general, different sets of {s}', 57}
correspond to inequivalent integrable systems which can be derived from
various fundamental representations of the group element G' (12). Due to
this reason as well as to the fact that UToda(2,2) mapping {5] was derived
at the particular choice sf = 1 in egs. (13), it is natural to call them the
SUToda(2,2; {sf,s; }) mappings (lattices). In the following section, we
analyze their simplest representatives and demonstrate that they indeed
possess quite different properties and solutions. ' '
Besides the independent functions ¢} (z1), sf{z+) and Vi (z2) entering
into equations (13), we introduce also a set of dependent fermionic (P=1
or bosonic (P = 0) functions expressed in terms of matrix elements of
fundamental representations of the group G (12):

(31 XfG14) _ (7IGX7 {J)
+ )= '—,—‘,—."-', : yZo) = _‘—._';""n_—a
R e A AT b A AT b
Bept
'y?:(z.,_,z_) = :FI:LJ (14)
g;

and the bosonic functions®
: 2(n-1),. i
g = ()PS0 6 i

_ (-l)jp G—-1[G|j- 1)(—1)U+1)P<j +11G 5+ 1>(_1)j'P
B (j | G | j)2(1—?)

1< i< 2(n—1). (15)
Our nearest goal is to demonstrate that the functions {g;,v},7} sat:_-
isfy the following closed system of equations:

?

0+0-1lng; = S;-[-+15;+19j+19'j+2 - 93‘(5?3}'9&1 + 3}'—15}7—195—1)
¥ y5T 0851052 + GV Vi — (L (=1))g75 ]
HNP g7 00F = T — sagiin (16)

SHereafter, in order to simplify formulae we use the following definitions: ka =
X'in—l)+k+l =0(k>0),and 0T [0)=R(r-1)+1|T|2(n- 1) +1) =1 for any
group element T € SL{nln — 1) (SL(2n - 1)}.

o a e v
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with the boundary conditions gy = G2tn-1)41 = 0. They has been called
above the
SUToda(2, 2; {s},s7}) lattice. The main steps of deriving eqs. (16) repeat
the corresponding calculations of ref. {5] concerning the sl(n)-case, but
for a reader’s convenience we briefly present them here.

At first, using egs. (7), identities (10) with a group G (12), and defini-
tions (14)—(15), we obtain other, equivalent expressions® for 3",

vF = (=1PF +sTpf — sk, (05 <2(n~1)+1), (17)

which being differentiated with respect to z+ give equations (16) for '7;".
At second, taking into account egs. {7)—(8).and {12) one can derive the
following relation

. - + - . . rt .
8,0_10(7 | G | 5) = sdet 9| X7 lis Cli= X5 1 3) <J|)_‘:"’:‘+C’T'J>) 18
L0_1In{j | G | j} = sde ( Glat 1, s (18)

with e = (F)PHuf + 57, X5, ~ (_1)Ps?=Xj*_l_l_ Using identities (10),
definitions {14)-(15) and egs. (17), equation (18) becomes

3+3—1ﬂ(j 1G|3J)
= (—1)(J+1)P9j(3;’3;9j+1 +{(=1)Pst  siigi + i), (19)

and it can easily be transformed into equation (16) for g;.

Thus, we conclude that the SUToda(2,2; {s},s;}) lattice (16) is in-
tegrable, and its general solutions are given by formulae (12)-—(15) and
{17) in terms of matrix elements of fundamental representations of the
(super)groups SL{n|n — 1) and SL(2n — 1).

To close this section, we would like to stress that the presented here
formalism, underlying the identities between matrix elements of various
fundamental representations of a group, guarantees the existence of a zero-
curvature representation with a pure gauge connection defined by a single
group element @ (see appendix). An advantage of the developed scheme is
that starting with a graded algebra and properties of fundamental repre-
sentations of the corresponding group we simultaneously obtain both inte-
grable mappings and general solutions of their interrupted versions which
represent finite-dimensional exactly integrable lattices.

4 Examples: supersymmetric mappings

The consideration of the previous section was based on a pure super-
algebraic level. However, in physical applications integrable systems pos-
sessing supersymmetry cause more interest. In this connection the im-
portant question arises which concerns the existence and classification
of supersymmetric mappings encoded in the above—constructed super—
algebraic integrable systems. We do not know the complete answer to
this question and analyze here only two important representatives of the
SUToda(2,2; {s], s }) lattices (16), characterized by

nos§=1 (1<j<2An-1)),
1) sy=sypu=1 sh=1 s§,=0, (0<;<(n—1)).(20)

We show that for the sl{n|n — 1) superalgebra, i.e. when 7] and 4} are
fermionic fields, they represent two inequivalent integrable systems which
indeed possess higher supersymmetries, the N = (2|2} and .V = (0[2)
superconformal symmetries, respectively. The first system is the ¥ =
(2]2) superconformal Toda lattice equation {see, [9] and references therein),
while the sccond one represents two-dimensional generalization of the 1D
f-Toda chain [1, 3].

1. The N = (2|2) superconformal Toda lattice. In the case of I}
(20) equations (16) become

8:0-Ing; = gingis2 — gi{gin + gim1) + gi195-2
F vt — LD+ D g
daeyf = gj+1’¥ji+1‘_' gioivE,, (17 <2(n—1). (21)
For the sl(n|n — 1) superalgebra, i.e. when P =1 and 5 are fermionic
ficlds, they coincide with the component form of the N = (1[1) supercon-
formal Toda lattice equation

D_DyIn By = (—1V(Bjya — Bi) =) KB, (22)

Here, Kj; is the symmetric Cartan matrix (2) of the si(nfn — 1} superal-
gebra, Bi{zy,94;2-,4_) is the bosonic N = 1 superfield with the compo-
nents

9 = (=1YBjl. ~f = Daln By, (23)
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where | means the Jx — 0 limit, and Dy are the N = 1 supersymmetric
fermionic covariant derivatives

Dy = %mat, Dl =F0:, {DeD.}=0  (24)
in the N = (1}1) superspace (z4,94;2-,9_).

Let us remark that after rescaling B; — (—1)?B; the factor (~1)7*!
completely disappears from eq. (22) which in this case corresponds to
anti-symmetric Cartan matrix K;; = 841 ; — di541. This form of equation
(22) has been discussed in [10] where an infinite family of solutions of its
symmetry equation were constructed. These solutions describe integrable
evolution equations belonging the N = (1]1) superconformal Toda lattice
hierarchy. :

The general solutions of the N = {1|1) superconformal Toda in terms
of matrix elements of fundamental representations of the SL(n|n — 1) su-
pergroup with the group element G (12}-(13) can easily be derived from
formulae (14)~-(15) and (17) and look like

= (~1)ivr GH1IGXG i+ (G-11GX7,17-1)
! ! G+1Gli+1) G-11Gli=-1) °
G+1IX5GlL+Y) -HIXLGli-D)
G+1]Gli+1) G-1]|Gli-1)
(j+1IG|j+1) —1y

These expressions can he promoted to a compact superfield form in terms
of the N =1 superfield B;(z4,94; z—,9_) (22)-(23),

v = (=1 +

g = (=1)(

£t ~t
y M =V T Vi

(1 +1 |C}jlj+1))(_m
G-11G17-1)

— 2 2(n—1})

Gzt Tt G = XN g 0= TG (1 XD {26)

i = (

Actually, equation (22) possesses the N = (2|2) superconformal sym-
metry and can be rewritten in a manifestly N = (2|2) supersymmetric
form [9]

DyD-m®;=d;,—%;, DD lnd;=3;-3;, (27)

PR

in terms of two bosonic chiral and antichiral N = 2 superfields (24,04, a,;
2_,0_,3_) and 8;(z4,0+4,04;2-,8-,8.), D+®; = Dy ©; = 0, respectively,
with the components

05 =85, @i =0, v =Deln®l, 15 =D:Indf  (28)

Here, Dy and Dz are the N = 2 supersymmetric fermionic covariant
derivatives

a 1. — J 1 .
— -4 Dy =—x240 Y -
Dy = 7g-F3 +8:, Dy 5.2 +0x)
D2 =Di ={Ds, D5} =0, {Ds,Ds}=F0 (29)

in the N = 2 superspace {z4,0x,0+). The N = 2 superfield solutions can
be restored from egs. (25)-(27) and read as

o . __ (2710]%) 5 _ 2 +110]2%+1)
P T RGADeRGEDY T @ - -1y

e TV G Hym -1y X

Q =
| 1. - . 5 x2n-Ng—p o gyix-
G(z,,+59+9+,z_—§9_9_)69-2,-=1 05 Hym (=1 XF)
SR 5l R e

| - | R 2n=1} e gy ()X
G(zy — §5+9+,Z— + "2'9_0_)(,’8" w5 Hm (27X (30)

where the functions 7 are defined in eqs. (26). The chiral and antichiral
group elements { and 0, DL =Ds 0 =0, are related by the involution
of the algebra of N = 2 fermionic derivatives (29),

l B g._-k, g:l: Yo 95:, z; = Z4+ = Q* = ﬁ, ﬁ * =1, (31)

For a particular case of the sI(2|1) superalgebra eq. (27) amounts to the
N = 2 supersymmetric Liouville equation of Ref. [11], where its general
solution has been presented. For the general sl(n|n—1) case the solution of
the superconformal Toda lattice in another parameterisation of the group
element and in another basis in the space of the functions {g;,7],7; } has
been found in [12}.

For the si(n) algebra, i.e. when P =0 and 73* are bosonic fields, egs.
(21) reproduce the UToda(2,2) lattice of ref. [5].
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2. The N = (0}2) superconformal Toda lattice. Now, we con-
sider the second system characterized by relation /1) (20). In the new
basis {U;,V;, ¥, ¥;, 05,8, (0 < j < n— 1)} in the space of the fields
{gj'v '7;}':7;}’

U; = g2 T; = %5, &5 = Y30
V.‘f = —g2i+1, \PJ" = _72-’;'-}-15 a; = _72_j+1= (32)
equations (16) become
0_8, n(U;Vi) = 0-(¥,¥; 4+ (-1)7 ¥ ;)
(L4 (1P )(0-95)T; + ¥;210-F;-1),
PR 1, — — —
04(77:0-05) = Vi¥i—Viaa ¥, 3+(7j3—‘1’j) = U;¥; — U1 ¥4,
7

8:8- WV, = U;V;— U Vim + (89,14

— (1+ (=1)")¥;0.T; + (-1)7(9-¥,)¥;, (33)
1 I
Q= EB_\I'J-, aj = Vj@_\ll,- (34)

with the boundary conditions: Uy = Vay = 0,0y =17, ¥, ; = Vatni1):
Let us discuss equations (33) in more detail in the case corresponding
the superalgebra sl(njn — 1), i.e. when P = 1 and fields ; and ¢, are
fermionic.
In this case, the first equation of system (33) has the form of a conser-
vation law with respect to the coordinate z_,

A.T=0, I=0:In(U;Viy)= ;0,47 ,T,.,, (35)

and as a result, the quantity 7 depends only on the coordinate zy, i.e.
T = Z(z4). It can easily be expressed in terms of the functions ¢} (z,) and
vf (z4+), introduced by egs. (13),

T(z4) = B4 (njer (20)/M5(24))s  milza) = hmhn=Spdnds) - (36)

where we have used the definitions (32), (14)-(15), (17) and the second
Jacobi identity (11). Keeping in mind relations (35)-(36), after rescaling

Vi . . T,
U_,'—-)UjEnjUj, IG—)U;;E-—T#, \11_;;—)1[;557}5\]!5, \Ifj—}iﬁjEn—f?(?)T)
7 3
12

we rewrite equations {33) in an equivalent form
O In(ujvs-1) = (%bﬂf,- - “;’Jj-]Ej_;),
] 1. — - -
a+(:a—¢j) = Uj%[’j - Uj—1¢j—1a 3+(’t;a—irf‘j) = ujif‘j ~ Ui ¥ g1
j 3
040~ Invj = wv; — wjp1vi41 + (- 9j401)500 — (0-¥)¢, (38)
where the function #;(z4) completely disappears. These equations repro-
duce the 1D f-Toda equations (1, 3] at the reduction 9y = J. to the
one-dimensional bosonic subspace. Therefore, they represent its two-
dimensional integrable generalization. We call them the 2D {-Toda lattice.

Summarizing all the above-~given formulae we present their general solu-
tions

u:n_?«j+1!Gl2j+1) oo L (2; | G |23)
TR -G -1 T T g QU+ G2+ D)
- _ 1@+ X5L)G 25+ 1)
I (27 +1]G|25+1) '
25 | (v (G |25
¥ = %_(4 | (f«g;;‘ 2?;;))0 | 27) (39)

in an explicit form in terms of matrix elements of fundamental representa-
tions of the SL(njn — 1) supergroup with the group element G (12)-(13).

Similar to its one-dimensional counterpart, the 2D {~Toda equations
(38) admit the N = 2 supersymmetry and can be rewritten in the superfield
form

Fin1Fjpy ~ FiFj = 03 In((D-Fj)(D-F;)) (40)

in terms of chiral and antichiral fermionic N = 2 superfields F;(z4;2-.0_.8.)
and Fj(zy;2-,0.,0_), D_F; = D_ F; =0, respectively, with the compo-
nents

v; = ~D_F;), v, =F;l, w=D.Fl, v;=F (41)

where the N = 2 fermionic derivatives D_ and IJ_ are defined in eqs. (29).
The general solutions of eq. (40) have the following nice representation™
{27 { (V:?_-i-i-l + ‘\’;i)g 125}

2 161%)

=1
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7 = 1{27 + 1[0+ X508 125 + 1)

5 <2j+1|§|°j+1> ’
G =Clagnz —-9 §_)ei- Lo T
{n— i) Iy
G=Cley, 2 +,1)9 gyet- T ey (42)

Here, 0 < j < n— 1, G and G are chiral and antichiral group elements,

D_G = D. G =0, which are related by involution (31), G~ = G,.G"=gG.
In the superfield form one can easily recognize that the 2D f-Toda

equations are actually invariant with respect to higher supersymmetry —
= (0, 2) superconformal symmetry, which generates the transformations

(z452-,0-,8-) = (743 5.,0.,8.),
o= Zp(zy), = Oy = (04504, (43)

Under these transformations the superfields F; and F; are transforming
according to the rule

Fj(2+;2— ~0-)= go(z+)((')+%'+)"3F}(5+;E_,8_ g-)s
Filoni oo 0o0-) = o~ (205 Y F (532, 6, 80), (45)
where ¢(z,.) is an arbitrary invertible function corresponding to the local
internal G L(1)-transformation. Thus, we conclude that the 2D {-Toda
lattice (40) possesses the N = (0|2) superconformal symmetry and due to
this important property it can also be called the N = (0]2) superconformal
Toda lattice. )
Keeping in mind that at P =1 {i.e. for the case of si(n} algebra wnt‘h
bosonic fields ¥; and ;) equations (33) represent the integrable bosonic
counterpart of the 20 f-Toda lattice, it is reasonable to call them the 2D

bosonic Toda (h-Toda) lattice equations.
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5 Conclusion

In the present letter we have demonstrated the dominant role of the repre-
sentation theory of graded superalgebras in the context of the problem of
constructing superintegrable mappings. We have shown that the following
chaim of relations: representations of a graded algebra = representations
of the corresponding group => integrable mappings (lattices), used in [5]
for constructing the bosonic integrable mappings, perfectly works also in
the super-algebraic case and gives an effective algorithm-for constructing
new mappings. We have developed this approach and constructed the new
integrable mappings. All other ingredients of the theory of integrable sys-
tems such as deriving evolution equations, which belong to an integrable
hierarchy, and their multi-soliton solutions are also present in the frame-
work of this construction. Thus, for example, equations of hierarchy arise
in this approach as solutions of the symmetry equation which corresponds
to an integrable mapping, while their multi-soliton solutions are related to
general solutions of the corresponding integrable lattices with fixed ends.

We have applied this approach to the case of si(n|n - 1) superalgebra,
and the 2D f-Toda lattice possessing the N = (02} superconformal sym-
metry has been derived for the first time together with its general solutions
in terms of matrix elements of different fundamental representations of the
SL(n|n — 1) supergroup.
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Appendix

In this appendix we derive zero—curvature representation for the
SUToda(2,2; {s},s; }) lattice (16) (compare with [6, 7]).
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Firstly, we rewiite the group element G defined by eq. (12) in the
following equivalent form:

G= M_;IM_. = N_G()N.].. (Al)

This relation defines the group elements N, N_ and Gy representing the
exponentiation of the graded subspaces G, G_ and Gy of the si(n|n — 1)
{sl(n)) superalgebra, respectively, in terms of the group element G. It is a
simple exercise to deduce the following two chains of identities:

A_=G'0-G = NJ'Gy1(NZ'8. N.)GoNy + N7 (G518-Go) Ny

+N71O Ny, }
Ap = GO_G™' = N_Go(No0_N7)G3IN=! + N_(God_G5 )N
+N_G.NT! , (A.2)

from relations (A.1) and (13). Comparing the decompositions over graded
subspaces of the right-hand and left-hand sides of these identities, one can
obtain decomposition rules for the following algebra-valued functions:

Go ' (NZVO_N_)Go € G-1 B G2,
Gy (NZ'ON_)Gol_z = A_|-s,
Go(N4+O_N7 Gy € G41 @ G2y
Go( N3 O-NINGF 42 = Aslsa, (A-3)

which we use in what follows. Here, |1« means the projection on the grade
subspace Gxx. ) .
Secondly, we introduce a new group element Q,

Q= M_N;'= MyN_G,, (A.4)
and the components A, and A_,

A= Q7'0.Q =Gy (NT'O_N.)Go + G 9_G,,
A+ = Q_18+Q = N+8_N—], (AS)

of a pure gauge by construction connection,

[0y — Ay, 0. — A] =0, (A.6)
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with the properties

A€ Go®G1 DG, A_|a= A_|-s,
Ay € G 8042, Ailsz = GolAL]42Go, (A7)

where in deriving these equations. relations (A.1) and (A.3) have been
exploited.

Relations (A.4}-(A.7) represent the resolved form of the zero-curvature
representation for the SUToda(2,2; {s},s7}) lattice equations (16).
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