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1 Introduction 

A ~harge-dyon system with the SU(2)-monopole in the space IR5 is described by 
the equation [1] 

• 1 ( a. , )2 t2 ., 2 ,., , . n - 2 e 
- -in- - nAaTa _ t/J + - .. -T t/J-:-:: .-t/J = Et}; 
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(1) 

where j = 0, 1, 2, 3, 4; a = 1, 2, 3. The operators Ta are the generators of the SU(2) 
group and satisfy the commt1:tation ,relations . , , • • ·, 

[Ta, 1t]= ifabct . 

The triplet of five-dimensional vectors .Ja. is given· by the expressions 
. . ' '' ' ' . ' -·, ' ' ~ 

A1 

A2 = 

A"':3 = 

1 

( 
-(0 -x · rr+xo) ' 4,-x3,x2,x1) 

1 

( 
--) (0, X3, -x4, -xi, x2) 

r r + x0 : · . 

1 ·. 

( 
.. · )(0,x2,-x1,x4,-x3). 

r r+x0 

Every term of the triplet Ai coincides with the vector potential of the 5D Dirac 
monopole [2] with a unit topological charge and the line of singularity along the 
non positive part of the x0-axis. The vectors Af are orthogonal to each other 

A'!Ab = 1 (r - xo) 8ab 
3 3 r2 (r + x0 ) 

and also to the vector x= (x0 ,x1 ;x2,i3 ,x4). 
The eigenvalues of the energy (N = 0, 1, 2: .. ) 

f'f.= 
\ ·:i 

me4 

, 2h2
( ~ + 2)~ 

(2) 

for fixed T are degenerated with multiplicity [3] 

T 1 2 (N ) (N ) 9N=-(2T+l) --_ T+l --. T+2 
, 12 2 · 2 . 

{(~ ~T+2) (~--T+3) +2T(N+5)}. 

For T = 0 and N = 2n (even) the r.h.s. of the last formula is equal to (n + l)(n + 
2)2 (n + 3)/12, i.e., to the degeneracy of pure Coulomb levels.· . 
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The article is organized as follows: In Section 2, we'describe the hyp~rspherical 
and parabolic ba:ses for the s~arge-;-dyo~ system .with the, SU(2)~!11onopole in a 
way adapted to the introduction of inter basis expansions. In Section 3, :,ve prove :1n 
additional orthogonality property for hyperspherical radial wave furi~tio~s of the 
given hypermomentum ,\. In Section 4, by using the property of, biorthogonality 
of the hyperspherical pasis, we ,calculate the coefficients of interbasis expansion 
between hyperspherical and parabolic bases. . . 
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2 Hyperspherical and 'p'arabolic bases· 

The variables in Eq.(l) are separated in the hyperspherical and parabolic coordi-
nates. . 

Let us 'inir6duce in .IR5 tlifhyp~rspherical coordinates r (:f[o,"oo ); '0 E [O, 1r], 
a E [O, 21r ), /3 E [O, 1r], 7 E [O, 41r) according to 

Since 
.i; ~;.; 

where 

and 

xo = rcos0 

·x1+·ix2 
• . ' .. {3 •a+-, 

r Sill 0 cos -e•-2-
2 ' 

X3 + ix4 
. 0 . /3 ;= . = r sin sin -e 2 • .. ,, . 2 

· · tr · 2 ,,c ·• .:·. 
·. iA~-' = . La, 

1 8xj r(r + xo) . 

t1 z 

2 [D41(x) +D32(x)] 

A i , • ' 
L2 = 2.[D13(x) + D42(x)] 

A ' z 
L3 = 2[D12(x)+D34(x)] 

8 8 
D··(x) = -x;-8 + Xj~ 

•J Xj X, 

• j .,. "T' 

Eq.(l) in the hyperspherical coordinates assumes the form 
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Here 

18( 4 8) 1 8(. 3 ·8) 
fl,o = r 4 8r r 8r + r 2 sin3 0 80 Sill 

8 80 

and Ja = La + Ta. Emphasize that 

[La,Lb] =iEabcLc, [}a, }b] = ieabjc. . 
The solution of Eq.(3) is of the form [3] 

t/!sph = RN>.(r )Z>.LJ(0)Girm't'(a; '13, 7; aT, /3T,, 'YT) (4) 

where G are the eigenfunctions of £2, t'2 and J2 with the eigen~alues L(L + l), 
T(T + ltand J(J + l); ctr, /3r and 'YT arc the coordinates of the space group of 
SU(2) and have the form 

G= (2L + l)(;T + 1) L (J MIL, m; T, t) D~m•_(ct, /3, 7)JJ.it'.( ctr, f3T, 'YT). 
47r M=m+t 

Here ( J MIL, m ; T, t ) are the Clebsch-Gordan coefficients, and D~m' and D[i, are 
the Wigner functions. . .· . · . 

The functions Z>.LJ(0) and RN>.(r) normaliz~d:by the conditions 

,r 

j sin30Z:,,LJ(0)Z>.r,J(0)d0 = ti:,,., 
0 

00 

jr4RN•>.·(r)RN>.(r)dr = 8N'N 
0 

are given by the formulae 

Z>.LJ(0) 

RN:,(r) 

N >. ( 0)L( 0)J (2L+t,2J+l)( ) JLT l - cos 1 + cos P.\-L-J cos 0 

CN>.e-'"(2,;;rl P (-~ + ,\; 2,\ + 4; 2~r) '., 

(5) 

(6) 

(7) 

Here pJo,.Bl(x) are the Jacobi polynomials;.,;; =,2/r0 (N +.4), ro_ =fi2/mc2 is the 
Bohr radi~s. The normalization constants N:hT and GN>. equal 

C£Jr = 

CN>. 

(2,\ + 3)(,\ ~ J - L)!r(,\_+J +- L _+ 3) 
221+2L+3r(,\ +} - L + 2)~(,\ :-- J.+ L + 2) 

32 f 
(N + 4)3 (2,\ +.3)!. 

(f + ,\ + 3)! 
rJ(f - ,\)! 
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The quantum numbers run over the values IL - Tl :S J :SL+ T; ,\ = L + J, L.+ 
J + l, ... , N/2. . 

In the parabolic co~rdinates 

1 
Xo = -((-71) 

2 

. . ~ /3 ~+-, 
x1 + ix2 '= · y (71 cos 2e•-2-

X3 + iX4 = ~sinf!..e;~ 
.: . 2 . 
' 

where (,71 E [O,oo), upon the substi~utiori 
t • . , 

. 'ljr'>= f1(()!2(11)Gi':/;,;,;,(er,/3,7;erT,f3T,"YT) 
') 

~ -. l ' , 

the variables in Eq.(l) are separated, which results in the system.of equations 

r!'(i;!) +[;\-iJ(J ~l)+P;] J, ~oce: 
i; (~2!) +,[;~;~.i~·(L +-1)/~;J h~ o_ 

where 
.·::t 

me 
/31 + /32 = ~ 

,J 

(8) 

At T = 0 (i.e. J = L ), these equations coincide with the equations for a five 
dimensional Coulomb problem in the'pa;ab~lic coordinate [4], and consequently, 

tppar = 11:
3 Afn,J(()fn2L(T/ )Gf,¥m111 ( er, /3, ,; erT, f3T,,"YT) (9) 

where 

;,· fpq(x) = ( 2q:l)·! ✓(p+2;+l)!exp(- 11:
2
x)(11:xFF(-p;2q+2;11:x). 

Here n~ and ~ 2 are non-negative integers · 
j 1 • ;!' • > ,I 

/31 . . /32 n1=-J-l+~, n2=-L-l+-
.·. K K 

. ' 
from which and (2), (8) it follows that the parabolic quantum numbers n 1 , n 2 , J 
and Lare connected with the principal quantum number, N as follows: 

N = 2(n1 + n 2:+ J +L). 
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3 Biorthogonality. of the radial wave functions 

We ~hall prove that along_.;.;ith the condition' (5) the radial wave fm1ctions RN>.(r) 
satisfy the foUowing ''.~dditional" orthogonality condition:_ • ' . 

' ' . . ' ., ' 

CXl . 16 1 8u, • (10) 
J>.>.' = j r2 RN>.'(r)RN>.(r)dr = r5(N + 4)2 2,\ + 3 

0 

This new relation shall prove useful when' 'deMing'with·the i~terb~sis e~pansions 
in the next Section. The proof of the formula (10) is as follows. . . 

In the' integral appJaring in (10), \ve 'r~place RN~(r) and' R;..'>.'(r) oy their 
expressions (7). Then, we take the confluent hypergeometric function in (7}' as an 
finite sum : .i ~\ ~ . 

N If->. ( N + -') (2 )' 
'F (-__: _+ ,\· 2,\ + 4· 211:r) =. ~, --r • 11:r 

2 ' ·. ' · L..;, (2-' 4) · s! 
, ;./ . · .• ! . 't ,:_ 

1
,. s=? . ,+: ·81 '.7-L.,'·· - , ''.ft: 

and perform the integration term by ter~ 'Yith the help of the formula [5] 

Joo ->.x "F( k ) d ' . r(v +: 1) • F ( ·• .. , k) , 
e x er, "Yi x. x = ,\v+I 2 ~ . er, II+ 1, "Yi 3: . 

i,:-" .. • _o .w:' 
By using. 

we arrive at 

r(c)r(c - a - b) 
2F1 (a, bi c; l) = r(c - a)r(c - b) 

16. r(.X+X+3), 
1>->-' =. i-5(N +4)2 • '(2,\ +3) 

(t+ ,\ + 3)! 

( If _: ,\) ! ( If - ,\') ! ( If +N -f 3) ! 

If->- (-if+-').(-'+ A'+ 3), r (f - -' - s + 1) 
~-.· · s! .i (2,\+ 4). r(,\ _: ,\' - s + 1) 

By introducing formula [6] 

T(z) ~1 -l nr(-z+n+l) 
r(z-h) · (_ .) · r(...:Cz;t-1) •· 

(11) 

(12) 

(13) 

(14) 

into (13), the sum over s can be expressed in terms of the 2F1 Gauss hypergeo-
metric function'of argument L \Ye_l:_hus•obtain ·.: f ·· 

16 1 
Ju, = r5(N + 4)2 ,\ + ,\' + 3 

( 1¥: .:.. ',\) ! (If.+,\ + 3) ! 
(1-N)!(lf +N+3)! 

1 

r(.\ - N +11)r(N - -' + 1) 
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Eq~ati6n (10) then easily follows:fr~ni (15) ;ince [f(,\:.....,\' + 1 )f(A' .:.:>.+i )].:1 == 0>,.)): 
. The result provided by formula (10) generalizes the one for the hydrogen atom 

[6]. Such unusual orthogonality properties are connected with the accidental de­
generacies of'the energy spectrum for the charge-dyori 'system with the SU(2)­
monopole. 

4 Inter basis expansion 

The connection between hypersph(!rical (r,0,~,~,-r) and parabolic (c,TJ,6',(3,,) 
coordinates is · · · · · · · ' · :. 

c = r(l + cos0), T/ = r(l - cos0). (16) 

Now, we can write, fo~ fixed value energy, the parabolic bound states (9) as a 
coherent quantum mixture of the hyperspherical bound states (4) 

N/2 
.1,par = ~. W>,. .1.sph 
'f" , W n1n2JL"¥ . 

(17) 
. >.=T . 

By virtue of Eq.(16), the left-hand side of (17) can be rewritten in hyperspherical 
coordinates. Then, by substituting 0 = 0 in the .so-obtained equation· and by 
taking into account that 

pJa,/J)(l) = (a: +.1)n 
n. 

we get an equation• that depends only on the variable r. Thus, we can use the 
orthogonality relation· (10) o~ the hypermomentum quantum numbers X. This 
yields 

w>. _ . l En,n2 Knn, 
n1 n2JL - (2J + 1 )!(2,\ + 3)! UL. UL 

(18) 

where 

E~y;,2 = ✓(2>. + 3)(>. -J - L)! ( ~ + ,\ + 3 )i 

[ 

, . ' . . ] 1/2 
f(>. + J - L + 2)(n1 + 2J + l)!(n2 + 2L + 1)! 

(n1)!{n2)! ( f - >.)!r(,\ ~ J + L + 2)f(,\ + J + L + 3) 
(19) 

oo N 
l(nn, - j e-xx>.+J+L+2 F(-n 2J + 2· x)F (-- + >. 2,\ + 4· x) dx >.JL - 1, ' 2 ' ' . 

0 . j ' 

I 

(20) 
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To calculate the integralEtjl, it is sufficient to· write the confluent hypergeoinetric 
function F(-n1, 2J + 2; x) as a series, integrate according to (11) and use the 
formula (12) for the summation of the hypergcometric function 2.F\. We thus 
obtain 

. . . ' 

Knn, _ (2>. + 3)! (f - J - L)!r(>. + J + L + 3) 

>.JL- (>.-J-L)!(-'¥+>.+3)! 
_,-• ' { <- ~ ' 

F_ {-n.1,->.+J+L,>.+J+L+31 1} .. 
3 2 2J + 2 _!'!.. + J+ L .. 

; . ' ' 2 · .. ~ :_ • ' , . - :•· 

,:t· ·1 

(21) 

·The.introduction of (i9) and (21)into (18) gi~~i ' 
,'.r ., 

W>. _ (2,\ + 3)r(>. + J + L + 3)(n 1 + 2J + l)!(n2 + 2L + 1)! 
[ 

. ] 1/2 

np,,JI, - (n1)!(n2)!(>. - J - L)! ( ff - >.)! ( f +). +3)! " .· · 

(!f-J-L)! 
(2J + 1)! 

f(>.+J...2.L4-2) F'{ '...'..n1,-._>.+"J+L)+J+L+3:··1l}(22) 
f(>.-J+L+2)3 2 2J+~,:-:-''t-f:l+L .· ' '. · 

The next step is to show that the interba~is ~pefficients,(22) are the Cleb~ch­
Gordan coefficients for the group SU(2). It is' known that the Clebsch-Gordan 
coefficient can be written as [7] ;J, 

·~~- :(-l)a-a[J ~: (a+b-,)!(b·+··c-a)!., 
aa,b/) , . -Y, {3 V . '1:J)l(l )I .. :.··(b'-'/J•)+fJ. 

/.\:,•-

[
' ·, (2c+l)(a+a)!(c+ 1 )! .· ]·

1
_1

2 

(a - a)!(c - ,)!(a+ b + c + l)!(a + b - c)!(a - b + c)!(b-;-; a+ c)! 
• • • • I • ' ' 

F {-a-b-c-l,-a_+a_,-c+,.11}' (23) 
3 2 -a-b+,,-b-c+a. · 

' ' '-~ . . ' ' ' . ~ ~ ~ 

. By ~sing the formula [8] 

{ 

I } ( ') • '. "'{ ''. • ,-· '._• i 1 } F s,s,-N ll = t-tsN F·-~s,t_1;s,-N11 '. 
3 2 t', 1- N - t (t)rt' 3 

···
2 't',t':J-·_q' 

eq~ation (23) can be rewritten in the form :' 

. I~ 
Cc-y = [ (2c + l)(b - a +,c)!(a + a)!(b + fJ)!(c.+ 1 )! ] 

aa;b/3 (b - f,)!(c - 1 )!(a +b,- _c)!(a - b.+ c)!(a.-f: b,t_ c,+ 1)! 

0 
(-l)a-a (a+b- 1 )! F {-a+n,c+,+1,-c+, I} 

-y,a+/3 J(a-n)!(b.-~;;,~!;~ 2 i,-::a-b,b·-a+,+1 1 . (24) 
' •. >'\ < 

,,7 



By compar_ing (24) and (22), we finally obtain the desired_ representation 

WA ( l)n' c.x+1,J+L+I -
n1n2JL = - N-2J+n+2 L+n,-n,+I_N+2J-2L+2 J+n,-n2+1 • 

4 I 2 I 4 . t 2 

(25) 

At T = 0 (i.e. J = L) formula (25) turns into the formula for the five-dimensional 
Coulomb problem [4], as would be expected. 
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Map.nmrn JI.r., C0ca1G1H A.H. 
SU(2)-MOHOilOJib: Me)K6a3HCHOe pa3JIO)KeHHe 
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IlpoBe.neHO HCCJie,noBaHHe Hepelli!THBHCTCKOB KBaHTOBO-MexattnqecKOB 
rnlTHMepHOB CHCTeMbl 3apAA-J:IHOH C SU(2)-MOHOilOJieM. IlepeMeHHbie B ypaBHeHHH 
lllpe.nnttrepa .nm1 3TOtt cncTeMhI pa3,nelli!IOTC.H B rnnepcqiep0qecKHx n napa-
6on0qecK0x KOOpJ:IHHaTax. IloJIHOCTbIO peweHa npo6JieMa Me)K6a3HCHOro p_a3JIO- . 
)KeHH.H BOJIHOBblX ql)'HKUHB. Hau.netto, qTQ K03qJqJHUHeHTbl pa3JIO)KeHH.H 
napa6onnqecKoro 6a.Jnca no rnnepcqiepnqecKoMy Bbipa)KaIOTC.H qepe3 Ko­
aqiqi0unettThI Krre6wa-fop.natta .nn.11 rpynnh1 SU(2). 

Pa6oTa BhIIlOJIHetta B Jla6oparnpim TeopernqecKott qimnKH HM. H.H.EoronI0-
6oBa, 011.Sll-f. 
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Mardoyan L.G., Sissakian A.N. 
SU(2)-Monopole: Interbasis Expansion 

E2-98-15 

This article deals with a nonrelativistic quantum mechanical study of a 
charge-dyon system with the SU(2)-monopole in five dimensions. The Schrodinger 
equation for this system is separable in the hyperspherical and parabolic coordinates. 
The problem of interbasis expansion of the wave functions is completely solved. 
The coefficients for the expansion of the parabolic basis in terms of the 
hyperspherical basis can be expressed through the Clebsch-Gordan coefficients of 
the SU(2) group. 
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