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1 Introduction 

Superintegrable systems on the two-dimensional hyperboloid were introduced and developed 
in the papers [l, 2, 3]. In distinction to the cases of two-dimensional Euclidean space and 
the two-sphere, the classification of superintegrable systems on the hyperboloid is difficult. 
To date only the four potentials studied in [3] and two more listed in [l] are known. In 
the present paper two potentials are considered, which were constructed in the work [l] but 
have not previously been investigated. These potentials both have only a finite number of 
bound states. At this point we have treated all the potentials that arise by restriction from 
hermitean hyperbolic space. We follow the approach of [3], which contains an introduction 
and motivation. 

The two dimensional hyperboloid is characterized via the cartesian coordinates w0 ,w1 ,w2 

where w5 - w; - w? = 1,w0 > 1. The requirement w0 > 1 means that we consider only 
upper sheet of the double-sheet hyperboloid. Throughout this paper we will consider the 
Schrodinger equation on the hyperboloid in the form (h = m = 1) 

HiI! = ( -~LiLB + V) iI! = EiI! (1) 

where V is a potential function and the Laplace-Beltrami operator LliB is written as 

LiLB = K5 + Ki - M;. (2) 

Here K3 ,K2 ,M1 generate the Lie algebra so(2, 1) {4, 5] 

(3) 

and 

(4) 

The Schrodinger equation (1) for V = 0 separates in nine coordinate systems [6]. Introduc
tion of a potential breaks the symmetry and, in general, reduces the number of coordinate 
systems permitting separability, usually to zero. We consider the following twci potentials 
(see Table), constructed in {1], for which (I)' is superintegrable. 

T<Lble 

Potential V(w) Coordinate system 
Equidistant 
Elliptic-parabolic 

V, _ c,2 -,2 +/32~ 
1 - ;:;r - (w0-w1)2 (wo-w,) 

Hyperbolic-parabolic 
Horicyclic 
Equidistant 

V - "2 + 2~ 2 - ;:;r "'f (w0+w1)2 

Semi-Hyperbolic 
( 2 132) ..,2_..,2 + a - (w~•+..,/')2 



Recall that (1) is superintegrable for a given potential V if it is separable simultane
ously in at least two coordinate systems. 

2 First Potential 

The first considered potential is 

2 2 + 
V, _ a 1 r:i2 Wo W1 

1 - - ----,,- + f-' 

- w? (wo - w1)2 (wo - w1)3 (5) 

where a, (3, 1 are positive constants. The corresponding Schrodinger equation admits separa
ble solutions in four coordinate systems: equidistant, elliptic-parabolic, hyperbolic--parabolic 
and horicyclic. 

2.1 Solutions of the Schrodinger equation 

1.1 Equidistant coordinates. In this coordinate system 

w0 = cosh r1 cosh r2, Wt = cosh r1 sinh r2, w2 == sinh r1 

[r1, T2 E (-oo, oo )] the potential Vi has the form 

0 2 I 
u ( ) - -- + -h2 v1 r1, T2 - sinh2 Tt cos Tt 

After putting 

(32 - 1
2( cosh r2 - sinh r2)2 

( cosh r2 - s.inh r2)4 

ITl(ri,r2) = (coshr1)-112S1(ri)S2h) 
we come to the system of equations: 

d2S2 + (-µ2 - 2(32e4ri + 2,2e2ri] S2 = 0 
drf 

d2 S1 [ 1 µ
2 

- ¼ 2a
2 

] - + (2E- -)+-.-2 -- -. - 2 - S1 = 0 
drf 4 cosh r1 sinh r1 

(6) 

(7) 

(8) 

(9) 

whereµ is the equidistant separation constant. The first equation (8) could be considered as 
a one dimensional Shrodinger equation for the Morse potential [9] and the orthonormalised 
solution is given by the expression: 

S2h) = S!t·µ>(z) = 2µf(m + µ + 1) e-z/2zµ/2 2F1(-m,µ + l;z) 
m!f2(µ + 1) 

2µm! e-z/2 µ/2 Lµ ( ) 
f(m+µ+l) Z mZ, z=v2fJc2r, 

2 

(10) 

\ 

\ 

\ 
\ 

\ 

I 
\ 

where L:;.(z) are the Laguerre polynomials [7]. The separation constant is quantized as ·. 

' ',_2 
'µ = -2m ..:. I + ../2()' [ 1 (__t___-1)] O ~ m;:; 2 .,/2() (11) 

The second equation (9) represents the modified Poschl-Teller equation [3, 8]. The orthonor
malised wave function is given by: 

S1(r1) = s~a,µJ(ri) = 
[(µ-:--- J2a2 + 1/4 - n)~(l + n + ✓2a2 + 1/4) 

2(JL_ - y__2a2 +1/4 - 2n - l)f(µ..:. n)n! 

• '+✓2 '+t/4 1 <✓2<>2+1/4,-µ) x (smh r1)2 a (cosh r1)2-µ Pn (cosh 2r1), (12) 

with n = 0, 1, ... [ ½ (µ - i - /2a2 + ¼) J, where p~a,/1) ( X) ~s the Jacobi polynomial [7]. The 

quantized energy is 

EN 
]_ . ' ' '. ' ' ' 1 ' 

--(µ,- J2a2 + 1/4 - 2n - 1)2 + -

2 --- 8 
1 (" ,2 )2 ' 1 

= -- 2N+ 2 + ✓2a2 + 1/4 - rn + -
2 v2fJ 8 

(13) 

wh~re N = m + n i~ the principal quantum number and the bound states occur for 

0 ~ N ~-[~ (;;(J - ~2a
2 

+ 1/4-2)] (14) 

The orthonormalized total wave function Wnm(r1,r2) is given by (7), (10) and (12). 
The symmetry operator describing this coordinate system is 

L1Wnm(r1,r2) - [I<; - 2(32 (wo + W1)2 + 2,2wo +w1] Wnm(r1, r2) 
Wo-W1 Wo-W1 

= (-2m -1 + ;;(Jr Wnm(r1,r2) (15) 

1.!_Hori<;yc/ic coordinates. In the horicyclic coordinates 

x2 + y2 + 1 x2 + y2 - 1 x 
Wo = 2y I Wt = 2y I W2 = y, (16) 

{y > 0, x E ( -oo, oo )] the potential Vi is 

Vi(x,y) = y2 [:: + fJ2(x2 + y2) _ 12] (17) 
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and the Schrodinger equation has the following form 

1 z[ 8
2 

2a
2 

2 2 8
2 

2 2 2J - -y - - - - 2/J x + - - 2/J y + 2-y \ll(x y} = E\ll(x y) 2 8x2 x2 ay2 ' , (18) 

Via putting 

\ll(x,y) = t/>1(x),/,2(Y) (19) 

it admits a separation 

ifl,t,1 [ 2(, ) 2 2 °2 l 
dx2 + 2 1 "1 + 1 - fJ x - xZ J ,p1 = 0 (20) 

ifl,/,2 [ 2( ) p2 2 EJ dy2 + 2 7 >-2 - 1 - y + y2 t/>2 = 0 (21) 

where ,\1 and .\2 are the horicyclic separation constants with the relation: >.1 + .\
2 
= 1. 

The orthonormalized solutions of the equations (20), (21) for (-2E + 1/4) > 0 are 

,/,1(x) = ,t,!.:•/'Jl(x) = n1 !(-./2/J)l/2 

r(n1 + ✓2a2 + 1/4 + 1) 

x e -~ ( ✓ V2fJx2)½+✓2a2+1/4Li,2a2+1/4( V2{Jx2 ) (22) 

,/,2(y) = ',t,t·l!>(y) = n 2 f ( -./2/J)l/2 

f(n2 + ✓-2E + 1/4 + 1) 

x e-~ ( ✓ V2{Jy2)½+✓-2E+!/4L:!,-2E+!/4(V2{Jy2). (23) 
The separation constants ,\1, .\2 are quantized as: 

, _ -.fifJ(2n + 120 2 + 1/4 + 1) -1; Al - 2 1 Y· 
7 

>. _ -.fi{J(2n + ✓-2E+l/4+1)+1 2 - ,2 2 (24) 

and according to the relation .\1 + .\2 = 1, we come to the energy spectrum as in (13). The 
operator characterizing the separation in horicyclic coordinates is: 

L21JJn,n2 (x,y) r( )2 2fJ2wi 2a
2
(w0 - wi) 2 

2] ( ) 
- I<2 - M1 - ( )2 - 2 + 2-y Wn,n

2 
x, Y L Wo-W1 w2 

- [2V2{J(2n1 + J2a2 + 1/4 + 1) + 2,2] 1I'n,n
2
(x,y) (25) 

1.3 Elliptic-pambolic coordinates. In this coordinate system 

cosh2 a+ cos2 0 
Wo = 2 cosh a cos 0 ' 

• ' 2 ' 
W1 = srnh a - sin2 0 

2coshacos0 ' W2 = tanhatanO, 

4 

(26) 

[a> 0, 0 E (-%, % )] the potential Vi has thdorm: 

· cosh2 a cos2 0 [ 1 • • 2 · ·. . 
Vi(a,O) ·= . 2 2 J2(cosh2asmh a+,cop2,~,sm20), 

c.osh a - cos O : . . • 

/(cosh2 a - cos2 0) ·+ a 2 (-.-
1
-2- + ~)] 

. . srnh a sm 0 
(27) 

ThP Shrodinger equation is: 

1 Cosh2 a nis2 0 [ c"2 · · · ' ·· · · · · ' · " 2a2 
•· · · · · , '> 32 ·I 2 . h2 2 h2 . 2 ~) - -1 cos 1 a sm a + 21 cos a - -.--2-

2 cosh a - eos2 0 < a2 - smh a 

-. ' 

: ; ~:' 2 . ' • , . . ' -, 2 ] . ' . '· 
+ !2 -2/fcos20si,i20-21

2 cos2 0- s~;i,O l!!(a,O) = Rili(a,O) 
• ' • , '.. • ' ' '~, ':, • • : ',- ' . "{ • j ' I • l . 

(28) 
,.J ;, ) 

Putting for the wave function l!l(a,O) = S(a)S(O), after separation of variables we get two 
identical equations: ,, · 
I, I ' 

2 \ : . . . . -. 2 1 -,: 

d S(p) [ 2 2 . 2 2 2 2a 2/1' . ] 
-d- + >. - 2/3 cosh psmh p + 21 cosh p- -.-2- - --2- S(p) = 0 (29) 

p2 .• ,,., -smh p -.cosh·p '·, , .. 

where ,\ ,is the, ellippc-parabolic separatiOI( consta11t and p = a, iO. Afkr changing the 
variables X = cosh2 p ih"cq'. '(29); We obtaii; ·. ·\ ,, . ' ·- . \ , •' 

·,, 4x(x -1)-'-•+ 2{2x•-·l)-+ ,\ -f2{12:r(x - 1}'+2·ix -'-. --·· ~-~ S = 0 
d2S ·- dS [ ··-,. . . '2a2

• 2/~] 
dx 2 dx ,. · · :r·- t .r 

(30) 

Thus the rpgion. x, E [l, oo),in eq,, (30). bclongs.,to the waye funct,ion .S(a). an~l ,r,-E f0, I} to, 
the wave function ~(O). Putting._ , ,,, , ,. , ,.·•: 

,i'.,..' ·.; :\, 
s·(x') ~- (x - 1 r>c~·/'J,:/fic(x), 

,\ ; ,·• 

where 
·1 I.•: l ~ ,J ! ' '1. ; I • 

8 = -+- 0 1+ ! 11g· 
4. ✓2 8' 

.... , l "} i '. l"' 

we get 

d2 G ' . l[l + 4t. . I +1s ... 1/~] dG 
-2 \ + - --,--+-- -.- -
dx 2 x :i: - I ,/2 dx 

··1 1'R····1··• 
l=-+- -[~'+-

. 1, ,/2. 8 
• I ; .• ,t: t 

;,, •;, 

• i .(:H ).,. 

(:l2) 

(:l:l) 

!{ [2·y2 - 4/i( I+ 2(t +.,))/y'.2].r + "+ v'Z!:ltl + -11) + -1(1 + .,)1
} • _ + ) ' ' (, - 0. ,t x(:r- I •. 

If we now substitute 
' _J 

N 

G(x) =JJ(x - 0,) (:lt) 
i=J 

5· 



and take into account (32), we find that O; satisfies the equation: 

(

N 1 )· · · 2 
20;(1-0;). 80k-O; + ~ +2(1-0;)N+ v1;; O; 

k,¢i 

-,2 ~ 
+ ;./2,8 + V 2a.2 + 4 + l = 0. (35) 

The quantization for the-energy is given via: 

RR -,2 
+ 2a.2 +-+2N+2- 1o =0 

· 4 · v2/3 
(36) 

and we obtain the expression (13). The separation constant A is: 

S,8 N ( -,2 ) 2 4/3 ( r:-:T) 
A= ;./2 ~ O; - ;./2,8 - 1 + ;./2 1 + y2a2 + i -2-,

2
. (37) 

Thus the total so1ution lll(a,O) is represented as: 

q,Npq(a,O) = SNp(a)SN
9
(0) = (sinhasinO)½~J2a'+¼(coshacosO)~-J2a'+¼-2N-¾ 

N' 

·exp{- ~(cosh2 a +cos'20) }:g(cosh2 a -O;)(cos20-0;) (38) 

where p and g is the number of zeroes for the wave functions S(a) and S(O) in the regions 
{0, lj, {1, oo] correspondingly; and the total number of zeroes is N = p + q. 

Eliminating the energy E from equation (30), we see that the additional -integral of 
motion here is 

l { 2 lJ2 282 
2 4•2 L3WNpq(a,O) = 2 · cosh a<>i +cos O _,,,,2 - 2/3 {cosh asmh a 

cos2 0 - cosh a ,.,a = 
+ cos4 0sin2/J) + 2-,2{cosh4 a-cos4 0)-2a.2(coth2a -cot20) }wNpq(a,O) 

{-{1<2 - Mi)2 - K; + 2,a2(wo + wi)2 + Wi + 20.2 •(Wo - W1)2 
(wo - w1)2 W2 

2 Wo } 4-, --- WNpq(a,O) = AWNl"l(a,O). 
Wo-W1 

(39) 

I .,I Hyperbolic-parabolic coordinates. In this coordinate system 

cosh2b+cos20 sinh2b-sin20 
Wo = 2 . ho . f} ' W1 = 2 . hb .. 0 ' W2 = cothbcotO, filn ITTn ITTn ITTn 

(40) 

6 

[b > 0, 0 E (-f, rn the potential Vi has the form: 

Vi(b,O) "" 

The Shrodinger equation is 

sinh
2 

bsin
2 

0 [,82(sinh2 bcosh2 b + sin2 0 cos2 0) 
sinh2 b + sin2 0 

,y2(sinh
2 b +sin

2 
0) + a.

2 
( co!2 O _: cos~2 b) ·] 

1 sinh 
2 

b sin 2 0 [ 82 

2,82 . ih2 b h2 b 2 2 . h2 b ' 20.
2 - -- = ~ +-r= +---

2 sinh2 b + sin2 0 8b2 • cosh
2 

b 

a2 20.2 ] 
+ 

802 
- 2,82 sin2 0 cos2 0 + 2-,2 sin2 0 - cos2 O lll(b, 0) = Ew(b, 0). 

(41) 

(42) 

Putting for the wave fundion w(b, 0) = S(b)S(O), after separation of variables we get two 

identical equations: 

d2S(p) [T . · a.
2 

E ] ---:---d 2 + 2 -
2 

- /32 sinh2 p cosh2 p + -,2 sinh2 p + --2- + -.-2-- S(p) = 0 
p cosh p smh p 

(43) 

where T is the hyperbolic-parabolic separation constant and p = b, iO. After changing the 
variables x = sinh2 pin eq. (43), we come to the equation 

d2S dS [ 2a.
2 2E] ' 

4x(x + 1_)-d 
2 

+ 2(2x + 1)-d + T - 2,82x(x + 1) + 2-,
2
x + -.- + - S = 0. 

x · x · x+l · x 
(44) 

Choosing 

N 

P(x) = (1 + x)'x1e-ffr/:12 IT(x - O;) (45) 
i=l 

where t and s are given by the formulas (32), we obtain the energy spectrum (36). Here O; 
satisfies the equations 

W;(l+O;)(t-o 1 _ _f!__)-2(1+8-)N+;./2_2-,20- + 
k=I i - Ok ;./2 . ' . 4,8 ' 
k,f,i 

,.,2 R 
lo - 20.2 + - - 1 = 0 v~.B 4 · 

(46) 

The separation constant T is: 

S/3 N ( -,2 )2 4,8( c:-r) 
T = ;./2 ~ O; - ;./2/3 - 1 - ;./2 1 + V 2a.

2 + 4 + 2-,2, (47) 

7 



so the total solution W(b, 0) is represented as: 

q,Nlk(b, 0) = SNl(b)SNk(O) ,= (cosh bcos 0)½+✓202+¼(sinh bsin 0)~-✓20'+¼-2N-½ 

exp {-~(sinh
2
b-sin20) }g(sinh2b- O;)(sin20 + O;). (48) 

The total number of zeros is N, and k of them are located in the interval (-1, OJ and l are 
in (O,oo). 

Each solution 'VNlk(b,O) satisfies the eigenvalue equation 

L4'VN1k(b,O) = 1 { . h2 b a2 . 2 0 a2 a2( h2 b . h4 b . 2 --. -2- sill ab2 - sill 802 - 2,., cos sm 
Sill b+slll O , 

cos2 Osin4 0) + 2-y2(sinh4 b - sin4 0) + 2o2(tanh2 b + tan2 0)} 'VN1k(b, 0) 

{ (I<2 - M1)2 - J<J + 2132(wo + w1)2 - Wi - 202 (wo - W1)2 
(wo - w1)2 w2 

2 W1 } ) - 4, --- q,Nlk(b,O) = T'VN1k(b,O. 
Wo-WJ (49) 

2.2 Algebra 

Among the operators {Li,L2,L3 ,L4}, corresponding to the f«::iur separable coordinate sys
tems, only two are independent, as 

La = - L2 - L1, L4 = L2 - L1. (50) 

Consider the operators Ni, N2 and R where 

N1 L2 = Li, - 2 N2 = L1 = L2 - 2, , 

R = (N1,N2)=2{I<a,{I<2,M1}}-2{I<a,Ki}-2{I<a,Ml}+8[o;(wo~Wlr + 

2 ( W2 ) 
2J . 16f:/

2
w2 8,2w2 + /3 -- I<a + ( )2 (woI<2 - w1Mi) + --(M1 - I<2) 

Wo-W1 Wo-W1 Wo-W1 

We have 

(R,N2) 

(R,N1) 

4 [·,2 + 202 (wo -w1)
2 

_ 2132 1 + 2w? ] 
w2 · (wo - w1)2 

-8Ni - 64,82 H - 16,2 N2 - 32/32 N 1 + 16,82( 4o2 - 1) 

4{N1, N2} + 32,2 H - l6N2 + 16,2 N 1 + 16,2(20 - 1) 

8 

(51) 

(52) 

(53) 

\ 
I 

R2 8 176 2 2 2 2 2 2 2 

3{N2, N2, L1} - 3 N2 + 32,B N1 + 128,B H + 64-y H N2 + 128,B HN1 

(
128 ) ( 352 ) + 16-y2{N1, N2} + 3 + 25602,82 H + 64a2-y 2 - 3 -y2 N2 

+ (352 - 12802,a2) N1 + (12804,82 + 128-y402 - 128 o2/32 - 64132 - 48-y2) 
3 3 3 

where {A, B} =AB+ BA and 

{A,B,C} =ABC+ ACB + BCA +BAG+ CAB+ CBA. 

The integrals of motion N1 , N2 and JI generate a quadratic algebra. 

2.3 Interbasis expansion 

For a fixed value of energy, we can write the equidistant wave function (7) in terms of the 
horicyclic ones (19) as 

n1+n2 

'Vni,,,(x,y) = L W~','~
2
(0,,B,,)'Vnm(a,b) (54) 

m::;:0 

where n 1 + n2 = n + m. The connection between the equi.dist.ant. (a,b) and horicydic (x,y) 
coordinates is 

x = cb t.anha, 
1 . -i -~ 

Y - cosh a (55) 

Going over to the horicyclic coordinates in the left side of expansion (5·1), then considering 
the limit. I,-+ oo and using the asymptotic formula for Laguerre polynomials (7] 

x" 
Jim L:(x)-+ (-It:_ 

x-oo n! (56) 

we see that dependence on b cancels on both sides of (54). Now using the orthogonality con
dition for the angular wave fund.ions (12) WC find the followiug'cxprcssion'ifot the i111<·rliasis 
coefficients w:t::,: 

W,;';;:, = (-It m!n! v'2,B(µ - d - 2n - 1 )I'(µ + m + I) 1'(11 - 11) IJ'"" ( 
57

) 
n1!n2!µf(n1 + d + I )l'(n2 + d + l)l'(n + d + l)l'(p - d - 11) "'"' 

where 

11;;:2 1-
+oo , 

(sinh a) 1+2d+:!;,, (cosh a) 1- 2"-2m P,\d,-,;l(cosh 2a) da 
-oo 

(iiS) 

and d = J2o2 + 1/4. The,intcgr~l H~,;,n 'can be cvalu~t~~I hy e~pressi,;g the .Ja;·ohi polv-
nomial through the hypetgeomdric fu,i'~tion 2 /•1 (7): . 

p(r.,/3)(.)=(-l)_J(n+,8+1) F (-n,n+n+fJ+I[l+x) ("<J) 
n X '. J'(.fl + I )11! .2 I . .fl+ I I 2 . ,J. 

9 



Representing the function 2F1 as a series we come to a sum of integrals, each of which can 
be calculated by using the formula·(7): 

r 00 
• l (l +a ,8-a\ 

Jo (smhrt(coshr)-{Jdr= 2B -
2
-,-

2
-;, (Rea> -1, Re(a - {J) < OJ. (60) 

We thus obtain 

wnm _ (-ltJ mh/2,8(µ-d-2n-l)(µ+m)r(n 1+d+l) 
n,n, - 2 n!n1!n2!µr{n 2 + d + l)r(n + d + l)r(µ - n - d) 

r(µ)f(µ+m-d-n 1 -1) (-n,_n+d-µ+l,1-µ-ml) 
-'--'--;~=======c--'--3F2 l . 

Jr(µ-n)r(µ+m) . l-µ,2+n1+d-µ-m 

Alternatively, by using the formula (10) for the Hahn polynomials h~a,{J)(x, N). 

M<>,{Jl( N)=(-ltr(N)r(,B+n+l) F(-n;a+,B+n+l; -x1 1) 
n x, n!r(N-n)r({J+ l) 3 2 ,8+ l; 1-N 

we obtain the following expression for the expansion coefficients 

w:t:, = (-tr 
2 

m!n!,/2,8(µ - d - 2n - l)(µ + m) 
n1!n2!µr(n + d + l)r(µ - n - d) 

r(n1 + d + l)r(µ - n) r( d · .1) µ+m- -n1 -n
f(n2 + d+ l)r(µ + m) 

h~d,-µI(µ+ m + 1,µ +in...: d- n 1 -1), 

in terms of Hahn polynomials. 

3 · Second Potential. 

The second considered potential jg 

a,2 2 WoW1 (· 2 . 2) wJ - w; 
Vi = 2 + 1 ( 2 + 2)2 + °' - ,8 ( . 2 + 2)2 "'2 Wo WI Wo . W1 

(61) 

(62) 

(63) 

(64) 

where a, ,8 and 7 arc positive constants. The corresponding Schrodinger equation admits 
separable solutions in two coordinate systems: equidistant and semi-hyperbolic. 

3.1 Solutions of the Schrodinger equation 

2.1 Equidistant coordinat~s. In this coordinate system 

Wo = cosh r1 cosh r2, w1 = cosh r1 sinh r2, w2 = sinh r1, (65) 

10 

iJ 
1 

i 

'.) r 
' 
I 

t 
,} 

h, r2 E (-oo, oo )), the potential l,'2 has the form 

( ) 
a,2 1 a 2 - ,82 + 72 cosh T2 sinh T2 Vi T1 T2 = ---- + ------'-~~-----

, sinh2 r1 cosh2 r1 ( cosh2 r2 + sinh2 r2)2 (66) 

After putting 
ll!(r1, T2) = (cosh T1r

112S(r1)Z(r2) (67) 

we arrive at two equations: 

d2S + [-µ2 _ 2(a
2 

- fJ.2) + 72 
sinh(2r2)] S = 0 

dr:f cosh2(2r2) 
(68) 

d2S [ 1 µ
2

-
1 2a2 

] -2 + 2£--+--2_4 _____ S=O 
dr1 4 cosh r1 sinh2 r1 

(69) 

where µ is the equidistant separation constant. 
Let us consider the first equation (68). The substituon x = sinh 2r2 transforms this 

equation to · 

tP S dS I 2(/32 - a,2) - 72x] 
4(1 + x2) dx2 + 4x dx + -µ2 + (l +.x2) S = 0 (70) 

where the physical region is x -E (-oo, oo ). The equation (68) has three regular singularities 
in the point x = -i,i,oo and may be solved in term of hypergeometric functions. The 
solution of the equation (68)for a large lxl can be written as: 

S() A ( :-.-!i.e-l( +·)i+l F (a+b+l+µ b-a+l+µ l 2i) 
X = I X - 17 2 • X I 2 < 2 I 2 ' 2 ; + µ; j - X 

with 

+ A2 (x - i)-~-¼(x + i)l+¼ F (a+ b + 1 - µ b - a+ 1 - µ . 2i ) 
2 1 2 ' 2 j 1 - µ; -. -i-·x 

a2 = (b2)" = 2,a2 ..:. 2a2 + 1 - i"(2 
4 

.(71) 

(72) 

Let the separation constantµ be a·positive number (the equation (71) is symmetric with 
respect to the replacement µ -+ -µ). Then the second term in formula (71) behaves like 
!xi~ at oo and must be omitted. Thus for S(x) we obtain 

S(x)=A(x-i)-!¥-¼(x+i)l+¼
2
F

1
(a+b+l+µ b-a+l+µ_ . 2i) 2 ' 2 ,µ + l, -. -i-x 

(73) 

The hypergeometric function in equation (73) converges if x lies out of the circle Con Fig.l, 
defined by Ii - xj = 2, and converges on the circle C with the condition Re(b) < 0. The 
function S(x) exists everywhere inside C except the interval x E (-i,i] {see 1), since the 
hypergeometric function in (73) has a cut along the argument i~•x E (1, oo )). That means 
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lm(x). 

2i 

0 

· Re(x) 

-i 

Fig;1 

Figure 1: Domain of Convergence 

that the solution (73) along the real axes inside C in general is not a continuous function 
and may have a jump at the point x = 0. Let µs now consider the analytic continuation of 
(73) inside the circle C · · 

S(x) · = A{(x.:.:. i)i+¼(i+i)!+¼ · I'(µ+ l)f(-,-a) . . 
. f(b-a~l+I' )r(-b-a;-1+" )(2i) -+•t1

+e . 

F (a +.b + 1 + µ a+ b + l - µ . i - x) 
2 1 . 2 , 2 ; a+ l; 2i 

+ (x'- iri+¼(x + i)~+¼ : .. · . f(µ + l)f(a) ·• . . .. 
. , · · . f{b+a~l+l')fCb+a;-1+1')(2ir•+•2+1+,. 

F (-~+b+l+µ _:_a+b+l-µ_ , i-·x) }. 
2 I 

2 
· , " -a + 1 • -·-·- . 

2 ' ' 2i . (74) · 
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From equation (72) follow two possibilities 

a= b", a= -b". (75) 

Putting the a = b* (Re(a) = Re(b) < 0) we find that the first term in (74) represents an 
analytic function, while the second term is discontinuous at x = 0. [Note since the both 
terms in equation (74) transform to each other with replacement a -+ -a the choice a= -b" 
means that the first term in (74) is discontinuous while the second term is continous at 
:r = O.] Thus the sufficient condition for the existence of the continuous solution requires 
the relation 

Jl +a+ a·+ I = -2m, m = 0, I, 2 ... , [ a+~-+ I] , (76) 

so from (72) we have 

Jl = -2m- l + :n12(P - 2o-2 + 1 + J(2/P - 2o-2 + 1)2 + ,-,. (77) 

Finally, the orthonormalized eigenfunction of equation (68) may be written in the form 

Sh) (-I)ilf'r(-a) 
(-2m - a - a•....: l)r(-m - a·) 

,rm!2«+•'+1J'(-m - a)l'(-m-'- a -a·) 

(1 + i sinh 2r2)!+¼(1 - i sinh 2r2)"r-+¼ 

( 
• I + i sinh 2r2) 

. 2 F1 -m, m +a+ a + I; a+ l; 
2 

(-l)T (-2m - a - a• - l)m!I'(-11;1- a)l'(-m - a·) 
,r2•+••+1 r(-m - a - a·) 

•+ 1 •• I ( ') (1 +isinh2r2) 2 •(l -isinh2r2 )"2+,pn;·• (-isinh2r2 ) (78) 

where 

a = 
2

1
f { - ✓ J(2/12 

- 2n2 + I )2 + 1 4 + 2/J•2 - 2o2 + I 

+i /J(2/P-2o2 + 1)2 + 1 4 -(2/P-2o2 +I)}· 

The second equation (69) is quite like (9) and has a solution: 

Z(ri) = S~0
•
1'l(ri) = 3(11 - .J2o-2 + Jf,J -2n - 1)1'(11 - 11)11! 

I'(p - J2n2 + 1/1 - n)J'(J + n + J202 + 1/-1) 

X (sinh r1 J½+✓20'+ 1 l·1 (rnsh r, )½-,, l'~"·-,,)(cosh 2r,) 

13 
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with n = 0, 1, .... 
The quantized energy is 

E = --(µ - J2a2 + 1/4 - 2n - 1)2 +- = -- 2N + 2 + J2a2 + 1/4 
1 --- 1 1{ 
2 8 2 

- ..!......:J2(32 - 2a2 + 1 + J(2/P - 2a2 + 1)2 + 1'4 }

2 

+ !, (80) 
~ 8 

where N = n + m is the principal quantum number and the bound state occurs for 

0 :SN$ [:SJ2,a2 -2a2 + 1 + J(2/P-2a2 + 1)2 +1'4 -½J2a2 + 1/4- 1]. (81) 

The additional operator describing this coordinate system is 

-[ ,2 2 2 (wJ-w;)
2 

2WoW1(wJ-wn] L1'Vnm(T1,T2)= l1.3-2(a-(3) - 2--2 -2")' ( 2 2)2 'Vnm(r1,r2) 
' Wo + WI ' Wo + W1 

' 2 

= { 2m + 1 - ~✓2(32 - 2a2 + 1 + J(2/J2 - 2a2 + 1)2 + ")' 4 } 'Vnm(Ti, r2). (82) 

2.2 Semi-hyp~rboJic; _c_oordinates. Here 

wJ = _ (µ - e3)(11 - e3) + !, _ 2-([(µ - a)2 + b2][(v- a)2 + b2j] 
1
1
2 

2[{e3 - a)2 + b2J 2 2b (e3 - a)2 + b2 

2 WI 

2 -W2 -

(µ-e3)(11 -e3) _ !, _ ..!_(((µ- a)2 + b2][(v-a)2 + b2
)] 

1
!
2 

2((e3 - a)2 + b2] 2 2b (e3 - a)2 + b2 

(µ - e3)(11 - e3) 
(e3 - a)2 + 1J2 

{83) 

{v < e3 <µ],where sinh2/ = (e3 - a)/b and 2f is the distance between the focii of the 
semi-hyperbolas and the bases of their equidistants [6]. 

If we change variables according to 

wo = (s1 + s2)/~, w1 = -i(s1 - s2)/~, w2 = -isa, 

the Schrodinger equation becomes 

1 [ ( a a ) 
2 

·( a a ) 
2 

( a a ) 
2

] - s1--s2- + s1--s3- + S3--s2- IV 
2 as2 as1 as3 as1 as2 as3 

[ -E-!,(kf-¼ + k;-¼ + k]-¼)Jw=O 
2 s~ s1 s5 

14 

(84) 

(85) 

l 

with 

l ( 2 1) 1 2 2 ) i 2 ' l (k2 1) l ( 2 2) i 2 l ( 2 1) 2 2 kt - 4 = 4(/1 - a - 81' ' 2 2 - 4 = 4 /1 -a + fY ' 2 k3 - 4 = a . 

Noting 
w~ - w; - wf= s; + s~ + s; = l 

and considering eq.(85) we see that the problem we wish to solve using the real coordinates 
w0 , w1 and W2 is a real case of the corresponding problem on the sphere with coordinates 
s 1,s2 ,s3 and energy I':= -E. 

lriverting the relations (84) we have 

s1 = (wo +iw1)/../2, s2 = (wo - iw1)/V2, sa = iw2. 

Now choose elliptic coordinates on the complex sphere according to 

2 (µ_:.ei)(v-ei) 
Sl = ' (e1 -e2)(e1 -ea) 

2 {µ - e2)(v - e2) 
S2 = , 

{e2 - e1)(e2 - ea) 
2 (µ - e3)(v - ea) 

.S3 = 
(e3 - e2)(e3 - ei) · 

This choice of real coordinates µ, v will work for the real coordinates w,., k = 0, 1, 2 if we 
take e1 = e2 =a+ ib,a,b real and v <ea<µ. 

ln terms of the coordinates µ and v the Schrodinger equation has the form: 

4 { • . {a2
111 1 ( 1 1 1 ) aw] ,-- (µ-e 2)(µ-e2)(µ-e3) -+- --.+--+-- -

(µ - v) 8µ. 2 2 µ - e2 µ - e2 µ - e3 iJµ 

• {a2il! 1 ( 1 1 1 ) ail!]} -(v-e2){v-e2)(v-ea) --- --. +--+-- -
8v2 2 v - e2 v - e2 v - e3 iJv . 

+[(k; - !,) (e2 - e2)(e; - e3) + (k2 - !,) (e2-:- e;)(e2 - ea) 
4 (µ - ei)(v - e2) 2 4 (µ -e2)(v - e2) 

+(~_!,)(ea -e2)(ea - e2)] q, = _2EIJ!. 
4 {µ - ea)(v - ea) . 

(86) 

The separation equations are: 

[
d2il! 1 ( 1 1 l ) dw] (p - e2){p - e2)(p - e3) -.- + - --. + --+ -- - , 
dp2 2 . p - e2 p - e2 p - ea d.p , 

_!.[(k2- !,) (e;- e2)(e;- e3) + (~ _ !,) (e2 -e2)(e2 - e3) 
4 1 4 (.p - e;) 4 (p - e2) 

+ (k; - !, l:3 - e2)(e3 - e;) - 2Ep + >-] 1/J(p) = 0 (87) 
4 (p- e3) 

where p = µ, v. The operator L2 with eigenvalue A 1s 

-4 { [a2w 1 ( 1 1 1 ) aw] L21Tl =-- v(µ-ei)(µ-e2){µ-e3) -+- --. +--+-- -
(µ - v) 8µ 2 2 µ - e2 µ - e2 µ - e3 aµ 
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[a
2w 1 ( 1 1 1 ) aw] } ' -;-µ[(v - e1)(v - e2)_(v - e3) - + - -- + -- + -_ - -

< ; ' ', • ' ·av2
: 2 v-e:i v-e2 v-,e3 av 

[(k
2 't)(e(_:e2)(e2..'..;3)(_, ·': .-) , ,(k2 ,·· l:)(e2-i2)(e2-e3)·(,' . · )_ ·· 

- -- -'--"--~~~ µ+v-e + -- ~-~-~ µ+v-e 2 , 1 4 (µ - e2)(v - e2) . 2 . 2 4 (µ - e2)(v - e2) ·:!: •' 

· .. , 2 , i. ( e~ - e~) ( e3 - e;) ] 
--: .. ,·,,._,,.,. !, .. , ,i, j'" .,,., ,. ..+.(k3,,,4J('µ -'-''e3)(i/-1e3)·(11-t,v;-;--e3) .']',(8,$) .. 

)f,t•.•• ,'.1:•,' •-.}.'':1. ;iJ tJ :-.:'-'!'.. l·,\ ':tl~;{'I '[·."t'··.,1, ,q: •' ~,) :_::.1. ;, -l _ .ol . .',; ~-

In order to find the bound state solutions of this system in semi~hyperbolic ·system$ we first 
observe the identity -.: •;-; .. ,,: • , ., , ,., 1,·! 

s~ .$~ . Si 1 , ., (wJ-wi)(0; ':--11)-.2WQw1!> ,,w~ --+ --+ -- = ..<.......O'.-~'-'---:-c:-'-'-:-::---=--'- - --
0J - e2 0;-e2 0;-e3 , (0;-a)2 +b2 0;-e3 

,( .',i!!~1t;',:,,1;. •~-~ !•!''· •·~ .;, F'' •:,! 1 \•·O < ;,:;.'.P._,.,', ,,lf~.i• fc, ' ... ,, 

(µ - 0;)(v - 0;) 
· · ·- (0' ...;.'e*)(0· - e.2)(0· ->e3)' '•' · . - J .. 2 J .. ' J ," :·-

. ! i ~: • . . 
• . :1'.1: ',I ! I 

If we then lo~k for ;oiutions of the foriri 
\ ~ ' 

(89) 

ii "·:,•"··:-.-,3::·· :_.··:,¼:;-,:->.i•21,.• :1,·,•·s/···'.•.;,1_.2/"·.•:·•·.:,'·''• •.• ,:u 
k,+½ II ( S1 -,_ .. _2_ -f .......'.2.:.'.) _ . 

W == s - .. -.-. ,f> ,. , r., 1 _ •• _., , ~~-~-,·· t:\ ! ~· · ···'·•:,' II:ir.;i,,._ -0;-e2 ... 0J'>-'-62 .03, e:i 
l=l J=l 

,;l '. 

. (!idj. 
' ' 

···• ' f I 
1 

. : ' '' ~4' ! 

we see that the corresponding zeros .satisfy \the,equations 
' .,; .. \, • I • . \ • L . • • ~· . , 

N 

.,,,k~,+1.,+kd:+·k3+l_+'2;' 2 ~O. 
,,:, -., fm - e2 0m, e2,. 0m,,~ e3 #in {lrm - ()';) 

(91) 

For the energy F,·w_~ have' 1 i _ ,:,, •• - ~ '' ; ' 
_, } : ; ' i. . , ~ ~ 

. ~ = -:½(~N: +.2 + k1 + k2 + k3)2 + ~, 
,~.; .. , • .. :J°,\ ~ - ' \ ~-,\ :-

which coincides with the· f~rmul-~"(73), 'not~ (86). For the separation constant A we obtain: 

(92) 

·F. ,,•1\ .•i ·/ •-• :,., ;• 

A = -2[k1(e2 + e3) + k2(e; + e3) + k3(e2 + ei)) - 2[e3k1k2 + e2k1k3 + eik2k3) 
3 -.' :, . ._ ' ! · ' - , _q ' ·, -1 ., ..• ' · ' · : '· · . q, _:. l' 
-(e; +'e2 -P e3)'- 4e,ie3(k1 + 1) 2j (0 _ :; '- e;eJ(k2 + l) L (

0 
_ ) 

2 .. m=l ~ e2 m=l m e2 
• f • ·• P. l . I,\ 

• : ' q. : 1- ;.1. J 

4e2ei(k3'+ 1) L (Om_ e
3
)' 

m=l . ,. ,· 

(93) 

In terms of variables w; the total wave fu~ction i~ writt~n: 

1 1 -~t ', ·.:. Ji., ,•.,,••r-, .. '·.: , ·1 • !1 :q , 't, l , :, '-, ·.,· • : i.' 

iJ, = (Wo + iw1 \ k,+, (Wo - iw1)k,+, (iw )k,+½,_n [(wJ -w;)(0; - a)- 2wow1b .- -'::L)' 
: ,, .✓,2 1 . · . .,fi,. .. - ' ,2 ' ,,.J ··:s1: ' ·., '(0; -:-,a, )2 f- b2, h i -· O; - ea_. -,'. 

< . , • ' ' ' ~ 
·~ ,~ \ !. • . • : • ', 
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The algebra of second order symmetries for this potential is generated by the operators 

a )2 ( L k2 )si ( I 2 ) sJ Lk = (s -8 - sk · + - - • - + - - kk -3 
' •• 

61 -1 3 sJ 4. sr (94) 

for j, k = l, 2,3 and j =f Ii. The Hamiltonian of the system is expressed in terms of L;k as: 

1 1 
3 

3 
JI= -(L12 + L13 + L2j)- - L kf + -. 

2 2 i=I 4 
(95) 

The relevant generators in the real case we arc consicfering are then 

L12 = -J(f + (!- kf) (Jo-:- iw1)
2 

+ (-~ _ ki_) (wo + ~w1)
2 

4 Wo + lW1 4 Wo - IW1 
{96) 

L13 T(- M '/( )2 (t"/ 2 i 2)_ w? 2(wo + iw1 )
2 

- I - I 2 + > - 0 - -')' --~- + Cl: --
2 . 2- (w0 + iwi)2 w~ 

(9i) 

I · , 2 (' 2 2 i 2) Wi 2 (wo - iwi)2 
L23 ;:: -2 (M1 +il\2) +_ /J -o +-

2
1' ( • )2 +o 2_ . (98} 

w0 - zw1 w2 

The commutation relations and resulting quadratic algebra can then be deduced from the 
relatfons for the complex forms in terms of the L;;, It is easy t.o sliow that, t.he additional 
integrals of motion, corresponding t.o the sc,paration in equidistant. and semi- hyperbolic 
coordinates can be written as 

L1 = -L12 + /32 
- o:

2 (99) 

and 

L2 = c3L12 + e2L13 +.c1L32 - k;(c2 + C3- e1)- k~(c1+ c3 -c2)- k~(c1 + f'2 - c3) 

1 
+ -(c1+c2+e3). (100) 

,1 " 

The algebra for the operators (99), (100) is found in the work [l 1]. 
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AKOIDIH E. II ,up. E2-98-229 
CynepIIHTerpIIpyeMOCTb Ha .UByMepHOM rnnep60JIOH,!le 

PaccMaTPIIBaJOTC51 KBaHTOBOMeXaHII'IeCKHe CIICTeMbl Ha .UBYMepHOM rnnep6o
JIOH,Ue, ,uonycKaIOIUHe pa3,UeJieHHe nepeMeHHhIX 6onee qeM a ,uayx CHCTeMaX KO
op,UHHaT. HccJie,UYIQTC51 He H3ytleHHbie paHee IlOTeHI.U,!aJibl, BBe,UeHHbie B pa6oTe 
C.TI.Eoepa, 3.f.KaJIHIIHca H TI.BHHTepHHQa. I1pIIBO.lJIITC51 npuMep Me)K6a3Hcnoro 
pa3JIO)KeJIH51 II Ha OCHOBe HflTerpanOB ,UBII)KeHH51 CTpOHTC51 KBa,upaTHqHM anre6pa. 

Pa6oTa BhIIlOJIHeua B na6opaTOpHII TeopemqecKoii qJII3HKII HM. H.H.EoroJII0-
6oBa QWJH. 

ITpenpttHT 06bemmeHHOfO HHCTHTyra ll)lepH!,IX HCCJJe)loBaHHU. ,lly6Ha, 1998 

Hakobyan Ye. et al. E2-98-229 
Superintegrability on the Two Dimensional Hyperboloid 

This work is devoted to the investigation of the quantum mechanical systems 
on the two dimensional hyperboloid which admit separation of variables in at least 
two coordinate systems. Here we consider two potentials introduced in a paper 
of C.P.Boyer, E.G.Kalnins and P.Winternitz, which haven't been studied yet. 
We give an example of an interbasis expansion and work out the structure 
of the quadratic algebra generated by the integrals of motion. 

The investigation has been performed at the Bogoliubov Laboratory 
of Theoretical Physics, JINR. 
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