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1. One of the most interesting nonlinear models of the high energy physics [1] and 
condensed matter physics (2], the so-called n-field model, is given by the Lagrangian 

[_ = ~01,na01'na, nana = n: + n~ + n! = 1, 

where 
a 

µ = 0, 1, 2, ... d, a= 1, 2, 3; a,,= -;:,--, 
ux" 

and we assume summation over repeated indices. 
In this paper we consider the following modification~ of the model ( 1) 

(3, 4], (2], [5, 6]: 

[,1 = ~D,,nao"na + Jana, 

L2 = ~o,,n.o"n. - J(l - n3), 

[, - 1 <> <>I' m2 ( 2) 
3 - 2u,.n0 u n. - 2 1 - n3 , 

1 2 2 3 = n1 + n2 +_n3, 

'where J ·and m are external source and mass parameters respectively. 
It is convenient to introduce a new field variable 

n1 + in2 z=---, 
1 + n3 

z* + z 
n1=l+lzl2' 

i(z* - z) 
n2 = 1 + lzl2 ' 

1 - lzl2 

n3= l+lzl2' 

(1) 

(2) 

(3) 

(4) 

(5) 

(6) 

(7) 

Then, the n-ficld given by expression (7) is automatically on the unit sphere. 111 
terms of the new variables t.he Lagrangians lake the following form: 

[, - 21a,,zl2 + J(l - lzl 4
) 

1 
- (1 + lzl2)2 ' 

ID,,zl2 - J(l + lzl 2)lzl2 
L2 = (1 + JzJ2)2 ' 

ID,,zl2 - m21zJ2 
L3 = 2 ( I + JzJ2)2 

For expression (8), in (3) we make the choice 

Ja = Ja3J. 
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The equations of motion are 

(1 + lz]2)z,. ,. - 2z,.z1'z* - J(l + lzl2)z = 0, 

(1 + lzl2)z,. " - 2z,,z1'z* + m2(1 - lzl2)z = 0. 

2. For radially symmetric solutions, eqs. (12) and (13) reduce to 

(12) 

(13) 

(1 + lzl2)(o; - o;)z - 2z*((oTz)2 - (oryz)2) - J(l + lzl2)zr2(d-!) = 0, (14) 

(1 + lzl2)(o; - a;)z - 2z*((oTz)2 - (8ryz)2) + m2(1....: lzl2)zr2(il-i) = o, (15) 

where we used the following transformations: 

z,," = (o; - ~)z = o;z - rL Or(rd-lar_z) (16) 

= r2(1-d)(o;(r2(d-l)z)- (rd-10r)2z) = r2(!-d)(o; - o;)z, 

ZµZµ = (81z)2 - (Drz)2 = r2<1-d>((0Tz)2 - (oryz)2), 

where 

t r2-d _ r2-d 
T = rd-I' 1) = .2 - do ' d # 2 (17) 

t · r 
T = -, 1) = ln-, d = 2. 

r r0 

The main idea of this paper is that if we consider variable source and mass para-
meters, so that · ' · · 

J(r)r2(d-I) = J0r&(d-I) =. const, 

( ) d-1 d-1 .t m r r =.moro-- = cons , 

(18) 

(19) 

the dependence of eqs. (14) and (15) on the dimension of the space becomes implicit 
through the variables T and 1)·. So, the d-dimensional problem reduces, for example, to 
one-dimensional one. 

3. It is easy to find that eq. (13) with variable mass (19) has a solution of the form 

z(1J, r) = z(1J)eiwT, . (20) 

where 

✓ 2(d I)· z(1J) = exp(± m5r0 - - w21Jk (21) 

r- r' ' . {!d=2· 
- rd.~1 ' d j 2, 

ro 
{

. ln~; d = 2, 
1) = r2-d_r~-d d _J_ 

2.,-d ' , 2· 

Another eq., (12), under the condition (18) has a sphalerori solution and will' be 
considered elsewhere. Note that d-dependence in the solution (20) is analytical, so we 
can consider not only natural values ford, but also noninteger, fractal values. 
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The energy and charge (functionals) of the model (10) 

_ J d l81zl 2 + 1Vzl2 + m2lzl2 
1{ - 2 d x (l + lzl2)2 , {22) 

.1, = 2 / dd ie(z*a"z - zaµz*) 
" . x (l + lzl2)2 , (2:3) 

calculated from the solution (20):' 

.tr±~ z(t,r)=exp(tw-)(-) vm0r0-w-, d=2, (24) 
r r0 

z(t, r) = exp(iw )_1 )exp(±Jm5r~(d-l) - w2(r2-d - r~-d)/(2 - d)), d ,f- 2, (2.5) 

. take the following values: 

d = 1, z(t, x) = exp(iwt)e;p(±Jm5 - w2(x - xo)), 

2m2 2ew . 
E O Q - -;====, 

1= ' 
1

- ✓ 2 2 ✓m5 - w2 mo - w 

d = 2, w = 0, E2 = 4nmoro, Q2 = 0, 

2 2 1 
d = 2, 0 S w2 S moro - 4' 

l
oo dx 

Q2 = -8newro Jm•r•-w• + -Jm~r~-w2 )2' 
0 (x o o X 

{oo dr 
d ,f- 2, Qa = -ewrof!a J0 ch2( J mfir~(d-1) _ w2( r2-d _ r5-d)/ (2 - d)) 

loo dx 
d ....l2 w=0 Ea=m~rgf!a d-1 h2( ~)' r , ' o x c moro z-d 

2n? 
na = rGr 

Ford ,f- 1 and w ,f- 0, the energy contains the.time-dependent contribution: 

(26) 

(27) 

(28) 

(29) 

(30) 

Ed= E1d + E2d, (31) 

2 2 2 100 dr E1d = w t (d - 1) nd/2 ----====~------, 
o rd+Ich2( Jm5r~(d-1) - w2(r2-d - r5-d)/(2 - d)) 

2 2(d-1) 1°" dr E2d = moro nd -----;=======--------. (32) 
o rd-1ch2(Jm5r~(d-I) -w2(r2-d - r5-d)/(2 - d)) 

For d > 2, the time-dependent contribution is finite. 
4. Let'us make some field-theoretical motivations for the variable "mass" (19): 

1 
m(r) ~ rd-I· 

,<·«; ..r·~ . •·.4_:;.' 

(33) 

,,. 

A 
'/ i' 

' 

/\ 
\. I '4 
' 

If we take the massless equation for a scalar field.¢, with a point-like source 

~o = g8"(.1·). 

then 

. -1 d g J d eipx g 
,P=g~ 8 (.r)= -( -d d p-2 ~ d2" . 2..) p r -

For massless Dirac equation: 
0 

1 Dif· = g8"(.r). 

1n· havP 

. g 
l' ~ rd-1 ·· 

Now takf• tlw following Lagrangian: 

• li),,.:12 - hj.:j24·t· ' . ' - ~ 
L = ;__:_-'----'--'-- + ,,,,.,,av•+ 11il· + t•11 

( j + jzj2)2 > I • ' ' ' 

(:34) 

(35) 

(:36) 

(37) 

(:38) 

where h is a coupling rnnst.ant and 17 is a source of t,!1e fermion fip]d. In the O(h0
) 

approximation and point-like sources, we have 

' g 1/'o ~ -;-1_ 1 , l=ol = l, 
r· 

(:19) 

as, by dimensional rnnsidPrat.icrn, it is easy to sPe that the model ( 1) has not 11m1triYial 
localized solutions at. d ,f- I am! stable solutions at d = l. If 11·e take into account the 
int~ract.ion ( but not bark-reaction of the "hadron'' field .: 011 the "'quark" field t-). 
1ve will have our situation, (10).(l!J). So. we have some argument. for sp111or ··quarks" 
(:lu-:J7) in preference to the scalar one (;J.1). 

Let us consider gauged vnsions of t.11<' models. To do this, note-that the Lagra11gia11s 
(8-10), (:18) are invariant under the globat gauge transformations: 

.: ➔ .:' = ,J·'.:, o = con.st. ( 10) 

Now we loraliie the transformation (/10) by considering variable n all(! the ,·xtc·nded 
Lagrangian including the vector gauge field A,,: 

,. 2jlJ -.12 ~ = µ- I 
(1 + j-j2)2 - -F

2 
- 2 ,,,,, 

wh,·n· 

1)
1
, = iJ,, - ic. I,,. t•;.,, = iJ,,.-1,, - i),,.-1,, 

and t' is a gauge coupling constant. 
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1. One of tl:e most interesting nonlinear models of the high energy physics [l) and 
condensed matter physics [2), the so-called n-field model, is given by the Lagrangian 

where 

£ = ~8,,n.81'n., n.n. = n~ + n~ + n~ = 1, 

8 
µ = 0,1,2, ... d, a= 1,2,3; 8,. = -

8
, x,. 

and we assume summation over repeated indices. 
In this paper we consider the following modification~ of the model (1) 

[3, 4], (2], [5, 6): 

£1 = ~8,.n.8,.n. + J.n., 

£2 = ~8,.n.8,.n. - J(l - n3), 

r - 18 8,. m2 ( 2) 
~3 - 2 1,na n 0 - 2 1 - n3 , 

1 2 2 3 = n1 + n2 +,n3, 

'where J ·and m are external source and mass parameters respectively. 
It is convenient to introduce a new field variable 

n1 + in2 
z= ' 

1 + n3 

z• + z 
n1=l+lzl2' 

i(z*-z) 
n2 = 1 + lzl2 ' 

1 - lzl2 

n3 = 1 + lzl2. 

(1) 

(2) 

(3) 

(4) 

(5) 

(6) 

(7) 

Then, the n-field given by expression (7) is automatically on the unit sphere. In 
terms of the new variables the Lagra.ngians iake the following form: 

£ - 218,,zl2 + J(l - lzl 4
) 

1 
- (1 + lzl2)2 ' 

l8,,zl2 - J(l + lzl2)lzl2 

£2 = (1 + lzl2)2 , 

ID,,zl2 - m2lzl2 
L3 = 2 (I+ lzl2)2 

For expression (8), in (3) we make the choice 

Ju = Oa3./. 

2 
C 061.e.nHHCHttwii m1cnnyr J1JJcpm,1x HCCJleaoeaHHM. Ily6na, 1997 

(8) 

Ul) 

(10) 

(II) 

,;, 

I \ 
11 
r 

"' 

.,, 

The equations of motion are 

(1 + [zf)z,. ,. - 2z,.z1'z* - J(l + lzl2)z = 0, 

(1 + lzl2)z,.,. - 2z,.z,.z• + m2(1 - lzl2)z = 0. 

2. For radially symmetric solutions, eqs. (12) and (13) reduce to 

(12) 

(13) 

(1 + lzl2)(8; - 8;)z - 2z*((8rz)2 - (8~z)2) - J(l + Jzl2)zr2(d-l) = o, (14) 

(1 + lzJ2)(8; - 8;)z - 2z*((8rzt - (8~z)2) + m2(1 - lzl2)zr2(d-l) = 0, (15) 

where we used the following transformations: 

1'-(82 A) ·-82 1 8( d-la ) z,. - t - u z - 1 Z - rd-I r r. r_Z (16} 

= r2(1-d)(8;(r2(d-1) 2 ) _ (rd-18r)2z) = r2(1-:dl(8; _ 8;)z, 

z,.z,. = (812)2 - (8rz)2 = r2(i-d)((8rz)2 - (8~z)2), 

where 
· 2-d 2-d r . -r0 

T = rd-1' T/ = 2 - d 
d,f.2 (17) 

t r 
T = -, T/ = ln-, d = 2. 

r ro 

The main idea of this paper is that if we consider variable source and mass para· 
meters, so that · · · · · 

J(r )r2(d-l} = J0r~(d-l) =, const, 

( ) 
d-1.. . d-1 t m r r =.moro- ·=cons , 

(18) 

(19) 

the dependence of eqs. (14) and (15) on the dimension of the space becomes implicit 
through the variables T and ry·. So, the d-dimensional problem reduces, for example, to 

one-dimensional one. 
3. It is easy to find that eq. (13) with variable mass (19) has a solution of the form 

z(1J, T) = z(ry)eiwr, . (20) 

where 
✓ 2(d-1) · z(TJ) = exp(± m5r0 - w2ry), (21) 

· { !, d = 2; 
T = t 

. rd.-1 ' d ,f. 2, 

{ 

ln~ d = 2 ro' ,. ' 
TJ == r2-d r2-d 

2=/ , d ,f. 2, 

Another eq., (12), under the condition (18) has a sphalerori solution and will' be 
considered elsewhere. Note that d-dependence in the solution (20) is analytical, so we 
can consider not only natural values for d, but also noninteger, fractal values. 
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If we assume that there is a condensate of the vector field .4.,, = cons/ =/= 0. then the 
Lagrangian ( 41) reduces to the Lagrangian ( 10) with constant mass m 2 = · -l 1 .-\ 1,.4.I'. 
To the variable mass parameter corresponds the variable vector field (condensate). If 
we take the "hadron" condensate, z = :::0 = canst: the Lagrangian (41) reduces t.o the 

massive vector field Lagrangian 

l 2 1 1 
.C = - 2F,w + yl . (42) 
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Maxa.mlllaHH H. E2-97-408 
0 HeKOTOpblX MOL{HqJHKaQlllX MOL{eJIH n-nom1 

H TOqHblX qacTHQeilOL{06HbIX pemeHlllX B d-MepHOM npocTpaHCTBe 

PaccMa.TPHBaJOTca HeCKOJibKO MOLlHqJHKa.QHH MOL{eJIH n-nom. L{na OLlHOH 
H3 HHX, C nepeMeHHbIM napa.MeTPOM MaCCbl, Ha.HL{eHO qaCTHQenOL{06Hoe pemeHHe 
B aHaJIHTHqecKOM BHL{e B d-MepHOM npocTpaHCTBe. TipttBeL{eHbl TeopeTHKOilOJJeBbie 
apryMeHTbl L{AA o6oaCHeHlll nepeMeHHOH MaCCbl. 

Pa6oTa Bb!IlOJIHeHa B na6oparnpHH BbJqHCJIHTeJibHOH TeXHHKH 0 aBTO
MaTH3a.QHH 0115IH. 

Coo6meH11e Om,e/mHeHHoro HHCTH'lyra l!)lepH1,1x 11cCJie11oeatt11ii. lly6Ha, 1997 
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On Some Modifications of Nonlinear n-Field Model 
and Their Exact Particle-Like Solutions in d-Dimensions 

We consider several modifications of the n-field model. For one of them, 
with variable mass parameter, we find an explicit particle-like solution 
in the d-dimensional case. We give field-theoretic arguments for the proposed 
variable mass. 
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