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1. The equation of motion of a system of three vortexes can be put in the form 
[1, 3] 

M1 = r1M1(M2 - M3), 
M2 = r2M2(M3 - M1), 
M3 = r3M3(M1 - M2). 

(1) 

Indeed, it is well known [2] that the system of N vortexes can be described by the 
following system of differential equations: 

. -~ rm 
Zn = i L..., z• _ z• . 

m;:fn n m 

Then it is easy to verify that the quantities 

M1 = IZ2 - Z312, 
M2 = IZ3- Zd2, 
M3 = IZ1 -.Z212 

satisfy the system (1) after changing the time parameter as follows: 

M1M2M3 I 
dt = S dr = (M1M2M3)2 Rdr, 

4 t:,. 

(2) 

(3) 

(4) 

where Se,. is the area of the triangle with vertexes in the centres of the vortexes and R 
is the radius of the circle with the vortexes on it. 

· The system (1) has the integrals of motion 

H1 = t_M;, 
i=l r; 

(5) 

H2 = t,tnM; 
i=l r; 

and can be presented in the form 

M,· - w 8H1 8H2 
- ijk8Mj 8Mk (6) 

1 1 
= {M;,H1,H2} = Wijkri rkMk' 

where 
I 

Wijk = lijkp, (7) 

p = r1r2r3M1M2M3 

and the Nam bu-Poisson bracket of the functions A, B, Con the three-dimensional phase 
sp<j..ce M 3 is 

BA BB ac 
{A, B, C} = Wijk 8M; 8Mj 8Mk. 

Ot\.tJ:iii:\l:~f C"':Tt.l')i l 
l.l()lfilr.lX nttJrtl:l~tmO . 
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The fundamental bracket is 

{M1,M2,M3} =Wijk• 

Then we can again change the time parameter as 

dr = pdu 

and obtain Nambu's mec!ianics (4] 

· 8H1 8H2 
M; = lijk 8Mj 8Mk' 

M2-M3 
M1 -

f2f3M2M3' 
M3-M1 

M2 = f3f1M3M1' 
M1-M2 

M3 = f1f2M1M2 

(9) 

(10) 

(11) 

2. The second-order, ternary, Nambu-Poisson structure (6-9) reduces to the two 
first-order, binary, (Nambu-)Poisson structures(3] 

{M;,Mjh 
8H1 . 1 ) - I 

({M;,Mj,Hi} =wijkaMk =wijkrk -w;j, (12) 

{M;, Mjh 
8H2 · 1 _ 2 

({M;,Mj,H2} =WijkoMk =WijkrkM)-w,j. 

These Poisson structures are reducible, there are nontrivial functions H 1 and H2 
for which hold 

for any function A. 

{A,H1h 
{A,H2h 

0, 

0 

(13) 

3. The variables Mn, n = 1, 2, 3, are non-negative (semi-bounded), so it is conve
nient to replace them with free variables Xn 

Xn = lnMn, n = 1,2,3. 

The equation of motion (1), integrals (5) and Nambu-Poisson structures (8-12) 
the following form: 

±1 - f1(ex2 - ex3), 
±2 - r2{ex3_ex1), 
X3 == f3(ex1 - ex2), 
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(14) 

take 
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I:~ 
i=l f,. 

r r r .. tJH1 rm2 
1 2 3E,1k O a .r; .rk 

{.r;.111. H2} = {.r;. H1h = {.r;. H2}1. 
. . , a.~1 an ac 

1 iI 2L 3lijk-
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-
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1 a.1 as 
w----
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2 iJA DIJ 
v.-';j iJ.r; d.r1 • 

1, [' , iJil1 
. I 21 :Jfijk--;:,

u.r; 

I, I' I' I =' ) I 2 :Jfijk-.-. 
I J·l'_i 

2 [' [' I' . i)ffi 
W;· = I 2 :Jlijk-. -

J <J.rk 
I 

l'il'2r3 t;;,·rk· 

( 16) 

(li) 

( 18) 

(19) 

4. For the system of three equations (15) Wl' have two integrals of mot ion ( 16 ). so 
the system (15) is integrable by quadratures [5, 6). From H2 it follows that 

, .r1 .r2) 
:r:i = I 3(//2 - - - -c;-- • 

C1 f1 l 2 
(20) 

Inserting (20) into the expression of II 1. we find t.hat 

cxp:z:2 exp(-P,-,r2) , .r 1 exp.r 1 -- + . eXJ)(!,,(/[2 - -)) = //1 - --
1'2 I'a .. , r1 1'1 . 

(21) 

Now we see that .z: 1 can be found from (20) as an elementary funclio1i' of .r1• when 

r:l = -r2. (L') 

= -21'2, 

-:.11'2, 

--11'2, 

- 1'2, 
I , - -I., 2 ., 

= ~I' 
:.l 2 

3 



For the general case, equation (21) defines :r2 as a new trancendental function 11 1(.ri). 

Then the equation for x1 takes the form 

r 
±1 = f1(en,(xi)(l + r3 ) - f3lli} - f3ex1 = n2(.ri) 

2 

(2:J) 

and .r 1 is defined by the following quadrature: 

l
x, dr 

S(xi) = -- = T - To. 
x,o ll2(i·1) 

(2-1) 

Elsewhere we consider general methods of non-linear (Nambu-)Poisson algebras [7] 
analysis for our model as well as detailed analysis of the formal solution. 

It is a pleasure to thank Dr. S.A. Gogilidze and other members of the seminar 

8N Mir for stimulating discussion. 
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MaxaJI.llttatttt H. 
CttcTeMa Tpex Bttxpeii imeanbHOH .llB)'Mepttoii nmpo.r10HaMHKH -
HOBbIH npttMep HHTerpupyeMoii MexaHHKH HaM6y-Tiyaccotta 
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.[(aeTC51 cpopMynttpOBKa HaM6y-TiyaccoHa CHCTeMbl H3 Tpex o6bIKHOBeHHbIX 
,llttcpcpepeHQHaJibHblX ypaBHeHHH, OIIHCbIBaIOmeii CHCTeMy Tpex Bttxpeii H,lleaJibHOH 
,llB)'MepHOH rimpo,llHHaMHKH. PaccMaTpttBaeMbie ypaBHeHH51 IIpOHHTerpttpo,BaHbl 
B KBa,llpaTypax. 

Pa6oTa BbIITOflHeHa B Jla6opampHH Bbl'IHCflHTenbHOH TeXHHKH tt aBTO
MaTH3aQHH 0115111. 

Coo61.11ettHe Om,e)IHHeHHOfO HHCTHl)'Ta ll)lepHblX HCCJJe)IOBaHHii. L{y6tta, 1997 
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A Nambu-Poisson formulation of the system of three ordinary differential 
equations, describing the dynamics of three vortexes of the ideal two-dimensional 
hydrodynamics, ts given. The system is integrated by quadratures. 
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