


1. Introduction

Soliton solutions are important aspects of many field theories in both classical and
quantum physics. A useful classification of such soliton systems is provided by the
notion of integrability. Integrable equations occur mainly in (1+1)-dimensions and are
characterised by a number of special properties, such as possessing an ‘inﬁnite number
of conserved quantities. Multi-soliton solutions may be constructed explicitly, using
methods such as the inverse scattering transform. The generalisation of integrable
system to higher dimensions has been less fruitful. There are limited examples of
integrable system in (2+1)-dimensions, but these are non-relativistic.

Turming now to non-integrable systems there are many examples of higher
dimensional solitons, such as skyrmions, monopoles, vortices and lumps. Such theories
are relativistic and the solitons have a topological nature. The non-integrability of these
systems means that numerical simulations and analytical approximations must be used
to study soliton dynamics. Given these limitations a remarkable amount is known
about, for example, the dynamics of BPS monopoles.!"*" Such studies reveal that
soliton dynamics in these systems is highly non-trivial.

One important example of a higher dimensional integrable system is the self-dual
Yang-Mills (sd YM) equation. Work in this equation and its dimensional reduction has
not only led to a unification of known low dimensional integrable systems!*! but has
also provided new examples of higher dimensional integrable equations. BTt is in the
study of one such integrable model in (2+1)-dimensions that a recent result™ has
demonstrated that soliton dynamics can be highly non-trivial in integrable models. This
suggests an area in which new phenomena may occur that are not present in lower
dimensions and provides a connection between the solitons of integrable and non-
integrable systems. In this paper we construct monopole-like solutions of an integrable
relativistic Yang-Mills-Higgs equations. Even though the equation is integrable we find

monopole dynamics can be highly non-trivial.
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2. Instanton construction of the BPS monopole

In this section we give a brief summary of Manton’s instanton construction of
the BPS monppole.ll Consider an SU(2) gauge theory in euclidean four-space.
The spacetime coordinates are x,,, z =0, 1, 2, 3, with metricn** =38"". Let 4, be
the su(2) — valued gauge potential with gauge field F,,. = ,A, - 0, A+ [A,, A\
Then the self-duality equations (sdYM) are
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where e, is the totally antisymmetric tensor. If we dimensionally reduce by
requiring that all gauge potentials are independerit of the x; coordinate, ie (A4,
=0, and identify the residual gauge potential with the Higgs field, je ® = 4,
then (2.1) becomes the Bogomolny equation for static BPS monopoles in three-

space
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where D, = 8, + [A,, is the covariant derivative and indices range over the values
0,1,2.
Solutions of the sdYM equations may be obtained from the Corrigan-Fairlie-

t’Hooft-Wilczek (CFtHW) ansatz®**'!
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where G,y = (€ouva + Suabov ~ 80,8ve)0™ and oy, o = 1, 2, 3 are the Pauli matrices.
Here p(x,) is a real function called the superpotential. By substitution of the ansatz
(2.3) into (2.1) we obtain a solution of the sdYM equations if the superpotential
satisfies ' ‘

Op=0 ‘ ) 2.4)
where (1= 0" 9, is the wave operator in (4+0)-dimensions.

In order to dimensionally reduce to the monopole equation: the gauge

potentials must be independent of x;. This can be achieved by setting

p=e¢ (%%, %) : @5
where A is a real constant. The equation for £ is then the Helmoholtz equation

Vi +A% =0 (2.6)

where V? is the wave operator in (3+0)-dimensions. However, solutions of (2.6)

lead to singular gauge potentials, since p must not vanish for the gauge fields to

be nonsingular. However, if the replacement A — i A is made then (2.6) becomes

V¢ -A%=0 Q@7

the solutions of which lead to non-singular but complex gauge potentials. The
remarkable result is the following. A radially symmetric solution to (2.7) is given

by
1. '
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and although the solution is complex the gauge potentials can be transformed

‘by complex gauge transformation into the real BPS monopole solution.! It is

this construction of the BPS monopole which motivates the construction in
paper of monopoles in (2+1)-dimensions. '

This construction of the BPS monopole can also be reformulated in {véy that
avoids the complexification and in which the monopole may be interpreted as
'arising from an infinite instanton chain.!'2 This intefpretation has a two-
dimensional analogue in which sine-Gordon solitons may be infinite limits of

cP'instanton chains .04
3. The Yang-Mills-Higgs-Bogomolny equation

Let us now consider the sdYM equation (2.1) in (2+2)-dimensions. Write the

coordinates x,, n=0,1,2,3 as x,= (¢, x, y, 5) and let the metric be

dx dx* =df* —dx* —dy* +ds® G.1)



with ¢ and s timelike coordinates and x and y spacelike. If we now dimensionally
reduce by requiring that all gauge potentials be independent of the second time
coordinate s, ie &, A, =0, and identify the residual gauge potential with- the

Higgs field, ie @ = A, then the sdYM equation becomes

D (I):l
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where the mietric is the Minkowski metric g =diag(l,~1,~1).

This is an integrable Yang-Mills-Higgs-Bogomolny (YMHB) equation in
(2+1) dimensions which is a Minkowsky analogue of the Bogomolny equation
(2.2) for static monopoles in euclidean three -space. Note that (3. ’7) has the
desirable property of Lorentz mvarlance 1e it has an SO(2,1) spacetime
symmetry. The Bogomolny equation (2.2) is a first order (in the gauge
potentials) equation which gives a subset of solutions to a second order equation
derived from a lagrangian. This lagrangian consists of a term quadratic in the
gauge field and a term quadratic in the covariant derivative of a Higgs field. In
the same way the YMHB equation (3.2) may also Be considered as giving a
_subset of solutions of a second order equation derived from a lagrangian. The
lagrangian has the same form as that associated with the Bogomolny equation
but this time the sign between the two contributing terms is opposite. One
consequence of this is that the energy is not positive definite. In fact it is easnly
seen that for solutions of (3.2) this enérgy vanishes 1dent1ca1|y Note that a

useful gauge invariant quantity to describe the system is given by the length of

- 2 - .
the Higgs field ”CI)” = ~det(®), which in general will be not vanishing.

Soliton solutions of (3.2), for a gauge group & = SU(2), representing the
dynamics of multi-lump conﬁguratlons have already been constructed using
twistor methods!'4151  and (usmg a chiral field fomlulatlons whxch breaks the
Lorenz invariance) through the use of the Riemman method with zeros.® In the
chiral field formulation numerical simulations have shown that solutions also

exist in which the dynamics and scattering of such lump solitons is highly non-

trivial and exotic,®! even though the equation is integrable.

The equation (3.2) is integrable for any choice of gauge group, so that we

could for example consider a complex gauge group such as ¢ = SL(2.c). The
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previous studies mentioned above chose the real form ¢ =SU(2). and in this
paper we agaitt choose a real form but here we consider ¢ =SU(1.1). The gauge

potentials and Higgs - field are. therefore su(l,1)-valued so that

A, = AﬁTﬂéaﬂ. > =0° Tﬂ()‘a/; where T°.a=0.1.2 are the generators of

i 1 .|
su(1.1) given by T"=50'3. T'=;_;o‘ pTi=2o.

In the following selection we shall construct monopole-like solution of

(3.2) through the use of a CFtHW-like ansatz. Solutions which describe static

deformed monopoles and exotic dynamics are also given.

4. Monopole Solutions

We now introduce a Lorentz covariant analogue of the CFtHW ansatz
for the-case of an SU(1,1) gauge group after reduction to (2+1)-dimensions. We
define an orthonormalised basis in (2+1)-dimensional Minkowski spacetime M
given by the three vectors n,” 4 v... =0, 1, 2 in M and a. f.. =0. 1. 2 in
internal space. The vectors are defined by the propenies gt nf =g g nS

=g? e, 0" 0 1 = eus. Welook for solutions t0.(3.2) in the form

Al =ntel 0% lo
Hova gp (4.1)

Kk =m, 3" log p
where p(z x. y) is the real-valued superpotential. Substitution of the ansatz (4.1)
into 3. ") glves a solution if the superpotentlal satisfies
Lip=0 L +.2)
where i1=9; —@ -8} is the wave operator in (2+1)-dimensions. With this ansatz

the length of the Higgs field has:a simple expression in terms of . the

superpotential, namely

I®|z=-—illogp. +.3)
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We now construct our real monopole-like solutions. Following [16] for

notational convenience denote the timelike vector n, =n,. and the spacelike

vector n, =k, ,i=12, and . introduce the variable

w=J(k'%) =\/(u3E)2 -X; where ¥, =x,-x{, with constants x’. and (ab)
denotes the spacetime inner product 'a, b”. Also let r=(nx). We choose the
non-singular solution of (4.2)

| p=e' I (lw) (4.4
where A is real constant, 8§ = #1 and /, denotes the modified Bessel function of

order p (see [17] for a summary of the properties of /). it produces the

monopole-like solution in an arbitrary reference frame

1,(Aw) J
[3 = a u 1 log 6 a
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The Higgs density for this solution is given by

. 2 (L)Y
ol -4(1 (,o(m))) @6

The velocity of the monopole is given by v =n /n, where n = (n1 .nz). We use the

standard parametrisation n=(cosh f,sinh ffcos¢,sinh Fsin §), in terms of the

rapidity # and angle ¢ . The static monopole solution is obtained by choosing

the rest frame #n,=(1,0,0), upon which (kikj)=—5ii, i j =1, 2, and

® =\/(x, ~x{)? +(x, -x{”)’ =|r-r,|. In fig. 1a we plot the Higgs density (4.6),

for a static monopole with 1 =1 and xf,°’=0. (In all plots wg present in this

paper the x and y axes with both have the range [-40, 40]). We see that H(I)Hz -0

as r—oo. In fact the asymptotic behaviour for the static monopole solution is

A .

lof* ~<= as r—cw . @.n

4r o

We call such a solution a monopole with scale A. Note that this monopole does
not have the BPS limit boundary condition (||<Dl]2, —1 as r—> ) and is not a

topological soliton.

Let us now consider the solution that can be obtained through a linear

superposition in p of monopole solutions. One may at first think that this

would generate multimonopole solutions, however this is not the case.

The general "N - soliton - like" superpotential is

N
p=Y.e’ I (A ).

a=1

where . A(4~8)

w, =\/(n;[x —)‘:,50)])2 =[x, - x‘(‘oz]z

7,=(n, [x - xf,”’] ).

A set of vectors n,, is introduced for each soliton like componenta =1, ... , N.
This solution has 6N real parameters giving the scale, speed, angle of motion -
and spacetime location (at ¢ = 0) for each soliton-like component, and the set of

parameters §, =%1. Again the solution is non-vanishing so that the gauge

potential are non-singular.

Here we analyse the case N = 2 in detail. Denote &, /5, =& . We first consider
the case v =%, =0,4 =4, =A4,6=1 for which the solution (4.8) gives static
gauge pofentials. If x®=x=x® and y® =y =y then the solution
represents 3 moﬁopole with scale A and position ((x©,y®) (ﬁote Vtﬁat

multiplication of'p by a constant has no effect on the gauge potentials or Higgs

field). If we now allow y® #y® we find that the solution represents a static

deformed monopole. The Higgs density is always localised in a single region

(never in two distinct regions) and the maximum of the Higgs density is located -
at a point on the line x =x® between the points y =y and"y =y{”. The width
of the monopole- is decreased in'the y-direction and increased in the x-direction.
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Fig.1b shows a plot of the Higgs density for the parameter values A=1,x =0
and y® =~y =5.

Let ué now consider time dependent solutioh. From now on we shall set
8, =1(the case §, =—1can be obtained by time reversal). To begin with we shall
investigate the radially symmetric case. This requires the parameter choice
%0 =X = " = y{ =¥, =¥, =0. For § =1 (which then requires A, # 4, for
the gauge potential to be time-dependent) we find that the Higgs density
represents an undeformed monopole for all time, with “the scale of the
monopole being a monotonically increasing function of 7. The monopole scale
A(P)asa function of time has the asymptotic limits A(t =~w0)=min{i,,4, } and
A(t =+00) = max{4,,4,} . Clearly the arguments of the exponential factors in the
two terms of (4.8) are responsible for this behaviour. So such a solution
describes the dynamical evolution of size changing monopole. But this is not all;
there is also a time asymmetric phenomenon.-For negative times the monopole is
accompanied by a radial ring which contracts as time increases and vanishes for
positive times. It would be nice to interpret this ring as rediation, but this is not
the case, since the speed of the rings contraction is not equal to unity. In fig.2 we
plot the Higgs density at increasing time for the solution with parameter values
Ay =04 and 4, =10. We also show the first plot (+=-20) magnified so that the
ring is clearly visible. If we now consider the radially symmetric case with & = —

(see fig.3), we find that as ]t] —> o we again obtain a similar result to the &= |

case, with one or other of the superposed monopole solutions dominating.
However, as we would expect by examining the arguments of the exponentials in
(4.8), we now find that as 1—> - a monopole of scale Ay is obtamed and as
1> 400 a monopole of scale /12 is obtained. Again there is also a radial ring
which contracts as time increases and vanishes for positive times. This ring

differs from the § =1 casein that ~  itisa ring of negative Higgs riensity and

has a much greater magnitude.

We now remove the restriction of radial symmetry and consider the géneral
solution (4.8). For &§ = ~1 the generic situation is that for large positive times the
solution describes a monopole with parameter values associated with the second

term of (4.8). For large negative times the solution represents a monopole with

8

parameter values determined by the first term of (4.8). Near =0 the solution can
be quite complicated and not resemble a monopole at all. Note that such.a
solution can therefore describe the dynamical evolution of a transmuting
monopole. which can change scale, position. speed and direction. In fig.4 we

plot the Higgs density for increasing times for a solutions with parameter values
= 0200 4122 = Lo =01 gy 20,05 =029, =74 and

0 = —1. This describes a;monopole which moves along the x-axis and transforms

into a monopole moving along the y-axis with double the speed. -

Turning to the general case with & =1 we find that the situation is much more

complicated. In particular the solution never (unless v =u, = 0)describes
undeformed monopoles. even in the limit ,t]—-)oo. The J =1 case is therefore

very difficult to interpret. In-fig.5 we show a plot for one of the simplest cases, in
order to demonstrate the exo-tic nature of the solution. The parameters are
x(10)=x(20):y(10)=y(20): A = $2=0, 1=4;=Lu;=-0v,=09 and o=1 In
this plot (unlike the previous plots) the scale of the z-axis is not the same for
each time plot. In fact there is a dramatic increase in scale of the structures with
increasing time. For the Higgs density consists of a plane wave which grows
taller and thinner with time. For large negative times the sitlmion is .even more
exotic. The only comment we make is that there are (after magmﬁC'mon) two

v151ble structures which are located at the pomts where one nny nmvely expect

to find two monopoles glven the solution (4.8). Whether thls is relevzmt or not

we are unable to say.

5. Twistor construction of the planar monopole

In this section we show how our monopole solution has a surprisingly siniple form in
terms of the twistor construction Not only is the - simplicity of the solution intereiting.
but prowdmg a tvwstor formulatlon may prove to be a useful ﬁst slep in lhe
construction of multi- monopole squtton '

The well known twistor correspondehce for self-dual Yang-Mills fields n -
dimerisional spicetitne is that they correspond to certain ho:lohrorphif: Vector vbthtd'le;

over the standard complex 3-dimensional twistor ‘space.!"™ Nowsince ihe” YHMB

9



equation (3.2) is a reduction of the self-duality equations there is a reduced version of
the standard twistor correspondence to 3-dimensional spacetime; namely that gauge
fields satisfying (3.2) correspond to certain holomorphic vector bundles over a mini-

twistor space!™"**"! TT , which is a 2-dimensional complex manifold isomorphic to

the holomorphic tangent bundle to the Riemann sphere,i.e. [1= TcP ',
Here this correspondence will be briefly described and then used explicitly in order
to obtain the monopole solution to (3.2).

The space I is a fibre bundle over cP ' with each fibre being a copy of C. Let & be

the standard coordinates on the base space cP ' . Cover this base space with the two

~

coordinate patches U = (£:]&| < 1) and U = (£:]&|21). The fibre coordinates & y
over U and y over U are patched by 7 =‘ £ 7 y . A reality structure is introduced
by defining an anti-holomorphic involution on the base space of& = &', which may
then be extended to IT by defining o: (£,7 ) > (5— ' 7). The real sections (i.e. those

preserved by the iinvolution) are then given by
’ i i,
}/:-—;z§+l+;25 . (5.1)

wherez=x+ijyecC,teR. "~
‘Solutions of (3.2) then correspond to rank two holomorphic vector bundles £ over I1
satisfying the condition that £ is trivial when restricted to real sections. £ is also
required to have a reality structure, as described below, in order to ensure that the
gauge fields are su(1,1)-valued. '
Let Fbe the 2 x 2 patching matrix which patches £/ ,, to £| ¢+ Then the required
reality structure is that 7 must satisfy ‘ ‘
F1=1 (5.2)
det F=1 '
where FT(&,7 )=F(&™,7)", and * denotes complex conjugate transpose.
The gauge potentials and Higgs field are extracted from / by splitting it into the form
F= HH" (5.3)
where H is holomorphic in U and H is holomotphic in U. The choice of H and H is

not unique and corresponds to a choice of gauge.
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For the purpose of constructing the monopole solution the patching matrix may. be

taken to have the form of the Atiyah-Ward ansatz. A, Namely

n r :
Fy)= [5 (ﬁ.f)], .4
0 ¢

where # is positive integer and I is an element of the cohomology group H' (I1,0(-
2n)). | :

This patching matrix does not satisfy the réality condition (5.2), but for some I it
may be equivalent to one which does. Namely, there may exist a unimodular matrix K
which is holomorphic on U, such that' F = KF satisfies (5.2). Multiplication by X
simply amounts to a change of coordinates in the bundle and leaves the gauge fields
unaffected. In particular if I is real, in the sense that I~ t=r ", then F= io F satisfies
(5.2).

For the ansatz A | the Higgs field has the simple form

Joff =5 log 5.5
where A is given by
L e I(y)
= f___.»; de (5.6)

and the contour of integration is |£ | = 1. Note that A automatically satisfies the wave
equation, [JA = 0, and corresponds (in some gauge) to the superpotential.

Having set up the twistor machinery we find that the static monopole solution with
scale A is obtained from the surprisingly simple functidn

r=e", (5.7)>

Note that this function is real, so that the gauge potentials are su(1,1)-valued in some
gauge. The contour integration (5.6) can be performed by making use of the generating
function for the modified Bessel function,

Glu k) = exp(—;-(k+ R DN ' (5.8)
to show that
e =e* DI (A r)-ie?O)" (5.9)
11



where z =re'’ . Hence we obtain the monopole selution

A=e"I(A r). ‘ C(5.10)

AL )

In the twistor formalism a BPS monopole of charge # can be obtained ®***% from
the ansatz 4 ,. We are encouraged by the simplicity of the twistor form (5.7) of the
monopole solution to hope that, in a similar manner, by considering higher ansitze we

may obtain multi-monopole solutions. This issue is currently under investigation.

6. Conclusion

We have seen that monopole-like solutions exist to a relativistic integrable Yang-
Mills-Higgs system in (2+1)-dimensions. Furthermore, ‘we have seen that introducing
an ansatz reduces the equation to a linear equation for a superpotential. Solutions
representing static deformed monopoles and also the dynamics of ‘‘deforming
monopoles can be constructed through a simplg superposition procedure. It is
interesting that exact solutions can be found which describe exotic soliton dynamics in
an integrable system and supports other recent work which suggests that the almost
trivial dynamics of solitons in integrable systems in (1+1)-dimensions may not survive
the géneralisation of integrable soliton systems to higher dimensions.

_There are still many .issues related to our monopole solutions which require
investigations. The most obvious. of which is the construction of  multi-monopole
solutions, both static and time-dependent. There is also an interesting similarity
between the solutions described in this paper and monopole-like solutions of the

complex self-duality equations in (3+1)-dimensions. =l
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Fig.1a The Higgs density for a radially symmetric static monopole with scale 1 =1

and position x!* = 0.

i

Fig.1b The Higgs density for a static deformed monopole with parameters A =1,
%" =x" =0 and p\” = -3 =5
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Fig.2 The Higgs density at times /=20, 0, 20 for a radially symmetric monopole d Fig.3 The Higgs density at times t==5, 0, 5 for a radially symmetric monopole with
with parameters & = 1,4, = 04 and A, =10. The plot for /=-20 afier magnification is N parameters 5 = —1,4 =10 and 4, =15

also shown. 7 A \
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Fig 4 The Higgs density at times #=-200, -100, 0, 100 for a transmuting monopole

X0 = X0 = YO =y =0 ,=1,v,=0. —0Ar=02. . SR
with parameters x§ Y2 A=A ¥, 01’4’!‘ V=02, Fig.5 The (scaled) Higgs density at times =-20, -10, 10 for parameter values

b, = %and S=-1 .“E X = X0 = PO = YO =g =p. =04 = L =Lv,=-v,=09 andd=1
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