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1 Introduction 

Nuclear reactions with high momentum transfer at relativistic energies present great 
source of information for studying the properties of quark and gluon interactions in the 
nuclear matter environment. The development of universal approach to the description 
of the processes is important for detail understanding of the influence of nuclei on the 
physical phenomena underlying secondary particle production. Numerous experimental 
data on relativistic nuclear interactions show that the general tendencies are manifested 
mostly in the high energy and high transverse momentum Q.1. -regions. They reflect 
specific characteristics of the elementary constituent interactions. This is especially 
actual with connection of the commissions of the large accelerators of hadrons and 
nuclei such as Relativistic Heavy Ion Collider (RHIC) at Brookhaven or Large Hadron 
Collider (LHC) at CERN [l, 2, 3]. The main physical goal of the investigations on 
these machines is to search for quark-gluon plasma (QGP), the hot and superdense 
phase of the nuclear matter [4]-[12]. 

At present there is no single clearly established signature of the QGP. Therefore, 
search for new regularities which are sensitive to the nature of phase transition from 
hadron to quark-gluon degrees of freedom are of special interest. Up to date, the 
investigations of properties of high energy nuclear interactions have revealed widely 
known scaling laws. Some of the most popular and famous are the Feynman scaling 
[13] for inclusive particle production, y-scaling observed in deep inelastic scattering 
on nuclei [14], limiting fragmentation found for nuclei fragmentation [15], m.L scaling 
[16, 17], scaling in cumulative particle production [18, 19, 20], KNO scaling [21] and 
others. However, detailed experimental study has shown certain violations of these. It 
can be connected with the dynamics concerning the transition from the perturbative 
QCD quarks and gluons to the observed hadrons. 

The inclusive cross section for particle production is considered as possible exper­
imental observable for studying of unusual properties of nuclear matter at extreme 
conditions. In limited regions of transverse momenta (q.L < 2 GeV /c) the particle spec­

tra are often present,ed as a function of the transverse mass, m.L = Jq'i_ + m2 . This 
is motivated by the experimental fa.ct that the cross section for the production of a 
particle is described by the exponential in m.L rather than q.L [16, 17]. Furthermore, 
the shapes of the spectra are similar for different types of particles, when plotted 
against m.L. Explanations for the 'm.L -scaling' usually assume some form of thermal 
equilibrium relating the inverse slope parameter to a temperature [22]. A thermal or 
Boltzmann model predicts that the number of particles per unit phase space is given 
by d3Njdq3 ~ exp(-E/T). The Tis a temperature of source and the E is center-of­
mass energy associated with phase volume d<f. Expressed in terms of the multiplicity, 
rapidity and the transverse mass one finds m1.1<flN/dm.Ldy ~ m1..exp(-m.L/T8 (y)), 
where T8 (y) is the rapidity rlependent Boltzmann temperature. It has been sug­
gested by Hagedorn to present experimental data in terms of invariant cross section 
(21rm.L)- 1d2u/dm.Ld1J and compare them with the thermal prediction by fitting the 
exact expression in soft Q.L region. Numerous experimental results on particle spectra 
measured in pp, pA, and AA collisions at BNL, CERN, and Fermilab [23, 24, 25j in 
wide energy and transverse momentum range show that the shapes of the distributions 
are not simple exponential in any representation. The deviations from pure exponential 
in rn1.-representation are discussed in Refs. [26, 27, 28]. The slope constants that are 
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used to characterize the spectra depend on particle . type, rapidity, centrality and the 
energy of the collisions. · · ' · · · 

The common feature of the particle production at, high energy. vs and high trans­
verse momentum ( Q.1. > 1 Ge V / c) indicate the local character of hadron interactions. It 
leads to the conclusion about dimensionless of the constituents taking· part in the in­
teractions. The fact "that the' interaction is local founds its natural manifestation in-the· 
scale-invariance of the hadron interactions' cross sections. The -invariance is an expres­
sion of self-similarity principle [18, 29]. This principle· reflects the · dropping of certain 
dimensional quantities or parameters out of the physical picture of the processes. 

In the paper we exploit the concept b~ on the self-similarity of the elementary 
interactions complemented by . considerations about fractal structure of the colliding 
objects. The ideas are implemented into the construction of new scaling, the z­
scaling, for the description of inclusive particle production in p.A interactions at high 
energies. The scaling was applied for the analysis of pp and pp collisions in the· 
energy range vs > 23 GeV in Ref. [30]. The scaling function H(z) is expressed via 
the invariant inclusive cross section Ed3u /dq3 and the multiplicity density of charged 
particles dN/dTJ = p(s) produced at the pseudorapidity T/ = 0. It was found that the 
H(z) is independent-of colliding energy vs and angle 0 of the inclusive particle. In the 
case of hadron production the· scaling function H(z) is interpreted as the probability 
to form hadrons with a formation length z. The universality·· of H(z) means that 
the hadronization mechanism is of universal nature.·· We suggest that the difference 
between the 'H(z) for pp and/or HA(z) for pA collisions on one side and the HAA(z) 
for AA interactions on the other side can give definite evidence 'about the character of 
nuclear matter influence on the process of particle production. We propose that the 
dependence of HAA(z) on z. for hadronic and QGP phases of nuclear matter can be 
quantitatively distinguished. 

The paper is organized as follows. The method of constructing of the scaling func­
tion H,1(z) for the p'+A-> h + X process is described in Sec. II. Some consequences 
of the method concerning fractality and scale relativity in particle production are dis­
cussed in the part C. In Sec .. III, we .show that the available high energy experimental 
data for the pA collisions (A=d, Be, Ti, W) confirm the z-scaling. It is found that 
the functions HA(z) demonstrate energy independence ·and A-universality in the con­
sidered energy region. Thus, besides the pp case, the variable z reflects self-similar 
behaviour of particle production in the pA interactions as well. The leading princi­
ple of self-similarity is in agreement with ideas about fractal character of the objects 
taking part in the interactions. In Sec. IV, we present physical interpretation of the 
scaling function H(z) and the variable_ z. 

2 General rrinciples of the z-Scaling 

· We start with the investigation of the inclusive process 

M1 +M2-> m1 +X, (1) 

where M1 and M2 are masses of the colliding nuclei (or hadrons) and m 1 is the mass 
of the inclusive particle. In accordance with Stavinsky's ideas [19] the gross features of 
the inclusive particle distributions for 'the reaction (1) at high energies can be described 
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in t~ of the ·corresponding kinematical characteristics of the exclusive subprocess 

(x1M1) + (x2M2) -+ m1 + (x1M1 + x2M2 + m2). (2) 

The parameter m2 is introduced in connection with internal conservation laws (for 
isospin, baryon number, and strangeness). The X1 and X2 are the scale-invariant 
fractions of the incoming four-momenta' Pi and A of the colliding objects. The energy 
of the parton subprocess defined as 

s!12 = J(x1P1 + x2P2)2 (3) 

represents the center-of-mass energy of the constituents taking part in the collision. In 
accordance with the space-time picture of hadron interactions at the parton level, the 
cross section for the production of the inclusive particle is governed by the minimal 
energy of· colliding partons 

da/dt "'- l/s~;n(X1,X2), (4) 

The corresponding energy s!;;,. is fixed. as minimum of Eq .. (3) which is necessary for 
creation of the secondary particle with mass m1 and a four-momentum q. In the next, 
we present a scheme from which a more _general structure of the variables X1 and X2 
follows.. We would like to emphasize two main points of this approach. First one is 
fractal character of .the parton content of the composite structures involved. Second 
one is based on the self-similarity of the mechanism underlying the particle production 
on the level of the elemen~ary constituent interac:tions. 

2.1 Momentum fractions x1 and x2 

Let us consider the elementary parton-parton · collision as a binary subprocess which 
is a subject to the condition 

(x1P1 + x2P2 - q)2 = (x1M1 + x2M2 + m2)2. 

The relationship between x1 and x 2 can be conveniently written in the form 

where 

>.i _ .(P2q) + M2m2 
- (PiP2) - M1M2' 

X1X2 - X1A2 -_X2A1 = Ao, 

A
2 

= (P1q)+ M1m2 
(PiP2) - M1M2' 

Ao = 0.5(m~ - mi) . 
. (P1P2) - M1M2 

(5) 

(6) 

(7) 

Considering the process (2) as a parton-parton collision, we introduce the coefficient 
n which connects kinematical with dynamical characteristics of the interaction. The 
coefficient is chosen in the form 

n(x1,X2) = m(l - X1)51 (l- X2)°2, (8) 

where m is a. mass constant and o1 and o2 are factors relating the fractal structure of 
the colliding objects. Physical interpretation of the coefficient n is given in Sec. IV. 
We determine the fractions x 1 and x 2 in a way to maximize the value of !l(xi, x 2), 
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drl(x1, x2) = 0, (9) 
dx1 

ximultanmusly fulfilling the condition (6). This gives 

X1 = A1 + XI, ·x2 = A2 + X2, (10). 

where 

Xi = ✓ µ~ + wr - W1, X2 = J µ~ + w~ + W2, (11) 

Herc we have used the notation 

2 · - (1 ~ A1) 
/11 = (A1A2 +Ao)a (l - A:i), 

2 1 (1 - A2) 
µ2 = (A1A2 +_Ao) 0 (l _Ai), (12) 

... (a-1) 
W1. = (A1A2 + Ao) 2(1 _ A2), 

, - (a - 1) 
W2 = (A1A2 + Ao) 2a(l _ Ai)' (13) 

The parameter a = o2/o1 is the ratio of the fractal dimensions 02 , and 01 . More 
,letailed description concerning the physical interpretation· of the coefficients is given 
in t.lw part C. In the considered ca.,e of proton-~mcleus interactions, the nucleus is 
labeled by index 2, the value of it is chosen to be atomic 'number. A. The choice is 
justified hy. our analysis of experimental data. The relation reflects essential feature of 
the fractal structure of nuclei in the z-scaling scheme. 

The variables x
1 

an,l x2 posses the interesting symmetry properties. They satisfy the 
hypothesis [19] of minimum recoil nia.,s (5) in the elementary constituent interaction. 
I3oth arc e,Jtml to unity along the pha.,e space limit. From the conditions :I'; S: 1 WP 

µ;et the restriction 

>-1 + .\2 + .\o S: 1. ( 1-1) 

This inequality can be rewritten to the threshold condition 

M1 +M2+m1 +m2 S: JsA (15) 

mul to thr condition 

(M1 +M2 +·m.2)2 +E2 -rni S: (Js,i'-E)
2 (Hi) 

The symbol ,/BA stands for the center-of-mass energy of the pA system. The Ia,,t. 
inequality bounds kinematically the maximal possible energy E of the inclusive partide 
m

1 
in the c.m;s. of the reaction (1). Frori1 the relation it follows that the va.i'iables 

;r,
1 

and x
2 

cover the full phase space (O'S:: x1 , x2 S:: 1) accessible at, any energy. ·ThP 
meaning of the parameter m2 as the threshold for the proiluction of 'the indusiw 
particle mi emerges here in the natural way. Further properties of the fractions .r 1 

and x2 are described in more detail in the Appendix A. · 

2.2 Scaling variable z and scaling function H(z) 

In acconlance with the self-similarity principle we search for the solution dl'pPmlinµ; 
on a single scaling variable z in the form 
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1 du 
< N > u,ne1 dz = tf;(zf · (17) 

Here u;...,1 is the inelastic cross section, < N > is the average multiplicity and tf;(z) has 
to be a scaling function.. The quantities refer to the p.A interactions. · The invariant 
differential cross section for. the production of the . inclusive particle m1 depends on 

· transverse and · longitudinal · momenta qj_ and Q11, respectively. In terms of 

1 .\2 
y=2ln.\1' (18) 

and the scaling variable z = z(.\1, .\2), the invariant cross section can be expressed as· 

Ed
3
u . 1 ( 1 8z + 1 8z ·) d2u . 

dq3 · 1rsA .\2 8-\i .\1 8.\2 dzdy 
. {19) 

The s is square of the center-of-mass energy of the corresponding N N system and the 
A is atomic number. We· introduce the scaling function H(z) in the way 

1 . l.' d3u 
H(z) =-tfi(z) = ----E-

2,rz ' g(.\I, A2)PAC1inel dq3 ' 
{20) 

where, the factor g is given by 

( 
z 8z . z 8z )· 

g(~1, .\2) = (sA)-
1 

,\2 8,\
1 

+. .\1 8.\2 ' {21) 

as follows from Eqs. {17) and {19). The relation {20) connects the inclusive differential 
cross section _and the multiplicity density PA(s,q) = d < N > /dq with the scaling 
function H(z). As usual, the combination {18) is approximated with (pseudo)rapidity 
T/ at high energies. The properties of the 'lf;(z) and H(z) under scale transformations 
of their argument z are given by the relations 

z :-+ z' = az, (22) 

'lf;(z) -+ 'lf;'(z') = - . 'If; -1 (z') ' 
a a ' 

{23) 

H(z) -+ H'(z') = ~ · H (~) . 
a2 a 

{24) 

Next, we choose z as a physically meaningful variable which could reflect the self­
similarity (scale invariance) as a general pattern of the hadron productioii. If we put 
for z an a.~yrnptotic value · 

s!12 2~y's,i 
z=--+ 

Q Q ' 
(25) 

with Q a.~ a scale which in a first approximation does not depend. on ,\1 and ,\2 , we 
get the expression 
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This lea<ls us to conclude that while the composition of velocities follows Einstein­
Lorenz law, the composition of the cori:esponding dimensions of scale follows the mul­
tiplicative group law. The correspondence is a. particular expression of scale relativity. 
Really, the resolution a with which measurements have been• performed may be defined 
as a relative state of scale of reference system [31). In the considered. perspective, the 
principle of scale relativity states that Einstein-Lorenz composition law of velocities 
applies to . the systems of reference whatever their state of scale. 

3 Z-scaling in pA-collisioris 

Before analyzing the. results on z-scalin:g in pA systems, we ·would like to remind 
main features of the scaling concerning the inclusive particle production :in nucleon­
nucleon interactions. In Fig. l(a) we present the function H(z) for charged hadrons 
produced in the central region of pp and pp collisions at vs= 19 -· 1800 GeV. The 
s<;aling variable z and the H(z) were constructed according to the formulae given in 
Sec. II. The result demonstrates the universality of H(z), the independence of scaling 
function on colliding energy ys in the considered energy region. Note that· th·e data 
at .,/s = 630 GeV cover the kinematic range of the transve_rse momenta· of secondai-y 
particles up to Q1. = 24 GeV /c. For the comparison with the z-presentation, the rnr 
dependence of the same data is shown in Fig. l(b). One can see that the invariant 
cross · section· does not indicate any universality as a function of m .l when plotted 
for <lifferent energies VS, Similar dependence of0 H(z) for 1r-;--meson-produetion at, 
vs= 53 GeV and 0 = 2.86° - 90° c.m.s. is shown in Fig. 2(a.)., Here we have used 
the value of /Jp(2.86°) = 0.3 -for the angle 0 = 2.86° in Eq. (20) which corresponds to 
the data [32) __ on multiplicity densities. in the fragmentation region. The -approximate 
angular independence of the scalin1; function is in contra.st with Fig.· 2(b) where the 
smnc <la.ta a.re plotted as a.· function of the transverse mass rn1.. Distinctive differences 
hctween die fragmentation and the central region represent various normalizations mul 
slopes of the spectra.. 

We would like to note that the m1.-presentation is traditionally used to descrihe tht' 
particle spectra in a. restricted tnu1sverse momentum range (say 1h < 1 -· 2 GeV /c). 
Thou1;h a.II curves .have non-exponential behaviour in larger trm1sverse momt•ntum re­
gions (q1. up to 10 or more GeV /c), there always exists good m1.-presenta.tion for 
limiter! m1. or Q1. intervals. In particular c,a.se of the. central region for the collisions 
with Q1. « VS, the relation between m1. and z representation is a.~ follows 

m1.·_. 
z (X p(s)' 

H(z) (X _1_. p2(s) ~ 
. t>Au,,.e1 21rm1. d·m.1.dy · 

(38) 

(39) 

In this sense, the z scaling represents a. generalization of the m1. scaling in tho high 
energy region. Let us stress that tho energy and the angular universality of thl' 
z-sr.aling for pp and pp collisions was ad.1ieved with the same value of th<' fract,al 
<limension 01 ~ 0.8. We will use, therefore, this number in the analysis of the ;; sea.Jing 
in the c •• ~e of the J>A _ systerhs. · 'It was fournl also· that ti1ere is a· stronp; S<'nsitivity 
of the sea.Jing behaviour on the energy dependence of the scale p(s). The relevant 
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_ multiplicity densities of charged particles produced in the central pseudorapidity region 
in pp and pp collisions are shown in Fig. 3. The values of dN(0)/d11 = p(s) resulting 
from the requirement of the ·z scaling are denoted by the crosses. The results of Monte 
Carlo simulations of multiplicity density PA(s) of secondaries produced· in pA collisions 
for different nuclei are also shown in Fig: 3. 

Let us proceed to. the study of· z-scaling in pA interactions. .We have examined the 
experimental data on four nuclear targets D, Be, ·Ti, and -W covering a wide range 
of atomic weight. In the considered experiment (33] the measurements were made at a 
laboratory angle of 77 mrad, which corresponds to the angles near 900 in the center­
of-mass system of the corresponding nucleon - nucleon collisions. First, we <)Xplo-it th~ 
data on the inclusive ,r±-meson production in the p + d _-+_ h + X process at incoming 
momentum p = 400 __ GeV /c. .The data are expressed in terms of the function Hd(z) 
which depends on the scaling variable · z as presented . in Fig. 4. The result shows that 
the description in terms of z-representation . coincides with good accuracy with the 
scaling function for proton-proton collisions. We have checked the sensitivity of such 
universal behaviour with respect to the ratio of fractal dimensions a. Th~ situation is 
depicted by two dashed lines in the figure. We can see that, in the case of deuteron, 
the value of a ':' 2 is distinguished with .regard to the z scaling universality. The 
obtained results confirm z-scaling in pd collisions at high energies. The dependence of. 
the function H8 .(z) on z for the process p + Be -+ ,r± + X at the incident proton 
momenta p = 200, 300, and 400 GeV /c is presented in Fig. 5. Similar behaviour for 
heavier nuclei as titanium (A=48) and. tungsten (A=184) are shown in Figs. 6(a) and 
6(b). The functions: HA(z) for the both nuclei exhibit energy independence in contrast 
to the behaviour of Ed3a /dq3 as a function of m.L, As we can see from Fig. 7, the 
energy evolution with· respect to the m.L variable is manifested especially in the hard 
part of the spectrum. Thus, besides the energy independence, the A-universality of 
the scaling functions is found. The obtained results give us strong argument to use 
z-scaling formalism for the analysis- of experimental data on inclusive cross sections in 
pA interactions. We would like to remember that the scaling in the proposed form 
is valid for pp collisions in the energy range vs > 20 GeV [30]. It is reasonable 
to assume that similar restriction exists for proton-nucleus interactions and that full 
asymptotic regime will be achieved for corresponding center-of-mass energies. 

In order to construct the scaling function HA(z) for particle production. in pA 
interactions, it is necessary to know the values of the average multiplicity density 
PA(s, 11) of secondaries produced in pA collisions. The values enter to the scheme 
in Eq. (20). At present there are no experimental data on PA for pA collisions at 
high enough energies (VS> 20 GeV). Therefore, we have used the' Monte Carlo code 
HI.JING [34, 35] to determine the energy dependence of the multiplicity densities of 
charged particles for different nuclei - Al, Ti, W, and Au (Figure 3.). The atomic 
numbers of the nuclei change from 27 to 197. The results of simulations of PA(s) 
obtained in the central region of the· corresponding NN interactions are denoted by 
points in· Fig. 3. The. densities of charged particles were averaged over the impact 
parameters b (0 ·< b < 10/m). The obtain~d values can be parametrized by the formul~ 

PA(s)'.:,:'.0.67·A0
·
18-s0

·
105

, A 2'. 2. (40) 

In the case of pp or pp collisions, the fit p(s) = 0.74s0
•
105 used in Refs. [36, 37] is 

shown in the same figure. The comparison of the multiplicity densities for pp and pA 
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collisions indicates similar energy -dependence for both cases. It can be a consequence 
of the Pomeron trajectory with Pomeron intercept t::,. = ap - 1 '.:,:'. 0.105. 

4 Results and discussion 

We would like to present some qualitative picture, the substantial elements of which 
are the basic characteristics of the underly.µig parton subprocess (2) in terms of the 
scaling proposed. Generally it is based_ on the scheme· suggested in Ref. (30] for pp 
or pp collisions. In the scenario, we focus our study to the _ regime of local pa.rton 
interactions of incident hadrons and nuclei. It manifests itself in the production of 
particles with. high q.L at high energies. In this regime the_ parton distribution functions 
of incoming objects are separated and, therefore, the scaling function H(z) reflects the 
fragmentation process of produced partons · into the observable hadrons. 

The cross section -of hadron interactions at the level of single parton-parton scatter­
ing (4) is governed by the minimal energy s:,{~ of colliding constituents. Thus, for the 
high energy regime of elementary parton interactions, the expression for the differential 
cross section can be written in the form · 

d
3
a -2 ( ) ( h E dq3 ~ sm,n Xi, X2 . GA, X1min) 'GA,(X2min) • D (zq)- (41) 

Here XJmi" and X2min satisfy the condition s(X1min, X2min) ~ Smin(X1, X2), The relatfo{i 
reflects quantitative measure of the proportionality to the elementary parton cross sec­
tion which is the number of partons expressed _by structure functions. It allows to 
introduce the concept of parton structure function of nuclei G(x;) [38]. The fragmen­
tation of the secondary produced parton is described by the fragmentation function 
Dh(zq}-

The approach based on the principles of self-similarity, locality and fractality is 
different. Fractal character .in the .initial state regards the parton composition of 
hadrons and nuclei and reveals itself with more resolution at high energies. Leading 
by these principles, we construct the variable z according _to Eq. (27). The cross 
section can be expressed in therms of z as· follows 

d3a -
E dq3 "'g(A1 , .X2) • H(z). (42) 

The scaling properties of the function H(z) and comparison of the Eqs. (41)-and (42) 
give us· some ·arguments to write the relation · 

H(z) ~ D\zq), (43) 

It reflects universality of hadronization mechanism with the variable z considered as a 
hadronization parameter. _ -

Really, z can be interpreted in terms of parton-parton collision with the subsequent 
formation of a string stretched by the leading quark out of which the inclusive hadron 
is formed. The energy of the colliding constituents s!l2 is just the energy of the 
string which connects the two objects in the final state of the subprocess (2). The 
string evolves further and splits into pieces. The resultant number of the string pieces 
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is proportional to number or density of the final hadrons measured in experiment. 
As known from various experimental and theoretical studies concerning the multiple 
production, the produced multiplicity is proportional to the excitation of transverse 
degrees of freedom. Therefore, the string transverse energy is a measure of multiplicity. 
Such ideas allow us to interpret the ratio 

...;s,. = ft';_•n Ip( s) (44) 

as a quantity proportional to the transverse energy of a string piece ..,rs;;, which does 
not split already, but during the hadronization converts into the observed hadron. The 
process of string splitting is· self-similar in the sense that the leading piece of the string 
forgets the string history and· its hadronization does not depend on the number and 
behaviour of other pieces. We consider that the factor !1 in' the definition of i reflects 
fractal structure of the colliding objects and represents degree of "softness" of the 
initial partons participating the elementary · interaction. Maximal softness corresponds 
to the maximal tension of the generated string what is expressed by the condition (9). · 
Then we write following relation 

ys,. = !] . z. (45) 

So, in the inclusive hadron production, we consider the variable z as a quantity 
proportional to the length of the elementary string, or to th~ formation length, on 
which the inclusive hadron is formed from its QCD ancestor. 

The complementary interpretation of the physical meaning of the variable z is based 
on ideas concerning fractality · in high. energy collisions. The fractal objects are usually 
characterized by power law dependence of their fractal measures [31]. The fractal 
measure, considered in our case, is given by all possible configurations of elementary 
interactions that lead to the production of the inclusive particle. It has the following 
form 

!1(x1,x2) ~ (1- X1}°1 (l - X2)°'. 
The formula expresses the factorization of the fractal measure with respect to the 
fractal measures of colliding objects. Both. are described by_ power law dependence 
in the space of fractions {xi, x2 }. The single measure ·reflects number of constituent 
configurations in the colliding object taking part in production of the inclusive particle. 
The measure is characterized by the fractal dimension 8. Fractal dimensions can be 
different for various colliding object\]. Results of our iµialysis shp.w that' the fractal 
dimension of nucleus 8 A is i;-elated . to the nucleon fractal dimension 8 N by · the following 
simple form 

8A =A·8N. (46) 

The relation reflects the additivity of fractal dimensions. In the framework of the 
fractal picture, the number of initial configurations is maximized according to Eq. (8), 
and the variable ' 

z = E';_in / (!1 • p(s)) 
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c'an be interpreted as the energy of elementary constituent collision per one initial 
configuration and per one produced particle. This energy is the energy of elementary 
string piece and is proportional to its formation length . according to. the transformations 
(22) - (24). . . . . 

The outlined picture has i:estricted range of application . in the low, energy region, 
where manifestation of the self-similar mechanism of particle ·production b_ecomes com­
plicated. In the experiments with nuclei at _low energies one has usually deal 'Yith 
the problem of rescattering mechanism. The effect can be, however, neglected at high 
i~ncrgies for high transverse momenta of secondary particles. In this region, we con­
sider unlikely large contribution to the inclusive cross section· due to rescatterings of 
particles in the surrounded target. This ~tatement is supported by Figs. 4, 5, and 6. 
ThP A-dependence of experimental data used in our analysis does not violate the gen­
eral features of the z-scaling construction. Moreover, the observed form of the scaling 
function H(z) for pp and pA collisions' is practically the same. 

The situation in nucleus-nucleus systems may' be different. The high q1_ enhance­
ment in AA relative· to pA interactions was discussed, in particular, in Ref [26]. It 
corresponds to the larger inyerse slopes of cross section dependence on a tnu1svcrsc 
momentum relative to the proton-nucleus collisions. In the case of Ak ii1teractions the 
excitation of nuclear medium is realized in an extended volume which can significantly 
influence ·particle production mechanism. We consider that the dependence of HAA(z) 
on z for hadron and QCD phases can be quantitatively distinguished. PossiblP viola­
tions of the scaling, especially in the region of high transverse momenta, could be very 
interestin1s. Here one can expect a manifestation of the transition of nuclear matter 
to partOII phase especially in AA collision. The tnu1sition corresponds. to the joining 
of partons from different nucleons of nuclei known as cumulative process [18, 19, 20]. 
The corresponding regime of particle production is kincmatically forbidden in nucleon­
nucleon collisions. The higher stage of cumulation corresponds the larger values of thl' 
variable z and can manifest itself more prominent just in the high momentum tail of 
the spectrum. As a result the cnhm1ce of the scaling function HAA(z) for the nucleus­

.nucleus interactions in comparison with the scaling found in pp and pA collisions may 
he cxpcctecl. We suggest, therefore, that the comparison of the :::-scaling for PJ! a.ml 
JJA collisions with data on AA interactions can give valuable information reg,U'<ling 
exotic physical phenomena such a.~ quark-gluon plasma formation mu! otll('rn. 

5 Conclusions 

Inclusive particle production in JJA mllisions at high cnergil~s in terms of thl' :::­
scaling is considered. The scaling function HA(z) is expressed via the invarim1t inclu­
sive cross section Ed3a/dq3 mid is normalized to the multiplicity density of particle's 
procluced in pA collisions. The definition of the scaling variable z includes fractal prop­
erties of the colliding objects. The dynmnical ingredient of the scaling relatl's to thl' 
energy dqienclent scale which is the average multiplicity density of charged particl(•s 
produced in the central pseudorapidity region in the ;xirresponding N N interaction. 

The observed A-dependence of available experimental data for different nuclei (D, 
Be, Ti, and W) docs not violate the general features of the :::-scaling. It was shown 
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that the fractal dimensions of nuclei are ·expressed via the fractal dimension of nucleon 
.;A = A• dN. Our analysis confirms the energy independence of the scaling functions 
HA(z). Thus, the scaling function H(z) demonstrates main features of the hadroniza-
tion process in terms of the formation length z. · 

The z-scaling found in pp and pA collisions reflects general properties of the particle 
production mechanism such M self-similarity, locality, scale-relativity and fractality and 
can serve as an effective tool in searching for· new physical phenomena in future 
experiments planed at RHIC (BNL) and LHC (CERN). -

6 Appendix A 

In this Appendix we present some properties of the momentum fractions Xi and X2-
The relation between the variables· follows from the minimum recoil mass hypothesis 
in the elementary constituent interaction, The second restriction which we lay upon 
the variables, is the requirement of maximal tension of the string formed in the 
final state of the binary subprocess (2). String tension coefficient n was chosen in 
the form (8) relating fractal properties of colliding objects yvith the character of the 
phenomenolcigi~ string. Such construction leads to specific structure of the variables 
xi and x2 according to which the notation (2) can be rewritten to the symbolic form 

(.X1 +Xi)+ (.X2 + X2) -+ (.Xi+ .X2)-+ (Xi+ X2). (Al) 

The relation should be understand' in the way that only parts of the interacting partons 
underlay the production of the inclusive particle while the: other parts are responsible 
for the creations of its recoil. The variables have the following form 

with 

and 

xi =-Xi +xi, 

~ 
Al-, ym.1.Tf/,_-q, 

vs 

X2 = A2 + X2, 

~ 
.X2-+ ymi-ry,.+q. 

vs 

(A2) 

(A3) 

Xi=Jµ~+w~-·w• x2=Jµ~+w~+w2. (A4) 

Relations (A3) represent an approximation of Eq. (7). It is reasonable in the consid­
ered kinematical range provided that emission angle of the inclusive particle is not too 
small. From Eqs. (12) and (13) it follows 

µ1µ2 = .X1.X2 + -\a, 

W; µ2 

wi = A1A2 ~Ao' i 'F j, 

W1 = W2 

µI µ2 
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(A5) 

(A6) 

(A7) 

,:\ / i 
I. 

\l .I 
. ! ' 

,) 

Next, we present the energy decomposition of. the elementary parton-parton subprocess . 
Using Eqs. (A4) - (A7), it can be shown that · 

X1X2 = µll½ "." A1A2° + -\a (A8) 

and 

x1x2 = ( J.x1.X2 + J.x1.X2 +-'o)2 + ( J.x1x2 - J.x2x1)2. (A9) 

The relation reflects separation of the _ transverse and longitudinal degrees of freedom. 
The corresponding decomposition of the energy takes the· following form 

Bz=B).+sx+2soor+sg. {AlO) 

The first and the second term are squares of the energy terms given by Eq. {29). 
They represent the parts of the transverse energy of the string which correspond to 
the inclusive particle and its recoil, respectively. As, Eq. (AlO) is quadratic, the third 
term, 

Sa,r = (J.X1x1P1 + J.x2x2P2)2, (All) 

accounts· for correlation between the two parts. Neglecting masses M;x; in the expres­
sion {28), we get. the relation for the total transverse energy 

E.1. = s1j
2 + s~2 ~ ( J .x1.X2 + J .x1.x2 + -'o)../si. (A12) 

and 

E.1. ~ Jq'i +mi+ Jq'i +mi+-'asA ~ Jtl +mi+ Jtl +~. (A13) 

The last term in Eq. (AlO), 

su = ( J.x1x2 - J.x2x1)2(2P1P2), (A14) 

is square of the momentum of the elementary string representing its longitudinal mo­
tion. According to this construction we divide the full phase space into two asymmetric 
hemispheres corresponding to the proton and nucleus parts, respectively. In such a way 
the energy of the elementary parton-parton subprocess can be divided to the energy 
released to the transverse direction and the energy flowing longitudinally with respect 
to boundary !;>etween the two hemispheres. The boundary is given by the equation 

X• .X1 
X2 = .X2· 

(A15) 

For the sake of simplicity, let us consider the case of -'a ~ 0 when illustrating the 
relation. Using Eq. (A8) and the definition of X;, we can write Eq. (A15) in the form 

.X1 
.X2=--­

a - 2.X1(a -1)' 
(A16) 

The variables .X; can be expressed in terms of the relative momenta Q = q/qmaz , 

.X1 = Q+Q. 
2 ' 

.X2 = Q-Q •. 
2 ' 

(A17) 
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which is good approximation for the particles with small masses. 
expressibns into Eq. (A16), we get 

Q- Q. =Qi. 
V 

Substituting the 

(Al8) 

The v is the velocity of the recoil object and is given by Eq. (35). Since the right 
hand side of the last relation is· ,non-negative, there exist a limiting angle 0(u) which 
is determined by the relation 

cos0 = v (Al9) 

for any given resolution u. The angle defines the cone separating the proton and 
the nucleus hemispheres in the region of small relative transverse momenta QJ_. The 
partition in the (QJ_,Q11) plane is_ depicted _in Fig. 8 for the values of iJ ~ 44.4° and 
0 = 16.4°. The numbers correspond to the illustrative examples for u = 6 and u = 48, 
r~spectively. As . bulk of. the produced particles at high energies relates to the small 
values of Qj_, the angle given by Eq. (A19) form the boundary between the proton 
and nucleus hemispheres for most of the secondaries. When approaching the full phase 
space limit, the boundary deviates from the cone' ·and bends towards 90° a.5 shown by 
thick lines in Fig. 8. The · deflection is the effect of finite size of the pha.5e space. 
The dashed and dashed-dot curves show the hemisphere boundaries for given values of 
u. The curve for u = 1 represents proton-proton (or generally equal mass M 1 = M2 ) 

collisions. In the case of .the proton interactions with heavy nucleus, the boundary 
tends to the value of A1 = 1/2 which corresponds the asymptotic value u = oo. The 
parts of the hemispheres which do not depend on the resolution u are given by the 
relations 

A1 :S A2 => A1 :S X1; X2 :S A2- (A20) 

A1 2: 1/2 => ,\1 2: x1; X2 2: A2. (A21) 

Finally, we will examine the limiting case when the resolution u tends to infinity. 
We consider the following situation 

81---+ 0, 82 = 8. (A22) 

First, let us note that for given A1 and A2 the x1 (x2) is increasing (decreasing) 
function of u, or equivalently 

Using Eq. (10) - (13) 

and 

0µ1 OW1 0µ2 OW2 
µ1- 2: Xi-, µ2- :S -x2-. ou ou ou ou 

and performing the limit u ---+ oo, it can be showri that 

X1---+ 1, X2---> x = A2 + Ao 
l-A1' 

fl---+ m(l - x)0
• 
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(A23) 

(A24) 

(A25) i 

With thP neglect of masses, :c turns into the Bjerken variable 

A2 +Ao 
x=--~ 

l-A1 

l(Pi _ q)2 Q2 
2 =---

(P1P2) - (P2q) 2P2Q' 
(A26) 

where Q is the transferred momentum between P1 and q. The corresponding expres­
sions for t11e derivatives of z are given in the Appendix B. 

7 Appendix B .. 
The inva.rim1t differential cross section for the production of inclusive particle is 

norm,ilize, I as 

J da 2 
E dq'ldT]d qj_ = a,nel < N >, (Bl) 

where a,,.,i is the inelastic cross section and < N > is the average multiplicity. Th('· 
inclusive cross section can be·expressed in terms of the variables At and A2 in the way 

da 
Edq3 = 

l ✓(P1P2)2- Mf MJ. . d2a 
21r [(P1P2) - M,M2]2 dA1dA2 • 

(B2) 

In the re!-';ion of high energies, the relation can be written in the approximate form 

Eda _ I d2a 
dq3 - - 1rsA dA1dA2' (B3) 

where s is square of the center-of-mass energy for the corresponding N N collision mHI 
A is the nucleus mass number. We suppose that the inclusive cross section is given 
by solution (17) as a function of a single variable z = z(A1, A2). In Eq.(18), we have 
chosen y a.~ another independent combination of A1 and A2 . Relation between the y 
mHI the N N center-of-mass (pseucio )rapidity T/ cm1 be written as 

1 
y=r1--lnA 

2 
in a high energy approximation. Using the variables, we get the normalization 

J d
2
a · j d2a j 

dA1dA2 dA1dA2 = dzdlzdy = a,,.c1 PATJ)1/J(z)dr1dy = a,,uel < N >, 

(B-1) 

(I35) 

where P.A(11) = d < N > /dy is the average multiplicity dcrn1ity· of·pa.r-t;icles· pi·mluc('li in 
pk collisions. The fnnction 1/z(z) is normalized to unity 

1.:n -lf;(z)dz = 1. (136) 

Aromlin!-'; to the choice of Eq. (28), we have z,,.,,. = 0. The 1/J e.an be cxprnsse1i in 
terms of the inclusive cross section · 

'1/;(z) = - 1rsA .1-1 Eda 
PAl1,,.e1 dq3' 

(I37) 
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where 

1 
_ 8y 8z · 8y 8z 
- 8A1 8A2 - 8A2 8A1. (BS) 

Next, we present the expressions for the partial derivatives of z. As the variable 
has the form given by Eqs. (27), (28), (29), and (8), one gets 

!1p(s) :;
1 

= [A1M; + A2(P1P2)]st12 

[ 
8x1 2 8x2 2 ( )] --1/2 + X1 8A1 Ml + X2 8A1 M2 +. A2 PiP2 sx 

( 1 8x1) (,5iEj_in ·M) 8x2 (c52E1_'n M) + +- --- I +- --- 2 
8A1 1 - X1 8A1 1 - X2 ' 

(B9) 

!1p(s) :;2 = [A2Mi + A1 (PiP2)]s; 112 

[ 
8x1 ,12 · 8x2M2 , (PP.)] --1/2 + Xi 8A2 1' I + X2 8A2 2 + Aj I 2 sx 

8X( (c51E1_'n ) . ( 8x2) (c52.E1J_in ) + - ---M1 + 1+- ---M2 • 
8A2 1 - X1 8A2 1 - X2 

(B10) 

The derivatives of X; satisfy the relations 

8x1 -1 ( 8µ1 8w1) 
8A = (x1 + wi) µI 8A - Xi 8A. ' 

J J J 

8x2 ( )-1 ( 8µ2 Dw2) . 
8A

1 
= X2 - w2 µ2 oAJ + X2 oAJ . (B11) 

The derivatives of w, are given in terms of A1 as follows 

8w1 
8A1 
8w2 
{)).,I 

(o: - l)A2 
2(1- A2)' 
(o: - l)(A2 + Ao) 

2o:(1- Ai}2 ' 

For the derivatives of µ; it can be written 

8µ1 
8A1 
8µ2 
8A1 

o:(A2 - 2A1A2 - Ao) 
2µ1(1- A2) 

(A2 + -Xo)(l - A2) 
20:µ2(1 - Ai)2 ' 

8w1 (a - l)(A1 + Ao) 
8A2 = 2(1 - A2)2 

8w2. (a - l)A1 · 
8A2 = 2o:(1 - A1). 

oµ; o:(A1 + Ao)(l - >-1) 
0A2 = 2µ 1(1- A2 ) 2 

8µ2 A1 - 2A1A2 - Ao 
8A2 = 20:µ2(1 - A1) . 

(B12) 

(B13) 

We can neglect mass terms in the central region of collision for high QJ. and write 

2\!A02F,. 
z = !1-p(s) ' 
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Ao~ 0, (B14) I 

in the considered energy region. In this case the derivatives of variable z simplify and 
the factor (21) can be written as follows 

where 

g(>-.1, A2) = _4_ (1 + 81 A1 + xi/1 + O:zA2 + xd2] 
fl2/J2(s) (1- X1) (1- xi) ' 

f ·-' (2 - A2)X1 - OA1X2 
1 

- 2(x1 + w1)(1 - >-.2) ' 12 
= (2--:- >-.1)x2 '- o-1>-.2x1. 

2(X2 - w2)(l - >-.1) 

(B15) 

(B16) 

The formulae for the derivatives ·of z can ·be expressed in a more closed form when 
considering the case of the infinite resolution. Using Eqs. (A24) and (A25) we have 

8z 
flp(s) 8>-.1 

· 8z_. 
!1p(s) a>-./ 

1 ~ >-.i ( ~~: - M2) .+ [>-.1Mf + >-.2(P1P2)]s;
112 

[( ' )M2 (>-.1>-.2 + Ao) M2 , (Pp.>] •-1/2 + -'I - 1 . I + (1 - A1)2 X 2 + -'2 1 2 sx ' 

"'kin . 

1 ( c5EJ. ) · [' 2 ( )]·-1/2 - l _ Ai l _ x2 -:- M2 + _"2M2 + A1 P1P2 s,\ 

[
(>-.1>-.2 +Ao), M2 , (Pp,>] --1/2 + (1 - A1)2 -'I 2 + Ai ,1 2 sx . 

In the approximation of Eq. (B14), the factor g becomes 

· 4 ( c5x ) 
g(>-.i, >-.2) = n2p2(s) l + (1- >-.1)(1- x) . 
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Figure I. {a) Scaling function Hp(z) for the_ charged hadrons in central region 
produced in pp or pP interactions at vs= 19 - 1800 GeV. Detection angle 0 is 90° 
c.m.s except the data at vs= 63 GeV, where 0 = 50°; {b) The corresponding inclusive 
differential cross sections as functions of the transverse mass mL. Experimental data 
are taken from Refs. [39, 40, 41; -42, 33). 
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Figure 2. (a) Scaling function Hp(z) for 1r--meson production in the central and 
fragmentation regions at vs = 53 GeV; {b) The corresponding inclusive differential 
cross sectfons as functions of m-1.. Experimental data are taken from Refs. [41, 43]. 
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1r+-meson production. Experimental data a.re taken from Ref. [33]. 
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36opOBCKH 11. H ,np. E2-98-250 
Z-cKeifnHHr B npOTOH-MepHbIX B3aIIMo.neifcTBmIX 
npH Bb!COKHX 3Heprm1x 

l1ccne.nyeTC5I HOBbIH z-cKeHnHHr B HHKnl03HBHOM po)K,neHHH qacTHU B pA­
B3aHMO.neifCTBH.5IX. K0Huenum1 Z-CKeifnHHra 6a3HpyeTC5I Ha <pytt,naMeHTanbHbIX ¢11-
311qeCKHX npHHUHnax, TaKHX KaK npHHUHilbl no.no6m1, noKanbHOCTH, Macuna6HOH 
OTHOCHTenbHOCTH H <ppaKTanbHOCTH, OTp~aIOmHe 09m11e oco6eHHOCTH B3aJIMO­
.neifcTBIDI qacmu. CKeHnHHfOBrul <pyttKUIDI HA (z) Bblpll)KaeTC}I qepe3 HHBapttaHTHOe 

ce'leHHe Ed3a / dq3 11 nnoTHOCTh pacnpe.neneHIDI qacmu dN / dr] np11 1l = 0, onpe­
.neneHHOH B CHCTeMe ueHTpa Mace NN. l1ccne.nyeTC5I 3aBHCHMOCTb HA(z) OT CKeif-

JJHHfOBOH nepeMeHHOH z, 3HeprnH B CHCTeMe ueHTPa Mace is H aTOMHOro HOMepa 
x.npa A. I10Ka3aHO, qTo 3KCnepHMeHTanhHbie .naHHbie no Ce'leHIDIM pO)1(,neHH5I 

7t ±-Me30HOB B pA-B3aHMO,neif~TBIDIX no.nrnep)l(,naIOT CKeHnHHfOBbie CBOHCTBa HA(z). 

IIonyqeHHbie pe3ynhTaTbl npe,ncTaBn5IIOT HHTepec .nnx 6y.nym11x 3KCnepttMeHTOB, 
nnatt11pyeMhIX Ha x.nepHbIX Konnaif,nepax RHIC (BNL) 11 LHC (CERN), no nottcKy 
HOBblX <pH3HqecKHX XBneHHH B pp-, pA- H AA-B3aHMO,neiICTBH5IX. 

Pa6oTa BbIIIOnHeHa B Jia6opaTOpHH BhICOKHX 3Heprnif 0115111. 
IlpenpHHT 061,e/lHHeHHOfO HHCTHTyTa ll)lepHLIX HCCJie/lOBllHHH. )ly6ua, 1998 

Zborovsky I. et al. E2-98-250 
Z-Scaling in Proton-Nucleus Collisions at High Energies 

New scaling, z-scaling, in the inclusive particle production in pA collisions is 
studied. The concept of z-scaling is based on the fundamental principles such as 
self-similarity, locality, scale relativity and fractality reflecting the general features 
of particle interactions. The scaling function HA(z) is expressed via the invariant 

cross section Elf a/ dq3 and the average multiplicity density dN / dT] of particles 
produced at pseudorapidity TJ = 0 in the corresponding nucleon-nucleon interaction. 
The dependence of HA(z) on scaling variable z, the center-of-mass energy is 
and the atomic number A is investigated. It is shown that the available experimental 
data on cross section in pA collisions confirm the scaling properties of the function 
HA(z). The obtained results can be of interest for future experiments at RHIC (BNL) 

and LHC (CERN) in searching for new physical phenomena, in pp, pA, and AA 
collisions. 

The investigation has been performed at the Laboratory of High Energies, 
JINR. 
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