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1. Introduction 

During the last years noticeable progress has been achieved in both experimen
tal and theoretical investigations of scalar mesons. The low-mass sigma meson 
appeared in the last Review of Particle Properties (1996) [1]. A.new theoretical 
analysis of experimental data on the low-mass sigma meson has been completed in 
the papers [2, 3]. Scalar mesons in the NJL model with the 't Hooft interaction were 
investigated in [4, 5]. In the papers [5] the coupling of the ijq states to tlie two-pion 
continuum and a model of confinement were also included into consideration. 

Here we continue these investigations in the framework of the standard NJL 
model with the 't Hooft interaction, following the papers [4]-[6].. . 

Our work is organized as follows. In Sec. 2, we describe the characteristics of 
our NJL model with the 't Hooft inter~ction. We define the main parameters of 
this model - the cut-off parameter A and the constituent u-quark mass mu using 
the experimental values of the pion decay coupling constant F11"=93 MeV, the p-
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meson coupling constant 9p = 6.14 (!~ ~ 3), describing the decay p--+ 21r, and the 
relation gp = v'69u· In Sec. 3, we describe the masses of the isovector and strange 
mesons. In Sec. 4, we calculate the quark-loop contributions to the masses of the 
'f/, 'f/', f7 and fo mesons. In Sec. 5, the numerical estimations of the quark-loop 
contributions to the meson masses are carried out. In Sec. 6 the strong decay 
widths of the scalar mesons are estimated. Sec. 7 contains 'discussion and the 
conclusion. 
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2. The NJL model with the 't Hooft interaction 

The U(3) xU(3) version of the NJL model supplemented by the 't Hooft interaction 
takes the form 

L = ij(iB- m 0 )q + ~ t[(ijA;q)2 + (iihsA;q)2j-
i=O 

-K { det(q(1 + 75 )q] + det(q(1 -75 )q]} (1) 

where A; (i=1, ... ,8) are the Gell-Mann matrices and A0 = ~ 1, with 1 being the 

unit matrix; m 0 is a current quark mass matrix with diagonal elements m~, m~, 
m~ (m~ ~ m~). The Lagrangian (1) can be rewritten in the fdrm (see [6]) 

• 1 9' 

L = q(io- m 0 )q +- L)c~->(qr;q)2 + G~+l(iihsr;q)2] + 
. 2 i=l . 

+Gt:;"l (iJAuq)( ijA8 q) + G~~)( iji')'sAuq)(iji')'sAsq) (2) 

where 

T; =A; (i = 1, ... , 7), Ts =Au = ( v'2Ao + As)/Va, 
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Tg =As= ( -Ao + V'iAs)/.J3, 
<±> a<±> a<±> G I ( ) G1 = 2 = 3 = ± 4K m. 1 m. , 

G~±l = G~±l = G~±l = G~±l = G ± 4Kmuit(mu), 

G~±l = G=F4Km.I1(m.), Gi±l = G, G~;> = ±4V'iKmuit(mu)· (3) 

Here mu and m. are the constituent quark masses and 

A( ) Nc J 4 B(A
2
-k

2
) 

In m; = (27r)4 d~;(k2 + ml)n . . (4) 

Here we have used the Euclidean space and the cut-off parameter A. 
Let us define the parameters mu and A, following the papers [7, 8, 9]. We shall 

use the four equations 
1) the Goldberger-Treiman relation 

mu 
- --, g1rifq- F" (5) 

2) the relation between gP and 9uifq [7]-[10] 

gp = ../6guijq> (6) 

3) the relation between 9uifq and g"ifq> which was obtained by taking into account 
the 1r - a1 transitions (see [8, 9]) 

_ z-1/2 g1rijq- 9uqq, Z= (1- :~)-1 

a, 
(7) 

where Ma 1 is the armeson mass; 
4) the expression for 9uqq through a logarithmically divergent integral [7, 8] 

9;qq = [4I~(mu)t1 . · (8) 

From equations (5)-(7) it is possible to express the constituent u-quark mass 
through the observable values F1r = 93 MeV, gp :::::J 6.14 and Ma, = 1230 MeV 

2 _ Mz [ 
m ... = 1;' 1- 1 _ (2gpF7r) 2

] 
Ma, ' 171u = 280 MeV. (9) 

Then, from (6) and (8) we define 

A= 1250 MeV. (10) 
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3. The masses of the isovector and strange mesons 

Now let us first consider bosonization of the diagonal parts of the Lagrangian (2) 
including the isovector and strange mesons. In Sec. 4, we complete the bosonization 
of the last part of the Lagrangian (2) containing the nondiagonal terms. 

After renormalization of the meson fields we obtain [7, 8] 

g2 ·n2 g2 g"f.;. 
L( } ' }'*)' - --"--2- .:!.!i..J'2-~ -2- __ 0}'*2-

71", \,ao, io - G 7r G \ 2G ao G \o 
2 " 1\ ao J\0 

-iTr ln{1- .A~ [t(9<J>;i-rsA;t/>;+9u;A;U;)]}, (11) zo M i=I .. 

where </>; and u; are the pseudoscalar and scalar fields, respectively, i 2 = 1r02 + 
21r+1r-, I\2 = K 0 I(0 + /{+ ]{-, ii~ = ag2 + 2acia0, K~2 = !?0K~ + K~+ K0-

G" = G + 4Kmsi1(m.), 

Gl\ = G"- 4K(msit(ms)- m ... It(mu)), 

Gao = G"- SI\msit(m.), 

GJ\• = G"- 4K(msit(n1s) + muit(mu)), 
0 

9;0 = [4Iz(m ... )t\ 9k0 = [4Iz(mu, m.}t 1
, 

Nc J 4 B(A2
- k2

) 

I2(mu,ms) = (21r)4 ·dek(k2+m~)(k2 +m;) = 

_ :3 [ 2 (A2 

) 2 (A2 
)] - ( 41r)2(m;-m~) m.ln m; +1 -muln m~ +1 , 

- z1/2 - z1/2 z ~ z ~ g" - " 9ao, 9K - K 9K0, " -~ K ~ 1.44 . 

( 12) 

(13) 

Then, in the one-loop approximation, the following expressions for the meson 
masses are obtained [8] 

M; = g; [ d1r - 8I~(m,.)] , 

M'f< =gJ, ['dK- 4[I1(mu) + I1(m.)]] + Z(ms- mu?, 

2 2 [ 1 ] 2 Afao = 9a0 Gao - 8I1(m,.) + 4mu, (14) 

2 2 [ 1' [ 1] 2 MK. = 9K•. :---G -4 I1(m ... ) + I1(m.) + (mu + m.) . 
a o K; 

The first relation is used to define the parameter G". For the experimental values 
Af"o = 135 MeV we have 

G" = 4.92 GeV:-2
• ( 15) 
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4. The masses of the 1], 1]
1

, a and fo mesons 

The nondiagonal part ?f the Lagrangian (2) has the form 

1 
D.L = 2 { G~+>(qi!s>.uq)2 + 2G~~>(qi!sAuq)(iji-y5>..q) + G~+>(qi15 >..q?+ 

+G~->(q>.uq)2 +2Gt;>(q>.uq)(q>..q) + c~->(q>..q)2 } = (16) 

== (iji-ys>.aq)T!:(3(iJi-ys>.M) + (iJ>.aq)T;(3(iJ>.M), (o: == u,s) (/3 == u,s) 

where 
.J 

c<+> == G1f- 8I<m,I1(m.), u 
c~-> = c1fl 

c<±> == G1r- 4I<m.I1(m.), s c<±) == ±4v'2I<mul1(mu), us (17) 

rP<s> == ! ( cL±> ct;> ) 
2 ct;> c~±> 

(18) 

After bosonization we obtain 

"L- _ 9Tia9T/f3 (TP)-1 _ 9aa9af3 (Ts)-1 _ 
U - -

4 
77a a(317f3 

4 
O"a a(30"f3 

-iTrln{1+ .• 
1 

[9Tiai!sAa77a+9aaAaO"a]} 
z8-M 

(19) 

where 

(TP(S))-1 = 2 ( G~±) -G~;> ) 
G~±>c~±>- (GL;>F -G~;> cL±> ' 

(20) 

9au == 9au.u, 9a, = [4JNm.)t112
, 

_ _ z1!2 
9Tiu - 9trii.Ul 9'1• - 9a,• (21) 

From the Lagrangian (19), in the one-loop approximation, the following expressions 
for the mass terms are obtained 

.6.£<2) 

where 

__ 9Tia9T/f3 (TP)-1 _ 9aa9af3 (TS)-1 + - 4 77a a(317f3 4 O"a a(30"f3 

+4J1(mu)(9~u77~ + 9;uu~) + 4J1(m,)(9~,77; + 9;,u;)-

-2(m~O"~ + m;u;) = -~ { 77aM!:(377f3 + O"aM;(30"(3} 

M:U =9~u (~(Tp):~ -8J1(mu)), 

M?; = 9~, (~(TP);.1 - 8J1(m.)), 

P 1 P)-1 Mus = 29T/u9T/,(T us l 
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(22) 

(23) 

.\ .. , 
\. 

.) 

M:u = 9;u (~(T5):~- 8J1(mu)) + 4m;, 

M:O =9;, (~(T5);.1 -8I1(ms)) +4m;, 

Ms 1 (Ts)-1 us = 29au9a, us · 

(24) 

After diagonalization of the Lagrangian (22) we find masses of the pseudoscalar 
and scalar mesons 77, 77', O" and fo 

MtTI.Ti') = ~ [ M?; + M:U =t= y'(MJ'.- M!,.)2 + 4(M!.)2] , 

Mta,Jol = ~ [M:0 + M;u =t= y'(Mf.- M~u)2 + 4(MJ.)2
] • 

Let us define the mixing angle for the pseudoscalar mesons· 

77s = 77 cos B + 771 sin B, 
T]u = -77 sin B + 771 cos B, B = () - Bo 

(25) 

(26) 

(27) 

where 00 ~ 35.3° is the ideal mixing angle ( ctg 00 = v'2) and 0 is the singlet-octet 
mixing angle 

2M:. 
tg 20 = -MJ'.+ M!,.' (28) 

For the scalar mesons we use the relations 

O"u = ucos~ + fosin~, 
O"s = -usin~ + fo cos~' ~ = Bo- </> (29) 

where ¢> is the singlet-octet mixing angle and 

1 2M! 
tg 2'f' = MS - MS . 

ss uu 

(30) 

5. Numerical estimations of quark-loop contri
butions to meson masses 

Using for the parameters ms and I< the values · 

ms = 425 MeV, I<= 13.3 GeV-5 (31) 

we obtain the following estimations for the masses of the pseudoscalar and scalar 
mesons 

M"' = 135 MeV, MK = 495 MeV, 

MT/ = 520 MeV, M>1' = 1000 MeV. 
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(32) 



Mu = 550 MeV, Mfo = 1130 MeV, 

Mao = 810 MeV, MK0 = 960 MeV, 

() = -19°, ¢> = 24°. 

Note that the pion and kaon masses are the input parameters in our model. 
experimental data are [1] 

M"o = 134.9764 ± 0.0006 MeV, M"± = 139.6 MeV, 

MK+ = 493.677 ± 0.016 MeV, MKo = 497.672 ± 0.031 MeV, 

M~ = 547.45 ± 0.19 MeV, M/= 957.77 ± 0.14 MeV, 

(33) 

The 

() ~ -20° [11]. (34) 

Muo(4oo-I2oo) = 400- 1200 MeV, Mfo(9so) = 980 ± 10 MeV, 

Mao = 983.5 ± 0.9 MeV, MK; = 1429 ± 6 MeV. (35) 

Comparing the theoretical results-with the experimental data we can see that we 
have obtained satisfactory results for the pseudoscalar ~esons and for the octet
singlet mixing angle of the (rrr/) mesons. However, for the scalar mesons we have 
got the masses smaller than the experimental data (except for the fo meson). 

6. Strong decays of the scalar mesons. 

Now, let us show what the information concerning the strong decays ofthe scalar 
and pseudoscalar mesons we can obtain from the Lagrangian (11) and (19). These 
Lagrangians allow us to get the following expressions for the scalar-pseudoscalar 
meson vertices, describing the corresponding strong decays of the scalar mesons 

2m2 zl/2 -
-"--cos¢> g<T1r1r 

2m2 zl/2 -
~sin¢> g!o1r1r 

1r 
2m2 zl/2 -

F" sin() gao~" 

2m~Z112 

F" 
gK;+K-"0 

2 '2m m Z 112 
V L/ u s 

gK;+Ko"- -
}~ 

With these vertices one obtains the following decay widths 

r"_"" ~ ~ 700 MeV, 
rao-71" ~ 130 MeV, 
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rfo-1r1r 
rK0-iK1r 

~ 20 MeV, 
~ 330 MeV. 

(36) 

(37) 

I 

I 

These values are in qualitative agreement with the experimental data 

f!:!11"11" ~ (600- 1000) MeV, rj:~"" (30- 78) MeV, ~ 

r~~~~" ~ (50- 100) MeV, r~~ K ~ (263 ± 26 ± 21) MeV. (38) 
o- " 

7. Conclusion 

Our calculations have shown that the 't Hooft interaction allows us to describe 
the masses of pseudoscalar meson's masses and their singlet-octet mixing angle 
in satisfactory agreement with the experiment2

• For the scalar meson masses we 
have also obtained results more close to experimental data than in the NJL model 
without the 't Hooft interaction. However, the masses of the a0 and especially th~ 
!{0 mesons are noticeably less then the experimental ones. 

In order to get satisfactory result for the fo meson it is necessary to take into 
account the mixing ofthe fo and a mesons with the glueball state (see [12]). The 
problem with masses of a0 and K 0 mesons could be solved in the framework of the 
four-quark (ilq2

) MIT-bag model [13] or the KK molecule model [14]. However, it 
is interesting to note that in spite of a very rough description of the scalar .meson's 
masses our model allows us to obtain a qualitatively true picture of the strong 
decay widths of the scalar mesons. 
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BonKoB M.K., HauL M., lOAn'leB B.n. 
CKaJUipHLie Me30Hhi B MOAenH HaM6y-Houa-lla:muuo 
c B3auMoAeiicTBHeM 'T Xoclrra 

MLI Bhi'IHCIDleM cneKTP Mace uoueTa CKaJUIPHLIX ' 
Houa-llaJHHHO (HHll-MOAenH), KOTOprui BKniO'laeT 1 

B3au~oAeiicTBne 'T Xoqrra JBenH'lUBaeT Macchi cKanRp 
JBenuqeuue OKa3hiBaeTCR neAOCTaTO'lH~IM AIDI TOro, 'ITt 
cKaJUipHLIX Me30HOB B uenoM. CMemusauue c rnrof 

curyauuro MR cr- uj0-Me30HOB. )lnR onucaHDR Mace a0· 

npuBneKaTh Apyrne MOAenH. OnucaHhi mupuHLI em 

Me30HOB. 

Pa6oTa Bbmonueua B na6oparopuu Teopem'leCK( 

6oBa omm. 

flpenpHHT Q61,e)lHHeHHOro HHCTHT)'fa ll)lCpHLIX HCCJII 

Volkov M.K., Nagy M., Yudichev V.L. 
Scalar Mesons in the Nambu-Jona-Lasinio Model 
with the 't Hooft Interaction 

we calculate the mass spectra of the pseudosc 
in the Nambu-Jona-Lasinio model with the 't 
satisfactory result for the pseudoscalar mesons. For 1 
interaction somewhat increases the values of the mass 
to explain the whole scalar mass spectrum. The 
for the cr and j

0 
mesons through mixing with the gh 

of the masses of a
0 

and K ~ mesons, it is necessar 

The strong decay widths of the scalar mesons are d 

The investigation has been performed at 
of Theoretical Physics, JINR. 
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