


1 Introductlon

A charge—dyon system with the SU (2)-monopole in the space ]R is descrlbed by
the equatlon 1] -
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wherej =0,1,2,3,4;a = 1 2,3. The operators T, are the generators ¢ of the SU(2)
group and satisfy | the commutation relatlons b edern g e R :

[Ta,Tb]= zéabcl}; e s,

The triplet of five-dimensional vectors A“ﬂis‘.givenby the expressions P

A' = ———(0,—z4,—273,23,%
' r(r-l-,:l:o)( 4_ 3 ‘l)
o ) , _
LAY = (0,23, —T4, —T1, T
T'(T' +10)( 3 :l _l 2)
3= —L—(O g, —T1, T4 L )
: T‘(T+I ) L2y 1, ] 3).

Every term of the tnplet A“ coincides W1th the vector potentla.l of the 5D Dirac
monopole [2] with a unit topologlcal charge and the line of singularity along the
nonpositive part of the zg—axis. The vectors A“ are orthogonal to each other

1(r—zo)
a Ab
A’j = —1‘2 (T‘ 10)611

and also to the vector T = (zg, :1:1,':1:"2,:153,‘:134);
The eigenvalues of the energy (N =0,1,2...)

a___mt
N Y
for fixed T are degenerated with multiplicity [3]
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{(% i 2) (i;._ T+ 3) +,2T(N;+,5)}i.~

*For T =0 and N =2n (even) the r.h.s. of the last formula is equal to(n+1)(n+
2)2(n + 3)/12, i.e., to the degeneracy of pure Coulomb levels.
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The article is organized as follows: In Section 2, we describe the }fypéfspherical
and parabolic bases for the charge-dyon system with the SU (2)—monopole ina
way adapted to the introduction of interbasis ¢ expansions. In Section 3, we prove an
additional orthogonality property for hyperspherical radial wave functions of the
given hypermomentum A. In Section 4, by using the property of biorthogonality
of the hyperspherical basis, we calculate the coefﬁc1ents of mterba51s expansion
between hyperspherlcal and parabolic bases. :

2 Hyperspherical and’p”arabolic'baseéi~?f;'-

The variables in Eq.(1) are separated-in the hyperspherical and parabolic coordi-
nates.

Let us introduce in IR® theé’ hyperspherlcal coordinates r ¢ [0 %0): 6 € [0,7],
a € [0,2x), B € [0,x], v € [0,4r) according to

“zg = ‘rcosf
.Zy+1tzy = ‘rsinfcos —e'2
o 2 T, . T T I
Z3+1T4 = rsmebsm—z—e" PR

Since: " v ey ey B ‘f,‘;’ i - e
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where e
[:1 = % [D4‘1(I)k-i;“D32(-'f)]A
fs = D@+ Du@)]
Iy = 5[Du(e) + Du(o)
and
Dij(z) = 8 +I:ail o

Eq.(1) in the hyperspherical coordinates assumes the form
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" are given by the formulae

Here

19 1 0 f(.4,,0
Arg = or ( ar) + r2sin® 6 96 (sm 9%)

and J, = L, + T,. Emphasize that
Loy Lol = iewclier  [Jar o] = i€usc
The solution of Eq.(3) is of the form 3]
PPh = = RNA(T)ZAL)(G)G{%'m't'(a ﬂ,% OtT,ﬂTJT) . G

where G are the eigenfunctions of L?, K aud J2 with the elgenvalues L(L + 1)
T(T + 1) and J(J + 1); ar, fr and yr arc‘the coordinates of the space group of
SU(2) and have the form

\/w z (JMlL mes T t)Dmm (Q7ﬂ77)D‘£C(0T1ﬂT77T).
M=m+t . LR

Here (JM[L m;T,t) are the Clebsch—Gordan coeffxcxents and DL . and D¥, are
the Wigner functxons
The functions Z14(8) and RN,\(T) normahzed by the COndlthIlS

/Sin39ZA’LJ(9)ZAI,J(9)d9 =y
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Zrs(9) = NJpp(1— cos e)L(1 + cose)JP{IL;‘f“”(cose) (6)
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Here P{*F)(z) are the Jacobi polynomials; & = 2/ro(N -+ 4), To = h /mc s the
Bohr radius. The normalization constants N3 jLT and Cpy equal
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The quantum numbers run over the values |L — TI SJLSL+T;A=L+1, L+
J+1,..,N/2.

In the parabolic coordinates

Io

1. [
(& .

" £y ,H oty
Iy +iz, = *,/chosae 2

T3 + 1z4 = ’,/fn‘sij’n .‘g.el"—;’
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where { 77 € [0 oo), upon the substltutlon

1’[)17!11‘)_. f](ﬁ)f?(n)GLTm't'(a ,H o aT,ﬂT;7T) .

the variables in Eq.(1) are separated, which results in the systern of equatlons
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where ’ » .
B+ P = %— - (8)

At T = 0 (i.e. J = L), these equations coincide w1th the equations for a five
dimensional Coulomb problem in the parabohc coordlnate [4], and consequently,

,l/)par - '{3\/270.)(111 J(ﬁ)fnzL(n)GLym’t'(aa 187 Y aTJ,HT"’YT);: (9)

_where . i fa,

i1 e (T e (- o 0.

Here n1 and Tl2 are non- negatlve 1ntegers

::4—4J-—-1+§l‘\

=-—L—1+é3

from which and (2) (8) it follows that the pa.rabohc quantum numbers n,, ng, J
and L are connected with the pr1nc1pal quantum number N as follows:

=2(n1+n2\+J+L).~
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3 . Biorthogonality of the radial wave functions.

We shall prove that along with the condition (5) the radlal wave functlons RN,\( )
satlsfy the following ”addltlonal” orthogonahty condmon ,

Cosn

7 16 1v SR,
Jaw = [ P2 Ryn(r)Rux(r b 10
/ W (PR = (10)

This new relation shall prove useful when ’déa.ling with-the int'érbasis"'e‘i'(bansions
in the next Section. The proof of the formula (10) is as follows.

In the integral appearlng in (10) ‘we ‘réplace ‘Ru(r) and’ RN,\:(T) by their
expressions (7). Then, we take the confluent hypergeometric functioni in (7) as an
finite sum S ey _—
(N £ (X 42), oury
F (—-2— F2 g gnr) ~§ o +4) T

and perform the 1ntegrat10n term by term with the help of the formula [5]
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we arrive at
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By introducing formula [6)

P(z) D(—z+n+ 1)

_— e 14
TG ) = (-1 NEEFSVEE (14)
into (13), the sum over s can be expressed in terms of the o F Gauss hypergeo-

metric functlon of argument 1 We thus obtaln R T

) I 16‘ ' "‘11“"‘ (——/\)'(2+/\+3)'

WERN T4 N+ N +3 (X - X1 (& + X+ 3)!
. Ve B © 7';,3-,——: 1 T 15
T =X+ —-A+1) (15)
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Equatlon (10) then casily follows from (15) since [F(/\ N+1)I(A= /\+1)]" = bnrr

The result provided by formula (10) generalizes the one for the hydrogen atom
[6] Such unusual orthogonality properties are connected with the accidental de-
generacies of ‘the energy spectrum for the charge—dyon 'system with the SU(2)-
monopole

4 Interbasis expansmn

The connection between hypersphencal (r, 0 o ﬂ,*y) and parabohc (§ n,a, ,3, 7)
coordmates is

= r(l + cos0), = r(1 — cosB). (16)

Now, we can wrlte for ﬁxed value energy, the parabolic bound states (9) as a
coherent quantum mlxture of the hypersphenca.l bound states (4)

' N/2

T/’p‘;r = Z 1n'z.uﬂ/"wh E ' , ; (17)

By virtue of Eq.(16), the left- ha.nd side of (17) can be rewritten in hyperspherical

coordinates. Then, by substltutlng 0 0 in the so-obtained equation ‘and by

taking into account that i : ‘
Pr(“”’ﬂ)(l) = (a_+1_),,

we get an equation: that depends only on the variable r. Thus, we can use the

orthogonality relatlon (10) on the hypermomentum quantum numbers X, This
yields

11

WmanL (2J+1)|(2/\+3)|E:\l.l1221{:\‘3}: (18)
where

Eﬁy=¢ax+®u—J—Ly(5+A+@!

: P EFTEE e SRR ) 12
(A + J — L+ 2)(n1+ 2J +1){(nz + 2L +1)! (19)

(m)!,(njz)! (- M)ITA—J+L+2T(A+J + L +3)
‘ v ' nny __ T A+J+L+2 N
K”L_/ z F( n1,2J+2:z:)F ~5 N A+4z)dr. (20)
u ) ,

Y

. equatlon (23) can’ be rewrltten in the form s

To calculate the integral K771, it is sufficient to write the confluent hypergeometiic

function F(—n,;2J + 2;z) as a series, integrate according to (11) and use the
formula (12) for the summation of the hypergeometric function ,F;. We thus
obtain

éxtnqg;ﬁerﬁﬂx+f;t+$!refdéjff
(A=J - L) (¥ +x+3)!

rnny __
KL=

| “"1,—/\+J+L ,\+J+L+3
rThe 1ntroductlon of (19) and (21) lnto (18) gIVCs - ‘
el : {"(,*f sio !
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(X +3)D(A + J + L +3)(ny + 27 + 1)(ny + 2L + 1)' &
(n)!(n2)!(A = J = L) (§ - )(2+A+@f |

N ——
(T_J_L)' T\ +J L4 2) TR R RELY S /\+J+L+3 99
@I+ \TO-T+L+2)" *| 2742254 7+L =~ )

The next step is to show that the interbasis coefﬁments (22) are the Clebsch—
Gordan coefficients for the group SU(2) It is known that the: Clebsch Gordan

coefﬁcmnt can be written as [7] A RN Sy

snkd e e a a P (a+b—7)’(b+"—a)' i
Copdia o C“"’bé—( 1) ’Y°+ﬂ \/(b~ﬂ)'(b+ﬂ)'

[ o (20 + 1)(a +‘a)'(c + 7)' : ]1/?
(a— a)'(c — 7)'(a +b + c + 1)'(a +b— c)'(a - b + (')'(b —a + c)'

—a-—b—c—l—a+a c+7 .
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By u.sivﬂng the formula (8]~ R AL L A
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F 8,8, l N R s | ?
3 2{t'1—N—t1 (N AR

A
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w0 = | B = B)(c—ia+b~ola~b+el(at bt 1)

(1" (atb=y) . f —atactytl—ct
- , y—CT Y
v+ \/((l — (l!)‘(b—a + 7)!’,2 Ppy—a— b, b—a + v+ 1 tl} (24)



By comparing (24) and (22) we finally obtain the desned representatlon

X ) POFLIELEL
WmanL - ("1) 'C N=2J42L$2 f 4 "2-"1+1 N42J-2L+3 _,+"x-"2+1 . (25)

At T =0 (ie. J=1L) formula (25) turns into the formula for the five-dimensional -
Coulomb problem [4], as would be expected. . *
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