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1 ·. Introduction: ' I t ' ~\ 
. ' 

:.: j.: :: ~ 
..... !. f : < \. ' • : { ~ j ' ~ 

The1Casimir·effect 'attr~cts the attention··of investigators' during 
last ; half· of ~a·. century.·, More >generally- the .. Casi:mlr .effect" can b'e 
defined as an influenc~ ofthe bouri.dness of the confignratiO:n' spa:ce on 
the physical characteristic~. of. the quantum field system: (its i ·~neigy; 
forces and momentum offo'rces acting on· the boundaries and 'so on);' 

. This ,problem arises in different areas of theoreticaL physics:· 'in 
quantum electrodynamics ( a:ttractive Jorce between two uncharged 
conducting plates calculated by Casimir.in 1948)~ in<the .theo~y of 
elementary ·particles (the bag models of'hadrons treat the ·eriergy' df 
quarkand gluon fields located insidehadrons);·in curr~nt coshiology; 
in physics of condensed matter (elucidation 'of the phys.ical'O'iigiri' of 
sonoluminescence):and·so on.·. ,, "·' ·<.".:.' ,, ·-'d.. •;: 

When considering·the,Casimir effect·differ~nVmeth6ds are used: 
Green function formalism .(1], stress:. tensor 'method '[2], rimltipl_~ scat:' 

• , . . ,r 1t 

tering. expansion) [3], zeta regularization' technique' [4];'·heat.::Ker_i:id·' 
series [5J ,· i direct :mode summation with: counter' integration l [6, 'tV 
Physical interpretations proposed•in different· approaches to caleulat~: 
ing -the. Casimir. effect .are distinct:: For exafuple, thJ: Casimir forc'es · 
between two1uncharged ;conducting plates' can:1be '·freated'1both:'as' 
the macroscopic rrianifestatio'n 'of the: van der 1W aals' forces 'and' as. a:ri'' 
effect of zero- point oscillations of vacuum ehictrdmagnetic field:'; In ' 
this situation it is worthwhile to separate in particular calculati~~s . 
an invariant, with· respect to' physical interpretation,'. "Uernel" ·-wh:ich 
gives the final result. · ' · :.!'· • ,: ·•' · 

In all the appro~aches to calculation of the Casimir effect' i{vague 
point: is the procedure of unique s~paratiori and sttb~equ~:nt removal 
of the dive~·gences.r · The lack 'of universal .iriathema'tically r!goto\is 
prescription for this purpose leads in 'sofu'e probh~ms' to different' re..: 
suits when differeJ?.t methods are applied (for e~ample;, cai2tilatio:ri ~f' 
the Casimir energy for scalar massless field defined on the plane and 
subjected to the Dirichlet boundary conditions on a ,circle [8]). 

With regard to all this, the most simple, from mathematical point 
' ' 

r, ~";"OS&,. -·" • . >I ',_.-, ~~. n :.,;;,; 'btliull. """'" r. ..... j;i!Yi 
~ ~~~~~ u~cJI~~~;um{l ·, 
~ S£1t.lli10Tt:.Ht~ 
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of view, methods of calculation of the Casimir effect have an obvious 
advantage because they right away allow one to reveal the difficul
ties. generated by di~ergences: ·:One of such methods is •the direct 
summation of eigenfrequencies of quantum field' system by inciking 
use of counter: integration in complex frequency plane. For the first 
time this approach was proposed as.a:simple,· in:comparison with 
quantum, field, theory formalis~,. method of calculation of the van 
der Waals forces between dielectrics' [9). Further it was iwidely used 
in other problems [6, 7, 10, 11). ··r,. '·' 

· The mairi goal qf this paper is to show the simplicity and efficiency 
of the direct. mode summation by;. counter integration· when· calcu:.. 
lating the. Casimir:. energy • for. such a difficult boundary as sphere. 
This .approach is completely based ori ·using the classical frequencies 

' . ' ' 

of quantum field system concerned, and the•main. tool employed is 
the ,Cauchy .theorem. from· complex .. analysis .. ···In .this approach' the 
Casimir energy f?r -perfectly conducting and infinitely thin splierical" 
shell 'Yill t~~ calCulated.: 'Then. the Casimir energy9f· sc·alar. massless 
field subjected, to the. Dirichlet .or Neumann· boundary condi iions ·on 
sphere.will .. be also.derived .. As faras we know thelast.problem·(the 
Neumann ~oundary_conditions):has not b~en consideredin other· 
approaches ye~. Unlike.s>therauthors we;propose to:interpret th~ re-' 
moval qf_divergences when calculating the· Casimir .effectfor··sphere. 
as the renormalization not ()p.ly of the energy,·but also of the radius 
ofthe ~phe~e,- i , , . : 

... The. organization of.the. paper. is as follows . .In .Sec; i 2· we. consider 
the ~acuum·~~~rgy of the electromagnetic field inside and outside the · 
perfectly con4ucting spherical shell.· In· Sec, :3 the· Casimir energy :of 
mas.sless,scalar field obeying the Dirichlet or Neumann boundary· 
.condi~io?-s on. sph~re. i~ ~~lculated. Con~luding remarks and discus-· 
si?:n ofnece~s.ity for.r:enormalization of.the sphere radius, in addition 
to th,e. ene~gy renormalization, are presented in Sec. 4. 

•' .. 
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2 Vac,uum electromagneticAield. inside 
·and outside the··perfectly 'conduc'ti~g 
spherical shell · ' . ,. · · · · . · 

The starting point of our appr~mch is the following definition of· 

the Casimir energy · · ·•· .. · 1 . 
E = - V" (ws- W8 ). (2.1) 

2~ ' 
s 

Here W 8 are the eigenfrequencies of the system under consideration, 
and w5 are those of the same system, when the parameters determin
ing its boundaries take on some limiting values. We need equations 
for the oscillation frequencies of the electromagnetic field inside and 
outside the perfectly conducti'ng sphere with radius a. There are 
two modes of oscillations: transverse~electric modes and transverse 
magn~tic ones (T,E~modes aJ.l<;i•TM.,.modes,respectively). The eigen
frequencies of the TE-modes are defined by the equations [12) 

JJ(wa) = 0, 

h~ 1)(wa) ·= 0, 
;:1.; 

and the eigenf:reguencies for the TM-niodes 'are given l;>Y 
~ ft' ·r- ,,. ' 

d '. ! 

, dr·[rjl(~r)Jir=a 0, 

! [rh~1)(wr)]L=a 0. 

(2.2) 

(2:3) 

(2;4) 

(2.5) 

In for~ulae (2.2)-(2.5) j1(z) andh~1)(z)are the sphericalBessel func-
ti~ns [13) . · 

. If (1) If· (1) Jl(z)-:- .-JI+1/2(z), · h1 (z) = -H1+112(z), 
2z 2z 

(2.6) 

an~L= 1, 2, ·.·.·; pnlY,p,ositiveroots of these equationswnl > 0, n-:-
1, 2,_. .. should. be considered .. Equations (2.2) and (2.4) ~pecify, the. 

' ~ ' •' ' - . . ' . ' ~ \ . . 
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· freqrlencies of the electromagnetic osCillations inside the ·sphere a~d 
Eqs. (2.3) and {2.5) give the frequencies outside the sphere [12] . 

. In the case of sph~rical boundary the sum Ls ·in {2.1) can be 
written as 

1 1 00 1 00 00 

2 Lws = 2 L L LWnt = LU +1/2)S1, (2.7) 
s 1=1 m=-1 n=1 · 1=1 

Where St = 2::,1 Wn/, and each fre.quency equation (2.2)-(2.5) gen-
erates its partial sum.S[, a= 1, ... , 4. . 

For the partial sums sfa) we use integral representation that fol
lows from the Cauchy. theorem [14] 

. 1 'i ' d 
s(a) = -. . dz z-lnf(a)(z, a). 

I. 27rz dz · . . c ,, . 
(2.8) 

Here :j<a)(z, a) are the funCtions· defining· the frequency equations 
(2.2)-(2.5) in theform · 

! (a)( ) . . .. w, a = 0,. a.= 1, 2, 3; 4. (2.9) 
' ' • • • ( J ·; < ~ : i \ ' / 

The counter C encloses counterclockwise positive roots of these equa-
tions. Takinginto acc~unt;the,positio~ of therootson,reai axis one 
can deform the counter d'i~ 'such a way that it ~ill. con~ist o(_the 
segment [-iA, iA] of th~ imaginafY,a?f!s,and a semicircle of raditi~ A 
with A-+ oo in the right half-'plan~·.''\Vhenf\.is fixed, the counter 
integral (2.8) gives the regularizedyal'ne ~£;corresponding frequency 
sum (it sums up the finit~ numb~r-~f th~ roots of _the frequency 
equation (2.8) that lie inside the counter). . . ' . . . 

Frain physical consider~tion:s' it is 'clear th~t 'f~r I negative values 
·of the argument w the function~· j(a)(w, ~)have to be defined bya 
condition . . . 

f(a)(~w a) ='f. -~':')(wt'a) . w >.0. · 
• ', ' • ~ ' ' . • \ . 1 (2.10) 

~"·. r 

This can be achieved, for example, by introducing a finite photon 
mass which is eql;_ated to z'ero at the erid 'ofthecalculati~ns. Sepa
rating the contribtitioris of different parts of the counter c' we can 

4· 

I' . 

I 

. I 

rewrite formula (2.8) as 

s(a) 
I 

l ~ ~. 

-+A . . ,. __ 
·:1 J d.' ' -·- dyy-lnj(a)(iy,a) 

27r . dy 
'-A- ;· 

I 

t-

. ~ ' +~ j" ~dln'j{o)(z,a)~, 
. ·' 27rl ' ' ';': - . (2.11) 

c" 

Here C A is the semicircle of-radius A introduced ab~ve. In the first 
term on the ~ight-hand side.of (2.11) we canint-cg~<lte by parts, the 
uonintegral term being.omittedin view of (2.10). On the other hand 
this term can be rerri.ove~l.by. a sJbtradion which we shall discuss 
further. · 

In acconi<1nce with the d~finition (2.1) inorder to obtain a finite. 
.· ' " ' . ' ; ' '. ·, ( 

(observable) value of the Casimir energy it .is necessary. to perform 
the subtraction. As usual, we shall subtract the contribution of the 
Minkowski space that c<;rresponds to the limit a = oo in Eq. ( 2.11). 
LPtting s}n) represent the VC}lue of the partial sum s}") which is to 
bf' subtracted from (2.11) we get . • ~ , 

.. +A .. 

sja) =. 2~ ;·dylnj(<x>(iy,a -c4 oo) 

-A 

1 ;· . ' +21r£. z dln ((~l(z, a, -c4 00 ): . ' 1 (2.12) 
I, ' ·' 

·CA 

In view of an oscillating character of the function j(n)(z, a) (s~e be-
low) we have on the semicircle C A . . . 

lim j(nl(z, a)= j(n)(z, a) 
a-+oo (2j3) 

Thus, for the difference sj") - sja) in the definition of tlH' Casimir 

5 



energy (2.1), we obtain 

00 

s<a)- s<a) = _!.jdy In [ J<a>(iy,a) ] 
I I 7r j(a)(iy,a-+oo) . 

.0 

(2.14) 

Here again the property (2.10) has been used. Now we proceed to 
substituting into Eq. (2.14) the concrete expressions for the functions 
f(a) defined by frequency equations (2;2)-(2.5) .. From Eq. (2.2) we 
h~ ~ 

JO)(iy,a) Jv(iya) _ Iv(ay) 
.. JO>(iy, a ~·oo) lim Jv(iya) - lim Iv(ay) 

a-.oo . a-+oo 

' ' 
~e:_aylv(ay), (2.15) 

where v = l + 1/2, and Iv(z) is the modified Bess_el function Jv(iz) = 
iv I;,( z): \Ve have used here the asymptotics of the function Iv( z) for 
fixed value of v and' large z[13] 

".·: ez 
IT (. ) rv · ( j ~. '.Lv Z - M::::':" 

; .. : , y27rz .: 

. :From frequency equation (2.3) it follows that 

JC2>(iy, a) 
j(2)(iy, a.-+ oo) 

H~1)(iay) 

lim· H~1 > ( iay)' 
, a-+oo 

(2.16) 

(2.17) 

where H~1 ) = Jv(z) + iN~(z) is the Hankel function of the first kind. 
Usi~g the modified Bessel f~nctions Kv(;f·= (1rj2)iv+1H~1 )(iz) we 
rewri:te Eq. (2.17) as 

i , j<2>(iy,a) ·~ Kv(ay) _ · ~:d~f,~'( ) 
fC 2>(iy, a--+ oo) - lim Kv(ay) - V¥e,' i.v ay · 

· a-+oo 

(2.18) 

Here \ve employed the asymptotics of th~ 'function Kv( z) for large z 
and fixed v [13] 

,, IC(z) "'·Vfje::.z, ., (2.19) 

6 

' 

{ 

Thus, the TE-modes.give the following contribution to Eq. (2.1) 
• . • • • ' ' l.. \\ \.. ·.' ·• :, ' ' ·, ·_ -~ .~. : '. -

2 '· 00 .... 

~ (a) -(a) _ 1 !· [ ) ·( )] LJ(S1 . ~51 ) .~ ;· . . dy In 2aylv(l!-.Y Kv ay ::!' . (2.20) 
a=l o· 

!l' 

In the same way we deduce from the frequency equation (2.4) 

f(3)(iy, a) iv(iya)/2 -f- iy.~J~(iya) 
- lim [Jv(iya)/2 + iyaJ~(iya)] 

a-+oo 
j(3)( iy, a---+ oo) 

Iv(ya)/2 + yal~(ya)' · 
lim.[Iv(ya)/2,+ ya[~(yan·. 

(2.21) 
Q--+00 ,' .. \ ''• j '; _1 ;,. '· • • ' 

The prime over the Be~del function meads; the differentiation with 
' i. I ~ \_",.', •, '•·',·. i- · ''•1<- { 

respect to its argument: From (2.16) it follows that 

lim [Iv(ay)J2+~~I~(~·y)J =:=.;.'/aY2ay;a.~ .. . 
1

, ,., (2.22). 
a-+oo l·- · · · ,y 2;··· · · ' 

In view of this, formula (2.21) assumes the form. 
\ 1' ; 1 ' \ ' ', ~ • ~ ' ' ~ J. • ~ \} _J. ' .f 

j(3)(iy,a), f!y7r -ay . 1 

!(3)( . ) = -e [Iv(ay)/2+aylv(.ay)] .. : . (2.2~) zy, a ---+ oo ay · · · · · · 

In the same way,~ for' the frequency eqriation1 (2.5) we obtain 

·f(4)(iy,·a):··' _,:, :H£1)(iya)f2+iayH~1 )
1

(iay): .. ,·,;( :.:'{ 

fC4>(iy,a---+ oo) i' t·Iiin_\ '[ii~1)(i~y)f'X'+idi;H~1)'(ia~)] i\l. 
a--+oo . 

. 1 _ . cl<v(ay)/2 +_ayK~(ay). 
I " - '-_,...,:.....:.__;~-:--:--,-=--~..;;:,..:...... 

' - lird [Kv(ay)/2+ ayK~(ay)J 
a--+oo 

'';: •• ! iH·,:~ ,,; .:' .. · ~.:. r:::~~~ [i<v(ay)/.2~.a~J(~(~y)f:c2.24) 
..•.• , .. ll, •• )J{j ;.-. ,.v.;:r;;;,·! ..... ; ; ...... , , .. ·, , .. ,.; 

Summing ~P·: E9-: (2·.~3) a~d: (?.~4),, we' arri~eiat !;:~~ .co~tributi?~ o( 
the TM-modes .. 

4 . 00 •. • 

L(Sja>- sfah.:"· ;.;,~ ji~y 1d'{-a
2
y [~Iv(ay(f~ ayl~(ay)] 

a=3 0 . 

7 



; ~ ' 

· x·' [~~KJ(ay) +ayk~(~y)J}· 
: I 

(2.25) ··""-' 

(,;~·Finally for;the Casimir 'energy (2;1) we obt~iti from (2.7), (2.20) 
and (2.25) 

:' .... • ..... oo·. : ·oo 1 ,_·, . ' :· . 

E ··::::<t.'~ (z+ ~)j dy In [1- (~~(y)) 2], (2.26) 
"' ... \. '' . ·. ·. . .o '~' 

where the notation·. , , ·, .... 

i- (a~(y))2 -4fv(y)Kv(y)' 

i-: r> . ~! ~··· [~I~(y) + y'J~(y)l [~Kv(Y): yK~(y)] 
is introduced. Using the value of the Wronskian of the modified 
B~ssei functions 'I~([J) and Kv(Y) [13) 

Iv(iJ)I(~(y) ~-;I~(y)Kv(y)'. -~· 
y 

o~e' ~an show. 'that .. 

!ifr(iJ)=:yi,;(y)K;;(y);· '•V = [ +'1/2:·; ·'' 

The integral)n. (2.26)'. ~on verges.·: This foll~ws from the asymptotics 
of a[(y) fo~ large.y._and,fixedv =·lf 1/~ (13) 

: ' .. \~ _,l : ' -. .-.••..• :· '.. '·~. ' .. . , 

ai(y)~~.:.:-~[1•- 14( ) 2
1 + ... J. (2.27) 

>.'. .. 2y . . 2 2y 

Formula (2.26) coincides with Eq. (5.1) in paper [1), on the condi
tion that the cut::.off factor -in. the last equation is omitted and the 
integr?tiopby parts is performed. To carry out th,e summation with 
respe<::t't'o lin (2.26) one needs the:behavior o'f the integral 

00 

Ql = l + 1/2 J dy In,[~~ ~~/(y))2] 
0 . \, .. 

(2.28) 

8 

. ~ 

\· 
·~ 

' • · ' • ; . • ' • • · ' • 1" f ~ • , f : C . . :, . , . ,f f . " , , , ; : , I 

at large l. Ap'plyin'g the u:riiform \vith :respect to .. z ·a.symptotics' for 
the modified Bessel functions at largey [1, 13] . 

~ . .· ·. . : .. -. ·- ' 

Iv(vz)I(,,(vz)~ 2~( 1 +~;)112 ;" l ·•· 

' . 
· .. (2.·29) 

we obtain from (2.28) ·. ·· · ,. •'_) .. ' _ .. ·i 

-~ ' 

Ql v
2 ;oo [' 1 ] 

-; dz _In 1 - 4v2(1 - z2)3 
0 ·.' ; · r:;. :<' · r;. · . ~-;·r:\ 

00 

1 ;· dz · 3 · "" -- . . ·= -- l -+ 00 
47r. ·.(1+;z2J3' 64' · 

0''. . .. 

(2.30) 

Thus, the sum {2.26) at large ZAiv<:rges ~s .2:::~ 1 (!.+J/2)0• To dete~
mi~e t_hc)~Jiite·y~Iue,for this_s~un w~ rc.w,rite(-2.26) in,the,foll~wing,_ 
way 

'; :. "~ 

E 1 00 

[' 3 3] ._ L ·QI +-- -· : 
a ·· .. 64 64 . . . 
C 1=1 . '• .. I . . ~ \ 

\ 

1 00 - 3 / 00 ( • 1·) 0 
-· i. ·- -. - .. l -
a E ,Qt · 64a L · + 2 

1=1 1=1 . 
(2.31) 

where · 
- .~.' CJ1 = Q1 + ~/64 .. )I;. • (2;32) 

The sum 2:~ 1 Ql converges because at,large ~ 
~ ~, • • ' • A ~ •. •· ~ 

- 9 ,, .. 
. Ql = -. ~~-. n .7- 0(1/-~). (2.33). 

The last divergent sum in (2.31) can be defi11ed by using the Hurwitz 
zet.a function [14] ' : · ' · · 

00 1 
i,· . :':;·;,, ((z; q) = L ( . , )z, . _(2.34) 

.. , q+n 
n=O 
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which at q = 1/2 isrelated withthe Riemann (-function {15] 
, A , , • • • 

((z, 1/2)..:.. (2z...:. 1)((z). (2.35) 

From (2.34) it follows that 

3 OO ( 1)
0 

3 I 3 · --2: z +- = -- (((o, 1/2)- 1) = -
64a 

1
=

1 
. 2 . 64a . · 64a 

{2.36) 

.• :i 

since ((0, 1/2) = 0 .. · 
Finally for the Casimir energy we obtain 

00 3 1"' -E = -~ Q1 + 64a' 
a 1=1 

(2.37) 

wliere;Q1 is defined in (2.32) arid (2.28). The surri 'L,1Q1 in the 
riglit-h~nd side of (2.37) can be estimated with allowance for the 
asymptotics (2.33) 

9 00 

-16384. B cz +~ /2)2 = - 2~4 [((2, 1/2) - 4] 

00 

LQI 
1=1 

,·g. '(7l"2 ·· .. ):, = -214 2 ~.·4 ..:.. -0.000514.... (2.38) 

Thus, the main contribution to (2.37) is given by the second term 
and to a good approximatiori.one can put for the Casimir energy 

\ . 3 1 . 
E ':::::!. - = - 0.046875. 

64a a 

T~king into account (2.38) we get instead of (2.39) 

\ 1 . 
E ':::::!. - 0.046361 .... 

a 

With' greater accuracy this energy h<;ts been calculated in [1]. 

10 

(2.39) 

I i 
.Jl r 

~ 

3 Scalar field- obeying· the Dirichlet or. 
N euma~11:· bbun~ciry :c.9nditions on 

\ . . 

sphere 
1 .l .. ~ 

Thesuggested method can be~asily applied to the calcul~tion·of. 
the Casirriir energy ~f a massless scalar .field subjed.ed to bourid<ll-y 
conditions on a sphere. Let us first consider the Dirichlet boundary 
conditions. lnthiscase the eigenfrequen:cies afe given by Eqs. (2.2) 
and (2.3) with l = 0, 1, 2 ... .'From (2.1), (2.7) and (2.20) we obtain 

00 :· 

E(V) = f (z + ~) ~ 1 dy 1n[2~yl11(ay)K11 (ay)] 
1=0 0 

1 OO (· i 1)' 1 100 I - ~I: l + 2 ; dy ln{2yl11 (y)K11 (y)], (3.1) 
. 1=0, '·,•;,; ; 0 ' , , ' I · 

v =) + 1/2. 

It is worth comparing this expression with Eq. (3;5), derived in, 
paper [16] by the Green function method. The essential advantage 
of our approaches -is absence in the integrand of the 'constant terms 
which'lead'to the' divergences (so·-called c'ontact terms). For 1<1rge v 
the integral in (3.1) behaves as follows • ' Y 

1 

00 ' ' 

l +1/2 j· Q1 . .. _ , , dy,ln[2ylv(y)K~(y)],, :,! 

0 0 

'V.2 • 1 I; . -~5 I .. 0(' ·-. 3) 
rv ----+ + V • 

2 .128 < 32768v2 .!. ; 1 .,. ,, · 
(3.2) 

), 

The first two terms in (3.2) .give ris~ to divergences when sumrriing 
upwith respect to.l in (3.1). These divergences,can be removed as 
in- the 1previous section by means·of the .Hurw!tz(-:.function-(2:34). 
On this purpose we· rewrite (3.1} · , .• 

(00. I r·oo' ·v2 ·;1; ., ,i_ I, i: 

E(V) = -"' Qr = - "'. (Qr + - +-· ) -
a L.J . a ~- ·· .. 2 128 

1=0 . . .1=0 ' ' .·•. ' 
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. ':1:: :· ·_.';.: ·._~\ -~·_:( : ~-~)· ·_2·~.~- ~- .. (':[ .-. i)·o 
- _: ' ·.: · '2a -~ 1T 2 ·· ·'- · 128a ~ · -t: 2 

~0 ~0 . 

(3.3) 

~ ; ,~ r ' 

Here we have added and subtracted under the sum sign two first 
terms. of,p,symptotic expansio~ ( 3.2), _Taking. into account ( 2.34) we 
.obtain . . >" ; · ; ...... . 

·::r.:.•:,.:; cvj' .; ; . 1 ' ·_ •·1 ' . . ·.· _·_ .. 0 -
' • ,, 

00 l( '1) 1' '( 1) 
' • .. E · ... <2::::: Ql-;-; ~( - 2,2 .- 128a(. ''2 . . ·-·: '-_, ·'' . ... . ' ·:a 1=0 . . a_ . . , . . . 

. . . .. ' .1 00 

= - :L (JI, - - (3.4) , -a 
. \. ' : /:='0 

where 

- 1 ( 1)
2 

1 . 
.. - -Ql = Ql + 2 z + 2 +:·12s.. (3.5) 

We derived the last equality in (3.4) bearing in mind that ((0, 1/2) = 
0 and (( -2, 1/2) = 0. By virtue of the asy~pt6tic·s (3.2) the last 
s~m in (~.4) obviouslyconverges., · .. .. 1 , ., ,. ~~., 

}Vith,in~rease of v, the modified Bessel'functions Iv( z) and Kv( z) 
C~,re rapidly appro<+ching their uniform asyll!ptotics .. That is why even 
for)coll.lparatively.small values ofJ we,can assume with allowance for 
(3.2) and (3.5) .. , , ,, . · •· 

- -asym 35 ( ) 
Q1 ~ Q1 = 32768v2 • 3·6 

This simplifies the numerical calculations considerably. It is impor
tant to note that direct calculation of the modified Bessel functions 
Jv(z) and Kv(z) with desired accuracy for all z and at large v is a 
tedmically difficult problem [17]. It is' especially concerns the prod-
uct1z~(z)Kv(z) encountered in the'integrand of (3.2). ' · 

Table·1 demonstrates the applicability of the 'formula (3.6r Cal
cuh.iting Ql forf.::;.3 by means'of·numerical integration of·the 1ex
pressions including the product Iv(y)Kv(Y) (see Eqs. (3.5)'and (3.2)) 
and using the asymptotic formula (3_.6) for l > 3 we obtain 

~ ' ! . '1; ' . (1>) - . •' . . E - - 0.002819.. . . (3. 7) 
a 
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With greater accuracy the Casimir energy for spherical conducting 
shell was calculated in (16] by making use of the Green function 
technique. 

Now \Ve proceed to the consideration of the energy of a scalar 
field obeying the Neumann ~oundary conditions o~ the sphere. :Th~ 
eigenfr~quer1cie~)n~ide and 'outsid{( tht/splier~'_ar~ 'd~fi:ned. nol.v'b)~ 

(.~' i. ,. :·. :._ ~ .. ~;_.' {J: ~ ,; ' 

<'quations 
d , .. · .. 
dr (j1(wr}] lr=a, = 0, 

d . -. 

dr [hp>(wr)]L=a = 0, 
I. 

(3.8) 

(3.9) 

where l.takes values 0, 1, 2, .... By analogy \vith Eq. (2.25) we derive 

~ (. -1)- 1 foe { -2 [l 1 ] E(N) = ~ l +- - dy In -- -Iv(ay)- aylv(ay) 
I 

2 7T • ay 2 
=0 0 

X [~Kv(ay)- ayK~(ay)]}. (3.10) 

As in the case of electrom~gnetic field it is convenient at first to 
consider the sum E(Z>) + E(N)_ Froni (3.1) and (3.10) it follows that 

00. 

E(1>) +E(N) = :a f (z + ~) 1 dyln [1 :- (ltt(Y))
2

] , 

~0 0 ,, > 

where the notation 

1- (1'1(y))2 = .:_4Iv(y)Kv(!1) [~~v(Y)- yi~(y)l 
• X [~Kv(Y)- yJ(~(y)] 

2 > , ' ' 

is introduced. It is e~sy to show that 

Jlt(?J) = y2 dd (!:_fv(Y)J(v(?J))· · 
y 11 
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. (3.11) 

(3.12) 

(3.13) 



_.!" ; <; >. .., ·.;:: 

' ' "{ ·- 1 • . ~ ., - . '. - • • 

Table. 1:. Q1 obtained by numerical integration according to 
Eqs." (3.2), (3.5), and asy~ptotic fo~~~la (3.6) for [J~sym . 

1 Ql 
.. Qasym 

I 
0 0.001913 0.004273 

.. 1 0.000398 0.000474 
2 0.000159 0.000171 

'1 > 3 .0.000084 . ·,' 0.000087· 
4 . 0.000052 0.000053 

: ; ~ 

f 

Table 2: With increasing 1 f1 rapidly approaches to its asymptotic 
value ~asym given in (3.19) 

l ~ 
pasym 

I 

0 ·' " -,0.211491 ~0.037351 

1 -0:004800 -0.004150 
2 -0.001582 -0.001494 
3 -0.000775 -0.000762 
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The integral in (3.11) converges since, Jor )arge .y .and ·fixed l the 
following estimation ·. . · , , · 

.1 
ftl(y).':::::! _:_, y ~ 00 ' . . . y (3.14) 

holds. 
The con~ergence of the su:m i~ (3;11) is determined by the be

havior at large l of the expression 

00 

~ = l +:12 J dyln [1-(l:l(Y))2
] • (3.15) 

0 

Using the uniform asymptotics of the modified~essel ful}ctions [13], 
we obtain · ' · · 

~ ':::::!, _19- 153 . 
64 , &:QQA •• 2 + O(v-

3
). (3.16) 

The first term in this expression leads to: a divergence in (3.11) 
when summing~with respect tc{l. We again' oveico:rrie 'this difficulty . 
using the Hurwitz zeta function· ' . •· · ' 1 . 

. · ·· (V) . · (N) . 1 Loo •. · 1 Loo '"" 19 • · ( 1) 
· E +E · = - ~ = -.. I}-.-(. .. o,-. a .· : · a · • 64a · ·· 2 ' · 

1=0 1=0 

1 'oo -
-I:~, 

·a 1=0 

• 
(3 .. 17) 

where f1 is the ren,ormalized value of ~ 

. 19 
Pz '~+ 64 (3:18) 

When calculating the last simi' in (3~17) we can ag~in assume 

Rl rv p-asym 
- I = 153 ZJ = l + 1/2. -·-, (3.19) 

Numerical calculation shows (see Table 2) that with increasing l 
~ approaches rapidly' to its asymptotic value defined by: Eq. (:fig):: 
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If the required' accuracy is not too high one can use Eq. (3~19) even 
for l 2': 3 .. This leads to the result . · · 

E(V) + E(N) = -~ 0.220958 .... 
a 

(3.20) L. 

Hence, taking into account (3. 7) we have for the Casimir energy of 
massless scalar· field obeying the Neumann boundary conditions on 
the sphere 

(N)- 1 ·, 
E - -- 0.223777 ... (3.21) 

- a 

As far .as w~ know this result is obtained here for the first time. 

41 · · Conclusion 

·, The direct summation of eigenfrequencies by calculation of the 
Casimir , effect , for nonflat boundaries ( ~pecifically for sphere) has 
been used only in pioneer paper by Boyer [18]. The .fact that done 
by u'~ 'is ~ctu~lly a d~velopment and maximum simplification of the 
Boyer method and bringing it to such a form when numerical cal
culations are practically not required (s~e Eq. (2.39)), _all.d, .:what is 
more important, cut-off functions are not used. In other appr'oaches, 
for example, by makinguse of the Green function formalism [1, 16], 
transition to the imaginary frequencies is used without detailed jus
tific~tion. Contour integration in the mode summation method sup
plies a clear explanation for this technical trick. 

Let us turn now to removing the divergences in the problem under 
consideration. Once renormalization of the Casimir energy by the 
formula (2.1) is accomplished the divergence for all that remains. In 
the general case the formula concerned has the form 

a ' 
(4.1) 

where C1 is finite constant, and C2 .is a divergent expression .. Thus 
for example, for the electroma.gnetic field C1 = 0.046176 ... and Cf 
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is given by the dive~g~rit '8eri~s 
'' c • 

·'' : 3 ·oo·,,., . , . 

c2
00 = _:__ '""'U+ 1/2)0

. ··' ·64~-.. ' 
1=1. 

( 4.2) 

t:, ' 

To remove this divergence we have applied .the formal. technique of. 
the zeta function renormalization. In. Ref. [1] the finite result was 
obtained here by making use of. an exponential cutting :rpultiplier 
splitting the arguments of the field operators in cncrgy,-momentum 
tensor. , \Vhcn calcul<)--ting. th~ Casimir energy,Jor scalar massless 
field obeying the Dirichlet boundary conditions on sphere C 1 

0.002819 ... and Cf. stands for. the sum of the divergent series 

·= t:' 1'' 00 : . •·. 2 ' '1 00 . ; 0 ' 

c2 · = -- ~(Z+ 1/2) :--.- ""cz +-1/2) . 2D · ·. 128L 
1=0 1=0 

(4:3) 

Both in our paper and iri. Ref. (16] this divergenn; ha~. been taken 
away by formal technique of the Hurwitz (-function. , ... · 

. Here the following qtiestion arises:. to renormalization of which 
parameter do~s-tll.e re~:noval of the divcrgen~e c;f corre~pond?After 
renormalization of the Casi~ir energy acc~rding to Eq. (2.1) only 
one parameter, namely, radius of the sphere ·a,' is available. There~ 
fore it is natur~l to treat the removal of the divergence Cf: as the 
renormalization of the' ~phere radius·. This can be done in a standard 
way by transition from the initial (bare) radius a to the physical ( ob
seryable) radius.aphys: a= aphys +~a, where ba is the1 .~ppr<?priate 
COlintertcrm. In view ofthis, Eq. ( 4.1) can be rewritten as 

.E _ Cr +C:f _ C1 ~ C:f _ !l_ (1 + C:f/Ci). 
- a - aphys + Oa - aphys (1 + ba/aphys). 

Setting 
ba cr ---, 

aphys CI . 
one arrives cl.t the finite result · · 

E=_9_ a . phys 
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( 4.4) 

( 4.5) 

(4.6) 



This reasoning seemsto be more consistent as compared with, for 
example, introduction into c~nsideratiob. of a ph~nomenological in
teraction [8] localized on sphere with subsequent renormalization of 
the coupling constant of this interaction that finally takes up diver
gence Cf. It stands no reason that explanation suggested is also ap
plicable to the calculation of the Casimir effect for the field confined 
inside the cavity. Certainly, in .this case the values of the constants 
C1 and Cf in Eq. (4.1) will be different. 
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