
gg -ts-6 
E2-98-156 

A.B.Arbuzov, E.A.Kuraev, B.G.Shaikhatdenov 

VIOLATION OF THE FACTORIZATION THEOREM 

IN LARGE-ANGLE RADIATIVE 

BHABHA SCATTERING 

Submitted to «)K3T<l> >> 



T'=r~.!'fi :;r~; ~··"',, 

·· V~Ath3.a.o. 
·of the Facto-

z_ifjlfrW~ 
Yt;;-

. ; ~ : ~ ·, ' 

,,..,,.? 

. ·;r 
! 

II 

'l : 

t 

\ 
t 
1 
~ 
\ 

'\ 

1· Introduction 

Large-angle Bhabha scattering process (LABS) has an important role in e+e- col­
liding beam physics[!}. First, It is traditionally us~d for calibration,. because it 
has large cross section and can be recognized easily. Second, it might provide an 
esscntiaf background In a study· of quarkoni~ physics. The result obtained below 
can be used also to construct Monte-Carlo event generators for Bhabha .scattering 
processes. 

In our previous papers we considered the following contributioris to the large 
a1igle Bhabha cross section: pair production (virtual, soft [2} and h<l.rd {3]) and two 
hard photons [4j. This paper is, devoted to the calculation of radiative corrections 
(HC) to a single hard photon emission process. We consider the kinematics essen­
tially of the type 2 -t 3, when all possible scalar products of 4-momenta of external 
particles are large compared to the electron mass squared. . . 

Considering virtual corrections,. we separate gauge-invariant sets of Feynman 
diagrams ( FD). Loop corrections, connected with emission and absorption of virtual 
photons by the same fermionic line, are called as Glass-type (G) ones. The case, 
when loop includes exchange by two virtual photons between different fermionic 
lines, are dubbed Box-type (B) of FD. The third class includes the vertex function 
and vacuum polarization contributions (fiT-type). We see explicitly that all terms, 
which contain square of large logarithms In( s/m2 ), as (well as those; which contain 
the infrared singularity parameter (fictitious photon mass >.), are cancelled out .in 
the total sum, where the emission of an additiomil soft photon is considered also. 

We note here, that the part·of general result which is connected with the scat­
tering type diagrams (see Fig:1(1,5)) was used to describe radiative deep inelastic 
scattering process (DIS) with RC taken into account in the paper (5) (we labeled 
it as the Compton tensor with heavy photon). Similar set ofFD can be used to 
describe the annihilation channel (3). 

The problem of virtual RC calculations at the 1-loop level is rather cumbersome 
for the process 

e+(p2 ) + e-(pt) -t e+(p;) + e-(p~) + 1(kt). (1) 

Namely, if at the Born level we need to consider 8 FD, then at the 1-loop level ~ 
we have as 'much as 72 FD. Besides, performing loop momentum integration, we 
introduce scalar, vector and tensor integrals up to 3 rank with 2,3,4, and 5 denom­
inators (a set of relevant integrals is given in Appendices A,B). Ahigh degree of 
topological symmetries of FD for cross section can be exploited to calculate the 
matrix element squared. Using it, we can restrict ourselves to the consideration of 
interferences of the B~rnlevel amplitudes (Fig.l(l-4)) with those, which contain 1-
loop integrals (Fig.l(5-16)). Our calculation is simplified since we omit the electron 
mass m in evaluation of the corresponding 'traces due to kinematical region under . . . 
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consideration: 
. ~ ' .. 

·~ I .. :.' 2 
s "' St "' -tt "' -t "' -u "' ::-Ut "' Xt,2 "' X t 2 >> m , 
s ·= 2PtP2 ,· ',t '= .:....2]J2p~ ,· -~ ;, -:-2PtP~ ~: ='= 2p~p; , 'J 

t1 = .:_2p;p~ , 1ft = -2~~p~ ~ .Xt,2 ~ 2ktPt,2 , X~.2 ·= 2k{b~.2 , 
.. ~ . ·. I 

.s + St + t.+ it+ u + u.1:= 0, s +-t+u = Xt• 

(2) 

i. ~, 

st + t+ ut = -xt. · t + Xt = tt + x~- (:l) 

We found that s9me kind of local factorization took,placc both for th<: C':- a))(l 
B-type FD: the leadi~{logarithmit contrib11tion to the summed 'o.:e(sJ)in stat<·s . .. - . . . . ... '• 

matrix element squared arising f~om .an interference 'of one of the four, ED at tlw 
Born level (Fig:1(1-4)) with some 1-loop corrected FD (Fig.1(5-16)) turJlS O;It to be 
proportional to an interferenc·e of the correspondinfamplitudes at th~ Bom Jpw~l. 
The latter has the form: · · · · 

E (4 )-3"'IMI2 161T(A'o A0---_.) 1T(A A' l · o = 1ra Lj t = -2 - r Pt u•Pt 11' • ·- r P2/uP2'YP 
: _, ., L 4r_,.y·- ... .. •. ; - 4 .. -' 

.. 16 ( 2 2 . 2 . 2 : < 

= --.-, u +ut +s +st),··. 
txtXt· . 

( 1) 

Oo (47ra)- LjMtM2 =- --+--+--+--3"' * 8( S St . 'U Ut ) · 
. _·.. . tt1 XtX2 X~X~ XtX~ X2X~ 

x .(u~+ui:+s2 +si), . 

fo = (47ra)-3 L Mt(M; +M;) = -(l + z).i_{- 4utX~ + 4u(st +t1 ~(8 + t) 
· · ist .Xt X2Xt 

2 . '· . '2 . . . . .·. -· . 
--[2suut + (u + ut)(uut +SSt- itt)]+-.-_ -, [2itUUt + (u+ ui)(mt1 XtX2 . · XtXt · 

A A 

} 
p; + kl . PI ..;_ kt - . . ' + ttr- ss!)J , Ou• = /p----:;--/J.t -~J.t---/p, On• = Ou•(p ++ p), 

At Xt 

where Z-operator acts as follows: 

A •' lPt ~.P:· 
Z = Pz t---t P2 

kt -+ -':..kt 

S f-'--7 St 
U f---t UJ 

t, it -+ t, it 

One can be convinced, that the total summed over spin states matrix elcmeut 
. squared can be obtained using symmetry properties, which arc' realized by means 
of the permutation operations: · · . · . 

EIM[2 = (47ra?F, (!}) 

(1 + p + Q + R)cp = 16 sst(s2 + si} + tttUZ + ti) + 1tttJ{1t2 + u;) 

( 

. · · · ' ' ·:ssttli · 

X ~+~ t lt. U U < ~ ~""· I I------+-- __ 1_ •' 
XtX2 XtX2 X2X; XtX' . X v' +X ··' ), <I>= Lu + Oo- lu. 

t l"-2 , 2:\:1 

F 

2 

\ 

~ 
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Fig. 1: G- and B-type Fey11m~.diagramsTor radiativeBhabhas~~ttering: 
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Fig. 2: Content of the notation for. Fig. 1. 
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Explicit form o( P, Q, R operators reads 

p 
t j ., ,, 

p~ ~ -p2, s~'si· 

·t.Htl 'l·p2H -:-P1 

.. • . ·• . I ' . ' 
ki -t ki· u, ui -t. iL, ui ' 

•,' Q,= 

R= 
PI ~- -p~ . · s f:-----7 t 

. p~ -tp~ SI ~ti 

}:2, ki ~ P2, ki u, UI -t u, UI 

• 4 -~ 

P2 ~--P~ 
p~ ~ p~ 

Pil,ki -t PI,ki 

.... -. 

.).' 

.s·.f"":-+ tl 
,i!s 1 ~.l. 
ll, UJ.-t 11, 1lJ 

(fi) 

The differential; cross section at the Born level in the case of largc~angle kinemat-
ics (2) was .fouhd in .Ref. [6]-by'F.A. Bererlds et al., · · .. ' · 

.~~ ....... ,_ , .n 
. · 3 . d3 I d3 . I d3k {· 
'( ) _ a ·" PI P2 I (4) · 1 , 1 • 

do-a PhP2 .-, .32. 2 .F. .. I 1 .•• q (PI.+ P2- PI -p2 -r.l•I), 
•• ! • SIT .•. ··~ ' ' ci£2Wt · · ·. ·. • ' . . . (7) 

where £ 17 c:2 , and Wt are the energies of outgoing fermions and photon, respectively. 
The collinear kinematical regions (real photon is emitted along the direction of one 
of charged par'ticles) corresponding to'the 'case when one of invariants X;, x:' of order 
m

2 gives' 'the ;rriain; contributi~n to the: total cross section. They require separate 
investigation,. and will be consiaered elsewhere .. 

Our pap~r is organized as follows. In Sect. 2 we con~ider the contributi9n due 
to the set.ofFD Fig.l(5-8) called hereas glasses (G~type diagrams).· Using the 
crossing; symmetry we construCt; ~he, whole G~type contribution from the gauge 
invariant set of FD drawn in Fig.1(5): Moreover, only the set of FD depicted in 
Fig.2(d) tan be considered in practical calculati<ms due to an additional mirror 
symmetry of diagrams Fig.2{ d,e ). So, we start from a check of the ga\1ge in variance 
of the Compton tensor described by FD Fig.2(d,e) with alHermions and one of 
the photons on .mass shell., Jn Sect. 3 we consider .the contributi()n of amplitud<~s 
containing veit~~ f~nctions ~nd pol~riz'ati~~op~r~t~r· of virt~al photon sh~wn in 
Fig.1(13-15) and Fig.2(f,d). In Sect. 4 we take into account the contribution of 
FD with two virtual photon exchange drawn in Fig.l(9-12), called here as .hous 
(B~type diagrams). Again, using the crossing symmetry 6f FD,.wc show,how to usc 
incalculation~.oitly ,FD'Fig.l(9). 'Y~~show that the terms containing t_h(;,infrared 
singularities as well as the ones containing large logarithms can be writ.ten in a 
simple form, r~lated to d~finitecontributions to the r,adiative Bhabha c;oss S(!Ctlon 
in the Born approximation (4): We control also the terms in the tnatrixelement 

: squared, which do not contain large logdrithms ahd are infra~ed flnit.c~; Thus oqr 
con~iderat\on permi~s us to calctdate the cross section in the I(idematl(:alr~~gion (2), 
in principle, to the power accuracy, i.'e., neglectillg terms ofi.he order 

o(~mz L2)_·. 
7r s s. (8) 

as compared to the terms of order unity,' calculated in tliis paper. Not.1· that 
the terms in (8) are less than lQ-4 for a typical moderate high-energy collid!'I'S 

4'' 

{ll:\«<>Nk VEPP72~L BEPS) .. l 1iJfo(tunately. th~;:fo~m c>TtlwJJon:feading tenns is 
1.mJ :n;mi>Jica(Pd t'c~_hP )iJ'('H.<;Jlfed anaf~·f i{aJiy JhPref<;r<' \\'(.•. han' j><•rfornied onJ_v nu~· 
nlnicil!'Pst imalion ~if i h<·m. lr; Sc·d. :; ·,,.<' ('()J{:;ider <'mi:~sion of an add it ion~il soft 

. photiin in <>ur Jlnm•ss ofr·CidiativP Bhaf>h<; pn>~es~. _in.rondusion.we note that tlw . 
(;~q>rPssion f;>rl liP toL11 correct ion I a king ii•t <> atTouiJt virtual and real s!ifi plioi~i~~ 
<•mission in I Jw )!'a ding Jogarit hmic aj>prw..:ima.tion hCis a WQ: <'fegani and )~aJHJ_v 
fol'nL though do<'S 'riot·Jook as OIH' \\'OtiJd <'Xpecl in th~ app1;0ach ·ha~ed on n•Jior­
·ma)iz<lf ion gn)up idPas. lksides anhlxt ic <·xpressions, we give also it~ nuriwr_ical 
\'ahu·s along with tlw 1ion -leading I<'J'IIls for ~~ few J)oints in typic~! t'·xperimenlal 
coruli I ions. . . 

2 Contribution of G-type diagrams 

Wt> start now' by <·xplicit,J)• dwckiug.tlw gaug<' invaria.Itn• of I Ill' tensor 

1i(l'; )R7:;,u(nd. · (!J) 

This dwi·k wa~ donl' ihdiri;et.ly in t.iw 1iapc•r (:;J, \\;h.,n• Compton h•nsor with lll'cn·y 
photon was writtc;i1 ill .t.<:rms of <:x plicit ly gaug<·-'invariant. I (•n:;or stnJctun•s. \\'c tis<'· 
til<' following <'X(ir<'ssic>il: . · ',:. · , ,. 

. . . ... . . t 

f(.'', = }j\l +ll'•. .1.1 ·.. . ,.· .... ( IO) 

/{\1· = 01 _ . ;.. . · __ .. j· __ d-ll_:_.{ i.,(P; -'- k),cr(J~J :_ k{- i.·h,(fi. -i-1 h,, _, 
. n.., 11,, + . 2 . . . . .• . .. '(O)('.')( ) . . . . , ... . .. 
• ·:.·.:-; _17r,.; .··: ·-': ,,_,1 _.:. q '.'· ;_;,.•. ' .. ·-,- -~ I 

/.\(Iii~ i.:)/rr(Til .,... k1 - kh,,(JiJ - k);·'} . :; ; 
+ ·.- .· .. · . ·. (O)(J)(~)(q) . •. (I I) 

when··· 
·;··.1. 

. ). · 2 . 2 ) · · 1 
' I J.. · 2 ) ' I).'}. ' '2 . ' · (0 =.A: - >. , (~ =;: (p1 -:: ~>;) "'7-m ,, (I = (PI -'-,r,: · -'-.m • ·· 

• • . · , •) • . . , .• ,._ ;_ . ~'" 1 '· ~ . :.t . ': ' , ( 1 I 

. (q) = (p,- kl- 1.:)2 ~ m2, :\z ~· ..::...(,;~,- ~).: .: /,,,·=Ill \'~. 
·'- , \I . 2_ . ' . ,. Ill 

( 12) 

The quantity f7."\• co'rrcsponds t.o FD ch-pid.<'d lll Fig,2( d).whih• ll'; corr<·spotHis 
t.o FD drawn iii Fig.2( P). The first. tPrrnin the right han<lsi!l<· of Eq.( 1 l-) cOJT<'S(H>JHI~ 
to the first. two FD of Fig.2( d) under conditions (2). Qm~ can <:'onvincc hims<'lf. I hat 
th~· ·gauge• invari~u'u·e condition ·u7i;,h:1, ~ () is fulfill!id ~:;..<';1 in 1111' matrix form in 
t.lJP pme algelm\k \\·ay .. As for g'aug<• invarianc<; condition· regarding I hi' lwm·y 
photou Lon•nl.:r. indt•x it. providPs some ch<'(·k of loop lllOIIH'III 11111 iul<·grals gin·n in 
t.lw i\ p(i<'rHiix i\: 

11{11~) U7:;,u(11J)q..,;'1,( h·1) = :11.::• c,,(h:1 ). 
·1-· ')/,\1-~·. (J.',{'-1 . --- -.)---

\1 \ ~ 
(I:!) 

5 



So. t)te gauge invar_iauce is ftJifi!Ied }iue lo,Lorcut:~. condition·for:t Iwon;siH'II-piJoton 
c( f.,rg·,·,:~ .fi.:' :\s:. \~.e ktat'~d aJJovr' ~~~~~ ,II;P )>,( c}oss)ftgshllllic:trii< ·<~f atn plit !\d;•s 
jwrm~t~ us· to cc;m,si~lc:(qnly}l\J. Fpr intt'rfe)'CIJCC' c>farltplit uc!Ps <11 ,the )Jortt-lc.n·l 
(see Fig.l(J~-1) and .Fig.l(5:8)) we;ol~t~i1_1 i1i terms of the n·pla(·pmf'lll cip.crat(irs; 
·· ...... ·.2;··.•.,5~;-'l· .. · .•. ·~·.: •. : ,,,· .. '1.1·''1.1··,.:,- : •. ,., 

(~]i\11 )c ~} o rr (1 _+P +Q+ R)(l + .%')[E15 + 0 25 - 1,3,..- (,,.]. ( 1-1) 

with.·. 

E~ 

Q\1 
25 

j\l 
35 

Ou• 

l{j 1 'f ( .1 j>\ •. 0 ) 1·1, <'. . •I ·) 2 - I' fll t 
1 Jlt_ II' • - I' Jl2{p]l2{a , t . 4 '· . ·. . 4 .· .. 

16 I :r· · ( .. , 1,\ • ) 11 .. ( . ., .;.J l 
-- r ]11 • 'PtAIP ·- r ]J2{,]JJL22', 
ll 1 ·1 11 

(Iii) 

:1 I ·r ( ., /,,, . (.) . ., ) /\' •1 I 'I' ( ., f>\1 • . • .,(·)·· ) : -- r 1'1 • Jlt. t2P2/~P2~fP , .,, .=:-- r Jlt t ·-'JIJr'(p}J-['f,;Jii i'2' ,·. l8t 4 . . . . ' . t.- ·1 . . . 
., k. • k. ., k. • ; 
Pt + 't . Pt -:-~ 't. · -p2 - 't -112 + l•'t 

{p--,-~lt• -~11---~fp, On• = ~f,, , /p- ''(p ·yl'. 
Xt Xt X2 \2 
• k. • k. ., k. ., ; 
Pt - 't -p2 + ·1 Pt + 't -112 - 1\1 

012 = _,11 ___ /p- fp ll1l Ot'2' ~ ~~P-.-~-ll•. +lit ' . , . lf!<, 

Xt. X2 \t · \'2 ·y 

Iillogal~ithrnic ~pproximatiori the G--typ{~ auqilitudcs cm{tributiot1 to .tlw crqss sc;c:~· 
tion has the form: ' 'f,; · ··' .•· · · 

. -,~ , dao a ·, • • [ 1 2 :3 A] -1 1 , 
dac = -

1
, -(1 + 1 +Q+ /l)<l> --

2
L1 +;:--Dt, +2L1,ln- , L1, = lu-

2
• (I h) 

•rr . '2_ , m m 

3 Vatu urn polarization and: vertex insertion con-
'tributions ;;, . ::·:, ·" · 

Let us examine a set of f'II--type FD. A contribution of Dirac form factor of fcnnions 
and vacuum polarization (see Fig.3) can be parametrized as (1+ I't)/(1-llt), while 
a contributions of Pauli form factor arc proportional to fermion mass an\1 omit. ted 
h.cre. Then we obtain 

wi;f;r;; ·;' 
, dao a · · · 

daru = -
1

, -2(1 + P + Q + R)(f'1 + flt)<l>, 
I 'Jr • _.-_ .• 

( I7) 

. '· , · , · a { ( 1n ') .· 1 1 '2 1 ' } I t = -:- In - - I (l - Lt) - - L1 - - L + -(2 , 
·· , · rr · A 4 · 4 1 2 (18) 

.. (}> (~'· 5) . -t . 'lit=- _;Lt-- Lt =ln-. · · ·· rr · 3 9 ' · m 2 

lu realistic computations the vacuum polarization caused by hadrons and muons 
can be taken into account in a very simple fashion (sec [7]), that isjust by adding 
it to llr. 

6 

4 Contribution of. the B-type· set of Feynnian· di:.. 
- ;~-. . ' ' ' 't-.J }> 

agrams .. 
;,-

d .. ~:. 
The procedure resembling the one used in the pr~viou~; s~ctitin bei~g ap~lied'to the 
B-type set of FP (Fig.l(9-12a)) permits us touse in practical calculations only part 
of 1-loop diagrams, namelythree -oft4ose .in the scatteriilg cha~nel~vith uncrossed 
exchanged photon legs: 

'' 
1 ,,, .! 

2 542 • • • • X • X 
(~IMJ )s = 2 a rr Re(1 + P + Q + R)[(l- P22•)I1J + (1 + P22•)I2J- I], 

where 

and 

Here 

BXl 

(d) 

?22! 

'! 1 

P2 · f---t - p; s_ f---.+ u 
•Pl· +--+ Jll · · .s1 f--;-t Ui 

p~' kt --+ p~' kt t, t; '--+ t, tl 

I~ :::::: J ~4k . 1 . 16 .~ •I Xl. 

l;;,,··_.,~·~ rtrr~{O)(q)((p2 !tk)'2>~m~) t;4'_fr(~~J(,.p}Op,'), 

X ~Tr (P2/u( -p2- khxP~/p), 

IiJ = ·I~;~(O)(q.)((p;·!k)~~~~) ~~ ~T~~p~sx•fi;;~)· 
•' .... x ~T~'(pi,Y~(~ft2 :..))7;p~;Oz2'),, .. 

I J d
4k 1 { 4 1 .. 

i11'2 (O)(q) St 4Tr(fi~IPP~BX'fit01·~P2(A +B) ·. 

.+ :
1 
~Tr(ft~01'2'fttBx'Pt/pp2(A+, B.))}',,' 

A= /u(-p2-k)J;. B- 1>.(-p;+k)Ju 
(p2+k)2,-TJ12

' '· ; -(-p~_+k)2~~.2;' 

'*' i (; ' 

., 

1>-(Pt- k1- k)Ju(Pt- k~)~'" + 7>-(Pt :- k1 ;:_ k)J~(PtL f)7" 
-xt(d) · ~· (d)(l) 

+ ll"(p~ + kt)/>.(Pt - k)Ju ( ) ::= ( _ 1 + k)2 ....:_ ,>.2 · 
I (1) ' ' q P2 P2. . . . ' X1 . . 

l 

(Pt- kt- k) 2
- m 2

, (1) = (p1 - k)2- ~~' · (0) = k2 - >.2. 
l- -<) -· 

(19) 

(20) 

,., 

(21) 

(22) . 

The result of analytical evaluations shows the absence of both double logarithmic 
(~£;)and infrared logarithmic(~ ln(A/m)L) terms in box contribution. In spite 
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>}. 

of exl?H~itly Sfe~,prop8~tio~a:lity;~f ~epaiAe ~~ntrihutions. io the ~tmctur~s Eo, Ou, 
· [ 0'; the totalexpression reveals to be somewhat tangled though having fad.ori;-:ed 
form in each gauge inWtriant subset .of diagrams. We parameti-i~e the ~~1'i-ection 

< coming from the B-type FD as follows: .. · . . ... 

. ' . ·~d8'~ddo~·Ls~B.·~· ·~B~ 2ln ssi + ·F2 (<l>Q+~n).lh tt~r '· (1,:J) 
.. ·71' .... ·· .. ·. · UU1 · S.s1 

'The total virtual correction to tlie cross section has the form: 

. . ' ~ ~ ·. ru7virt = daa ·+darn+ daB ,.,~ 

a[ 2 · (u . .A . . ) · ] = ; -Ls + Ls 3.+4ln;;; + ~G +~rn+ ~B + 0(1), (24) 

~a+~rn-
1 ( ... s2. . t2 . {2 . s2) . 
- <I> In- +<I>nln -·- + <I>Q In - 1 

. +.<l>p In___!_ , 
F . .. · tt1.. ..· .ss1 .. · · ss1· tt1 

where <l>p = PiP, <I>Q = Q<I>, and <I>n = R<I>. · 

·. 5 :. C~nt.ributi.ori fr-~m additional soft photon emis­
···sion 

C~nsider now the process of radiative Bhabha scattering accompanied by emission 
: of the additiom1l soft photon in the center-of-mass- systemreference frame. Soft we 
. imply that its energy does not exc~e~. som.e SU}all, ,com. pared to the. energy of the 
·initial beams e, quantity ~e. The correspoiiding'cross se~tion ha" the fonn:. 

dasoft = . da(}' <S•oft' . . ... 
. 3 ;' , . . I .: .. t, ')21 

- - 471'0 d k2 _ _E.!_+~+ P2 - ~2 0 

- 1671'3 / w2 ( p1k2 P1k2 P2k2 P2k2 ,· w
2

<.:lE 
. I , 

J•oft 
(25) 

, : , . ; ~ '· , · . I I 

Thesoft photon energy does not exceed~e « e1 = e2 =: e ""e1 "' e
2

• In order 
. to calculate the right hand side of Eq.(25), we use the master formula [8]: 

'•" . ; :· '' 

· 47ra J d3
k (q;)

2 1 · a ·(~€: m) 
-1671'3 . --::J (q•k)2 =-;In ~-

t w<,O.o!' . 1 

w = ..jk2 + ,A2 ; (26) 

47ra.Jd
3
k 2q.q2 I =~[Lin(m2(~e)2)+!L2 _.!_ 1n 2 (e1) 

1671'3 . W (kqt)(kq2) w<.:lE 71' q A2c1e2 2 q 2 t:2 

~
2 

+ Li2 (cos
2 ~)]. (2i) 

8 

ll<·n· ,,.,. usPd I lw·fi>llowing n~>lation: 

'· .-:.q~ , . 2 '·i'· . 2·:. 
/,,1 = ln-.- . r1r = q2 :::;: m .. 

1112 .. . ... , 

f/1.1 = (.:1.2· q~,2), 0. = q1q1.; 

·' 
; • ~,<),-

· :1 .. ·,. ,·.,. n :. ~·2· i 
,q = ;-(IJ1 -.rJz).:» 111. (28') 

wlwn• t: 1 • .:2 • 0 an· the 1'11l'rgii·s <ind an gil' l>l'twer'll :J. tnOill<'llla q 1 • q 2 • rPspect ively . 
,\ is I lw fictjt.ious photon mass (all is drfi1wcl in'tlw cPnler-~of .. 1nass sy~ti·1l1}. 

BPI ow m• put I lw <·oncn•IP coni rihut ion of each possihll' ll'ni1 in I lu.• right hand 
sidl' ofEq.(2!i): "'' 

~cf"•n 
II 

.-jl- j2- .::l;- ...);~ +.ll2+jil;. + j11;+j2t•'- jl21 - ~1 12 ° 

jl 

jl2 

..);1'2' = 

jl1' ·-

j'l2' = 

·jl'2 

~121 = 

jz ·In . 
j2 =tn~ .. 

\I j: 0 

...J. I = Ill __::___!!!_ 
.:;A 

;,1/ - I . j_: . m 
2- II. --· z;,\ . 

. .lt- . Ill I 2 ;r
2 

. ' 
21. In---+-/, - -.· ·.", ,, , , 

·• E ,\ 1 ·' ;J ' ,·. 

( ' - . 2) ( -·) 2 ( ) ( jc · Ill) . . I 2 I 2 .:: 1 7i . . . • . ·, _2 01'2' . 
·I.,,, Ill · , . , ,._ . + -/.,. -. -In . -. :- -·.+ L1 2 <os .. -.. -. : ... 

'• · .. "l"z"2 .. 2 ·• .. 1. .:2 . :! , , .. : .. • .. 1 . 

:
1 

·~···(bi-~nf)····· .. 1
1
'2:· ... 1

1
2(";). ·;2

. ,:.(~,.:>l;~~) .· 
.,,. 11, I , 2 +- .1 -- n - -.-;-+ .1 2 <os- ., 

E1t:" · 1·• 1 E ,.J .. _.,,.-,2,.• 

( 
\ )2 ). ·. . ·. ( I ) , 'z ( ; · <l ) (~.: · m . I 2 · I 2 .:2 rr · .. . . 2 f'2' : : 

L1 1n . . _1 ,., .•• +-L1 --In ,....._. ---+L12 st_u.,- .• 
· EEt";, ·, ' · 2 2 .· E :! . . 2 .. 

·', ·. ((~.: · m)1
) •· j 1 ·' 1 2 (.:'1 ) .. rr

2 
· · .. • •· ·(·· • 2 f)p) . 

L .. , In · ;,/ .A2 + -:/·u,-:; In -~- --;- + L1 2 Sill -:;' • 
; \,..1,..-1 " - .... .... .J . ... 

( (~.:: m)
2
)· I 2 _1, 2 ( E)·· 7r

1·' ... ( 2 02'). Lu In . I \2 + -L.,-- rn -. -- +L12 ('OS - 0 

.. . · u 2 .... . 2 2 .:2 a . 2 

· -11 · · :....ul : '. ' j" cL•· · \ :· '·' 
L,. = ln 2, /,,, = ln-.-2: , L12(::) :::; . ..;. . ·-:-In( 1·-: :r). 
· 1n . 111 ••• ,.. '· 

·:~ t 

(2!l) 

(:JO} . 
• ' • •· •\ > ~; u .· . : . \ . : ~ ' : l ·h. 

, , • - - ' • < -~~: '~-: ,: ,· ~ ·'. ;,·~.··:-, ' :_:,··. ; -~.,i·.\: ;, :· . ~: ;,.' 
w lu;rc~ E 1_.E2 . ar<' t lw cenl.t•r .. of masi; t'll<'r~i<'s of thP scat. l.t•rPd <'l<·<:t ron a p~l po~i I ron. 

n·s1wd.i\'!'ly; 01~,02~·are t.ll!'ir sra.t.t.l'ring angles (mt•asm<'d from.th~· in,itial<'ll'ctron 
mouwi1t.um dir<·d.ion ); fJ112• is t.lwangh· hd.wP<'Il the scat.l<~n·<I dt;l'l.ron aud positron 
momPnt.a. · · · ·, · · · 

· Ext.r~u:t.ing largl' logarithms, W<' oht;iin 
. . . ' . . 

n n{ . . 11/~E 2 · /11 · T-c1'2'': · } 
<\''" = - ··tt 1 .• - I) In .-:- + / ... + !. .• In -. - + 1 ..• In ·) • +.0( I) . 

n Ac 1111 1 - . 
(:tl) 

c1 12' =::cos o 1 .~·· 
"i' 

lt. n111 liP wriU.'<·n· iit anot.lwr form, using t.lw <'XJ>Prinu•ntally 1;W<I..~Ilralt1P quant it iPs 

.9 



.·· 

A' .Y1·· '1h C:J ···:Cz .. ';.·· !:l.,. . .. ~-r ·,.--~· .. : 

I 0.:16 0.89 -0.70 ~0;10: 10.70 -,2-1.!):1 
•) 

l - 0.59 .0.66 o.:w .• -:-O.Ofi .·4.86 -Ji.-11 
3 0.67 0.67 0.50 · o.:lO 5.82 -:15 . ..')8 
4 0.68 0.65 0.60 ~-0.50 4.10 .::..J0.-1!) 

_.:;_ 

t' -~,..,,·1· 

'f:able I: Numerical ,cstimationsfor D.1. a11d !:l. versus y1 :: y2, f"
1
\ c1 · 

,:~ 

~energy fractions of the scatter~d lepl.o11s'alld tire scattering airgiPs: 

.oi · 1 l !11 + Y2 - I 1 1+ c2 
y; = :-, c; = ccys 0;,, ;-(I;:- CJI'1') = .. . . . , --, -= y2--, 

· c · · · " 2 ·. · · · .t1IY2 s 2 ·• . 
u .I - cz t 1 ·. J - c, ,o; 1 • u

1 
. . I + c

1 -- = Yi-. -J-.. , ·:-·--::= Y1-)-, - = IJr +Y2·-:-1, -- = y,--.(:1::!) s · · :.. · ·. ·s · .:. · ·· s · · s · · 2 

6 Conclusions 

The do~ble logarithmic te,t~ms of the tyQe L; a1\d thbse, proportio11al to L,ln( )..j m) 
cancel 'out in total sum with th'e' corresponding tei·ms from the.soft-·photon· contri­
bution (:31 ). Orriitting vacuum polarization, we arrive to the i:esult which iu the 
logarithmic approxi~i~tiori has the form: ' · · .. 

· · ·'· a [ . ( t!.c . )' · ' J ·· d(J'soft+virt ....:. ; da ....:. 1 4 In -·+.·.·A · + A(y y :.c ·c ) · ·{ 
.-:- ' 0 1l' "-• E ,{-~L . Ll. h 2! .• h; _2 , 

.
A I (l-ci)(l-,c2) I Yt.+Jh-:1 ·1("'1 $2 "' I .~f ~1. = 3 + n .. + n .. +- ..... n- + 'YP n ~ 
·· '. (l.+ci)(l +cz) Y1Y2' · · F ··· tt, lt1 

. ti . t2
] SSJ-·-·-2( .· tlr 

· ·· +<llqln-+<I>Rln-.. - +2ln-+-
1
, lf>q+lf>R)ln-... ;)(3:3) 

, S,St . .SSJ UU1 ' •. S8J 
,·, 

The function !:l.(y~o Y2, c1,c2) is quite complicated. To compare it with t!.t,, we give 
theit numerical values ( o'initting vacuum polarization) for <1:. certain set of points 
from physical regions (34) and y 1 + y2 > l,·D > 0 (see Table 1). Considering. the 
kinematics typical for large-angle inelastic Bhabha scattering we put the lowest 
order contrlbiitiori that ··was· obtained earlier i"r( l9J and the. radiative co,rrectjqii~ 
comptiti~d'i~i·thir-twdrk':· · ··· ·· ' . . . · ,,. , . .· •' · 

1\ft(:r fJerformirtg ldop 'integratio;I and sl;ining ibga~ithms ( L; = L • .t/,; .• ) ou~ ca.n .. 
see that the terms containing infrared singularities and doubl.~c;-l?g(tritl~mi~.'t~r;;; 

2 . • ' . . • . •. ·" .. " 
""' L., are associated with the factor, equal to the corresponding Born contribution. 
This is valid for all types of contributjons. 

The pha.s.e''volume 

. cl~ 1 d3 1 d3k ."·'.'·' 'dr - . PI P2 I r(4)( I I k ) 
- 1 1 ° PI + P2 - Pt - P2 - 1 

. E 1E 2w1 . • . . --iw• ~~ ..... ~r.~,~ ,_;-:"-,., • • • .;. ;"~ - ~ , 0 ,.1 •,~: 
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can be transformed in different ways [9]. We introduce variables (see Eq. (32)) 
' t l .' • : ·_ : - ~ } ' : ~ . ; • 

_I 

y;=':.!, c;=i::osB;, o;~'p-;:p~, O<y;.C.( -1<:ct,2 <1, . (34) e . . 

,,:hid1 parametri;:e tl1e kinematics of the outgoing particle~ (these do not include 
common degree of freedom'-- th~ rotation around the beam axes). Then, the phase 
volume takes the form: · 

df = rrs dytdy2dctdc28(yt .:j..y2- 1)0(D(yr,y2,cr,c2)), (35) 
2JD(YI.Y2,cr,c2) · ' · · · ·· · ,, · · 

D( ) 2 2 2 2 . .2 
2

(
1 

. ) (1 - Yt)(1 :.... Y2) 
Y1, Y2, c~, c2 = p - c1 - c2 - Ct'2'CtC2, p = - Ct'2' .. 

YtY2 . 

The allowed region of integration is the triangle in y~, y2' plane and the interior of 
the ellipse D > 0 in c1, c2 plane. · . · . 

Let us discuss now the relation of our result to the renormalization g'roup ap­
proach. The dependence on t!.c:fc: in (33) will disappear when one takes into account 
the two hard photons emission. The leading contribution arises from the .kinematics 
when the second hard photon is emitted close to the dir~ctio~ of motion of one of 
the incoming 'or outgoing particles. It reads: · · · · 

hard a z. . ' · ' · l I ' . . I ' i ' 
{

l + 2(. " . . . ' '). ' ... 
da = 21l'Ls .1 --,z dao(z~t,p2,Pt~P2 )+dao(P~oZP2,p1 ,p2 ) dz ... (36) 

1 + z 2 
( p

1 
) .. ' 1 + z 2 

( · · • · p1
) • • ] +-1.--

1
dao Pt,P2,....l.,p~. dzt·+ -

1 
. 2 dao Pt,p2,p~,2 dz2, 

- Z1 . · Zt · - Z2 Z2 
· ··. . . Yi . w2 . · 

z = 1 - x 2 , · z; = -. --, x 2. = --,, 
y; + X2 E 

The energy fraction of the additional photon varies within. tke)i!ll~t~:4.t:/t;.·<: _:1:2 = 
w2 /c < 1. This formula agrees with the Drell-Yan form of radiative Bhabha scat­
tering (with switched off vacuum polarization} ·"· 

da(pJ, Pzi p~, p~)=}dxl dx2V(xt)V(x2)dao(XtPt, ~2P2/~ ;,p;)V(zt).V(~2)dzt dz2,(37) 
. , Zt Z2 .. ; • ., 

where the non-singlet st~ucture functions V [10] ~re 

V(z) 

p(t)(z) 

= J(1- z) + 
2
: £p{ll(z) + c: L) 2 

;,·:p(2l(z) +<:'~, ~ 
= · lim·[1+ z

2 

0{1.:... z.:... t!.) +0'(1-::;) (2ln d +:-
2

3)] .', 
A--tO 1 - Z 

' . ... : 

'(38) 

In our calculations we see'explicitly a factorization of the te~ms containing dou­
ble· logarithmic contributiOns and infrared sirigle logarithmic ones,' which arise from 

fl: 



G_:'aria· fii~ty'p~ 'F]i·T~ be ~reci·s~, the corre;poddin'g'c~ntl~ibutions to tlw cross 
section have a 'structure of the Born cross section (7). But we faced with that 
the abo~e cl~im fails\o be true for the terms containing single logarithms. lkm·P. 
the Drell-Yan form (37) is not valid in this case, and the factorization theorem 
i; ~roken down, b~cause the m<iss singularities (large l~g~rithms) d~ not factorize• 
befon~ the' B6rn structure. That is because of plenty of different-t,ypc> an~plit 11~b 
and kinematical variables, which. describe our process. The reas<in for. the ·~i<~la­
tion of a naive usage of factorization in .the .Drell-Yan form has presumably t.lw 
"same origin with that fouU:d in paper (1'1}, where the authors claimed, that. it. is 
necessary to study independently the renormalization group behaviour of leading 
logarithms before different amplitudes of the same process. Note, that in the cas!' 
of the eP, '-+ ep.1 reaction, which can be easily extracted from our results, tlw fac­
torization does take place. We see also from (33) that the factorization \viii take 
plac~ if all the logarithmic terms become equal, i.e., ln(stfm2

) = ln(s/m2
) = .... 

The. source fo~.·~he violation of the fact'~rization theorem; we found, might. haw a 

relation to some of the ones, have been found in other pwblems [12]. 
Numerical estimation (see Table 1) for ci>-factory energy range ( v,;; ~ I Gc V) 

shows that the contributions of the non-leading terms coming. from virtual a.)J(I 
soft'real photons emission could r~ach 35%. The process of <tdditional hard ph~ton 
emission will also contribute to ~Land~- To get an explicit form- of that correction, 
one has to take into account a definite experimental setup .. 

Obviously, ari analogous phenomenon of th~ factorization theorem violation 
takes place.in QCD in processes like qq.-+ qqg mid q~ 4 'qq1. A-consistent in­
vestigation of the latter pr~cesses, with takingintoaccount the phenomenon f<iuud, 
can give a certain correction to predictions for large-angle jet produdion and direct 
hard photon emission at proton-antiproton colliders. 
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Appendix A 

Loop integrals for .G.....:type Feynman diagrams 

. In this and the following appendices we used partially the results of our prc·vious 
work [13] and refer to it for further details. After this digression let liS turn t.o the 
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lj 
:: 

'7 
'I 
;j 

I 

·-

proh!Pill. Two t.ypc·s or FD I"I'<JIIirC' dilfer!'nt approadws._ F;lr tlw set or'FJ). lal;elf'd 
as !Jla.~.ws (G). only tlrn•<• ind<'Jl<'nd<•nt ext<'mal monwnta arc relevant due to thP 
COIISI'I"\"alion faw: ]11 + (/ = Jl~ + J.-,. ( ~Jroosing Jli• Jl~, (/ \\'e liS<' t)IC' not at ion: 

.l;j~· f d'f.: I 
j;ol (i)(j)(J.·). 

d''J.· I . 
· . .lor2q = j j;o2 (0}(1)(2)(q)' 

J'' - ;·d·'J.· /.·'' . 
· ij~· - j;o2 (i)(j)(/.•) = a;}l·Jl'r' + b,jkJI't' + Cij~-q''. 

.J!''' 
IJ .. ~ 

Jill';\ 
·• U)'l'l 

J 
<)I/,: J.·l' J.-" >1· .. . . '1' ·1··· I '1·.· - - ,,,. ' Jl- ,, > t Jl ,,, . ' Jl .,,. 
-. -. -.. -==g .. !I +a · JltJlJ +b .. Jlr Jl, +c .. fJ q . 1rr:l IJ . . • ,_,... 'J··· r1 ... ,1 ... 

+ T .( I )'"' + .;T ( ' ')'"' + "/' ( I • }'"' .. n;_; ... Ptflt . · ij ... Jl1lf · l;j, .. p,q • ~ 

-·. _ . -_ _ · • IW·\ · • , I ju,.,\ • ' 111~.\ j d'J.· /.-''/.·''/.··' . . . ' 
- . i;ol (0)( I )(2){cJ) ::- l\ad.cJ/Ir} .. -f: Ay2ff1Jld . + A:n(gq) 

'+ . I . ' 11 ,, .\ + [" . Ill It• 1.\ +' ' I . II ,, .. \ +'1. . '( 2 'I )'"' \' 
\rrrJlrJirJlr \2nJ11 fltltr. \wqfJ lf fJ. · \ru Jlr/1, .:. 
· · '"·Jn,-.( ··.:>.-; ~'·:··r·--,:;,:_\. · · 2:,-,,_,- ; .. · -_·n I"'·' + l\ m(Pt/1, ) + h ll•i(Jl,t/) . + l\ ,,,,,(p,q ) + hn.,(p, q). 

+ I . (. 1 z)·,.,,,\ + I' . ( 1 )·,w.\ , ~1.,., JlrCJ • < • \.J2q l'tl'rlf _ . • 
' ', ,, •' . . ' 

\\:h~·ri'. the i tiV<~rst~ prop~gat<it:~ ,;n~. 

.. ;., .. • . ~:(~}:;': k2:;-, ~z-. '(()'::: (p1 ~ k) 2 ,:._ ~i1 2'. . . .. 

(:\.1) 

{2j ::::'(lf.·.:,._J.~)2 :.,...1n~,'.(q}= (J(-/'t/"'- k)2 '7'111 2 ; ,. .(\.2} 

" rr a iki~it'i<>ll~·hli;·>lou mass; :l'ii<~>s\·nfim•trized lt•tl~6~ st ntctiir<.;; im· ddin<·~l as . 

ro~lm;;, (.-. )'''' ~·· .• JI'Q' :,.i)·;, . ·(~:W,'' ~ ~/if' +1; ;,, qC r);: i;',t. 
. ,·(.qp)''~~ :-·~ yi'"V+u,·f,i·+:!l'~'pl', .....•.... ···.· ··. : -.. ~- : . . 

.· · .. · f11id;J;.•::' ·::::: · i~ it~·-'+ p''~r\:· ·+ p'' tl,;.\ + p''q·'1·1,. + p:'ll',:l'. + .. l~"'r/:.i~~~ · 
. . ··.·: -.. · .. '! .-··;-'·· . ·. : :' -.·~ ~ .. _ ·- ·. -· '\. _-· ..... ;..._-.. ~: ... ,~:··~-·-_._.: .;: .. <·.·.:. ' . 

· .. ' 'I'll!' ve(·.to.t;~~mt~. !·<'!tsot; ltil<·~r~'1·~; <"fPJ>i: c~.~~~~at~·.~t: b~~ :!i.HtltiJ)I~·iitg liotJt si~l<'s of 
Ut<' l'Xpn•sstou(i\.2) by w<·tors P't;pj ,and q1'.•.1h<'n one. lms:.to use.tlw n•latwns . 

.. ·· ·';J~rk'~·(o} ~ (1), ... ~X:;k = :D,/~c;l)~;\r. -21'~~:'7'(o).:-(2l. .. .(A.:t) 

an<l nltllJ><ire tht> :~i~<:fr.;iei~t.s.T)(•f;lrt:,~;.,.,·,;/ n:Jll;),,<:ll~·~ on·h~~t. £~ si~ii·:<~ 
· .. •:Consi<kring Uw V<'dor and t~~nso~ int(·grals ~vitJ• pir.t•<:,d,•noll!llt~ttin·:-;. m·. w•t' 

ultr;i.,violi:t. div<'rgt•nt iniPgr;~.ls \viUtl\m ~l<:nominah>rs: llstrtg thi~}(·ynman t ri~·k 
t<)joii~tf!''llilllini;.t(Jrs,th~~y l'aJI li<' i·xpr<'lis<·d as • · · '· · >' .. :· · . · ' 

;·<l"k .· ..... :, }. ·; . '.'\2 /··· I jif2 IU.: -·l>F ~· ,w = Ji,'~~ ::.:].· 
; \rtJ.,. · ... 1.~· ..• · .. · ·· ... · Ai ·~f~ /irr2 [(/.~ _: b)l- c/)2 = b''(ln (/·;~: 2/0. (:U) 
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\Ve put here the complete list of these integrals (in approximat.ion Eir.(2)): 

.loJ 

.log 

.Jt;l 

L.\+ I,· J1q = L.\ -I, .l2q = L.\- /, 1 + 1, 

LA - L,, + 1. .]12 = LA - L,, + I. ./ll2 = '-A + I' 
I ''( I) !'' 1, Ik'' ( :J) 2JIJ L.\ - 2 ' . lq = (pi - 2 'I ) '-.\ - 2 ' 

.Jfq I 11 k'' ,,, ) (L I I ) 1, 1, k'' ( 1 1. . I I ) 2(pl - "1 + P1 A- _'t + 2 , . .fu,1 =(pi - "1} 2 -A- 2"'' + ::j · 

11 , 11 (I I L I) 1, • ,,, (I l) Ji2 (pi + P1 ) 2 LA - 2 . t 1 + 4 , .fu/=pl 2 LA - 4 · 

where 

I . ': -t XI 
L1 = L1 = In-2 ,. J,)l., = ln-

2
, 

· m m L I \) . '\' = II - 2 - 171', 
I Ill 

L· -l i\2 ,.- n­m2. 

The scalar integrals tvith three denomiuatbrs rea;! 

Jo12 
. [ . ' ·. 2] 1 < 2 71' . 1. ·2 . 2 

?t -'2L.\Lr, + L,, ---;;- , · .ft2•t = '2( " _ . ) (L1 - /,1,), 
- I •J -\I \I · 

Jo2q 1 [ (I L ) 1 ( 2 L' .. (- :\ t)] --. Lt 'i - XI + ? L, - L,, ) + 2 12 1 +.- ' 
t+xt ., ,· .. - ... ·t 

( :\.!)) 

2 z d .x• -~1/ _.:.~, Li2-(z)=i=-j_2_in(1-x), /,_\=ln-.. (A.fi) 
2xt x. 3xl x I • • I ·m-2 .-• • . :. ) • . ' .o ., . . . '' . . . ' ' ' 

t.]Oiq = 

The coefficients for vector integrals with three denominators arc 

ao12 

aolq 

. ·I , . 
=. bo12 ~ -L,,, Cot2 = 0, 

lt 
2 . ' . .. ,., '. . . 1 ) . . ·, 

Jolq + -(Lx, .:... I), boiq = -Cotq = -(-Lx
1 

+ 2), 
Xt .; .. · .· '.:.,. •.· .. XI. . ' ·. 

'\. 

'.~-, 

O b Xt J. ·.2tL, (Xt,11 t)Lx,• .· ·~.···Lx 1:~L1 
ao2q· .. = , , 02q = Xt + l 02q +(XI+ t)2 + (xi+ t)2 ' Co2q = 

= _t_J •·'(l+ti)L,,-,2tL1 ~ b =J -a 
l t 12•1 + (l t \2 + t l ' 12q . .. l;,lq . .12)'1' ' .. 

- I ·i . ,. · : -. IJ, 'I · -:- I· · . , .. ·. · · ' ' · 

flt2q 

•,•!:· 

Ct2q _ _ Lt_J -(t + tt)L, + 2ltLt1 · ~ ··:·· 
t-.lti 1;'!.+ . (t-ti)2 ' +t-tl'' ... .: (i\.7) 

The> tensor integrals for G-type FD (sec Eq.(A.I)) ltave ~he following form: 

T 
.'lo12 

'/' 
c012 

l . 3 
= -(LA - L,,) + 8' 

1 . ' 
·'/' 1"•' ' 

. /io12 = loi2 = 0, . 

'/' b'~' . .I (I.. ). 
U012 = 012 = ?t 'II ~,1} 

""""] ' I 

., I 
1 --, 0'012 - 2t1 
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(A.8) 

! 
·t 
I 
I 

l 
' !j 

l 
i ,_ 
,, 

1 
~ 
r J 
1 
1 

~~·. \; 
l 

1' 
Yolq 

I •''3 T .. •·-3 9 
-4(LA- Lx,) + -8' aolq = Jolq + --Lx,- -2 ,, 

Xt XI 

b'!;lq = 
'/' T 1 T T 1 

CoJq = -lolq = --2 (Lx, - 2), f3olq =:= -aolq = -2x· (Lx, - 3), . Xt ' I . . 

'/' 
Yo2q 

1 v t 3 . 
- L - ,.J L - Lt + -
4 A 4(t +xi) XI 4(t + Xd 8 

b'!;2q 
:Jxi- 4tx~- t\ + t(t + 4xi) L + t- X1 + xi J. 

x' {t+xt)3 , 2(t+xtF (t+xd2 02'~' 

'/' Cu2q 
L1 - Lx, r _ t + 2XI ( L _ L ) ___ 1 
2(t+xd' 102'~-.2(t+xt)2 x' .. , . 2(t+xd' 

'/' ao21 
T aT ~·Q o-02q = fJ02q - , 

T 
Yl2q 

I L t1Lt, - tL1 3 
4 A+ 4(t- ti) + 8' 

T = ·a121 

3t2+ 4ttt- ti i .· • 3t2 _,,.. 4t- tl t2 ' 
2(t- t1)3 Lt, - (t- t1)3 L~ + (t--: t1)2 + (t- t1)2J129 ' 

b[2q = 

T 
c12q 

-t2 + 4tt1 + 3ti L t(t- 4t~) L _· . , .· 3tt , . ti J 

2(t- t1P 1
' + (t- t1)3 1 .+ (t- t1V :_(t- ti)2 12'~' . 

. 2' . ' 2 '. ·' 2 ... ' ' . . . . 2 '.. • 
3t1 L t - 4tt1 - 3t1 L 4tt - t. - t1 J' 

(t- td3 ,, + 2(t- t1P , + (t- t1)t :.·(t·- tiJZ·/2'~' (A.9) 

T = a,l2q 
2 2 ) . _ t +4tt1 + t1 L t(t + 2t1 L _ 2t + t1 ·:..... tt 1 J 
2(t "': tD3 11 -t (t- t!)3 I (t- ltF (t- li)~ ·.12'~' ., 

f3[2q 
lt(5t + ti) t(t + 5tt) 3(t +it) ttl ' . 

. -- L,, :- 2(t.:.: t!)3 Lt +.2(f:.:. t1)2 +{t- t1)2 J12'~' . 

T -ll2q 
tl(t+5tt) ·-t2+5ttt+2ti t-7tl• ·ti 
2(t _: tl)3 ,£t,+ . 2(t- h)3' . .L, +·2(t -.tl)2 - (t "-- tl)2 112q· 

Four-denominator scalar. integral reqds: . ! , 
' ' , : " ~ 

1 [ . 2 . ( :; . t ·)·· 71'2] J012q = --- -L>.L1, +2L1,Lx1;-L1 --:2Ln 1--:.- _- -
6 

·.· 
itXt' · · it 

(A.10) 

Vector 4-denominator integrals are: 

~ [ ~(~x~ ~ ltXI)Jt2q+,(t ~x~? Jo2q- x~(x~ - t1)Jo~ 1 : t1(t,+ Xt)Y], 

( ~ 

aol2q 

bo!2q 

Col2q 

~ [ (t~x~ + tx~)Jt2q - ( tt1 + x~x!)Jo21 + Xt (Xt :- lt)!olq + t1 ( t1 - xd Y], 
~ [ -t1(x~ + xdJ12q t.tt(t +xi)Jo:i9 ,+ Xtldotq-; 'ti~:} (A.ll) 

u;' i 



Y = Jo12 + xtlotzq, d = -2ltXtX~. 

2-rank 4-denominator tensors are: 

(t\.12) 

T 
9ot2q 

T 
aot2q 

b~12q 

T 
l012q 

T 
Q012q 

riftzq 

···r. 
. C0t2q 

1 = 2(Jtzq- XtCotzq), 

= 

+ 

+ 

~[{t + Xt)
2
(Jt2q- XtCotzq)- (Xtlt + x~t)atzq + Xth- \~)aol•t 

lt(l + Xt)(aotz + X1ao12q)J, 

~ [(tt- Xt?(Jtzq- XtCotzq) 4. (x~tt + Xtl)btzq + XdXt - tt)butq 

(ttl+ XtX~)bozq + lt(tt- Xt)(aorz + Xtbot2qf], 

r[ ( )( · ) 1 . · . I. d -t1 t1- Xt J12q- 2xtCotzq + (x 1tt + Xtl)ctzq- (ttt + XL\1 )cm,1 

Xt(lt- XI)botq}, 

~ [ -(tt1 + XtxD(Jtzq - Xt Cot2q): Cx~t1 +-xtt)atzq-:- xdxt :- t, }ftoJ,1 

lt(lt'- xr)(amz + x~a·otzq)] '.: . 
r' .· ' . . .. . : ··.. . .. 
d [tt(tt +xD{Jt;q _:-' 2X1Cotzq)- (;bti. :t x~tJcuq +(xt + tf~eozq ·. 

+ '·x1(x~ -- tdbotq}; . _ . . _ . 

-. ·7 t~~2~ .:..:.4gJ;~q+~;a~i~q+ (~~ "-' tr)PJ;iq+tJJ;zqJ.. (A.l3} 

. We put now the coefficients of 3-rank tensor structures! 
. . ', ' - .• - c" '. • •• ,.'- . 

Kt9 = 
K29 = 

Kqg -

Km 

K;tz = 

Knq = 
Ktzq 

r . , .. . . /. . ... 
-;jl--'(t +,x~~2 At-:_--. lt(~ +,~t)As+(ttt+ x~x;!.4Is], 

~[(tt1 + xrxDAt+ t1{t1-'- x1)As- (tr.:..:. Xt?At~J; _ 

1 ·.: . .. .. . . . . . . 
-;jf-tt(t + Xt)At,.:... t~As+it(lt -xt)Ats}, . 

~[-(t +xt)2Az- tr(t+xt)Ag + (ttt +XtX~}Al9J,_. 
~[(tt1 + XtX~}A2 +tt(lt - xt)Ag -(tt..:.Xd2 Aw}, 

' 1 . ·. . . . ·:.... ·. . . 
d[-tt(t + Xt)Az- tiAg+ tr(lt - Xr)At9], 

1 ft T.' . . T T ? ,:._. I 
----t 1 1\112 + Ql2q- QOlq- - 1\lg > · t + Xt . 
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wiH'r<' 

J\'j,/'1 

,\.7'/'1 

/\'122 

l\·2·t'l 

l\.nq 

/\'222 

I . · -/ ' . T 
--[ld\ Llq + .JJ1,1 - ;:/Oiql• 
I+\ I 

I . T T 
--[I I/\ l•t'l + ('llq - ('Oiql· 
I+ \J . 

I ' . . T T . • . . 
-~[Ut- \1 )/\ l2q + n12,1 - llu1.

1
- 2l\2_g}. 

I . 

I . . T T ·. 
--[(It - \1) l\n•t + <12q- c02q]. 

It . 
I . - T . T , 

-t;"[(IJ- \d/\2n+lt2q-102q]. 

I T T -1;"[(11- \dl\"22•t+bl2q -bll2ql• 

T T T ·r T ··r T 
:\1 = !1!1,1 - gll1•t' :11!, =!lou- !/o1,1 + \1.lfo12•L'· :I~= fh2.1 - !lot.,· 

(:\.1-1) 

'/' · ·j· T T · T . T -
:12 = al2'/- :ll\ 1!1' .-11!1 =11m2- alllq + \ 1allllq'_ :1!1"" at2•t -attlq'(:\.1:>) 

\\\• gi\:(' bi']OW SOil)(' dH:Cking t'<[lf<tf ions for ('()('f[j('ll'itf S be• fori' f<'II!<OI' Sf rut'l lll'I'S of 

G-typt> intPgrals. ·· Tlw ('()iupll'l t• dwckingsysl<'m ran lw oht aiiwd · hy ct)nt rae! i<ill of 
g<'lll'ral·i.l'nsor <'XflH.nsion with n•fpvaltt. vPdors, simplifyi11g tlw llllll!l'rat.oi;s of tlw 
infl>grand ami using a:s<~t· ~if vcdorinll'grafs give11 ahllv<'. :\dditio.iml dwckt·an lw 
iufl-rrt\i! hy contriirtioit \\·iili nwlt:ic kns{n. In this 'cas<· tlw sntlai·· int<'gl;als slit;urd 
lw ust•tl. ThPcoml>lete~€'1. oflll'~·quatiotts fi>r the 2-rank tens<iraiHI 2-lt•<iu<;ti;>ns 
for,.the.,:t-muk .+,d~tiomiitat.or 'IPnsor 'int.l'grais. for. tlu•_··. C: typ<· • \\·cis· nmvinrl'd to· 
lw ful!illl'd. For <l<;fillii.('rt('SS W<'::givP fottL•(·quat.ions of such <i typ'i·; oliiainetl h_, . 
conl.rart.ibn wiLh iii{:t.rie l.t•nsor. 'J'Iwym<': 

T '/'· · . 1' •· ·. · · : , ;i·: · · .· · . · · T '-· ' . · : . 
'19ot2.,+ fcoizq -ftnoi:.i,;'+ (\ 1 :'-- ti);IUJ2,1 + (t + \ d1ut1,; "" .lt2q• 

fiA"tg- ltl\m +(\.1- ft)A.,j,1 + tl\·t,1q + (f + \ t)/\.l1q = a12.1• 

GNig - td\1;2 + h ~·=r iJ'A·~~.>+' tl\·~.:'1 + h 1 ....:.'t~ )/\\1.1 =o b,2·t· 

(iJ\.qy +, tA"qqq + (\I -,I d 1\"J,i•t, + ( t + \'dl\·2·1'1 --:ltf\"l2q = '~'11q- (:\.IIi) 

Anot.llt'r indin·d. check is the ah~t'll('(' or infrared divPrgl'nn· ('(Jlltaiuiug IPI'IliS in all 
t.lll' wdor a.1id l.l'nsor inl<;grak · ' . ' ' ;;. , . 

Appendix B 

Loop int~grals fo~·. B:..:_type Feynriui~1- diagraihs 
j_ '.. ~ : ". '. ' I ' 

\Vt· us<' hl'n' t hi' ft;llowing sl't of dt•nominat.ors: 

(I) = (/II ::_q 2 -m2.':(,2)~·(p 1 -h• 1 -l•)-z'~;,;2 , 
(·1) = (J~I _ J.- 1 _ Jl; -1.:)2 _ ,\1, (!i) = J.-2 _ ,\1. 

.· •) ., 
(:1) = (/'2 + 1.-)- - 1/1-. 

(IU) 
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-l-Inomentum conservation law we ttsP reads p1 + p1 = p~ + p~ + 1.·1. Scalar. products 
of the loop momPntum 1.: with the PX!erual -1-vectors cau I)(' c•xpn·ssPcl iJa l<'l"lliS of 
the denominators: 

'!.pll.:=(-'))-(1), '!.pli.·=(:J)-(5), '!.p;l.:=(·l)-('"2)-/-\1· 

'"2/.-11.:=('"2)-(1)+\1· '!.p~l.-=(:1)-(1)+1. (IL~J 

!_ising tlwsc rei at ions one can consider only o1w type of int<·grals with 5 denomina­
tors. namely the scalar em<'. Using the e!Pgant tc·chniquc· dcvelojw<l in tlil' pap<'r of 
Van-7\eerven and Verrnasseren 1I4j it can he c·xprPssed in t.he fcmu: 

,.,I 

./12345 

Dt 

D2 
D:1 
D4 

.Dt 

I [ l . I -f) D1./n45 + D2./n15+ l)a.ft14:i + /J1.fu:J:c.+ /J-../12:1-t, /) = 2"·'1/\1\ 1 • 

.s1t(-t(.s- 8.}- -~\I- .St\;- \I\;], 

.si(t(s- 81) + S\t + .St\;- \I\;], 
'[ . I '] \1\t -[(;; + .st)- .5\t + St\t t \t\1, 

-~Yt(l(s- st) +-~Xt- .StX~- \t\;J, 

.StX;Jt(.s- 8a}- .SXt + .StX; +XI\;]. (IU) 

ft, is interesting to note that the method described above"to calnila.t<~ Uw codfici<'t~t!-; 
of the tensor structures cannot be applied to tlu~ tensor integt'als with 5 dc•iiOmi­
n':ltors given above.· Sot!Je additional information is needed to close the s)'slt•ttl of 
algebraic equations. 

· We mention a trick which permits·to obtain additional equatioris for v<'ct.or an·a 
tensor·integra.ls whose denominato~s do t"Hit contain the term 1.:2 - >. 2 • H. consists in 
shifting a loop momentum. Thus, for .f/~:11 we have 

/
d

1
k 1.: I _1d

4k (pt-k) _ _ . . -. 7 1 

iii2 (I )(2)0)(·1) k=p,-k- i7r2 (1)(2)(:1)(-1) - PtJl2:l4 + a(Jlt+ ]l2) + c/..:1 + c Jll 

(i) = k2
-rn

2
,· (2) = (k-k1 ) 2 ~m2 , (3) = (7i 1 +7'2 +k)2 "--m2

, (<1) = (k-p; -l.:t)2 . 

The comparison of right hand side of this equation with the standard <;xpansicm 

Ji;14 = (apt + bp2 + ck1 + dp
1
1 Ji234. 

leads t.o the new relation: 

UJ231 = .]1231 = b1211 • 

Analogous useful relations can be obtained for tc~nsor integrals as well. \Vc put 
below the relevant scala.r, vector and t<~llsor i~tegrals with :l and '4 d~nomimitors · 
from (B.l) and introduce the parametrization: 

d11.: I 
.l;j... = J irr2 (i)(j) .. .' 

.r _ J d1
k· k'' 

•J ... - -.- - a m2 ( i )(j) ... - ( ij ... Jlt + b;j .. .P2 

18 

+ Cij; .. kt_+ d;j;.,p~ )11 , 

.J!'.v 
')·~.· 

·: d4 /;"•'kpkv: · :. ', :. ·,._,_c· ·,·,, ' .. ·:"- ·'•:_ >·· J i1r2 (i)(j) .
7

• =(9,T9 -t'czTPtPi+ bT P2P2 + cTkiki +t[T p~p~ .. ·- (B.4) 

+ l7(PtP2) + pT(ptkt)+if(p}p~) + pT(PiP2) + uT(ktp~) + TT(pikd)r;. ... 

Vector :l-denorninator integrals are:-

j. 

' .. 

.. . J . Lx, -. L, b, . 0 
a245 = -c245 = 245 + . . , 245 = , 

t +XI 

d _ -~J _ 2xtLx, .. . (Xt- tt)L, 

245 - t + Xt 245 (t +xt)2 + (t + xt)2 ' 

· . · t . . 2x~ Lx~ , . t+ x~ . . .. 
a145 = ~-. --Jt45 + - . Lto · 

. Xt- it (tl- xt)2 (Xt- t1)2 

' -L, :_·Lx' 
bt45 = 0, Ct45 = d145 = 1 ·- ,

1 
' 

Xt- t 

L1 . '-2L, 
. a345 = -c345 = -d345.= -, b345 = -.J345 + -, . 
t·;. t-- t-

.. · ·· L. · • ,.. .·.• ., 'L·._ .. 2 
.- .. XI. . XI-

Ut25 = J125 + -, b125 =: .d125 = 0,. Ct25 ;:::: . : 1 . .. Xt . .Xt 

· · L.,- Lx, 
a235 = -c235 = " .. _ , , • d23s =.0, · 

s- X2 
<;':c . Xt J ·· . 2x,Lx, Xt - s1 L 

b235 = ---. 235- ( )2 + ( )2 • ., 
s - X2 s - X2 s - X2 

. .· r·c· 
Ut35 = -bl35 = .......!., CtJ5 = d135 = 0; 

s 

L;., . L~, 2L., 
a234 = -c234 = .l234- --, b234 = ---, d234 = -.}234 + --, 

St St ~ .. St 

L.,- L. 
a123 = .J123 + b123, b123 = , d123 = 0, 

S-St '. 

c = __ ·_·s-J ,·-__ ._2_. . 2sL~ · .- (s + sl)L~, 
123. . . . ·. 123 ·. . + ( . )2 ( . . .. )2 ' . ,. 'S-St . . 'S .;__·s1 S- s 1 S- Si 

... ,-.. . -h:.-2 ~- . .·Lx: 
·' Ut:l4 = .f124, b124 = 0, Ct24·= -J124 + 

1 
, d124 = --, , 

Xt ~ . . . Xt 

19'. 



s 2x~Lx' - (s + xDL. 
a134 = ---1 .J134 + _ (' ')2 , bt3-L='at3·J-: ./I:Jl. 

-· ' 8 -::.Xt ·. 8 :-Xt . . 
s -(x~ + s)Lx' + 2sL. 

Ct34 = 4t34 :::: .--_ --1 .J134 + . ( - 1
1

) 2 . ( J3.5) 
· ·- · · · s --x~ · s - Xt · · 

t."" 

Vector integrals with 4 denominators read: 

a124s 

dt245 = 

b.3a 

b.3c 

b. 3d = 

a123s 

dt235 

b.4a 

b.4b 

b.4c 

a1345 = 

l12a 

b.2b 

b.zc = 

a2345 = 
b.t = 

.6.ta 

.6.tb 

b.tc 

/ 

b.3a b b.3c 
~ ' l2:J5 = 0,, Ci245 = ~ ' 
L.l.J .• . L.l.3 

b.3d , . I 

.6.:
3 

, ·· .6.:3 = 2itXtXt, . ..J 

xaxt(2tl +x~).Jl245 + x~.Jl24- xtll25- (t + xt).J245 + (tJ + .v.).J!45}, 

td.-x~x~.Jt24s + x~ .J121 + x1.Jl2S- ( t + xd.J21s + (t - x~ )Jt4sJ, 

xd-x~x~.Jt24~- x~.Jl24'+xt.Jl25 + (x~- t1).J24s + (t- x~)Jt·•s]. (B.6) 

= 

= 

= 
= 

.6.4a b Ll4b b.4c 
.6.:

4 
, 1235 = ~' C1235 :::: ~, 

o, .6.:1 = 2sx1x2, 

X2[sxd12Js- (s- s1).J123- (s- X2).J2~s + XiJ125'+ .s.J135}, 

X1[sxt.Jl235 + (s __:_ St).Jt23- (s + X2).J235- xiJl25 + s.J13sJ, 

s[-sxt.Jt23s +(X2 -xt).Jl23 + (s- x;)J23s + xtlt2s- s.J13s]. (13.7) 

.6.2a. b.zb b.2c . 
.6.:

2 
, bt345 = .6.:

2 
, Ct345 = dt34s = .6.:

2 
, .6.:-2 = 2.5tu, 

-st(s + t).Jt34~ + t(s +t).J34s + s(s + t).Jt3s+ (ut :- .sx~)J11s 

·+(us- tx~ ).1134, 

-st(s + u).Jt345 + t(s- u).J345 + s(s + u)J13s- (s + u)2 .J145 

+(ux~- st)Jt34, 
s[stJ134s- t.Ja4s- sJ135 + (s + u).Jt45 + (t- u).Jt34J- (13.8) 

Llta .6.1b b.td 
-c234s = .6.

1 
, b2345 = ~' d2345 = ~, 

-2Sttltf, 

-s1u1tJ2345- Ut(t + Xt)J245- tt1s1J231 + u1(s- Xz)./235 + lut.f:u;;, 

-Sti(t + xt)./2345 + (t +xt)2 .J24S + St(t +Xt).Jz:H -f-(ttl:\-1 + ·'ll).h:Jr, 

+f( 'IIJ - SJ )./345, 

-:-sit(s- xz)J2345 + (UJXI +sti).Jz4s+ s1(ui -:.t).J234 + (-'- X2)2.12:1!i 

-ft(s- X2).J345· (B.!J) 
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t1i:n1 

"•:z:;J 

·r:-' 

Jr.i. . .. . --._ _ A:-.i •. 
./lnJ + -, bl:z:u = T· 

J:; " 

•• . ' •. -· ·.~);b. Jf.,-· 
C1:.!:11 :::: -./12:11- ~t. + ·J~ ' 

J~ .. _ .:.\M. 
-:.li:z:l.+ _;,:· ..... J:;. 

; . -··f I · ) _ ~----, ;-_ 

Jr, = 2Bt \ 1 \ 2 • - \ 2 =, ·' -,- ·'I - \ I • 

( 13.10) 

J:;,, 
Jc,i, 

J:;,. 

\~[-::(·'- ·'dJ1n+ (.,- \'. ).f.:lJf ·\'.J12:,_..:... ~~~.ln.,+ ·'I ,;Jm.]. 
\; [(., --:: .-ii ).JI:l:l + (2-'1 - ·'+ \~ ).Jl:H _:' \ ~ •hi-1 - ·'J.J_J.:II +:'1 \; ./12:1d· 

= ·'d(\~- \'.JJm __:_(,,- ,;·).1,:11 + \~·.lm +·'dnt- ·'1 ,;J;z:JJ]. 

\\'1' put 110\\' flw tmsm· codficiPnts for B-typ~ integrafs with •I d<•nomi1iators . 

1' . 1 .-- . ' • - . " '. . ·. . . • ' 
:BI24a == ::; [2.112-1 -al:l·l- \JCJ2-15+ (/ +_ \1 )dt:ztr.]. 

• - ~' - ,. • ,· ' • -f :' 

1' 
II J~Nh 

r . ·. . . .... - . . . ..• _ 
-· -h~ ( -./w +fit:zt- r[.lf,) +l1a14!i :-U + \1 )(t:z1r. t, \ l . . . ·,·· .. · ' . ,_ . 

+ r~x~~~~:z-•r. ~,~(I+ \1ld1:z.,,], 

cJ~.1 :. = -2-,- [11(:__./i;<~+ liJn) + \ ,c·,:zr. + {11 -\I ,)c·,.J.", -. \ 1 \ ~c1w.} 
.. '' .. \1\t·;:· -'·• ···'-: ., ; . ,_ . .-,. ' -·:,. .- • . ·. 

,i':~_.~, ~ l 1 hi(:_J;:l.J + (IJ:zl- ll;z;;,) + {I i '_:.:\ikt45 -;- t,il:zlr• ~ \:1\~dl:lla] . tn,.. .•. . . .. : . . . . . . - . .- . - -
. T.- ~-~ . , . . .· _· . j" 
t/124f. = .....,- -.J.:z.t+ flt2·l + C14r, +. \JC•I2-I!i · 

. 1· i >.y. \L ,;,. , . - - . . - ... 

l1245.= - [J124- ct12-1 + (12•1a+ CJ.i5 + (t + \ t)cfl2·i5]. 
. ·- ... lc. . . . . . - .-- ..... · 

1' . J . . . .·: . . . 
Tl245 :::: .,.I [-.JI:l·l + ct245 + \I Ct2·.15 - 'f+\ t·)cll2·15], 
. . I . 

T· 'J'-.' T _' ··1' · : __ 
bt245 =: tt1:i4ri = P12:1;, = l1u,ts == 0-. ( 13.11) 

As a dwck 011c can use t.h<· result._ i>f <·out.ra:rt.ion by the lliet.ri<: t.<'llsor: 
.: ~ ~. ·.., 

T · T · .· 1' 1 T ~-
4.CIJ:z,la + Xt/112-Jr.- lt''l'l:.!-15 -f: YtTI2-tr.:=<= ·/t:l-1· (B. I:!) 

1: ... _ ,, ' . ' ' 
'/' 

. !h:z:Ja.= 2[:!./1:z:1-. at:z:t+ bl:z:~- \1('12:1r.J · 

T I ... -... .-. . : 
Cl12:1r. = -h:z./123- (\I+ \:z)lll:z:! + \ lfll:zr.)- \1 \:zl'J:l:lc.]. 

·' \'1 . . . . . 
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T l ( . 2 j b1235 = -.- \1(./123- ll23c,) +(\I + .. \l)bl:l:!- \;tb2:15- \ICI.:.?:Ir. , 
-~\2 . ' ' ' 

cJ~:~~ = -
1
-· [.-(./123 + bt23),- (.s-:- \2)a2:1t.+ \zCI2:~- -'\1<'12:1~]. 

\I\2 . . -

T L 
01:z:l5 = -:-1-·.J123 + rt12:1- a2:1:;- b12:1]. 

·' 
. T . l . . 
;11235 = -L-./12:1 + a12:1 + \1 cn:Jr.]. 

\I 

:0'~:15 =· ~r.:.-.];23;+ a~~;;- bm + \lcl;t:Jr.] •. 
\2 

\, T • -T · T · T· .. 
dl235 = f1235 = P1n·; = TI2:1:; = 0 .· 

One of the checking relations here has the form 

T T .. ·T T 
4gl235+ .50'1235 + \'11112-15 + \20'1235 = .]123· 

1 
2[./n-t + lci:Hs], 

(IU:l) 

(lUI) 

('.1 

1
. )[(~+t) 2J134 +t(x;--.s-t)a14s-($(.s+t)+t~;)ai:H .stx1-.,-t 

x;(.s + t)(c145- C134) + f(s + f) 2Ct3•15], 

![b1:J4 ~ b:w;- (x;- t)pf345], 
8 

T T ' 1, ' ; . . . .·· 
d1:11s = r1:115 = t(x~ _ 8 _ t) [(xl- t)(c14r.·- c134)- .s(~n4- lcta-ts)]. 

I . [ ( I . I I ' . . 

--) -t X1 - .s -l)a:J·Is + X1(X 1- t)(c145- c134) 
M(X't- s- t 
-'X; ( a134 - ./134) + stx; C1345j, 

7' } I 

ln15 = t( 1 t)[(s + t)(bn4- tc1345)- X1(c145- c134)], X1-.s-
T 1 ' I 2 ' 'I . 

al345 = ·t( 1 _ . _ t) [-(xt - t) cw; + t(x 1 - .s- t)a:Hs 
.s XI s 

(x~(x;- t)- .~t}ct34 + s(x;- l)b1:14- ;,t(x;- t)c13·tr.]. (B.l5) 

The relation of the same type for the above coefficients rea<k 

T 1 1' 7' T . · T 
·1gi:Hs + X1c1315 + .sa1.11r. + (Xt- l1 )/11:145 + (x2- utlan45 = .JJ:H· (B.l6) 
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gf345 
1 
2fJ234 + x1a2345 + (t + xt)d134s], 

t· 

T 
(12345 

T T 1 . 
C2345 = -{32345 = -[-ta345- (s1 + xt)a235 + S1fa2345}1.' s1t ' . . . ' , 

.bf~45 , t(. 
1

. )Is1t(b23s-:- b34s)-=- Xt(Xi''+ t)~2i~·-,- t(t +.xt)a34s 
-'1 X1 + St + t . . . :· . . ' ' 

T 
d2345 

.s1t(x1 + t)b234s], , 

-
1

--.-·[d245- d234 ~· ( 1 + 51 ~) (st~(a24:·'_ a2~4) ,, ' 
X1 + St + t Stt XI+ St + t -~ 

+ t(xt + s~)a345 + C'::t + s1?a235 - s1t(x1 + s1)a2345)]; · 

T 
0'2345 

1 . . 
-a~45 = -. -[-Xta235- ta34s], 

S1f · 
T 

f2345 
' 1 ' ' . 

-rJ;45 = t( '· + · ~ t) [s1t_(a245- a234) + i(Xt + st)a345 
St Xt s1 ' . ' 

+ (X1 + st)
2
a235- Stl(Xt + st)a2345] 

T 
P2345 

1 ' ' 
. ( ) { -s1 ta234 + Xt (X1 + s1 )a23s + t(x1 + st)a345 
s1 t Xt + s1 + t ' ' . . . ,' • 
s1tx1a2345 _:_ s1t(x1 + t)d2345]. (B.17) 

Tln~·above coefficientshav~ to .. s.atisfy the rel~tion,., .. , . 

A T ' T ( .' ) T .(t ' ) T T - ~J-> 
''g2345- X1a2345 + 5 - X2 a2345- + Xt /2345- U.tP2345- 234· 

··~,". . ~,' 

. T ,_ 'f[ • ... ~~(3)]·.'' 

'9,12~4 = 2 . .J~23'~'Xt T '. • . 
' 

' , • I "'; '.~ 

"; T ' L), (2) . -
a1234 = 2T + .J1234 + b1234 , 

'· 

T -
bl234 = bt234 , 

(2) (J) . ,·' ' '' .. ' 
T L), L), - - -

c1234 = 2-T - 2 -. L), + J.1234 + b1234 + Cf234 - 2/1234 ; 

T L), (2) . 'L), {lL. . . - . ;. _, ' 

d1234 = 2T - 2T + .J1234 + b1234 + a1234 - 20:t234 , 

T L), {2) -

al234 = T + b1234 , 

T L), (3) L)_ (2) _ -

fl1234 = T - 2T - .J1234·- b1234 + 11234 

···.' 
T L)_(l) L)_(2) . _ _ 

ltz34. = T - 2T - .J1234 - b1234 + a1234 

23 



A(2l • 
Pf234 = -~- bi234 + 01234, 

T . A(2) • • 
171234 = ---x-- bl234 + 1'1234 ' 

A{2) A(IJ A(3J - . • . . • - . -

. T~34 = 2--x--.., T- ·A--+ Jl234 + bl234 + !31234- OJ23~ -:-i'J23~.(B.l8) 

where the quantities with the sign· are defined as follows: 

1 . 
ii1234 = -, (L • ...,. L.1 - Lx") , 

SXJ - . -I 

_.) 

• ·1 [,A<2l X~. Lst L. X~(st-X~)- ]-
bl234=-;: Xt~+--_-,JI34+--:---,.+ ( ')2 (Lx: -L.) , 

X2 Ll s- X! SJ s- XI SJ s..., X! 

1 [si A<2l s 1 . s 1 s 1 2- L. 
c1234 = --; -,--- -,J124 -f:(--; + --)JI23 + -.--

X2 X2 A Xz X2 s.- St · .. · s- SJ 

2- Lx; 2st . ] 
-,-- ( . )2(L. -L.1 ) , 
XI s-St 

Lx1 - L. . ~<3l L - L 
• I {3 . . . • ~ 
0t234 = ( 1 ) , 1234 = -~ ~ 1 ( . . ). , s1 s- x1 u. x1 s- s 1 

1 
[ 

A (3) L - 'L L ._ L I ] - I U 8· SJ 8 ' Xt 
./1234 =I Xt ~- JIZ3 + + , . 0 x2 u s-s1 .. s-x1 

(B.19) 

. . . 

One of the checking relations takes the form 

T . ~ T ., 1 T • . 
2gl234 + XIf3t234 + X2171234 + XtT1234 = al34.....; a234 + xxa1234· 

. . 

At the end of this Appendix we give the table of scalar integr~ls ~ith two, three 
and four denominators. We imply the real part everywhei·e and the ultraviolet 
asymptotic is assumed as well. 

where 

J12 = -1 +Lt., J13 = 1 +Lt. - L. , 

J14 = 1 +Lt. - Lx: 
J23 = 1 + Lt. - L,1 , 

J4s = 1 + Lt. - L11 

J1s = J24 = J34 = J3s == L11 + 1 , 

. J2s = 1 + L11 -Lx1 , 

A2 
L· = ln-2, 

" rn 

SJ 
L = ln-2, 

st ·m 

s 
L = ln-

2
, • m 
I 

XI L 1 = ln-2, x1 m 
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.\2 
L,, =In m2' 

XI L = ln2, 
XI 7n 

-l 
l -ln-.-. 
-t - !112 

(B.20) 

(B.21) 

:l-df'itoit1inalol: 'scalar·int<·grals ·ai·<' ' .. ~ '. 

~ :' 

./1n 2 2 . I [ 1 2 2:r
2

] . 
')(. _ . )(/,_,- /., 1 ). .f:llr.·= -

1 
-:jf•t + -.,-. ·· 

.... ~...., ·"'I .... ·> •' 

I [ 1/.2 . rr2,J. 'i '- 1:. [· L 2 . ;r.21 .. , .. ·!,• - - ' ' - - . .} uo - - --I. - -
\; 2 \I (j ·' \I 2 \I ;J • 

I ·'[:I;-: -I '
2 

• • • •• ( \;)] ... ,,, .•.. 

--, -1., +-I.,.- 2/.,L,• + 2L1 2 I-- . 
s-\ 1 : 2 .' 2•. 1 11 · ·• • :·.- • 

.112·1 
·.' 

' ~ : 

.ll:l-1 

I [:J 2 _I 2 ' . ' ·.. . ( -\I' :l;r2
] 

-.-- -:)L, 1 + -:jL, 1 - 2L,i L, 1 + 2L12 1-+ -:-) ---.- ··.· 
·'1+\1- - ·'I 2 

·I r'· _;·. ... . . ·)~2J · ... --~- ·r~· .. ·.. . . ")-'lJ. ,. "2 .... II · 2 · · ..... 1 

- -L - /, /,, ,_- . .J_-2·1~ =·-,-- -L -I. L,- -_. . 
S 2 s ,s, ', ;J.. ' ···"! 2 Sl . ··'I . ·, ·:r 
'' I '[I 2 .. ·:I. 2.: I'(. :-·,-.,\)··'], ,' :·'; ... ·.• ·' ' 
-~-.-~. _,J.,--1. ;+2Lh 1·+-,- ·, :~..•,,.;.,,, 
'I+ \ 1 2 · 2 '' . . I . . . .. 

.inc. 

.fl:lG 

·hlf>' 

·hrr. = -- -L,-·-L -·~-2LI2 1-- . I [ 1. 2 .I 2 . ;r2 . . ( \; )] 

-t + \ ~ 2 ' 1 2 I 2 I (B.22) 

-'1-d<'IIOillinat.oi· scalar int.<'gi:als n;ad: 
., 

I:; 1 ,'•· 

[ . ·)-2] . . I . · 2 . · 2 · 2 > > > . .. · -" 
.J12-1r.= -·- .:-J,,:'-.1.,. -·1,1 "-'...f,, 1 L,~·+:...1., 1 1. 1 +:...f.,,f. 1 +'-:_- . 

\I\'~ I I I 1 .J 

I ·r 2 • • . . . • • . 5rr2]· ·fz:J.Jr. = ,,,f L,,- L_,, L.,- 21._, 1 L, 1 + lL., L,- G : 

l'[i·"' .. ·. ;r2] :~1:m =\· st L.; - L,L,, - 'll., L,~ + 2L.L, + 7 6 · . 

·· . r ·_··[" .· .- . · · .. · ( · ·'I) rr2] 
.112:1r. = ~ L;1 + L_.l._, ::... ·u .• L, 1 + 2Li:z 1.-~---: . - 5-<. . 

S\J _ . S I 

1 [· - . ' . . . - '( . , .... •) ..;.2] 
./12:H =.-:--:; -_. L;-1,_,1 /,_,+ 2/,_,1 L\;'·- 2Li 2 1-" 2.. - 7_'

1
'. . 

8J \I ·• ' , c . ·'I . I 
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