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1. Introduction 

Six-dimensional theory with the equal number of space and time co-. 

ordinates :X= :rt, x 2 , x 3 , it, t 2 , t 3 
1 becomes apparent as a development of 

the relativity taking into account a subsequent symmetrization of space 

and time and, independently, as an attempt to bystep the difliculties of 

the Lorentz transformations in the theories with faster-than-light veloci

ties (see papers [1]- [7] where one can find a more detailed bibliography). 

From a physical,viewpoint such an approach is basedon a hypothesis 

that our universe has been created possessing an accidental "time arrow" 

determined by the evolution of physical processes at the first moments of 

their existence. The following inflationary expansion destroyed spacetime 

correlations of remote regions of the world and every such. a region. has 

now its own time arrow i declined in a general case to.the primary ~'.relict" 

one. Since all processes and all bodies in such parts of our universe 

have the same, parallel one another, time trajectories, we do not observe 

two additional time co-ordinates a!td perceive the surrounding world as 

one-temporal. The energy conservation law and the time irreversibility 

prevent any change of body time trajectories. In each such a case a body 

(or bodies) with compensating energy components E; :::; 0, i.e. moving 

backward in time have to be present (see, e. g. Fig. 1 where a decay of a 

.1 body into two components with distinct time trajectories is shown). Such 

phenm~tena are forbidden and the multidimensionality· of 'ti.mJ :ferriains 

hidden for us~ 
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1 In what follows the tree-dimensional vectors in x- and t-subspaces will be denoted, 

respectively, by bold symbols' and by a hat, six~di~ensional vectb~s wiil b~-~~rked b~; 
bold symbols with a hat. In. manuscripts it is convenient to use the notaticins·x, ·:iarid 

x. All matrices will be denoted by capital letters. The "six-dimensional nabla" V = 
{\7, 'V'), where time operator 'V' = (-8/8t{;~8/8t2 ,'-8j8t3 ). We suppose also that 

co- and contravariant vectors are distinguished by the sign of their space components, 

e. g., (x)l' = {x, -ci)~, (X:)~' = (x; ci)T~'. So, a scalar pr6d~ct·ab = al:i...::.ab. ·As a rule, 

we shall also suppose that the Latin ·and Greek .indices take values k = 1, ... , 3; I'.:::: 
l, ... , 6 and the constants r, = c = l. 

( rl~< .. ,. .......... 0 , •• -.ooy .. 1'W'I' I. 
~ b:..J_'4- ... .:.h:,h. tau"t_, l!a•l.oJ.,-a 
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The J>Prfornwd investi.e;atious convinn' that such an approach is log

ically consistent and has no disa.e;reenwnt with the known <>xperinwntal 

facts (8]. 

One can wait an apJ>ParaJJCP of bodies (or rays) with '' diffen·nt tinw" 

in reg;ions with strong gravity when' the concept of Pnergy itself losi'S 

its sense and the energy cousPrvation law lwcomes inexact [9] or iu mi

croscopic quantum phenonwna wlwre}lw energy c\mservatiou aud t-'VPII 

time irreversibility (at very small ~;z: and Dot) can be violated virtually. 

The investigation of such phenomena demands a development of mul

ti time quantum nwchanics. Thf' first steps on this way have lwen doJH' 

in papers (10, II]. The goal of om paper is to analyze tlw solutions of 

thf' Dirac l'quation in the gf~Jwral case of an arhitra.ry partie!,, tinw tra

jectory and to develop a theory of tlw second quai1tization of spinor and 

electromagnetic fields. 
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Fig. 1. The cn:ation of a component 

with the energy E' = f' E .2: 0 is ac

companied, without fail, by the cre

ation of a compensating component 

with the cnc:rgy E" = f" E :; 0. 

In the next section the solutions for the Dirac equation are considered. 

Ser. :3 is devoted to the deduction of multitime nonrelativistic Pauli 

aud Sdu()dinger equations. Sees. 4 and !) define commutation rules and 

disr.uss tlw problem of the positiveness of the field energy and of the wave 

funr.tion norm. The last section summarizes the main results. 

2. Four spinor states 

Following the paper (10], let us write the multitime eighty-component 

Dirac ~~quation with electromagnetic: field in the form 

(i..YV + e..YA- m)\11 = 0. ( 1) 
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Jl<'rt' 

~ ( () ~. ) ' f' -J, ) ~. ~ ( () a') 1 ' ~ i o + ·" 14 - r1 · rTj () 
. .. ~ ' 

~. ~ C' () ) . ( ·-u, o ) ,. - ( () J, ) • '\' - . 
--'.'i- 0 i/'2 ' ~b- . 

() -12 . -1'2 () 

a; an· the known Pauli matrices. In is 11 x 11 unit matrix. 

Let us rep !art-' 
w(:X) = <I>(:X)c-imri. ! (2) 

wlH~rP <I>= (¢>~o ... ,¢Hf is t.IH~ <'i~-?:hty-component Dirar'sJ)iuor.' T-is a 

niustant. uuit vector ( T- 2
· I). For a free particlt· this ,•ector d<'lint·s a 

.nmstant din·ction of its tinw t.rajPctory (in this cast' tlw function ~) is 

tinw independent). When A =f. 0 aud the dir<>ctiou of tht• particlP tinw 

traject:ory is changed, f is <t vector ( t.ht> tangent) rharaclt'rizill/-?: the !

trajectory direction at.sonw arl>itrary choseJJ monwnt /,,. So. cq. (I) can 

lw rewritten as 

with t.he matrices 

( 

Td2 
(-) = 1f = -(-)2:3 

[i..YV + t..YA -m(l- <-))] <1> = o 

(-)2:l ) , 

-Tl/2 
(-)2:! = ~T- :E,tTt = ( 

-iT'2f'2 

-T;J/2 

(:J) 

T:J2 ') 
i T'J./'1. 

Later on it will be convenit·nt. to split tlw Dirac WiiYt' fuurt ion iuto 

two four-dinwnsional componeJtt.s: <I>= (<I>', <I>")T. lu this cast• t;q. (:J) is 

splitt.ed also into two mws: 

1 
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where 

D<I>'- (i'\74 + eA4 - m(1 + rt)] <I>"= 0, 

D<P"- (i'\74 + eA4- m(ll- Tt)] <I>'= 0, 

D = E(iV +eA)- ~4(i'V 4 + eA4)+ m023· 

(4) 

(!l) 

(6) 

Now we suppose that the particle momentum is directed along ::

axis, i.e. p = (0, 0, 1 ), and the field A·= 0, then t~king into account tlw 

relations 

iV<I>' = p<I>', iV<I>' = -i E<I>' (7) 

and the similar relations for <I>" eqs. (4) and (5) can be split into Pighty 

equations: four equations for the odd components </J2,.+1 and four oues for 

the even </J2,.. Each group of the equations has twQ independent solutions. 

For example, the equations of the "odd group" 

(E- mTt + PT3)<Pt- ipr2</J3 + imr2</Js- (mT3 + pr1)<jJ7 = 0, (K) 

ipr2<P1 + (E- Tt - pr3)<jJ3 + (mT3- prt)<Ps- imr2</J1 = 0 (9) 

have a solution 

<Pt = 1, <jJ3 = <P2n = 0, </Js = ir2gE, <P1 = g(p + Er3), ( 10) 

where g = 1/(m + Ert) and a solution obtained from (10) by the substi

tution 

P -t -p, <Pt -t <jJ3, </JJ -t <Pt, <Ps -t -</J7, </J1 -t -</J:;. 

The "even group" equations and their two solutions coincide with the 

odd ones by the transformation 

]J -t -p, </J2n -t </J2n+t . 

4 

l, 

.I 

A completP sd of the independent solutions <Ps for a positive energy 

E is presentPd in the Table I. There is an analogous set for E < 0 2
• 

In contrast to the one-time theory where the scalars 

if>s<f>s = <P;/4<f>s = (m/ E)<P;<Ps =/= 0 

111 six-dimensional spacetime the· frame independent quantity ii>s<Ps 

<Ptf<Ps with tlw matrix , . •L·.i 

, _:to o' , , ~ = 2 

( 
, ' )' , , ( 0 I' .)·' 

r = Z/4/5/6 = o . ~o . , o 12 o 
; ! ',· 

ts zero: 
- , ,. +I 
<f>s<f>r=-N8rt1 N=2mg, f=s+(-1Y , (11) ,, 

therefore it is more convenient to use the linear combinations 
•, 

W1,2,;, (2N)-112(<f>t± <f>2), 
~ ~ 

w3,4 = (2N)-1 12 (~3 ±<I>~). 
• - ' 7' 

(12) 

By means of the formulae ( 11 ), or using Table II where \}/-functions are 

presented, \)Be can prove that the relati\ristic-invariaht scalar ~roducts of 

these functions 

' 1 ~sWr = 'f/sD;r; 
•"'\ (13) 

·. { -1, s =·1,4 
; '·~ 

'f/s = ,, (14) 
, 1, s = 2.3. 

~ . ~. l\1 
~ > ~ •• 

\ \ . \. 

.'\ •\:1',\·- ·; ~ ..,, ,· 

2The solutions found by Cole [11] correspond to the particular case when the 

particle moves along t3-axis: f = (0, 0, 1). By this condition 

<I>f21• = A-1(<1>t =f <l>2), <l>f~1• = A-1
(<1>3 =f <1>4), 

' ' 

where A= [(E + p)/m]- 112 and the <1>-functions are presented in the Table I 
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Table I 
··' 

Solutions <I> s and <I> s Jor the multi time Dirac equation ( 1) with A = 0 

and E ~ 0. 

No I II III rv 
4>t 1 0 0 0 

4>2 0 0 1 0 

4>3 0 1 0 I 

4>4 0 0 0 0 

4>s igET2 g(p- ET3) 0 -g(p+ ET:l) 
4>6 0 0 Z!JT2 0 

. 4>7 g(p +ETa) -igT2E 0 ·-:-i!JT2E 
4>s 0 0 g( -p +ETa) 
4>t 0 -1· 0 0 

~2 0 0 0 -1 

~a -1 0 0 0 

~4 0 .0 -1 0 
~5 g(p +ETa) igT2E 0 0 
~6 0 0 g( -p + ET3) igET:z 
~7 -igET2 g(p- ETa) 0 0 
~8 0 0 -igT2E -g(p + ET:l) 

6 

Table II 

Tlw functions {i_, = 2(mg) 112 \{ls and {!s = 2(mg) 112 \fl., with tlw norm· 

fT . .l·r = ·hng7Jslisr for tlw four spin states a.tlll a. positive l'tH'rK\" E > 0. 

s· I II III IV 

llt 1 I 0 0 

ll:z 0 ll 1 I 
: ,,, . ' . ~ . 

'll:l 1 -I 0 l) 
'• l • !;\ 

lt4 0 0 I -r 
"llfi g(p + E:;i) · g( -p + Ei1l 0 0 

u,; 0 0 g( -p + E:;1) g(p + r:t,) 
g(p- E:;l) ' •+) 0 0 

ll; g( fl + r~2:1 
0 ll g( -p- E:;l) 

.. + 
Us y( -p + E:l:l) 

ftl -I l 0 0 

'lt:.J 0 0 -I l 

it:l -l -l 0 n 

1l4 0 () -1 .:...J 

ltfi g(p + Ei~) y(71- E:;J .0 .0 

it" 0 0 g(-p + Ei1l y(....:. Jl - /:':;t) 

i't7 g(Jl- Ei~) g( -p- E:;,) 0 ' 0 ' 

iix 0 0 g(-p- Ei1l !1 ( Jl - ~~·:;1) 

\{I \{I -1 l -l I· . 
s -I l 1 -I 

T I -I l -l __ . __ 

Here E£1 = E(iT:z ± T:l). 

Not.<' should lw t.akt>n that in t.lw nmltit.inw t lworx uot ou,ly par~ id1· 

<'lll'rKY E hut. also ilw prohahilit.y w "' ~\{1 nm Ill' lll')!;al.in·. i.e'. WI' dl'al 

with a llilhert. span• with an indt>finit.1• nwt.ric. 
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:\ow\\'<> may ddint> spin matrin·s [II] 

s = ( i')'2"')';J), i''):IA(J' iA(l'f2) = (T • /,1 ( I !i) 

and 

i = ( -i.'fr,/r;, -iA/10<~· -i!ns) = -r~ ( I fi) 

which satisfiPd tlw two symnwtrica.l Pauli relations 

S;Sk = Eik.t/Sr + b;kl;;' T;Tk = EikeiiTr + b;kls. 

By mt>ans of these matrices WP cakulatP spatial and temporal partie!<' 

lwlicities present<>d in tlw Tahh· II: 

.'> = ~.S(p/p)\{1_,::::: ±(p/m)\il_,\{1., ( 17) 

when~ tlw signs plus and minus correspond n~spectively to thP spin st.a.t(•s 

.~ = 1.2 and..,= :3.4, 

T = I{J.i-rw. = -(E/m)~.w •. (I~) 

lu these expressions we have taken into ar.couut that Dirac equation for 

a pla1w wave p)'\11 = -m\11, therefore 

~1'1• W = -m-J·~(JvfJL + / 1,/v)pv\11 = -m- 1 ]i'~W. 

The distind.ion particles with diffen~nt temporal helicities has to IH'

come apparent in the interar.tions which change tlw time trajectories. In 

other cases these particles are indistinguishable. 

3. Nonrelativistic approximation 

Let us rdum to (~qs. (4)- (6). By analogy with the one-time theory 
' ' . 

W(~ suppose that <I>" ~ <I>'. Then we may disregard the term ( iV ~ + e.A4 ) 

'in· t.lw equatic)ll for <I>" and the equation fo'r <l>'·can ·be' repres•~J]t in the 
·form 

1 A A 2 
[/)1 + m(l- 71)] <I>+ ( , (EP + E4P4 + m823) <I>= 0, (19) 

m I +71 

8 
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n 

\~ 
1] 

I 

when' P = iV + eA and we denoted <I> =<I>'. 

Taking into account the properties of the matrices iJ one can prove 
> • ' ~ • ' ; : • ,_. • • ' • • • : 

th<' rPlations : 
! f.;. 

( E(iV + eA) )
2 

<I> = ( [iV + eA)~ -. euH] <I>, H=VxA; 

l i ,; 

E(i~+ eA + mi)2
<l> = [:-(i~ + eA+ mi)~....,. eT1G1] <I>,. G :==·::-: V, X A, 

' ' I ' - . · , : ~ : · 'i P • · i , •• , . ' 

wlwre here and.in what follows X~ (X5 , X 6 ) is a two-dimensional time 

vector, 

:. ( 0 1 )' 
T1 =,iEsE6 = •.. j

2 
• ; 

. ' 

• c'' 

is the matrix of the temporal spin (16); 

[E(iV + eA)E(A-'- m:T) + E(A -· mi):.!i(iV + eA)] <I>= 
' ' ... ' • • • _. - ' ' c • \. ' • ~ :· ; ' • ;; • 

[ieEE(V,A- ~A)] <I> ~ ,ieE;E3+k£;k<l> ~.eu;(E;~.'f2. ~ ~;2T3)<l>,, 
when~£ =: AV- .VA, the subscript k ::::;= 2, 3 and;' 

T2 ;~ .( 0 il2 ) .' 

-if~ . 0 : ' (

·1 . .. '' ')' 
T3:=·,; ~·· ... 

are components, of the temporah;pin (16)., 

Now eq. (19) can be rewritten in the form' 
. '' . . .. ; 

·l 
[f4.+ mp .~ ~1)] l/>1 + (iV +eA)2- eo-H~ 

• . ' ' ' . ·. ' l\' ' 

~' /}• 

' 

. ,. 

- (i~ + eA +'rilT}2 ~·e71G1 -t a;(£;3T2' ~ E;2T3)ifi . .. · .. ,(20) 
, . ,' • ; ;' , , ' ; . \ ; ' ! '; · • ; ' : , ; •" 'I I , "; 1. ~ f Z 1 ~ ; • • ' 

As it follows from Tables I and II, the condition \II" ~ 'II' demands a 

smallness of 72 and -r:1 , .i.e; 1 +71 ~ 2, .1-71 =f2 /(1 +71) "'0. We also 

suppose a smallness of A:i ·ana Hie ti1~~ derivatives V2 '1j;, VA. Hence, we 

h<j.ve the four-compon(:'.n,~ wavt; ,equation: '· 
( ! ' > <"),; •• ' .- ·'i \;< \,' 

i~~:•T [0/2m)(i'Y, + eA)2
- (e/2m)uH -:heA4 +. .. 

'!9 



(ief2m)ak(£;3T2 ..;_ £;2T1)] \11. ' 

Tll~t Eithe .t!niltitiri1e gener~lizatl~~l of Pauli equation. 

(21) 

The time derivative in the left side can be presented in a rnon· sym-

metrical form: . . 

d\11 = d\II dtk ~k= f~\11 = d\11 
dt dtk dt df. 

One should note that eq {21) does not contain explicitly diP vector 

-comp6nent i'2 an'd r3 • Another peculiar'ity ~f this equation consists in ~ 
non-Hermitity of the Hamiltonian due to the non-Hermitity of tlw field 

~~trl~ ,;£~k~ h~ gen~ral ~ase £;k =/= £ki. 3 • From the physical vi~wpoint 
it means that the additional.(temporal) field components rhange tht> 

direction of the particl~ time trajeCtory f and, rt>spedively, the energy 

vector E = Ef. The. time dependent energy is .described hy a non-

Hermitian operator. 

". 
4. Quantization of the spinor field 

Letl1s c6nsider all quantities in th"e ref~r~n:ce frame witli the traxis 

which is parallel to the tinie trajectory of a group (.in en~~mble )'off ret~,. 

non-interacting spinor particles when f = ( 1, O,Of. In tiii~ case tlw 

spinor \ll(x) can be developed in a four-dimensional Fourier integral 

4 

\ll(x) = {27r)-3/2 L fd 4 pb(p2 + m 2 )As(P)U .• (P)e.if>x, · (22) 
s=1 · . . . · . '· . 

where Us are the plane wave solutions of Dirasc equation repr•~sented in 

Table II. A transition to other co-ordinate systems can be done by means 

of the extended Lorentz transformations [12, 13]. 

Taking into account the properties of 8-fundion we get 

4 1 .3p 
w(:X) = (27r)-3/2L. : E 'x 

. ·. s=1 ·· 2 P 

( Aa(P )lfs(P, Ep)eipx-iE,t + A~(p,) V~(p, Ep )eipx+iB,,t) ' (2:J) 

3Thatcan be illustrated by simp!P examples i~ six-dimP.nsional Tf!Prhanics [7). 
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with e,. = (p2 + m:.!)l/:.!. The spinor V. is the,_,solut.ioi1 of Dirac ~'quation 
for /~'1, < 0. 

A ft.Pr the change the sign of p in tlw s<'nmd term of the right/part 
of l'q. (2:l) 

·I J :l]J 
\ll(x) = (2rr)":3

;
2 L -x 

··=i 2£,. 

(A.(p )l r,(p )1 ii>x + B;(p) l ~( -p )t -ii>x) . 

wh(•n• px = px- E1,t and we denote H;(p) =As( ~p). 

:\ nalogously 

~(x) = (27r )-:lf:.! t J .;~~~ X 
.. s=l, -Lp 

(A_t(p)Os(P)t-ii>x + Hs(p)l?,( -p)1 ij)x). 

i' 

(L-1 ~ 

(2•i) 

As it is uot.ed hy Boyliug aud ('(,)p [II], in coutrast_tot.lw (;~tstomar.\· 

mw-tinw theory in the multitinw cas(' the mass hypnboloid l•h fJ = 111 2 

is cot!IH'r·t(•d, i.e .. lwre thl'n' is uo a p;ap·lwtw(•en posit in· and twgat in· 

<'twrgics. Tlw situation is analog'ous to the cout.inuous transit ion in each 

otlwr of positivi' and negat.iv(• mmtwnt.um componl'nt.s p; (Fig. 2). Dtw 

to this pPndiarity in g('twral 1'a.-:(• Oii(' cannot. distinguish u'niqut>ly t hi' 

posit.}vt'- and negative-freqtH't!Cy !il'ld sta.tt•s. Howi'VI'r. if WI' t.ak(• into 

accotmt. the coud.itiou of time irn·versihilit.y T ~ 0. then in this part nf 

t.lw t.inw sub-space all etwrgies E; = Er; ~ 0 and t.lw rl'gion with + /:' 
and -/<,' a.n· separated nniqudy. 

The six-dimensional n!onwnlum-('ll<'rgy ~~~ctor and dl'dric rharp;(' 

A_ i J l" , > k i J ·1., r' P = -- 1 .. r l 1,kT = -- 1 .r f
1
..t = 

2 . 2 . ' . 

~~ I (- A A .. ) ~ d' ;r \1114 V\11- V\1'1-t q, = 
·1 

L '!.· J tf3
p N,.p [~t.t(P)A.(p)- H .• (p)U:p)J. 

.<=I 
(~ti) 

1l 



Fi_q. [,) In th i onf'-fmn world 

posifil'l and nc:_qativc· ru~T.ffif.-; an 

sqjamtrd by the gap !J.E = "2111. 

Tho·,. an no gaps in the 1110111 1'11-

tum plains (p;, Pi). 

~· 

Q = q fd= 1
.1' ~~f,l\11 = 

trts 1 £(1plv" [A;(p)As(P) + Bs(p)B.:-pJ), ("27) 
. s=l · . : . • .. 

with tlw uniqudy 'separated amplitudPs A ami B. Hen~ N" = I/ B11 ( E11 + 
ni j aiHl' the rdations 

1 

f~'s(p h4lfr(P) = ( £ 11/m )Os(P )ffr(P) = 4£11 ( Ep + m )-1 17sli . .,., (2~) 

Vs(Ph4Vr(P) = (£11 /m)\(.(p)V,.(p) = N117]sli(m·), (29). 

I :, 

U .. (p h4 Vr(P) = O:.(p )1'4 Vr(P) = O.;(p)1'4 Vr(P) = 0 ·· . (:30) 

I , , , 

haw l>ei~n used (see eq. ( 18) ). . . 

If . l I 1· I . . . A N 112 b b N 112 
we mtroc uce t te norma tzec quar:ttJtJe~ as = s 11 , . s = :': 7' 

and clefiiw the commutation rules 

[a;(p ), flr(p')]+ ~ [b;(p ), br(p')]+ ~ ·7];lirsli(p :..._ p') (:H) 

[a .. (p'),ar(p')]+ = [bs(p),br(p')]+ ='[fi~(phbr(p')]+ :;= [a;(p),br(p')]+ = 0 
(32) 

! tht•ll . ~ . 4 ' ~ l ' . ; ; ? ; \ ." \ \ 

P =I: 1 £(1pp [n+(p) + n-(p)] +Po 
s=l 

(3:3) 
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4 

. ·CJ = q L 1 c(lp [n+(p)- 11-(pJ] +CJ,~ 
· s=l 

(:3-1) 

what allows ont• to concludt• that. as in tlw ;.11~tomary mw-ti\n<; the~>r~·. 
n+ = a:t(p)ar(p') and n- = b_t(p)b,.(p')a.re tlw llll!lllwrs of particks and 

a11tipa.rtides. Tlw i11finitt· quantitit•s P., and Q., an· \'a<nllm tlllliiH'IIIum- · 

<'tlt'rp;y and vaCHlllll cha.rp;t•. 

'vV<' see that indt'J>eiHklltly of the sip;n of the IIOrtll IJi\v the':particle 

t•rwrp;y (f)- f~,)r is of positive quantity. This n·sult i~ int!Pj>;'IHlt·nt on 

the choice of tilt' co-ordinat.1· frame. 

5: Quantum relations for the electromagnetic field 

Similar to tlw above consider!'d case of spinor fieid,th~~ potential of 

a. no11-interact.inp; Plectromagrwt ic fit•ld can be also dt'\'Piop<'d in a four

dinwllsiona.l Fouri<'r intep;ral 

A= (i1r)-vl 1 d 4 71h'(p2 )Apc~i>x =: 

\"21f )~2/~1 / d~:~~·(A(p )cA">x + A • ( (P)c~ii>x) _ ( :~ii) 

with p= IP I, A*(p) = A( ....:p). 'As a I:<JJtsequence ;)f tlw 't;Xt<~ll,dl'd Lorc11t z 

conditior_di:t·,lJl]scalai-product. pA(p) = 0. 

LPt. us sl.;tr_t fr;>m tht• I'Xpr!'ssion for tlw m.oment.unH'II<'rp;_Y t.!'nsor 

. ::;, _ I (iJA., iJA,. I h' iJA" iJA.,) 
JIV- -.- -,--,-.-- ~ 1/V-,--,-. • 

. ·l1r d:r, (J.r 1, - • d.r11 d.r" 
(:Hi) 

. : . . .. '-~ . '· '·. ; 

Tlw corri•sponding six-dinwnsional monwntum-<'tH•rp;y vector 

I ) . . '1[:1··;,,' k 
. I'=.-/. ( :1' l•.:!+kT = 

_I 1 _d_::!J'-
11

-{"_:.!]_l b(p- p') (l)r'- ( 1/~)p~'h:l:,;l+kT~·) >--
'11f JIJI1 

. . I . . - . . . 

[A(p)A +(p') +;A +(p)A(p'l] = 
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4~j d 3 p(pp.fp) (A.(p)A.+(p)+A+(p)A(p)], (:37) 

where we took into account the relation 
' ' 

p' p.[1r....:. (l/2)pp'8~'3f..krk = p~'pf = ·p~'p. 

In classical (non-quantum) dectrodynamics the field energy E = Pf 
has negative terms connected with temporal field co~nponenU; (for 11 > 
:3, se.e also [14, 15]). One should note·that in the ordinary mw-tinw 

t'heory we encounter also a similar negative term corresponding to a scalar 

component A4 (p ). In this case, due to Lorentz condition, tlw IW?ativc 

energy is. compensated by the'contribution of the longitudinal component 

A3 (p ). In a multidimensional variant the similar compensation must also 

take place, but the components A 5 and A6 are left ~mcompensated and 

give a negative contribution to the field energy. In this casf we must 

demand the additional condition 

A(p).A+(p) +A. +(p)A(p) = IA(p)l 2 ~ o, (:38) 

i.e. the vector A must be a quantity of the space-like type. Only by this 

condition the classical field energy is a positive quantity. 

If we introduce now normalized six~dimensional amplitud·~s a(p) 
(47rp) 112 A(p) ob~ying the commutation in relations . 

[a!(P ), av(P')] = 9p.~8(p- p'). 

[aJJ.(p),av(p')] = [a!(p),at(p')] = 0 

with the metric tensor g~'" 4 than the momentum-energy vector 

p = J d 3 pp [a+(p)a(p- a+(p)a(p] = 

3 

L j d 3 pp [nk(P) + n3+k(P)] + Po1., 

k=I , . 

( :39) 

( 40) 

( 41) 

--~----------~----
4Remember that we use the metric gl'v = 61,v for Jl, v :<:; :~ and gl'v = -li1w for 

Jl, v > 3. As in the customary one-time theory, such a .method of the quantization 

assumes that the undefinite metric in Hilbert space is used. 
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where the positive qtiantities n" are the numbers of photons with the 

polarization of tlw type /1. 

6. Conclusion 

WP see that like the known on~-time theory, the field theory with 

three-dimensional time vector can be formulated in Hamiltonian form 

and allows a quatization in the Hilbert space with an indefinite metric 

after which the theory describes a system of particles with positive ener

gies. The non-Hermitity of the Hamiltonian reflects an alteration of the 

directions of particle time trajectories i; and the energy vectors E;." 
One should stress that the considered quantization procedure in the 

particular co-ordinate system with f = ( 1, 0, Of is applicable only to 

fref' fields. By taking into account an interaction when particles time 

trajectories are changed we must use an arbitrary chosen co-ordinate 

frame. 

The next goal is to consider this difficult problem and to develop S

matrix theory of interacting fields. That is necessary forinvestigation of 

processes in small spacetime intervals where the time irreversibility and 

the classical momentum-energy conservation laws are violated and a cre

ation of virtual particles with various time trajectories become:> possible. 
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EapaweHKOB B.C., IOpheB M.3. 
MuorospeMeHHIDI .KBaHTOBIDI TeopiDI 

E2-98-132 

Haii,neua CHCTeMa JIHHeiiuo He3aBHCHMhiX opToroHaJihHhiX perneHHii ypasHeHIDI 
.ll:HpaKa B npocTPaHcTBe c TPeXMepHhiM BeKropoM speMeHH. PaccMOTPeHhi B3aHMO
,neiicTBHe C SJieKTpOMalllllTHhiM llOJieM l1 nepeXO,L( K HepemlTliBHCTCKOMY npe,neny. 
B OTJIH'llle OT o6wmoro O,L(HOBpeMeHHOrD ypasHeHH51 .IJ:HpaKa HOpMa BOJIHOBOH , 
£l>YHKLUII1 OKa3biBaeTC51 3HaKonepeMeHHOH ( W'lf = ± 1), a raMllJlbTOHHaH B cnyqae 
B3aHMO,L(eHCTBIDI C SJieKTPOMai1IHTHhiM DOJieM 5IBJ15leTC51 HCSpMHTOBCKHM onepaTO
pOM. TiocJie):(Hee o6ycJIOBJieHO BpeMeHHOH 3aBHCHMOCTbiO KOMDOHeHT BeKTOpa 
SHepnm, 'ITO HMeeT MeCTO ,nruKe npH DOCT051HHOM 3Ha'leHHH ee MO,nyJI5~. Onpe,neJieHhl 
npasllJla KBaHTOBaHIDI cmmopuoro H sneKTpoMarnHTHoro noneii, coxpa851IOIUHe 
llOJIQ)KHTeJibHyiO ,ne£l>HHHTHOCTb SHepnm. 

Pa60Ta BblllOJIHeHa B fla6opaTOpHH Bhi'IHCJIHTeJibHOH TeXHHKH l1 aBTO
MaTH3ailllli Ol15UI. 

llpenpHHT Qfu.e)lHHeHHOffi HHCTH'ryTa liJlepHLIX HCCJle)lOBaHHH. Jly6Ha, 1998 

Barashenkov V.S., Yur'iev M.Z. 
Multitime Quantum Theory 

E2-98-132 

A system of linearly independent, orthogonal solutions for the Dirac equation 
is found in a space with a three-dimensional time vector. The interaction 
with an electromagnetic field and the transition to the nonrelativistic limit 
are considered. In contrast to the customary one-time Dirac equation the wave 
function norm has alternating signs ( \jl\v = ± l), and the Hamiltonian describing 
the interaction with the electromagnetic field is a non-Hermitian operator. The latter 
is stipulated by a time depenqence of the energy vector components which takes 
place even in the case of · a constant modulus of the energy. Rules 
of the quantization of the spinor and the electromagnetic fields preserving 
the positive definiteness of the energy are defined. 

The investigation has been performed at the Laboratory of Computing 
Techniques and Automation, JINR. 
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