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1 Introduction 

The problem of a complete description of jet-like processes becomes important 
because colliders and detectors are now able to work with polarized particles. Be­
sides, jets formed by 2 and 3 particles and described in QED reactions of the type 
ee -+ ( e11 )e, ee -+ ( eee)e provide a realistic model for hadronic jets and that is, 
in particular, a motivation of the present paper. Processes of the type 2 -+ 4 for 
peripheral kinematics, such as . •. 

ee-+ ( e-y)( e1), ee-+ ( eaa)e, ;; -+ a a, bh 

were in details considered in a series of papers [1, 2, 3]. Here we study the double 
bremsstrahlung (DB) in one direction. In the unpolarized case this process was 
investigated in papers [4, 5] where the expressions for differential and total cross 
sections in leading logarithmical approximation were obtained. In this work helicity 
amplitudes of the DB are calculated. Electrons are supposed to be ultrarelativistic 

.. (having energy E » m) and the terms, which give small (of order m 2 I E2 compared 
to those of order unity) contributions to the total cross section are systematically 
omitted. The process 

e-(pt) + e±(P2) -+ e-(p~) + 1(kl) + 1(k2) + e±(p;) 

of two real photons emission in e-e± collisions is described in Born approximation 
by as much as 32 Feynman diagrams (FD). 16 scattering-type FD are relevant in the 
kinematics of forward scattering at high energies. Indeed the main (non-decreasing 
with energy) contributions to the total cross section arise from FD which have the 
spin 1 (photon) state as an intermediate of the crossing channel [1]. Since we are 
concerned to the case when both photons are emitted along electron (pi) direction, 
only 6 FD out of 32 correspond to our problem. 

2 Determination of the amplitudes 

Extracting the factor e4 = ( 4<.a. )2 we can represent the matrix element in the form 
(for definiteness the Moller scattering process is considered, see Fig.l ): 
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Figure 1: reynman diagrams for double bremsstrahlung in ee. ee scattering 
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M ee-->(e--n)e 9PPt -I . -I 0 ' 1'1 (k ) 1'2(k ) = ~u21Pu2 • ul Pt~>tMule 1 e 2 , 

k = P; - P2 = P1 - p~ - k1 ,-.k2. 

(1) 

In calculations the well-known Gribov's decomposition of the metric tensor entering 
the virtual photon Green function-is used -:, 

: l 

1. 2c ·~ - I) 2_ I 
gPPt = 9pp, + -; PPPp, + PPtPp ~ ;PPPp, 

rn2 

fi = Pl- -p2, 
s 

I m2 " . 
P =pz- -pl. 

:s 

(2) 

Here gf;p, mea:ns the metric tensor with non-'--zero components in transverse to the 
beam axes direction, fi and p1 are almost light-like vectors with, componen~s fi = 
c:(1, 1, 0, 0), p

1 = c:(1, -1, 0, 0) (we work in the center-of-mass (ems) reference frame 
where p 1 +P2 ·= 0). r 

Contributions to the cross section arising from the dropped. terms in the above 
formula are suppressed by the factor of m 2 Is « 1. And subsequently we w'ill 
systematically omit all the quantities of such order. 

Sudakov's dec'omposition of the 4-;vectors is very convenient in analysis. Let us 
write down these expressions ~or photons momenta: 

k1,~ = a.1,2P
1 + ~~.dfi + ki,2~ 

p
1kj_ = fikl. = 0, fi2 = PIZ ~ 0,. k2 = sa.f3 - J.:2' 

·. k' :l: a.p1 + {3fi '+ kl.,1 
'(3) 

·':i· 
s = 2PlP2 » m · 

The on-shell conditions .for inco~ing ~nd ~~tgoing parti~les give:· 

<p 1,2 
sa.12 = --, 

' Xt,2 

: '. :. , i -,,,' . : .,: , ., ,. 
s(a. + a.1 + a.2) =- L). [m2(1-_L).) + (k + k1.+ k2)2], 

• •r • .r,. •, ,. .. ' I 

(4) 

where k, k1o k2 are the two-dimensional euclidean ve~tors perpendicular to the beam 
(Pl) axes. The quantities x1,2 and L). = 1 _'X! - ~2 can be interpreted as' the energy 
fractions ofthe emitted photons,and the scattered electron• 

k;o. ,; 
Xi= -;-•, 

L).- P;o 
c ~ . '~ 

and supposed to be x; "' L). ..v 1. After excluding ."nonphysical" components a.;, a. 
the kinematical invariant~ take the following form: · · . · · 

2 2 1 2 2 · · -2 · -(p1 - kt). + m = a1 = -;-(m x1 + k1), . 
X! . . . 

' , , ,. , 1 , ·' '• ' . 
-(pl - k2)

2 + m2 = a2 = -(m2x~ + k~), 
Xz 

~ G()lt;u;.,:ria~n J;ll:n&iJT ~­
ml<!IJswx flCcJJe.;:;~~illl 1! 6£-15Jl~OT~KA . ...._.,. ---.. -

) . 



( 
I k )2 2 , I ' 1 ( 2 2 -2) p1 + 2 - m = a 2 = ---"A m x 2 + r 2 , 

x2u 

( 
I k )2 2 I 1 ( 2 2 -2) ( 5) p1 + 1 - m = a1 =---"A m x 1 + r 1 , . 

XtL..l. 
1 2 2 , 1 [ .. 2 ,, -2 -2 

-(p1 + k) + m = d = -- x1x2(1- .6.)m + x2(1- x2)k1 + Xt(1- xi)k2 
XtX2 

+2x1x2k1k2) 

(PI - k?- m 2 = d1 
= ~ [x1x2(l • .,- .6.}m2 + x2(l - x2)(k1 + kxt) 2 

X1X2L.l. 

+x1(1 - xl)(kz + kxz? + 2xlxz(kt + kx1)(kz + kxz)] 

f 1 = xi.(k; + k) + (1 - x2)k~, f2 = xz(kt + k) + (1 - xt)k2 • 

In kinematics of a jet moving close to p 1 direction euclidean 2-vectors k;, k have 
typical magnitude of a few electron masses. 

, Using the on-shell condition for the spectator (positr_on in Bhabha and electron 
in Moller scattering) 

P~2 = (P2 + k? = m 2
, so:[J- P + sf3+ m 2 o: = 0 

we put the momentum transfer squared (the 4-momentum of virtual photon k) in 
the'form: 

d 
so: = .6;. k2 = so:[J- p = -1 ~ o: (P + m2o:2)' 

. 
(6) 

From the above it is clearly seen the physical meaning of the "nonphysical" Su­
dakov's parameter a., Namely, it relates to the invariant mass squared of a jet 
generated by the scattered electron and two accompanied photons: 

(Pt - k)2 = (p~ +. k1 + k2? = m 2
- P- so:= s 1• 

Let us introduce helicity states of fermions and photons in jet kinematics [4]: 

U _ yv+ U +1 _ 
( 
~ ) . ( e-i4>12 ) 

u (p)- u,JL w ' w - ~ei4>/2 ' 

u = 2-X = ±1, (} « 1;" c± = c ± m, 

where u ·denotes helicity states of fermions. 

-1 = ( -~~-i.P/2 ) 
w el4>/2 ' 

'Eu.\(p)u.\(p) = jJ + m, 
,\ 

(7) 

(8) 

Gauge freedom in choosing photon polarization vectors permits to pick up them 
in such a way that they won't have the Sudakov's projection on p: 

e~(k) = o:~p' + el, '1 1 
el.=-(e +' ) V2 x 11Jey = e'~. (!l) 
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Using Lorentz condition c(k)k = 0 we fipd: 

')(;1/k, •) 

sae(k;) = ~ = 0 (o,,.l\i + o'l,...:.l\i). \i = k;x + il<;y. (10) 
.z, v L; .• r, ~ 

We further exploit. the freedom in. choosing the general phase factor by putting 
¢ 1 = 0. Then {2, 8, 9) give for the matrix element 

•) I I 

J\1'~"12 = __::_f1
1

"
2 ]3tt"2 

• fi.'"' 0 u"' · p' · e'~ 1 (k )e'~2 (k· ) Ota; ,o2u~ ._'>k2 2 2 1 71JLJJL2 1 71 1-'1 I J-1 2 2 

2s I '12 1/ 1 . 

= k20u2u~~Mu,u;· , (11) 

Let us concentrate on .:\11'~2~; and choose u 1 = +I bearing in mind that the case O'Jvl 

u 1 = -I can he obtained by applying the parity conservation relation .\11;!2 ;;; = 
' ,·, ', .' '! . : 1 } 1 1 r, M=;!

2

,·=~;. One 1vill sec· that only 7 non-zero helicity amplitudes exist.. In the above ' I 

formula the quantity p;101/1, 11,2 e~: e~~ can be represented by FD: depicted in Fig.! 
and the corresponding amplitudes read: 

M=(I+P12 )Q, Q=M1+M2+M3 
I , , 

M1 = -;/t~P1

(PI- k1- k2 + m)ez(PI- k1 + m)c1u1, 
al , . 

A .I I -I '. ( k k .. ) '( . JVl2 = ---, u 1ez P1--: '1- · + m p, PI- k1 + m)e1u1. 
alaz , • 

M3 = -d
1 ii~e2(J11 - k1- k +·m.)ei(PI - k + m )p1

uh 'ai 
. ' . . 

where the permutation operator P 12 is defined as 

P1d(k1, x1, 171; kz, x2, 77z) = f(kz, ;rz, 112; kt. J't. 111 ). 

(I2) 

L 

We note at this point that the quantity fi~ Q1/11/2 11 1 is gauge invariant regarding 
virtual photon gauge transformations. This means that it. tends to Z<'ro when"tlw 
limit k1. -t 0 is taken. Only (I ;1- Pl2)u~Q'I 1 ,12 11 1 is gauge invaria;1t regarding all 
three photons gauge transformations. The latter prop<'rt)' ·ca.n b<• conc<'ived from 
the gauge condition ' 

. . ·. -~ . kli ' 
k~·-'o -( l+k )1'-'0 -o 1-IQ. - -.:!:.-IQ.. (J'l),. u1 11111 - ap 1. ·111 11 111 - =::::} p1,tt1 1,111 - - . u1 1

,IIJ. . . ,, 
. ' n 

We now convince that the property ( I3) ( Q "'. k1.) can be inferred from ( 12) PXplic~; 
itly .. Rearrange for this aim M; in (I3),using the Dirac equatimi; dropping hdicity·: 
state indices, and cast it down to tlu• following form:. 

s.6. I • . I ' I 

M 1 = :--:-dii1e2(1>1 .- k1 +. m)c1u1 + --:-
1
ii1p l.:e2(1>1 - /.:1 + m)ci"I· 

a1 ·. · · · a1c · . 

5 



s(1-xt)_1 ( . . 1_1 1 
.. ( 

.tVh = 1 tt 1e2 p,- k, + m)e,u1 - -,u1e2p e1u 1 + 14) 
a 1a2 a

2 

1 -1 I. I( k 
--1 u 1ez,.;p Pl- ·, + m)e,u., 
a 1a 2 

s -1 ( s -1 1. -.~\113 = ,-d tt 1ez Pr- k, + m)e,u,- ,-d u1ez,.;e1ttr-az I a2 I 

1

1
d u~e2(P~ + k2 + m)c,kp1u,. a I 

2 

We see from the above that the last terms in the formulae for M~, M
2

, _,vt
3 

arC' 
~xplicitly proportional to k1. because 

•lk. •lk. p • = p '1.· ( 15) 

The sum of the first three terms also proportional to k1. since (see ( 5)) 

6. 1- x, 1 A,= -d1 -.--~- + 1 d1 ' a 1 a1a2 a2 
Ar/kl. -tO = 0. (16) 

Let us consider the sum of the second terms in the expressions for M
2

, M
3 

in (14). 
Using the relations (.5)) one gets: 

s(afl+kl.) sk1. flkZ 
---:---:c-----'- = -- + -. 

a~d1 
' a~d1 a~d1 

•I p 

a~ ( 17) 

From (15, 16, 17) one can convinced ,that the gauge condition 

M, + M2 + M3k-+o = 0 
I '•' 

is obviously fulfilled. For further consideration it will be convenient to present I: M; 
as a sum of terms explicitly proportional to kl. (hereinafter we drop hats): 

.. . . ' 1 Jc2 
L M; = u~ {A,.se2(PI - k, + m)e, + -dp1k1.e2(P1- k, + m)e,- ,-d e2e!]/ ~ 

. a 1 a2 
1 • 

J. . -1

8

d1 e2k1.er + ~e2k1.p1(p1 - k1 + m)e1 - }d1 e2 (p~ + k2 + m)e1k1.p1}u1. (18) a2 a,a2 a
2 

Here and in what follows we omit the terms in rhs, containing in the numerator m 2 , 

but; of course, keep those proportional to m. Subsequent calculations involve deter­
mination of sundry bilinear spinor combinations, which are given in the appendix. 
There, using helicity states of fermion and photons, all the necessary ingredients 
Pnt.cring (18) explicitly defined. Performing calculations we arrive to the result 

ich we represent in the form: 

M++- .s· 'IS..·'·(I + p ){A (2(1- xi) + 2 .. 2) 2(1- ii)xxt ++- vti'f' 12 1 X1X2 -x~ - I 

X1X2 Xt Xt(a1a2) 

6 

j 

1\ 
V(· 

l, 

)
. 

I' 
\ 

\ 

_ 2x(P2Xt + x1x2) ·} 
+ ( ldl) : ". X1X2 U2 

. { ( 2 2 • ·) .·· 2x*x~ · M:;::;: = sV/S.TjJ(1 + Pt2) •At XtXz x~x; + Xt6. Xtq - XI(atd) 

2 (xix_· . · x*q*)} +- --+ ' a~d1 x2 6. 

Mn = M!+(X~>XtiX2,x2) + M+±(x2,x2iX~>xt),_ 
+-c 17 { 2 • 2xx· M++ Xb Xti X2, x2) = sv 6.TjJ At--XtXz + -,--d

1 x1x2 a2 . (19) 

2x~x . 2 xzx*xi + x~xx2} 
( . ') + 'dl . . . ' Xt UtU2 a2 . X1X2 

' : -.. ; 

-+c c )· 17 { ( 2 ; 2 x~q·) M++ X~> x1; X2, x2) = s 1- x1 v 6.TjJ A1 --xtX2 + -~ 
X1X2 X1 u 

2x1x· 2 XP2} 
- Xt(atd) + xz6.a~d' ' 

M:;::= = 2msV/S.TjJ*(1 + P12){ A1 [x~ (1-
1x~6.~)- :>;] . 

1- 6. x· x1x*} 
----,-1 + --1 ' A , a2d 1 a 1a 2 

Mt:= = M!:=(x~> x1; xz, x2) + M:;:2:(xz, x2; X~> x1), 

M:;:~ = M:;:~(X~>XtiX2,xz) + Mf~(X2,xz;xi,xt), 
+- * .· · . Xt Xt XIX . . { } 

M+...:(Xt,XtiXz,x2) = 2msV/S.TjJ -AI C2xz + 6. q) +aid ' 

· -+c . ) _ 17 ·{· xz x2 x } M++ _ M+- XI> x1, x2 , x2 - 2msv.6.TjJ -AI x
1
6.X1 - 6. a~d1 , +- - 0, 

TjJ = eiq,;;z 
' 

q 
tP

2 

=- cBi6.' q =X+ XI + X2 Pi = r;_, t ir;y, j = 1, 2 .. 

Note that in (19) the explicit Bose symmetry between two phot~ns present: 

±± . • - ±±. 
M+±(XI> x1; X2, x2) = M+±(Xz, x2; Xh Xt), 

M!I(x~, x1; ~z, xz) 7' M+i(xz, x2; Xb x1)·. 

3 Checking the results 
• ~. ' - i 1 

(20) 

Useful check of the results obtained is the limiting case· when one of the photons 
becomes soft. For definiteness let us suppose that the second photon does. Then 
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( 
we-have: 

M'12~'=s..J2[o. (·-X2+P2)+o _ (-x2+P2)]· ou1 7J2 ,1 1 ,. 712, 1 1 x2 a2 a2 a2 a2 

:,j2(1'- x1) (-;~1 ) { 1/J(l- xr) [(D- D1)~:- D1x]ory,,lou;,t 

-m(D- D
1
)xt1ft*ory,,-lou;>t + .,PlD- D1)~:- D1x*]ory,,-lou;,I} (21) 

D
1 = m2xi + 1::;, D = m2xi +'ri 

We see that the amplitude factorizes in this limit. The sum of squares of the modules 
in the first ml!ltiplier agree with tli~ known accompanied radiation factor 

( 

_ 1 )2 'PI P! 
- P1k2 - p~k2 ' (22) 

whereas for the second multiplier that ~umlooks 

4x~; ;;12xr) [P DD1(1 + (1 - xt)2
)- 2~2(1- x1)(D- D1

)
2] (23) 

which agree with the sumrried over spin states matrix element squared of a single 
bremsstrahlung process [2]. ' 

Another verification com~s f~om the ide~tity that must have to be satisfied: 

2{1Mttl2 + IM++I2 t 1Mt+l2 + IM~tl2 + 1Mt=l2 + IM+!I2 + IM+=I2
} = 

Tr(p~ + m)Op.,p.2 (PI + m)Op.1 p.2 (24) 

We convinced in its validity by direct computations. 

4 Conclusions 

This work is a sequel of a series of papers where the helicity analysis of the processes 
"'I -t eeJ1Ji, eeee [3], ee -t ( q)(el) (6], ee -t eeJ1Ji, eeee (4] in Born approximation 
in the kinematics of a jet moving fo'rward was performed~ This specific kinematical 
condition provides the main contribution to the total cross section at high energies. 
We hope that the results obtained can be useful at the colliding beam facilities 
for the purposes of monitoring and calibration. of polarized peams. Besides they 
may provide an essential background in the de~~loped physical progra~s ai~ing to 
measure asymmetries of different types. 

8 

Appendix 

Here we give the> explicit expressions of the bilinear sp!nor structures entering matrix 
clement. V/e usc standard representation of the Dirac matrices: 

• 1 ( I a, ) ]J = c . : -a, -I · ( 
I 0 ) , · .( · 0 u ) 

'Yo ~ 0 -I ' 7 = . -u 0 · 

• ( 0 -au ) 
(Ll. = au 0 (2.5) 

In what foll~ws it; and 11 1 stand for the Dirac bispinors it"; (p; ), u"' (p1 ) ( afterwards 
indices a;,a1 arc dropped). We take throughout the paper 

a, =I, Ou;~±i = 0±. o,,,,±l = 02±, o,,,,±I =OJ±. 

Then the relevant bilinear combinations read (see (8,9, I0.20)): 

-1 I 
tt 1p u, 

-1 I u 1 e2e1p u 1 

-I 
u 1 e21. tt1 . 

-I 
tt 1 Czl.CJl. 11 1 

it~ e2l.ell.kll.p
1
u 1 

-1 I 
u 1e2p UJ 

u~ e2l.kll.p
1
UJ = 

sViSo+¢', 
-2s..fiSo2+ol-o+rf', 

rnA [ 1 - L\ i' } • J..l 01 -v .::L.J.02- k1o+ + m~u- r/• , .~ = <: 1, 

-2v!Lio2+ol- [-k1o_ + m I : L\ o+) ¢., 

[ 
I-L\ ] 2ViSo2-01+ k

10+ + 111~0- \Ir, 

s~o2_o_rf•*, 

-:sv'2Xo+o2+XI r/•, 
2s~o2+ol_o_ xr/•*, u~p1k1. e21.ell. u 1 

u~p1 

e2l.ell.kll. tiJ = 2s..fiSo2-o1+o- \.1 r/•*, 
. [ ' I-il,] */* U~ e2l.kl.CJl.UJ 

u~p1kl.ell.ul 

u;p
1 
e21.k1. CJl.lt! 

U~p1 
C21.k1. CJl.kll. U1 = 

2V'Ko2-o1- k
1o+ + m~u- _,If'. 

-s~o+ol-\*t/•, 
2.~../1So_o2-ol- x·r~··, 
2s..fiSo+o2+ol+XXIV', 
-2.~../ISLoz_oi+\V'•, it~ e21.cu.kl.7ltt1 

it~ r21. c2l.cukl.p
1
tt1 = 2sViS~+o2-oi+p;ktf•. 

9 
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Kypaes 3.A. n ,np. 
CnnpanhHhie aMIUIHTy)lhi .zvu1 npouecca .nBc 

-± . 
H3JI}"'eHllil B O,nHy CTOpOHY B e e -paccejjHJ 

BhiqncneHhi 26 cnnpanhHhie aMIUIHTy)l 
HaqaJihHhiX H KOHeqHhiX JiellTOHOB H <flt>TOf 
H3JiyqeHIDI B paccej!HHH Ea6a (Mennep) Ha 
,nBH:lKeTCjj B,nOJih HallpaBJieHllil ,nBHJKeHIDI 
pe3yJILTaT nposepjjeTCjj B npe,nene, Koma 
a TaK:lKe DYTeM cpaBHeHllil c BhiBe,neHm 
aMnnnry,nhi npouecca. 

Pa6oTa BhinOJIHeHa B Jia6opaTopnn Tel 

6osa OIDII1. 

npenpHHT 061,e)lHHeHHOro HHCTHyYTa ll) 

Kuraev E.A. et al. 
Helicity Amplitudes for the Process of Dou 

in Forward Direction in Small-Angle e -e± -! 

Considering small-angle Bhabha (Mi 
moving along electron direction, which p1 

section, we calculate 26 amplitudes for arbi 
and protons. As a check of the result obtai 
becomes soft is considered. Yet another test, 
amplitudes squared, is shown to coincide w 

The investigation has been perfon 
of Theoretical Physics, JINR. 
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