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1 Introduction 

As originally proposed by Yang [1], the Dirac monopole [2] can he generalized to lhc 
SU(2) gauge group and such a generalization (Yang monopole) can be achieved only in 
the five-dimensional Euclidean space. 

The simplest bound system connected to the Yang monopole is the Yang-Conlomb 
Monopole (YCM) which we define here as the system composed of the Yang monopole 
and a particle of the isospin coupled to the monopole by the SU(2) and the Coulomb 
interaction. 

It is of interest to ask what happens to the known S0(6) hidden symmetry of the 
five-dimensional Coulomb system after SU(2) generalization. In this note, we prove 
that SU(2) leads to the S0(6) group acting in a more general JR5 ® S3 space. We use 
this new symmetry for computation of the YCM energy spectrum by a pure algebraic 
method. 

2 Notation and r matrices 

We keep the following notation: j = 0,1,2,3,4; 11 = 1,2,3,4; n = 1,2,3; Xj arc the 
Cartesian coordinates of the particle, 'Ta denote the SU(2) gauge group generators; 
A• = (0, A:) is the triplet of Yang monopole's gauge potentials; F;'ic is the gauge field of 
the Yang monopole; a• are the Pauli matrices, and r• are the 4x4 mah-ices 
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r• matrices satify to relations 

[ T0
, Tb] = iEabcTC, 4ri~ rkv = DabOµv + 2iEabc T

1
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EabcT!/Jr,~v = ~ (oo,,T,~/i - O,wT1~/i + OiJvT:" - oiJ,,T,~") 

and r = (xjXj) 1l 2
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3 Yang monopole 

Consider the formula 

o 2i a 
A,, = ( + ) T1wXv . r r x 0 

It is obvious that each term oft.he A"- triplet. coincides with the gange potential of the 
five-dimensional Dirac monopole with a unit l.opological charge and the line of singularity 

extended along the nonpositive part of the :,:0 -axis. The vectors A; ;ire orthogonal to 
each other 
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and to the vector Xj (xiAJ = 0). 
By definition, 

F;'k = a;A% - OkAi + EabcAtAi 

or, in a more explicit form, 

F.
a 2i a · r+xoAa 
0µ == -3TµvXv = ---2- µ 

r r 

F;v = : 2 (xvA: - xµA~ - 2ir;0 ). 

The straighforward computation gives 

where T2 = Ta'I'a-
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4 Yang S0(5) symmetry 

The YCM is governed by the Hamiltonian 

where 71"2 = 7l"j7l"j, 

and 

if= 2__*2 + ~i'2 - e2 
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. ." a . 
Jr· = -in- - hAaT. 
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[*;,xk] = -inD;k, [7l";,7l"k] = ih2 F;"kTa. 

Let us consider the operator 

. 1 2 • 
Lik = r{ (x;1l"k - Xk1l";) - r F;"kTa . 

It is easy to verify that 

[L;k, Xj] = ib;jXk - iOkjXi 

For the commutator [L;k, Irj] we have 

[Lik, 1l"j] = i5;j1l"k - iOkj1l"i + Qikj 
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where 

Qikj = in (x;Ftj - XkFtJ T. + [irj,r2F,kTa]. 

There are four possibilities for the indices i, j, k: 

(i) (µµ00) ] = V V V V 

k a O a O 

and, therefore, the direct calculation is required. After some algebra we obtain Q,kj = 0, 
and hence 

[iik, 7rj] = i,5;j1fk - i,5kj1ri (4) 

Now the commutation rule for the S0(5) group generators 

[iij, imn] = i.S;mijn - i,5jmiin - i.S;nijm + iojni.m (5) 

can be derived from (3) and ( 4). Moreover, it follows from (3) and ( 4) that iik commutes 
with H. This S0(5) group was previously proposed by Yang [l] as the dynamical 
group of symmetry for the Hamiltonian Hy - e2 /r including only a monopole-isospin 
interaction. 

5 S0(6) symmetry of YCM 

Let us consider the operator 

},fk = - . • . . 1 ( 2,./m K;L;k + L;kiri + 2~e2 :k) (6) 

by analogy with the Runge-Lenz vector. Long manipulation exercise.s yield [H, Mk] = 0, 
which means that Mk is the constant of motion. Now, from (3), (4) and (5) one can 
show 

[L;j, Mk] = io;kMj - i.SjkMi 

More complicated calculation leads to the formula 

• • • • i • 2h 2 
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[M;,Mk] = -2iHL;k - -X;XkF;:,nTa1fm1fn - --'-
4
-T • 

m m r 

It is easily to verify from (1) and (2) that last two terms cancel each other and, therefore, 

[M;,Mk] = -2iiiiik. 

This commutator is identical with the corresponding commutator for the Coulomb prob-
• ( ·)-1/2 • _lem. For MI= -2H 1\1.; one has 

[M:,M{] = iL;k. 
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Now, introduce the 6x6 matrix 

b = ( fl; -;:1; ) 
The components D,w (fl, v = 0. 1, 2, 3, 4, 5) giYe an .so( 6) algebra 

[D,w, D.1p] = io,,.1Dvp - ibv.\Dµ,, - ifi,,pbv.\ + ihvpb,,,1 . 

Since [H, D,w] = 0, one concludes that YCM is provided by the S0(6) group of hidden 
symmetry. 

6 YCM energy spectrum 

Having obtained the group of hidden symmetry om• can calcula t<- t hP energy PigenYaluc·s 
by a pure algebraic method. 

It is known [3] that. the Casimir operators for S0(6) an· 
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According to [3], the eigenvalues of these operators nm be takc·n as 

C2 - µ1(µ1 + 4) + 112(/l2 + 2) + 11; 

C3 - 48(111 + 2)(/lz + 1 )11:i 

C1 11,i(P.1 + 4)
2 + 6111(111 + 4) + 11.i(/12 + 2)2 + 1i:\ - 2p~ 

where p 1, 112 and /1:1 are the positive integer or half-intcgc·r m1111bers arnl /1 1 ~ 11 2 ~ /1:i
The direct and very hard calculations lead to the rqm·sc·utation 
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C1 = C2 + 6C2 - 4C2T - 12T + 6T . 

From the last equation we can obtain auothn <'XIHTssiou for the ,·igc•nyalue C 1 

C1 = [C2 - 2T(T + 1 )] 2 + 6 [C2 - 2T(T + 1 )] + 2T2
( T + l )2 
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and conclude that 

C2 - 2T(T + 1) = µ1(JL1 + 4) 

µ~ (µ2 + 2)2 + /L; - 2µ; = 2T2(T + 1)2
• 

The energy levels of YCM can be obtained from (7) and (HJ) 

Ei = 
m(,1 

2h2(µ 1 + 2)2 

(10) 

(11) 

(12) 

The substitution of the eigenvalues of fI and T2 in the equation for C3 gives one more 
formula for C3 

C3 = 48(µ 2 + 2)T(T + 1). 

~ow we have two expressions for C3 and the comparison leads to the relation 

T(T + l) = (µ2 + 2)µ3 . (13) 

Comparing this with (11), we have the equation 

(µ~ - µ~) [(µ2 + 2) 2 
- µ~] = 0. 

Since /13 S 112, one concludes that µ3 = µ2. Then, from (13) it follows that µ2 = T, 
which means that 111 in (12) takes only values JL1 = T, T + l, T + 2, .... 
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Pacc~.!OTpeHa CB513aHHal! CHCTel\ta, COCTaBJieHHal! 1-13 MOHOITOJill 5Iura H H30-
cmmosofi qacnIUbl, CKpermeHHblX npyr C upyrm1 SU (2) If KYJIOHOBCKHM B3aHMO
)IeikTBl1eM. Hai1ueH 0606meHHL111 BeKrop Py1Ire-J1eHua 1-1 ycraHOBJieHa rpyrrrra 
CKpblTOII Cl!MMeTplrn so (6). IloKa3al!O TaJOKe, llT0 rpyrrrra CKpbITOH CHMMeTp!iH 
IT03B0Jil!eT llbl911CJIHTb crreKTp CHCTeMbl ~re6pa111IeCKIIM rryreM. 
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The bound system composed of the Yang monopole coupled to a particle 
of the isospin by the SU (2) and Coulomb interaction is considered. The generalized 
Runge-Lenz vector and the SO (6) group of hidden symmetry are established. It is 
also shown that the group of hidden symmetry make_s it possible to calculate 
the spectrum of the system by a pure algebraic method. 
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