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O KOHUENUHH CIHHA

OGOCHOBBIBAETCS, YTO CIUH SIBNAETCS MOHATHEM, ONpPENEsIeMbIM IPYIINOii BHYT-
PEHHell CHMMETPHM, TECHO CBSI3aHHOM CO CTPYKTYpO# npocTpaHcTBa-spemenH. [pen-
JIOXEeHO YpaBHEHHE, OMHCBIBAIOIIEE YACTHUIY CO CIIMHOM IMONOBUHA. B s3THX paMkax
MOKa3aHo, YTO CITHH 3NIeKTPOHA NMPOsBNsieTcs KaK KBAHTOBOE YHCIIO U UTO YpaBHEHHE
Jupaka omuchiBaeT CBOMCTBA YacTHLl ¢ mpoekuueil cmuHa * h/2. B nporusosec
3TOMY MBI BBIIBUTAeM MPENIIONIOXEHHE, YTO CIIMH KBapka HE SBMNSETCS KBAHTOBBIM
YHCIIOM H NTO3ITOMY JO/DKEH PacCMaTPHBATHCA KaK HCTOYHHK HeabeneBa KaiGpoBoY-
Horo nons. [Ipy4uHa 5TOTO B TOM, YTO KBapK U 3MEeKTPOH OTJIMYAIOTCS APYT OT ApYyra
¢ ¢u3MIECKOil, reoMeTpUYECKOi U TEOPEeTHKO-TPYNNOBOi TO4eK 3penns. MMeHHo
3TO sBNAETCS MyOOKOH MPUYMHOH U MOHMMAaHHUs KBapK-JIENTOHHOH CHMMETpUM
Y TAaKOTO BaXHOroO SBJIEHHS KaK KOHaiiHMEHT.

PaGora Brinondena B JlaGoparopuu reoperuyeckoit ¢pusnkn uM.H.H.Boromo6o-
Ba OHUAU.
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On the Concept of Spin

It is substantiated that spin is a notion associated with the group of internal
symmetry that is tightly connected with the geometrical structure of spacetime.
The wave equation for the description of a particle with spin one half is proposed.
On this ground it is shown that the spin of electron is exhibited through the quantum
number and accordingly the Dirac equation describes properties of particles
with the projection of spin + 4 /2. On the contrary, we put forward the conjecture
that the spin of the quark cannot be considered as a quantum number, but only
as an origin of a non-abelian gauge field. The reason is that the quark and electron
from physical, geometrical and group-theoretical points of view differ from each
other. It is a deep reason for understanding quark-lepton symmetry and such
important phenomena as quark confinement.

.The investigation has been performed at the Bogoliubov Laboratory
of Theoretical Physics, JINR.
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1 Introduction

This report is devoted to the new approach to the problem
of theoretical description of the particle with spin one half
and especially in the context of the theory of leptons and
quarks. As it is well known, spin is a fundamental notion of
modern physics and its meaning has tendency to grow with
time. But what stands out is the absence of spin one half
operators Si, So, S3 with the properties

[Si, Sj] = ieijr Sk (1)
483+ 85=5=2=s(s+1) @
[H7 Sz] = 07 . (3)

in the Dirac theory of electron, where H is the Hamiltonian
proposed by the Dirac. As a consequence of nonvalidity of
the last relation in the framework of the Dirac theory the
corresponding tensor of spin angular momentum is not con-
served. Description of the spin in the framework of the Poin-

care group is not satisfactory because by this method we can
derive important information on the state of a field that cor-
responds to a particle in question but not on its internal
property such as spin is. In view of this, for the descrip-
tion of a particle with spin one half, a new wave equation is
proposed below which verifies that equations (1),(2),(3) are*
fulfilled.
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2 On the wave equation for a particle.
~ with spin one half

Our proposal is the following system of equations for the
description of particles with spin 1/2

Piwi = _T%C_,‘p’ ' (4)
Pi¢j = Pyt; — deijrP*y’ = %g@bjia (5)
Plajyj — Pty = ——;. (6)

with
| P=V;—- (ze/hc)A,,
where A; is the vector potentlal of an electromagnetic field,
V; is the covariant derivative with respect to the Levi- Civita
connection ‘ ' :
= —9'1(3j9k1 + Okgjt — Ogijk),

Y is a scalar field Yiis a vector field and 7,011 isa self dual
‘ "blvector ’

» i"pz]. ez]kl'l)b _¢z]

Completely antisymmetric Lev1 Civita tensor e;ji is normal-

ized as follows eg1a3 = /—¢g, where g is the determinant of

the metric tensor. Thus, the wave function
= (¢7 "pia ¢‘ij )

has eight components. We consider the general case of
- curved spacetime with metric ds? = gijda:ida:j since in our ap-
_proach its geometrical properties are tightly connected with
~ the concept of spin as a fundamental quantum vnu_mber.

iy

Spin one half group is the symmetry group of the wave
equation and it is defined as follows

b= w' - —lzij«p"f

¢ij ‘=> ¢:] zk¢ ]k¢ + E!]¢a

Wi =>¢ = z,w’“,
where Y;; is a self-dual bivector,.1X;; = (1/2)6,-]-“2“ = Xij.
It is easy to recognize the origin of this group of transforma-

tions when the equations of second ‘order are derived from
the (4), (5) (6) These eqs are of the form

(PzP + 72 )¢J Jk¢ 3
2 2 : .
(P’P + hz —5 Y= ﬂcW
i ‘m?2c?
(PP + = )ik = 2h (H11¢k Huy) — Jk¢a
where Hj = Fyy —iFjy, Fyj = 0iAj — 9;A; is the blvegfoff

of the electromagnetic field.

However, the transformations of the spin one half group
act in the space of solut1ons of the wave equatlon only under
the condition ; ‘ ,

| ViZj = 0. -

This equatlon is. very 1mportant because it connects the
spin with the geometrical structure of spacetime. In the
flat spacetime with Minkowski metric equation (7) has
three linear independent solutions which define the opera-
tqrs S1, S9, S3 with the necessary properties

- [Si, 8] = e Sk, Si+ S5+ S;= 3

4’ [HaSi]zoa ‘
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~where H is the Hamiltonian of the wave equation in ques-
tion. Thus, in the Minkowski spacetime the spin one half
symmetry can be considered as global and we have no non-
formal reason to introduce the gauge field corresponding to
this symmetry in spite of the fact that it is internal.

Let ¥, be the wave functions that satisfy the equations

Sg‘I’i = 1‘1/:;:
It can be shown that ¥, ( or ¥_ ) is equivalent to the Dirac
wave function in the sense that wave equation for ¥, is
e/quivalent to the Dirac equation.- So, the Dirac equation
describes properties of particles with the projection of spin
':t%.. Now it is clear why the tensor of spin angular momen-
tum is not conserved in the Dirac theory.

-3 ‘On the wave equation for 'quarks

Equation (7) has no solutions in the spacetime of constant

curvature. This follows from the 1ntegrab1hty conditions of
~ this equation and the main property of spacetime manifolds
‘ of that kind. Thus, in the spacetime of constant curvature
the spin one half group can be realized only as a group of
local symmetry. It means that in the case in question spin is

the origin of the Yang-Mills fields and the Planck constant

characterlzes the strength of interactions. We should not in-
troduce a special constant of interaction because in the case
of non-abelian gauge group there is no gauge-invariant con-
“serving quantity like the electric charge in electrodynarmcs

Now it is natural to put forward the idea that in the

- realm of the strong interactions spacetime geometrically can

e s e gty
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- div gradqb

be represented as a one-sheeted hyperboloid
: (EE0)2 _ (:El)2 —»(:172)2 _ ($3)2 _ (.’E4)2 — __a2,

in the 5d Minkowski spacetime. Here a is a constant
which can be interpreted geometrically as the radius of 3-

dimensional sphere, considered here as a space section,.and

physically as the size of region of quark confinement. We
here treat the quark as a pointlike particle in the space of
constant positive curvature S®. For comparison of leptons
and quarks we note that free motion of the electron is rep-
resented as a straight line in the Euclidean usual space and
free motion of the quark is a circumference on the 3d sphere.
This correlation between leptons and quarks will be contin-
ued with an example of the Coulomb law for these objects.
As it is well known, the electron Coulomb potential

is the fundamental solution of the Laplace equatlon Aqﬁ =
o. In accordance with our conjecture the
Coulomb potential for quarks can be derived as follows. Con-
sider the stereographic projection S* from point (0,0,0,-a) on
the sphere z2 + y? + 22 < a?: :

2 =fy, &8=fz, a'=a(l-f)
where f = 2a/(a?+ r?). Then, it follows that the element of
length on the 3d sphere can be represented in the form

ds —f2(dx +dy +dz)

z! = fz,

~and hence the Laplace equation on 'S3 can be wrltten as

follows

A¢ = f3div( fgrad ¢) = 0.
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We look for the solution to this equation that is Invariant
under the transformation group SO(3) with generators-

Y o a

022 " 9z' "8y Yoz

, etc.
This subgroup of the SO(4) group is determined by fixing
the point (0,0,0, —a). Let

1dé

z/) frdr

Slﬁcé
A¢ I 3(T—+3¢) "Zf" ( 3¢)

then r3¢ = 01 = constant ‘Thus,

@ _ C‘a +r2 1
dr ~ ' 2a2r? ‘ 1(2r2 2a2)
‘and hence ' ;
v ¢q = Cl(__ + ) +c. (8)

Generally speaking, expression (8) we have derived coincides
with the well-known Cornell potential [1],[2]. If we demand

that ¢.(a) = ¢¢(a), then cy = e/a and the Coulomb law for
quarks has the form

Sl = (o~ o) + S, 9

where ¢ is the quark charge. From this consideration it fol-
lows that equations (4)-(6) can be considered as basic equa-

tions for quarks in the new geometrical framework described
shortly above.

4 Conclusion

Let us summarize the results obtained and the problem to be
solved. Now we can really avoid the introduction of mysteri-
ous and artificial concept of ”isotopic space” in the realm of
high energy physics if the spin is really a‘fimd/amental con- -
cept. It is shown that the interquark potential expresses the

- Coulomb law for quarks and, in fact, coincides with the well-

known Cornell potential that was first very successfully used
by the Cornell group. At large a, when a — oo, from the.
theory of quarks one can deduce the theory of electrons but
with electrons evidently deconfined, because in this case the
region of confinement is the 3d Euclidean space. Thus, the
symmetry between quarks and leptons has a natural expla-
nation. Equation (9) can also be considered as a modifica-
tion of the Coulomb law on short distances. Wave equations
(4)-(6) describe not only the spin but the fine structure of
the hydrogen atom. This is not surprising because of the
connection with the Dirac equation. ‘Tt is of some interest
represent that solutions may be written explicitly by using
only spherical vector harmonics. In the context of quark hy-
pothesis it is very important to investigate equations (4)-(6)

for the case of 3d sphere in more detail. Much has to be

done, but the problem is worth efforts as many interesting
applications become possible.
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