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·I. INTRODUCTION 

The correct canonical formulation of the q~antum theory of non-A~li~ fields ~es. 
a detailed knowledge of the corresponding classical gener.ilized ~amiltonian dynami~ [lJ-: 
(5). Since the introduction of non-Abelian gauge fields by C;N. Yang and R.L. MillS [6} over 
fourty years ago essential progress in this direCtion has been m~de. Rigorous statements 
about the geometrical structure of the configuration and ihe phase ipace have hren estat.:: 

. fished. It turned out that due to the underlying non-Abelian gauge.~yro~etcy th~.''iru~ 
phase space" of Yang-Mills theory, namely the qu~tient space' of pha:ie space by the action 
of gauge transformations, possesses. a rich topological structure [7]. In th~ fram~ork of 
traditional perturbation theory these geometrical peculiarities 'are 'not taken into' account· 
and as a result the description of large s~e effects, includi'ng confinement, is beyond its 
scope. The most important lesson one has learned is that, in orde~ to reach a complete de.. 
scripti~n, it i~ necessary to first reformulate Yang-Mills theory in tem:is of gauge-invariant 
variables and only after this step apply any approximation method. With this aim sev~ 
eral different representations for the physical degrees of freedom of noncAbelian theories 
[8]- {19] have been proposed. All these approaches lead to an unconstrained Hamiltonian 
system, which exhibits non-perturbative features and are in some sense alternatives. to 
the conventional perturbative approach. Where~ perturbation theory is appropriate for · 
the computation of short distance e'ffects, th~ unconstrained forpmlation is adapted. to 
the study of large scale phenomena if the gauge invariant expressions are evaluated: in a. 
derivative expansion. Since the work by Matinyan et aL [20], the corresponding zeroth 
order or long-w~.;,elength approximation, the Yang~ Mills meChanics of spatially homog~ 
neous ·gauge fidds, has been studied_ extensively from different points of view (~ e.g. (21 J 
- (24] and references therein).- In the present note we shall continue the study of the model 
arising in this approximation, p'ursuing the aim to prepare the necessary background ·for 
studying the probiezn' ~f co~struction of the reduced phase space of QCD. Due to the 
spatial homogen~ity co~ditionconventional Dirac-Yang-Mills theory reduces t~ a theory 
desc~ibing a finite dimensi~nal system which is incomp~ably simp!~ than the exaCt field 
system. At the. same time, however, it possesses all the main. peculiarities of the. full 
th~~ry and can be' used as a laboratory for testing the viability of ideas and technique8 
that, could be" applied in the g~neral ·case. . . . · · · · · 

. Below w~shall isolate the.true dynamical degrees of freedom: ofSU(2) Dira:c-Yalig:1 

Mills theory: in the long-wavelength approximation using the gaugeless approach 1 to the. 
redu~tion iu.the number. of degrees of freedom instead of the.conventional gauge fiXing 
method .. 

2 
The cornerstones for this method applied: to a system with first class con-: 

straints are the procedure of Abelianization of constraints (replacement of the original 

1 
Presumably, S.Shanmugadhasan [25] was the first io employ theda.Ssical Lee-Cartan method · 

of reduction (see e.g. [26] -· [30])-ii:t the framework of gen~ralized Haniiltonian dynainics. 

2
We point ~~t here that the idea: of constructing the physi~ variables entirely in internal terms 

without using any additional gauge conditions is connected. with the desire Ilot to distort the 
global properties of th~ theory and to have all dynamical degrees of freedom under controL 

fetnn:it::i:;.. it.il J;w:ni1'J1' -~· _ 
U!~~i~X B'CJela~lf 
6i1SntroT~KA ·- · . .......__..., ~-



non-Abelian constraints by an equivalent set of Abelian ones) and the can~nical tiansfor
mation to new variables where a subs,et of ~pe new momenta is equal to the new Abelian 
constraints. The system of interacting gauge and spinor fields considered in this article 
represent a Hamiltonian systt;m with mixed first arid second dass constraints. In this 
case the reduction procedure a~ditionally-includes theseparationof fir~t and second class 
constraint~ and putting them into the canonical forrn. · . .· . .· " 

The pap~r)s <irg~ized as follows~ InSectionii we briefly recall. how to obtain the un
consfrairi~d Hamiltonian system ,from the initially gauge.symmet~i~ one in the framework 
of Di~ac con~traint th~ry inorder to set ~he fo~alism. The pira~ and the l~addeev gauge 
fixing methods as well as thegaugeless method are de~cribed. In .Section· III the gaugeless 
method.is exemplified by considering the Yang-Mills system in 0 + 1~ dimensions .. In Sec
tion IV we perfo~m the redudion of the Dirac~ Yang~ Mills system by explicitly separating 
th~ first and second class _constraints, putting the second class constraints into the ca~on
icai f~rm and Abeli~izingth~ fi,rst class c.onstraints. We ~onstruc~ the cor;esponding 
reduced Hamiltonian system !>Y first .eliminating the unphysical gauge degrees of freedom 
and then using the classical scheme of Hamiltonian reduction due to. the existenceofthree 
fi~st integi~Is of rriotio~., Secti.on. V fi·n~lly. gi~e~ ou~ 'conclusions and remarks, 

.II. REDUCTION OF CONSTRAINED SYSTEMS WITH FIRST CLASS 
CONSTRAINTS· . ~·: :._ ·. : .. ; : 

The procedure of reduction of phase space of a singular syste~ is a generalization of U~~ 
method of reduction of a system of differential equations possessing a Lie group syrnrnet ry. 
The well-known results for this type" of reduction in the number of the Clegrees of freedom 
are embodied in the famous'J.Liouville theorem o~.fi~st integrals in· involution. h1terest · 
in these has revived in conn'ection with the study of Hamilton:ian systems ~ith a' local 
(gauge) symmetry. Since the work of P. Bergmann arid P.A.M. Dirac·atthe beginning' of 
the fifties it has become clear that the'role of integrals of motion in a Hamiltonian systerri 
with gauge:symmetry is· played by the first class constraints. Although the tedtiction 
in' the number of degrees of freedom due to first class' constraints !~as ir1any feati1res in 
common .with the classical case,· there are yery important differen:ces. In order. to explain 
these peculiarities of tlie reduction procedure and to make the paper self-cont,!lined we first 
have to summarize some definitions and to put facts froin the Dirac theory' of generalize(] 
Hamiltonian dynamics into the appropriate context.· In view of tlie main pu;post;of'~ur 

. paper, namely to study the finite dimensional system of homogenous Yang~Mills·fields, ~e 
shall discuss the above ideas for a mechanical system, i:e: a·system. with a finite number · 
of degrees of freedom.· 

A. The definition of reduced phase space 

Let us consider. a system with the 2n - dimensional Euclidean pha.<;e space r span neil 
by the canonical coordinates q; and their conjugate momenta p; arid enilowed with the 
canonical simplectic structure {q;,pi} = ti{. Suppose that the dynamics is constrained to a 
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n·rtain (2n-m) ·--'dimensional sulmfanifold I';, d~termined by m functionally independPnt 
consti·aints 

·),t ... 
:.p,;(p,q)=O, '., . :. (2.1) 

which \\'t' assunw to be first cl<tss 

{<p,.,(p,q),<,?;i(p,q)} ~ foB-,(p,q)<p.,.(p,q). (2.2)· 

and compiPt e in the sense that 

{:.p .. (p,q),llc(p,q)f= g,.~<p_.,.(p,q). u.:lJ 

~~·lwn· ilc(p, q) is the canonical Hamiltonian: Due to the presence of thcs<' nmstraiqts tlw 
llamiltoniau system admits gt~neralizeil dyna~1ics described b); t.h<'. exterHii•nd Poincan·-.· 

. . 

Cart an form 

(-) == 2.: p;dq, ~ lh:(p,q)dt (:!A) 
i=l 

with. the extended Hamiltonian lh;(p,q) that differs' from the cano)!ical 1/l'(p.q) by a 
li111';1r combiuat.i<in of const.raints.wit.h arbitrary multipliers u,.,(l) 

l . , . • . . 

lh:(p. q) := 1/c(p, q) + u."(t)cp ... (p, q) . (:!.ii) 

From tlw condition of completeness (2.:!) with lie replaced i>y 1h: it follows that for first 
cl;tss constraints the functions u"(l) C<;HI not be fix~~d in in~ernalterms of t.lw tlwory. This; 
impliPs that. the system possesses a local symmetry and that. .t.lw ~·oordiuatt;s split up i1~to 
two:set.s, one set whose dynamics is govi.~rncd in an arbitrary, ~Va)· aud mwt her set wit I~ an 
11;1iqucly determined behaviour. Recalliug t.lw Di~ac definition [:JI) of a phy.-imlmriablr 
as a dyuiunit:al ~ariable' F with 'the property 

{F(p,q),'f'"(p,q)} = d,...,(p,q)cp~(p,;f). (~.(i) 

0111' call conclude that .the first. set. of coordiimt.es docs not affect the physical quantities 
which are defined on some subspace of t.lw ~:onstraint surface l'c. hldet•tl. if Olte nmsiders. 
(2.G) as a set. of m first. onlt;r' linear differential equations. for F. t ht'll d111• to the· inti·
grahilit.y condition (2:2) this functior1 can be compietely d<'lermirwd by Its 1·alues ii1 ihe .' 
2(n - m) subma1iifold o.fit.s iuit.iai'C:ouditioris [:!2], [2]. This:~uhspan· ofn~nsi raiut 'sht:ll · 
represeuts t.he reduced pluise 'space I'*. This ddinitioil'of n;du(·e(l philS<' s)>an; i~ iinplich. 
Tlw rmiiu probletrl is ttlfind the sH of 2(n- m) "'physical (·o<;rdiriates" Qj: l';"that'spa'1'1 
t.hisredi1ced l)hase span• ami pick out. the other ailditi<iual m pairs 1\·hid~ him· uo pli~·siral · · 
signilkann; and r<;pri~sent. !.111;· pure gauge degri•es of fr(~edom. St'\'t•ral approadws to its 
solution are known. Uelow we shall briefly discuss the corn•sponding met hods of pract icai 
const.ruct.ibn <>fthe physical,,and the gang;, degrees of,freedom with and without gang<: 

·rixing. 
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B. Reduced phase space with the Dirac gauge fixing m~thod 

, -
General principles for imposing gauge fixing constraints onto the canoi1ical variables 

in the Hamiltonian approach were proposed by Dirac in conn~ction with the canonical 
formulation of gravity (33). According to the Dirac gauge fixing prescription, orw starts 
with-the introduction of as many new "gauge" constraints 

x,(p,q) ~ o (2.7) 

as· there are first class constraints (2.1 ), with the requirement 

det li{x,(p,q), :PiJ(p, q)}ll i- 0. 
' ' . _;; ' 

(2.8) 

This allows one to find the unknown Lagrange multipliers u,(t) from the requirement of 
conservation of the g:auge conditions (2.7) in time 3 ' ' . . 

x, = {x,, He}+ L {x,, :P13}u13 = o (2.9) 
{3 

and .thus todeterrnine the dynamics ~f system in a unique manner. A striking result. of 
.Dirac cor;sists in the observation that such kind of fixation of Lagrange multipliers u(t) 
is equivalent to the following way"of proceeding. One can drop both the :constraints. (2.1) 
and the gauge fixing conditions· (2. 7) arid at tla~ sam'e tiine achiev~ the'reduction t.o the 
unconstrained theory by using the Dirac brackets 

{F,~}v :={F,G}--, {F,~.}C~~{~~·,G}, (2.10) 

instead of the Poisson brackets .. Here-~ denotes the set of all coitstraints (2.1) and (2. 7) and 
C~ 1 is the inverse of the Poisson matrix C<r~·== {~,,~13} . In thi-s Ihethod all co-ordinates 
of the phase :Space are treated on an equal footing and all i~forim1ti;n on both .initial 
and gauge constraints is- absorbed into th'e Dirac brackets, \;Vhich describe the effective 
reduction in the number of degrees of freedom from n to n - m · 

L{q;:p;_,}P.B. ='n', L {q;,p;, lv.B. = n ~ m. 
i=t' i=l 

The irtclusiori 'or g~uge. co~straints in addition to the initial constraints allows one to 
takcthe c'onstraint nature of the canonicaL variables into account by changing the iriit.ial 
car;onical sym[>lectic struct~rc to a_new .one defined by the Dir,ac,brackets. The new_ 
canonical structure, being dependent on the choice of gauge fixingcconditions, is very 
complicated ·in general and it is not clear how to deal with. it, in particular, 'when we are 
quantizing the theory., Ho~e~er, there is a special case.when the _Dirac bracket coincides 

:'Everywhere .in the article the .dot ~ver' the letter denotes the de~i~ative with respect to the 
time variable 
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with the canonical one and looks like the Poisson bracket for an unconstrained system 
'defined on r· . . " . ' . . 

{F,G}vl· .. · ~-~{· a'F aa _:_~ a'Faa}· '_ 
<P=O, x=O ·_ ~ aQ_!_ p~ aP~. Q! . 

, t-1 I': I - I 1 

. (2.llt 

This representation of the Dirac bracket means that in terms of the ronjugate coordinat~ 
Qi. P;" ( i = · 1, ... , n - m) the reduced phase space is parametrized so that constraints 
vanish identically and any function F(p; q)_given on the reduced phase space becomes [3] 

F(p,q),. '- = F(P*;Q*). ' 
<P=O, x=O ~ . 

Thus in the Dirac gauge-fixing method the problem of definition of the "true dynamical 
degrees" of freedom reduces to the problem of a "lucky" choice of the gauge condition. 

C. Reduced phase space with the Faddeev gauge fixing method 

' . 
An alternative to the Dirac gauge-fixing procedure. has been proposed in .the well-

known paper by L.D. Faddeev (32), devoted to the method of path integral quantiz~tion 
of a constrained system. In contrast to the Dirac method, the. main idea of the Faddeev 
method is to introduce an explicit parametrization of the reduced phase space. As in the. 
Dirac method, one introduces gauge fixing constrai~ts· Xa(P, q) = 0 , but now with the 
additional·" Abelian" property '· · · 

{xa(p,q),xp(p,q)} =0, ,(2,.12) 

and the requirement (2.8) is fulfilled. ,Now, in accordance.with the.Abelian character of 
gauge conditions (2.12), there exists a ~anonical transform~tion to new coordinates. 

q; t-+ Q; ':·= Q; (q,p) 

p; ,_. P; := P; (q,p) 

such that m of the new P · 's coincide with the constraints X a 

(2.13) 

P, =·xa{q,p). (2.14) 

The ·c~ndition-·(2.8) allow~. one to r~solv~ tqe -c~~straint~ (2.~) _f~r ,the ~oo~dinat~ Q, in. 
ter~s ()f. the (n-.,.. m) ~amwnicaJ 'pa~r.<; (Qi ,Pt), which sp'a.n,the 2(n- rnf7 dimensional 
surf~ce E deterinin~d by the equations '. . . .. · . ·. . . · . . · · 

. . . - . . L • . ,. - -• . . -P,·== 0, ' 

Qa'=Qa(Q*,P*) :' . ·· ,.. 
(2.15) • 

After. this construction has been carried out, the problem is to p"rove that the surface E 
cbincides with the 'true reduced phase space r·, .independent of the choice of the gauge 
fixing conditions. Jn other words, it is necessary to find a criterion f<:>r gauge con<l.itions to 
be admissible. A radical method to solve this problem is not to use any gauge condition~ at, 
all. The. foll~wing subsection :ov!ll gi,ve a brief description of such an _alternative gaugeless. 
scheme to· construct the redueed phase space without using gauge fixing functions. · 

5. 
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D. The gaugeless'method 

If the theory contains only Abelian <;onstraints one can find a parametrization of 
reduced phase space as follows. According to· a well-known theo~ern (se~ e.g. [3-1]), it is 
always possible to find a canonical transformation to a new set of canonical coordinates 

q;H Q; ;~ Q; (q,p)' 

.p; ,_. P;.:= P; (q,p), (2. 16) 

such that m of t"he new momenta; (Pt, ... , Pm), become. equal to the Abelian constraints 
'Pa ·.~f 

Pa = 'Pa(q,p) ·· (2.17) 

In terms of the new coordinates (Q, P), and_ (Q*, P*) the ca!1onical equations read 

(J* = {Q*,Hphys}, 

P~ = {P*,Jfph~s}, 
with the physical Hamiltonian 

;o· , \.· ''1 

Q = u(t), 

P=O, 

Hphys(P*, i;r) = Ha(P, Q) 1- · . 
Pa=O 

(2.]~) 

(2.1 9) 

Hphys depends only on the (n- m) pai;s ofnew gauge invariant canonical coordinates 
(Q•, P*) and the form of the canonical system (2.18) expresses the explicit separation of 
the phase space into physical and unphysical sectors ' ' 

'·/Ill 
2(n- m) {(~:) 

1-+ 

2m { (~) 

physical 
variables 

unphysical 
variables 

(2.20) 

The arbitrary functions u(t) enter into that .part of the system of equations, which con
tail1'es only the ignor~ble coordinates Q": and momenta P;;. A straightforward general
ization of this method to the non-Abelian case is not possible,.since the identificatio11 
of momenta with constraints is forbidden due to the non-Abelian character of the con
-~traints. H~wever, there exists the possibility of a replacement of the constraint~ ~" hy 

' ' . 

an equivalent set of new constraints <I> a 

<I> a =:" Daf3'Pf3' ·. detiiDIIl.~o # o, {2.21) 

describing the saine surface f c but forming an Abelian. algebra. There 'arc different pni<;fs 
of this statement, based on the resoluti~n ofconshaints [3] - [5], cxploiti~1g gauge~ fixing 
conditions [35], or usivg the dir~~t method of'construc;ting the Abelianizil.tion rnil.trix as · 

6 

;J 

r .,. 
,:I 

(

) 
' 

r 
A 

t h<• solution of a certain system of. linear first order differential equations .[36] 4 For 
11011-Aiwliall systeJ]lS the.refore .. the const r11ct ion. of tl\e, Abelianiz~ti~n rpatrix an<~ I h<' 
implen1<~111 at io11 of the: above nierJtioncd. tran~~form<J,tion ,(2.16) to I he ne\y set of Abelian. 
nmst raint functions <l>o cornj;let;~ 'the redu~tion ~f the phase space .with~ut ·u~ing gaug~' 
fixing functions, solely in internal terms of the theory. . 

B<-fon· applying the gaugeless. method to the constructio~. of t!JC reduced phase space 
of homogerwous Yang-l\ilills fields in :J+I-dimensiomal space it seems worth ~~tting forth 
our approach to the sanw problem in 0+1-dimensional space. · 

. . ~ - " 

III. S,U(2) YANG~MILLS FIELDS IN 0+1 ,DIMENSIONS · 

In order.~) explain ~ur mai'ri ide'a llo'w to'construct the physical\ariab!PS\H' shali start 
with I h<' no11-Abdian Christ .\:'Lee ;m~d<·l [12]. [3!l]. ~l'he Lagrangian ~f t hi~'nt<)dd is · 

I I -1 • /, :=- (Dt:r);(Dtx);-- F(x ) 2 ' 2 . (:U) 

wlwr<' :r i and y; are the COllljHHH'I!ts.of three-dimensional. vectors and ,I lw cm·ariarit <kri\·a-, 
ti\'<' /)1 is dPiirwd as . 

(D1x); :=·:i:;+gc;ikYjXk. 

Om· ca11 see that this model is nothing else than Yang-Mills ilwii1;Y i.n 0 + I 
span·- time and that is invariarlt. under SO(:J) gauge transformations. 

Performing the Legendre transformat.i"ons. · · 

oL' 
; __ ' 

Py- i))j; 

i- oL = :~'; + lJiiiklfjXk ' p - ih:; 

Oil<' obtains tlw canonical Ilamiltonian 
. I . . 

II~· = :_jPil'i- 1 iikl'il'k~li + V(x?) , 

C:Ul 

dinwnsional 

(:U) 

(:1.1) 

(:Li) 

a.ll(l ideHt.ilies the three primary 'constraints p~ = 0 as well as t h<' I hrPe sp~·o11dary om•s' .. 

<!>; = l.ijkXj]lk = 0 .'> .. (:Ui) 

olwyi11g t.lw 80(3) algebra 

'1In all !'i\.ses, the proofs use the large freedom in the ranoniral dPsniption of tlw <·onstraim•d 
systems. ·Apart from the ordinary canonical transformations thN<' <'Xist gpm•raliz<'d ranoniral 
transformations [:J8] i.e., those which im~sNve the form of all constraints of I II<' t.h<'or~· as m•ll 
as tlw canonical form of the. <';Jnatious· of rnotio·n. The.Ahclianizat ion. i ransfor.mat ion (2.21) is 
of nmrse non-ranonical; but !)('longs to this dass of gcneralizPd canonical I ransformat ions. . 

7 



{ cll;, cllj} = l'ijk~j • (:!.7) 

One ea5ily verifies that the. second~ry constrai,]ts are functionally depende.nL x;<f>; = 0. 
We ~hall riow carry out the' Abelianization procedure and 'choose 

...,.(o) ·- x p x'p . ...,.(oJ. . . . . 
· "'I .- 2 .J - 3 2 ' ""2 ·= ·x3pi - XtP3 , (:!.8) 

as the two independent constraints w_ith the algebra 

{q,(O) <f>(O)} = :_ Xt q,(O) _ X2 m.(U). 
l ' 2 1 'V2 • X3 X3 

(:UJ) 

The general ite.rative sch~me oft he construction ()J' Abclianizat'i~n illatrix ·[:!7] consists of 

two steps for this ~imple case. Let us at first exclude <I>(
0
l from the right hand side of eq. 

(3.9). This can be achie\·ed by performing the transformation · · 

<f>(!J := <f>(OJ' 

<f>~l) := <f>~O)+ C <f>(OJ ' 

with the function Cobeying the partial diffe.rential equation 

{ <I>(oi, G} = _ X2 C + x, . 
. X3 X3 

Writing down a particular solution of this equation 

.. XtX2 • 
C(x) = -2--· -2 ' 
. Xz + x3 

we get the algebra for new constraints 

{
...,.(I)· ...,(I)} __ Xz ..,.(I) 

• '¥1 ''*'2 - '1"'2 • 
. ..XJ 

:'\ow let us perform the second transformation 

...,(2)'._ m.(l) 
"'I .- "'t· ' 

·...,(2) ~-B.T..(IJ 
"'2 .- "'2 ' 

with the function B satisfying the equation 

{<I>\2l,B} "= x2 B. 
XJ 

(:UO) 

(:3.11) 

(:!.12) 

(:3.13) 

(3.1'4) 

(3.15) 

A particular solutiori of this 'equation is B( x) = ..!.. . As result of the two abo~e trans-. . ~ 

formations, the Abelian constraints equivalent to the initial non-Abelian ones have the 
form 

(2) . 
<I>, = X2P3- X3P2, . 

( ) 1 [ . . . X X • ' ·• '] 
<1>2

2 
= - (x3p1 - XtPJ) -1; 2+1 2 

2 (x2p3- X3P2) 
X3 . . . x2 x3 .. 

(3.It;) .. 

8 

.:,;. 
i; 
;I 

\. .... 

. '! 

t 
.\\1 

lj 

\ 
~ 

A. Canonical transformation and reduced Hamiltonian . : 
/ 

We are now ready to perform a canonical transformation to n~w variabl~s so tha(two 
new momenta will coincide with the Abelian constraints (3,16) 5 ' 

. (x · P) x;- fi2 PI 
Po:= 

Jx22 + X32 ·, P<i> := X2P3 - X3P2 (3.17) 

It is easy to verify that the contact transformation from the Cartesian 'coordinates to the 
spherical ones · 

x 1 = rcosO,. 

·x2 = r sin <P sine, 

x 3 = rcos<fosinO, 

r= Vx1
2+x22 +x32,, ·'. x, e =arccos ' 

. Jxi2 + x22 + x32 

<P =arctan (x 2
) , 

·. X3 
(3.18) 

is just the required transformation. Indeed, using the corresponding generating function 

F[x; p.,po,pq,J = PrJxi2 + x22 + X32 + poarccos . · XI + P<i>arctan 
Jxi2 + x22 + XJ2 G:) , 

(3.19) 

we get 

aF . sinO 
PI= -a = Pr cosO- po--

x, r 
(3.20) 

(3.21) 
aF . . . . sin<;?cosO ·· cos<j? 

p2 =-a = p,smOsm<fo+ Po + pq,-.-
0 

, 
x2 r rstn 

(3.22) 
W . =<P~O ~<;? 

P3 = -f) = Pr sm 0 cos <j? +Po -:- P<i> -.-
0 

, 
X3 · _. . • r . . .. · r stn : · 

and. ~onvince ourselves that in terms of thes~ ~ew. variables the two independent con
straints are indeed po = 0 and P<i> = 0 in accordance with {3.17), It is worth noting 

. here that starting with the set of reducible constraints (3:6) and performing the above 
transformation (3.18) one obtains the representation . 

<I>,= -:P<i>' 
<l>2 = -po cos <j? + P<i> sin <j? cot 0 , 

<l>3 = Po si~ <j? + P<i> cos <j? cot 0 , 

(3.23) 

(3.24) 

(3.25) 

'· i, 

5Here we introduce the compact notations for three-dimensional vectors x,p and multiply 
the constraint {>~2) by the factor ,Jx22 + x32 to deal with constraints of one and the same 
dimension. This multiplication conserves the Abelian character of tlie• constraints, since 
{ q,\2)' ,Jx22 + x:J2} = 0. . . . . 
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adapted to the 'Abdianizatiori. The corresporidlng Abelianizati6n' matrix for the .reducible~ 
set of constraints is · 

. - .. . . 

1 ( -d2 sin if> - d3 cos if>, . 
D := - ( d2 cos t/> - d3 s_in if>) cot 8 , 

d cotO, . 

d1 sin t/>, . · · . d1 co~ 1> ,' ) , 
-d3 - _d~ co~ <P_ cot 8, d2 -J:._ d1 s.in c;) cot 0. . 

sm </J , , . . . cos 9 , 

(:l.2(i) 

with arbitrary J and d := d1 cot 8 + d2sin t/> + d3 cos if> .. This example demonstrates two 
i~portarit f~atu'res of the Abelianization -p~oc~dure: i} it is not rJCcessary t<) work with an 
irreducible set of constraints, because the Abelianization procedure leads automatically 
to an irreducible set of co:r:straints, ii} in certairj' special coord\nates the problem of tlw 
solution of differential equations reduces to the solution of a simple algebraic problem. In 
terms of the new canonical variables the canonical Hamiltonian (3.5) reads 

12 1(2 p~) .. 
He = 2Pr + 2r 2 Po+ sin2 (J - P<i>Y<I>- PoYo + V(r) , 

\VJth the physical momentu~ Pr = I (i'·€) ' and 
XJ2+x22+x32 

Y<J>_:= Y1 +y2sint/>+y3costj>cot8, 

Yo := Y2 cos¢ - Y3 sin¢. 

(:l.27) 

(:!.28) 

As a result, all the_ unphysical variables are separated from the physical r and Pr and 
their dynamics is governed by the physical Hamiltonian obtained from the canonical 01;;~ 
by putting P<i> and pp in (3.27) equal to zero :,_ 

1 2 
Hphys = 2Pr + V(r) . (:!.29) 

IV. SPATIALLY HOMOGENEOUS SU(2) DIRAC-YANG-MiLLS FIELDS IN 
. 3+1 DIMENSIONS 

A. Ca~~nical formulation of the model 

The dynamics of SU(2) Yang-Mills gauge fields A~(x) r~inimally coupled to the~ 
isospinor fields Wa(x) 6 in four-dimensional Minkowski space-time is defined hy the La
gr~nge density 

£. = LY.-M. + LMatter + L[ · ( 1.1) 

The first term is the kinetic term of the non-Abelian fields 

6 The matter isospinor variables ill" arc. treated classically as a ~ollcction. of four Grassmann 
quantities. Detailed notations are collected in the Appendix. 

JO 

t.. II 
':I 
\I .... 

'ItO 
I 

I 

l, 
""' 

£.}·,-_;1 =·Lt; (·Y·F'"~·)· 
- • -~~,. 2 .· #V (4.2) 

t lw second term corresponds to the matter part 

r i [·'· a•···· a;;,,, . ,,, l ,,., ,,, . '-Matter= 2 '>'o(/, .. "'"- '>'o/!"'>'o -JH'Ya'>'n, • (4.:}} 

<UJd tht•last term describes the interaction b_etween the'g'auge and th~ matlet:Jields 

. ~~ ~ 9 ~~nl''~r~) ... ~lltilA: •• (-1.-1) 

with lh<' Pauli mat.~iet$ r •. a ·=.1,2,:!._ , , 

:\fter the supp~sition of the spatial homogeneity of the fields. (·1.1) rl'dtH'I's to a firiite 
dinwusional model described by the Lagrangian ' 

L =· ~(IJ,J1)ai(D,A)ai ~-~ ( ~ .. ')'o~n- ~o/O~n) _·;~~oq;o--:- 9;a }~ +gj;,iL;- F(A) ,·: 
- -

{-l.ii) 

whl're I he nine spatial comJ><lllents ·,lf arc .writt.en in the form of a :l x :l mal rix A.,;. thr _ 
tinw component of the gang<· potential is identified with }-;; := A;) all(l·/)1 d!'notl's tlw 
covariant. de•rivativc. : ... -; :-. -

{ D1A )~i := A;,;'- gt;,i,;,}/,11,., . 

The 1>art of the Lig~aJigiaJ·I ddsity corresp~nding t;> the sci!inl<'raction oft h<' ·g,!'ugt• lil'ld; 
is gal.hl'r<'d in t.h<' "potential'; V(A) . . , · 

V(A) := g
2

'(t.r;(il!lT) -tr(ilAT)2]' •. ' 
1 . . .. 

whil<· t.lu•ir interactions with tlw matte'~ fidds are via tia·' isospinor nu-re•nl s 
. .• ·-· ' . . ' . 

( I.G) 

. 1 ~ . . 
Pa (IV]·:= 21lt,')'o {ralaollto, · 

j;,; (IV] 
1 ' . 

.- 2\ltn/i (r,;).,j1 lito. ll.i). 

After Legeudre transformation one i>btains t.ht' cimonical Hamill on ian 

lie== ~B~;Ea; +'7ni}J,;\JJ,: ..C:fj (ra~>c~1~il~bi :_ ;~)}·;,-:- _;jLA;,, '+)'(A) (·1.~) 
:. 2 ' .. ' : . . ·:; ... ' ' .. . : -.... 

defined on the phase space endowed with t.lw canonical symplc·ct ic st ruct un· (st't' Ap
pendix) and spanned by the bosonic ami fe~nnionic <'an'onical \'aria hit's (} ;,. /'1· ). ( .-1.,;. H.,;) 
and(llt,,l'w.,),(ili~,PijiJ,where .. · •. '·.: ·. : · ... ' " 

; ()L. -
'Pt· ·:=·-. =0 (I !l) · .. ()}·~ ' ' . ' .... 

. i}J: ~- ' ' . . ·. .. . 
g,.; := -. -.- = ilai- .lJ(adbilci , ( 1.10) 
'· ()Aai 

!'"'" := /,__!!__:_ . . i a~ .. = -2\ltn/n , (-1.11) 

I
' . ·a . . 
,j,, := -- ' z . _, /, =- IV 

alit"' . ··2'0 <>. 
(-1.1 :!) 
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·:\ccording to the definition of_ the canonical momenta (4.9), ('i.II) and (4.12) th<' i1has<' 
space is restricted by the three primary bosonic constraints · 

Py =0, ('U:J) 

arid the sixteen Grassmann constraints 

z -
T~ := Pwa + 2111a/O ' 

z 
T! := Po~~a + 2/;o111o. · (•t.I•l) 

Thus the evolution of the system is governed by the total Hamiltonian 
. . . ~· . ' 

lh :=He+ uy(t) Py + T~ u~(t) + u!(t) T! . (·t.l'i) 

The conservation of bosonic constraints ( 4.13) in time entails the following further ~:on
clition on canonical variables 

PY. = 0 --:--+· . cf>a := fabcAciEbi- Pa [111] = 0 , (4.16) 

which is the non~Abelian Gauss law. In contrast, the maintenance of Grassmann con• 
straints T~ and T~ in time allows to determine the Lagrange multipliers u~(t) and u~(t) 
in the expression ( 4.l.j) for the total Hamiltonian. Taking into account the Poisson brack-
ets of con~traints , · · "' · 

' { cf>i, cf>j} == Eijkcf>i + Eijk Pk [111] ' 
{cf>., T~} = -ll!/J/0 (ra )/Ja, 

{cf>., T!} = lo(ra )a/J 111/J, 

{T~, T~} = -i8;,tJ /o , 

(4.17) 

(4.18) 

(4.19) 

( 4.20) 

one can convince oneself that no new constraints emerge and hence that iernary con-

straints are absent in the theory, ~~-.,, _: .·=0. 
· . Constraint Shell 

To implement the reduction procedure without using gauge fixing conditions we have 
to put the constraints into the canoni~al fo~m disc~s~ed in the next paragraph. 

B. Putting the constraints into the canon~cal fo;m 
' ' 

1. Separation of first and second class constr;aints 

The set of the 22 constraints CA.:= (Py; cf>, T) represent a mixed system of first 
and second class ~onstraints. The.Poissori matrix M.ArJ := {C.A, CB} is degenerate on 

constraint shell, rank liM Ill = 16. Hence among the constraints there are six first 
· CA=O 
cla~s ones. . 

In order to perform the reduction procedure let us start with the separation of the first 
and second class constraints. The primary constraints Py "comrimte" with all the other. 

12 

I~ I 
~· -? 

J~ '\ .. 
~ I 
·~ 

i 

constraints and thus we should deal only with constraints G,A := (cf>, T); ·The separation of 
constraints is achieved by a transformation to an equivalent set of constraints C,A· := ((I, T) 

6.A·== nAB c~, (4.21) 

's~ that the first class constraints· (I form the ideal 9f the algebra 

{(I, T} = o, {(1,(1}!,.=0=0'' '(4.22) 

and the pairs of second class constraint sa~isfy the canonical algebra 

{T~, T~} = - 8a(J • (4.23) 

In order to transform the algebra of constraints to the canonical form let us at first perform 
the equivalence transformation 

I T1 z ( ) i - ( .) 2 cf>a := cf>.+ a2 Ta afJ111/J+2111p Ta /Ja Ta, 
' .. ' ·: .· 

on the bosonic constraints cf> 4 and the equivalence transformation 

T- 1 :_:_ -iT1 oovo , 
0 .- al' 

f2 -~ a.- T2 
a.'· 

on the Grassmann constraints.• The Poisson brackets of the new constraints 

{ cf>~, cf>a := Eabccf>~ , 
-1 I .i-1 ) · . 

{Ta,c,PJ = 2_TtJ(ra /Ja> · 

{T!, cf>~} = -i (ra)a/J T~ , 
- 1 -2 • . . . 

{Ta, T/J} = -t8a/J, 

(4.24) 

(4.25) 

(4.26). 

(4.27} 
'"·'' 

(4.28) 

(4.29) 

show the separation of the, first class co~straints on the surface T = Odefined by the second 
class constraints. To achieve this separation on 'the whole phase space .it is necessary to 
apply the additional transformation · · · · . 

- I -1 -2 
cf>a := <P 4 - T 0 (ra)a/J T/J ·, (4.30) 

One can verify that the first ciass constraints' forni th~ ideal of the. total'set of constrai-nts 

{(J.,(Jb} = fabc(lc, 

{T~.~.} = o, 
:. ' -2 . -· {Ta,cf>a} =0, 

(4.31) 

(4.32) 

(4.33) 

and the second class constraints obey the canonical algebra (4.29); The explicit form of 
the resulting set of constraints is · 

-1 ' 1 ' 
T a :=, -iPwa /O + 2111 = 0 , . (4;34) 

-2 • . 1 . . 
Ta := Po~~a + 2/0111 = 0, 
- 1 - ' 1 . \ ·.. . . i ' - ,_ 
cf>a := fabcAbiEci + S111Ta/o111- 2PwTa/oPo~~ + 4 (Pwra111 + 111raPo~~) = 0. 

'(4.35) 

- (4.36). 
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In mder tqimplement the re?_udion due·to' the seco_!ld c!as's constni~nts ( 4.:!4) and( 1.;15) 
let us introduce-the new caJ?.onkal variables (Qq,o,Q~~)and (Ht,n<~>o)·via · · 

Ilia=: ho (Qq,o- Qq,o} ' 

Pwo =: -i (fiw: _c IIq;JI'o , 
_ll! a == rrq,Q - fiwo ' 

~ifl~·=: ~ (Q~~ + Qq,Q) 

IU: terms of the new variables the constraints read 
·;_ ' '\ 

f~ = fiwa = 0, 
-2 -
Ta = Qq,a = 0' 

- • < ~: • 1_. i : -_..,.( . . ' . 
<I> a = tabcAb;Eci - 2 IIq,o r.Qq,o = 0 • 

2. Canonical. transformation to adapted coordinale8 
' I • \ 

( 4.:37) 

(4.:JS)' 

( 4.:19) 

(4.·10) 

(1.41) 

The example of the Christ and Lee model in Section III shows that tlw realization of 
c~nstraints by Abelianization is immediate if one pefforms a canonical transformation to 
a new set of variables containing the gauge invariant ones as a subset. lienee in order to 
simplify the Abelianization of constraints let ·us single out the part of the gauge poten
tials A.;, which is invariant under gauge transformations. Because under a homogeneous 
gauge transformation the gauge potentjals transforms homogeneously one can achieve the 
separation of gauge ~eegn~es of freedom by the following simple transformation 

A.; (Q:Q*) = O~k(Q) Q\; ' ( 4.42) 
. . . . 

where 0 is ari orthogonal matrix, 0 _E 80(3), and Q* is a positive definite symmetric 
matrix. This transforrn:ation induces a point canonical transformation linear in the new 
canonical mornenta. The new can~nical moment~ ( Pik , Pi) can be obtained using the 
generating function -

. 3 -

F4 (E; Q, Q*) = L E.; A.; (Q, Q*) = tr (O(Q)crEr): 
. · , a,i , . ~ 

( 4.4:!)· 

as· 

- aF4 
3 

. ao.. • [· r ao ·] 
P; = aQ _ = ~E.; aQ- _ Q si = tr E a(j _ Q , 

, 1. a,.s,t J 1 
(4.11) 

P* 8F4 1 c·· T • T) -
_ik = 8Q*;k = 2 OE +EO ik (4.45) 

In order to express the Hamiltonian and the Gauss law constraints in terms of these 
new canonical pairs-let us write the field strength E.; in the form· 

-_E.;=· Oak (Q) Lk; (P, P*;Q, Q*) ( 1.46) 
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with a :l x :1 matrix Lk; to he determined. One can immediately sec that the symmetric 
pa~·t- of t It<• matrix L is equal ti> tlw riew mornenia p• · · 

l · . 
. Pi"= ;-(L;k+ Lk;)_ . 2 .. . . - .- (4A7) 

itlld " straightforward calculation shm~-~ that it~ antisymmetrlc part is 
. ~. 

- ~ (L;k - Lki) = <ilk (1-l )Is [ (~~]) ~j ~.Jj - fms~ (P"Q")mn] (•1.-18) 

with 

nij .- ~ ( ,;, [ (}(~;q~ Q) O( Q) Ln ( -1.1!)) 

and ':' 

_l_ik := (J";k- li;k t.r(Q"). (-L50) 

Thus tlw final expressions for field strength H.,; inJc!·ms of the new canonical \'ariabl<·s 
arc 

(·l.:i I) 

.1. Abdianiiat'icm of ji1·.,t class constmints 

The formulation of the theory in ternis of t.i1e new variables is <idapt'ed tot lw procedme 
of Alwliani:r,ation. Using the representations (-1.42) and (4.51) on<' cau easil_,. !'OII\'inn· 
on<•self that. th<~ variables Q" and p• make 110 'contribution to t lw scnmdary constraints 
(·1.·11) ami Q, [> ent1:r well-separated from' t.lw physical matter \'aria hies 

<i>. := O •• (q)W,jPi- ~II~ .. (r,.), 11 (J~ 11 = 0. (-1.52) 

lu order to deal with the Abdiaui:r,ation it is useful t.o perform t lw followiug cauouical 
trausformat.ion on the Gra.ssmaun variables 

II~ .. =: P~"Uao (Q) 
. CJ~ .. ·=; u;:,l (Q) Q~ ... · 

( 1.5:!) 

( -l.:i I) 

with the unitary matrix (/ in th<! two d_imcnsimial r~p~escnt at.im-1 of SiJ( :l): choseJ; such • 
that 

Oab = ~tr (U+r,.Urb) . 
' 2 ' 

( l.:i:i) 

As a result, tlw (;auss law mnstraints ( 1.52) take the form 
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- ' 1 ~ z : 
<f>~ := W,iPi ~.2P~6 (Ta),,, Q;j,8 =:= 0 ... (.1.56) 

Hence it is clear that the matrix n-1 is just the matrix ~f; Abelianization D in (2.21 ). 
Hence, after performing the Dirac transformation with-the matrix D := n(Q) on th'~ 
constraints ~~ the equivalent. set of Abelian constraints is 

P. - n • ."e. = o , CJ.57) 

with 

ea := ~ p~6 ( Ta),[i Q;j,8 · (.l..'i8) 

.C. Reduction due to the Gauss law and the second class constraints 

In the previous section, in accordance with the general scheme of reduction formulated 
in subsection (II D), the new set of constraints in canonical form have been ohta.im~d and 
the adapted. canonical pairs been chosen for the explicit implementation of the Gauss laws 
(4.16) and the second cl~ss constraints (4.29). After having rewritten the model in this 
form, the construction of the unconstrained Hamiltonian system is straightforward. In all 
expressi(_liiS w~ 'can ·simply put p =, ne and fi.!Ia = Q>lla = 0. In particular, in terms of 
the"physical" elP;ctric field strength &.; 

E., j _ == o.k(Q) &k;(Q*, P*) , 
P=rl9 

(4.59) 

the physical unconstrained Hamiltonian. 

Hphy• := Hc(P, Q) l · · · . 
; . · . . . c~nstraint sh.e.ll 

may be written as 

H~~-r-M. = ~tr(&2 ) .+ ~2 [tr2 (~*)2 - tr(Q*) 4
]- gtr(j*Q*) + im (P~Q loQ;j,J . (4.60) 

•• '•' • • j 

wtwre j• is the isospin ·current in terms of the new Grassmann variables 

.• i p• '( ) Q ... 
Jia := 2 >l!a li}~ Ta a.[l. >lip· ( 4.61) 

With the aid of the identity det 1 ~'isk (J-1).1 = ~'alb 1;;, lkb and representation ( 4.51) 
for the field strengths, we find theexplicit form for the "physical" electric field strength 
in terms of p• and Q* . 

&k;(Q*, P*) = ·p,~ + -d 
1 

c,;ktr (JM1Jt) 
. et1 

(4.62) 

where },;{ denotes the isospin angular momentum tensor 
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Mmn ::::::: l..m:m:Ts .. (4.63). 

Here. 

:r. :=e. +T •. (4.64). 

is-the sum of the gauge field isospin vector T, := ~imsn (Q* P*)mn and-the matter field e. 
defined in ( 4.58). With ( 4.62) the unconstrained Dirac-Yang-Mills Hamiltonian reads 

HD.-Y.-M. 
phys 

1 . 1 . ··. . 2 

= -
2

tr(P*)2 + --2-tr (JM1/ +!!.... [tr2(Q*)2
- tr(Q*)4

) 
. 2det 1 . . .4 . . 

- g tr (j*Q*) + im (P~a ')'oQ;j,J . (4.65)· 

In order to achieve a more transparent form for the reduced Dirac-Yang-Mills system 
( 4.65) one can perform a canonical trahsformation e~pressing the physical coordinates 
Q* and P* in terms. of new variables adapted fo~ the analysis. of the rigid symmetry 
possessed by the reduced Hamiltonian system (4.65). It is convenient to decompose the 
nonqegenerate symmetric matrix Q* in the following way: 

Q* = R7(1f;,O,tjJ) V R(lf;,O,tjJ), _: . (4.66) 

with the 50(3) matrix R pru:ametrized by the thr~e Euler anglesx; := (lf;, (}, tfo), (see Ap
pendix) and with the diagonal matrix V := diag (x1;_x2,x3 ). Tlie com!sponding canonical 
conjugate coordinates (p,p,po,pq,,pi) can be found by using the generating function 

F[x;,lf;,O,tfo; P*) :~ tr (Q*f*) = tr (RT(x)D(x)R(x)P*) 
' . ... ' . .. 

'( 4.67) 

as 

oF 
p; ='= -·. = tr (P*RTa(R.), ox_, . . .. . ' .. 

. oF. (oR7 . . .· .... · .. ) 
Px• = -. = tr -R[P*Q* __: Q* P*) ' ox. · . ox; • · · · .' (~-~8)' 

where 'ii; are the diagonal members of the orthogonal basis for sym~etric ~atricies ~A ~ 
(a;, a;) i = 1, 2, 3 given explicitly in the Appendix. The original physical momenta Pik 
can then be expressed in terms of the new canonical variables' as ' · · 

with 

( 

3 . 3. )' ·p· ~ RT 4='p.;'ii.+ LP.a, R 
s=l s=l 

·· · · ei . . . . . 
P; := -.--, (cyclzc permutatwn z f J f; k) 

Xj -Xk 

and the S0(3)left-invariant' Killing v.ectors 
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(4.69) 

~ ": 

(4,70) 
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sin t/J · • · . 
~~ := -:---

9 
p~ + cos tP pe - Sill tP cot 9 p,p , 

Sill 

6 := - ~s tP
9 

p~ + sin t/J pe + cos t/J cot 9 p,p , 
Sill . 

6:=p,p. 

Representing·t~~ phy.sical !?lectric field _strength &ai in the alternative form 

&.k = P*;k ~de~/ (,J./);k .J.' 
. . . . 

(1.7,1) 

(-t.72) 

(4.7:3) 

(1.7-1) 

with the S0(3) generators J. given in explicit form in the Appendix, we finally get. the 
following physical Hamiltonian defined on thetlllconstrained phase space 

. Hv.'-Y:-M. =·.!_~p~-~ .!_·~p; + .!_·~ '(t;+ 0;) 2 

+ 92 
·"""' x2.1:2 

phys . 2 W .s . 4 £...;. s 4 ~ Xj + Xk 2 ~ ' ~ 
. . $=1 , ' .s==l. . · cychc . . . 1<3 

~ ; ' 
3 

- g L j;,x. + im (P;a /oQ;J 
s=l 

Note that for the pure Yang-Mills system (4.75) reduces to 

. : Y-~~--~-~-·2 l'~ 2··x~+x1 ' g2 

" Hphyii . - 2 L.,Ps +.2 L.i ·~; (x~- x2)2· + 2 
.s=l cychc · J'" .· • k 

_X"' x~x2 : 
·~ 1 J .~ 

i<j 

(4.75) 
"I 

(4.76) 

This completes our reduction. of the spatially homogeneous Constraint Dirac-Yang-Mills 
system to the equivalent unconstraint system describing the dynamics of the physical 
dynamical degrees of freedom. However, apart from this reduction due to the! underlying 
gauge symmetry, there is the possibility to realize another type of reduction connect.ed 
with the rigid symmetry admitted by theuncortstrained system {4.65). For simplicity, 
the discussion in the next section will be r~stricted to th~ pure Yaug-Mills system and 
we shall show how to further red~ce the.obtain~d'l2~dimensiona)systern (4.76) to an 
8-dimensional ~ne in general and;· for a special case: to a 6-dimenslonal one using the 
corresponding first integrals. 

D. Further reduction using first integrals 

The reduced Yang-Mills theory {4.76) has a rigid symmetry connected with the exis-
tence of the first integrals · · 

J; = fijkEa;Aak • ( 4.77) 

For the subsequent reduction in the number of degrees of freedom we shall use the integrals 
of motion {4.77). One can verify that·in terms of the new variables they read J; = R;k~k. 
In contrast to the reduction_due to first class constraints the values of first integrals·are 
arbitrary and depend on the. initial conditions. In this case reduction means to con~ider 
the subspaces of phase space which are the levels ~f fixed values for these first integrals 
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Ji =·.Ci, (4.78) 

aud til!' subsequent construction of the quotie1it spac;e with respect to tlw rigid symrnPtry 
group. Thi!refore, in contrast to the reductimi that .we have done bcfore. the first integrals 
iu geueral are· a mixed system of first and second class constraints ... By "in general" we 
;JH'all I hat not all COil~! ants of .motim; C; are zero. In this case th~ 'rank of the P~is~on 
matrix is rank jj{l;,h}llj 1,=c,= 1. which means that there is OJH' first. class constraini· 

and oiw pair of second class mnstraints '·. The problem is now to separate I he algebra of 
wnstraiuts and to find the equivale~t set ~f constraints 1!1; ·= 0. sn. that th~ first class 
cons! raint_ 1!1 1 forms the center ofthe algebra 

{1!1,, 1!1;} = 0 (-1.79) 

aud I he pair of s<•cond class coust.r<~iuts ol><'y the canonical algebra 

{~2· 1!1:!} =I . (:1.80) 

;\ft.er having passed to new variables in the last section in order to isolate I he g;;ngc; degn'<'s 
of fn·<·dom from the physical ones, we shalluow perform <mother canonical·! rausformat icm 
fr0111 tIll' phys.ical vari<th!Ps to new physical variables ~o that om· of t hl' Ji<'W InouH'nl a 
coincides with .the first class cousi.raint 1!1 1 and· another pair of n<'\\' cauonical· \'ariables 
coincides with the pair of second class constraints 1!12 and 1!1:1. Ill' 1Pni1s of I hese n<';\" 
<'<n1onical variables th~ reduced system is obtained by reducingtlw Ilamiltouian (-Ui:i) to 
t.h<; integral surface (1. 78). As re:mlt the new Hamiltonian will dep<·n;l on -I canonical pairs 
aud oue p<trameter which reflects the existence oft he integrals of mot iou. To dc•monst ra't ~· 
this let us choose the integral mnstant.s as c; = (0, 0, c) without loss of,gc•m•rality, OnP· 
can theu write down the needed new s(,t of constraints, describing I lw smf~n· (-1.78). in 
tlw form 

1!1, :=If+ lj+ I;i_- c2 =0, 

1!12 := arctau( i) = 0 , 

1!1:! :~'11 = 0. 

( -1.~ I) . 

We are uow ready to perform' the transformation t.o spc;cial cimouica.l \'aria hies so I hat 
the pair of second class Constraints is-equal to the Olle pair of t.Jw CiHIOnicaJ \·ariabJp~ ·amJ 
one equal t.o the new monwnt.um M · 

llu := 1!1, '• II, := 1!1:1, X1 := 1!12. ( -1.:-1:!) 

7
!11 th<' <•xceptional case wh<'n r; = 0 we ran c·onsiderthe three inl<'grals as firs! dass rnnsi rain'.s. 

arid !.his l"ircumstancc leads l.o a further redurt.ion of"our system. 
. . . 

~This type ofvariables are well-known from rigid body thPoryas I>Ppri ['11) or ;\udn,\w [·12.29). 
variables used in cdestialmechauics. -
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and complete the set of canonical coordinates by the follo\ving pair 

X2 :=·arctan (~I). , Il2 := p,p'. 
. - 6 ... 

(-1.8:1) 

The canonical conjugate coordinate Xo can be determi~ed with the help of the general ing 
function 

. .· . I II . ·rr ·jo da ·.;rr· 2 . 2 . II2 2 F[t'J,O,o,IT; = tO+ 2tP+. -.- 0 sm a- 1 -Il2 +2flti12cosn. . ~nn . (1.81) 

Due to the symmetry theXo is a cyclic coordin~te and the reduced.Hamiltonian depends 
only on the canonical pair . . ~ 

rr2 ~ p.,, X t (~·) I ... · . 2 := arc an T _ = 1/J • 
(.,2 1,-c. 

Hence, using the first integrals ( 4. 77), the pure Yang-Mills Hamiltonian (4. 76) can be 
further reduced to 

. 3 2 2 ,· 2 2 .2. 2. 
Y-·\1. I"""' 2 I 2 [ xt +x2 . 2 x.2.+x:r 2 x.i+xt ] 

·.Hphy;. =2LP•+2P,;, ( 2_ 2)2-sm tP( 2 2)2-cos_t/J( ~ 2)2 
.· . s=l X! .X2 X2-X3 . X3-Xl 

2' 
g """' 2 2 TF + 2 .L,.xixi+ vc, 

. i<i 
(4.85) 

where in. accordance with the general scheme of 'reduction there arises 'the additional 
so-called reduced potential term 

[ 
x2 + x2 x2 + x2 ] 

Vc := c2 sin2 tP 2 3 + cos2 tP 3 I . 

. (x~ -.x5)
2 . . (x5- xi)2 . . . . ' . 

.. ( 4.86) 

It is interesting to point out the differ~ncc. betwe~n the redlfced Yang-Mills Hamiltonian 
(4.76) and the corresponding one in. the recent ~ork by B. Dahmen and B. Raabe.· In 
contrast with their repre.sentation for the gauge potentials, in which the ·gauge degrees of, 
freedom are mixed with the rigid rotational cyclic coordinates, we have started with the 

· explicit separation of• all physical degrees, includingtheTotati~nal ones. And only. after 
the! reduction in. the n~mbcr of degrees of freedoin due to the rigid 'symmetry the obtained· 
Hamiltonian ( 1.8.5) coincides with the one obtained in the work by B. 'Dahmen ·and B. 
Raabe [21] for pure Yang-Mills mechanics. . 

~ .. ; . \~ 

V. CONCLUDING REMARKS 

As mentioned in ·the introduttion our investigation has pur~ued two go~ls. One. is 
pure theoretical interest. Due to'i.he homogeneity'dmdition SU(2) Dirac2Yang-Mills field 
thc!ory has greatly simplified to a finite dimensional mechanical system, for which one can 
describe the equivalent unca'nstrained syst~rn lnan explicit way. Howe~er, apa~t frornihis 
reason, there is also an interesting application of this ~ode( It has.been known. for a long 
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time, that, ifone considers the Euclidean QCD effective action as a function of the non
abelian electric and magnetic fields E and B,one finds that there are field Configurations, 
corresponding to non vanishing E and B fields, for which the value ofthe effective action is 
lower than that for E = 0 and B = 0 [40]. This observation indicates a dra5tic difference 
between the true ground state of QCD and th~ eorresponding perturbative vacuum a.xid 
constitutes the basis of all models of condensates. One of the main reasons to study the· 
dynamics of spatially constant Yang-Mills fields, is the f.iith that the corresponding zero 
mo-mentum quantum operators are very important for the description of the QCD ground 
state due to the presence of the IR singularity. There are many. attempts toexploit . 

· the hornogene\ty approximation for gluon fields with the ai~ to shed light on the vacuum 
structure of QCD. We also adhere to this position and our task in this note was to prepare 
the classical description of Yang-Mills meChanics in a form that we are going to exploit 
for the description of squeezed vacuum [43]. · 
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APPENDIX 'A: NOTATIONS AND SOME FORMULAE 

1. Definition of configuration variables 

SU(2) Dirac-Yang-Mills ,theory considered in this paper includes as dynamical vari: 
abies the set of spin-1 gauge fields A,. := A~ra/2, a= 1, 2, 3 in the adjoint representation 
of SU(2), with the corresponding field strengths ' 

F,.v := F;v Ta /2, 
F a <> Aa "'Aa +. abcAb Ac 

p.v := Up v - Uv p, g£. • p. 11 ' 

(A1) 

(A2) 

and the matter spinor (Dirac conjugate spinor) field variables IJ!(I}/) in' the fundamental 
representation of SU(2) with values IJ!,. := (IJ!~, .. ;, IJ!!) obeying the Grassmann algebra 

. . ~ 

q;i'q;i + q;i q;i ·~ 0 
. "' {J . {J. "' • (A3) 

2. Hamiltonian structures 

Generalized Poisson brackets for functions on a phase space spanned by both even and 
'odd coordinates ZA := ((Y,Py),(A;,E;);(IJ!,.,P,p,.)) are.defined as . 
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- ·.- · · · ·· · a · ···a 
{F(Z),G(Z)} :;= 'LF az WAB-az G. 

. . :. A,B A. B._ 
(A4) 

The ~on~ishing ~mponents'of the' ~onical symplectic form WAB ·== {ZA,ZB} read 
explicitly . . . . . . . . . . . . . 

. {Y..,P;r =a!, {A.,;;£6i};, c{c! 
' 

for bosonic degree5 of freedom 
. . . . 

. {llf,.,Pq,,J ""{P"'"'~~} = _:_c,.fJ, 
·. {~,.,·P~,} = {P~,, ~,.} = -CafJ 

for fermionic degrees of freedom. 

3. The Euler parametrization for S0(3) group 

.· . 

(A5) 

(A6) 

··The conventional representation of S0(3) group elemen~s in .terms of Euler angles 

n(.,P,B,t/>) = e"';•iJ•e<f>J, 
' . (A7) 

ha!l been· u~ed in main text with. the following matrix realiz~tion for the generators J; 
obeing the S0(3) algebra (J;, Ji] = l.ijk Jk 

(
o o o··) 

J1 := 0 0 -;: 1 . , 
0 1 0 . 

.(0 0 -1) 
J2.= 0.0 0 ' 

1 0 0 
·J3= 

· 4. Basis for symmetric matricies 

ro -1 0) 
,~: ~ ~ (A8) 

w~ use the orthogo~al basis aA =(a;, ai) for symmetric matrices. They read'explic
itly 

c 0 0) a,~(~~~), (" 0 0) U't = 0 0 0 , a3 = ·o o o 
. '0 o. 0 0 0 0 0 0 1 

(A9) 

(" 0 0) a'~(~~~) ' (" l 0) a 1 = 0 0 ·1 , ·.a3 = 1 0 0 
0 1 0 1 0 0 0 0 0 

(AlO) 

They obey the following orthonormality relations:· 

ir (ir·a·)- c-- · 
I J :-- IJ 1 tr ( a;ai) = 2t5;j ; .' · tr(a;aj) = 0 . (All) 
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1' "· 
r.orH.'Hun~ .C. A; 11 ·Jlp: · . 

- raMIL1i.TOHOBa peJlyKUHll SU (2):~exaimKH JVfpaica-

~ ~aM~ai;;~~6meu~oro raMII~1h~i;o~ rj>Opr.faJJH 
'pO!l~OrO· no:~~ll,' BJaHMO)leHCTBYIOIUero MHHIIMa~hllblM 1 

xaimKa nilpaKa '-: 51Hra-MIIJL1Ca:-MeTOiioM ra~tHJJb 
: TeJihH~ix Kaiiit6pos_o'IHLIX y~osnli, nonyqe11a raMH.%1 

11cxon.nolLnbipoJKJieuiwit ~OJI&lll. Op11MeHl!eMhlil Me· 
BKn~J'I~eT a6en11·3auil10 cillncii nepiioro po.iur, npiiBe)lt 
it ;Hipyxoa K ka6opy ananillposimHhiX Koop:mHaT, 
.CO CB~3l!Mit BTOpor~ pona, a· 'laCTh I!MnynLCO.B --
nepexony K aJlan.THpO!iaiHHJMy 6a:mcy 3BOmOUI!ll . 'I 
llpOeKUltll 113 nonepXHOCTh CBJI3eH, 0KaJhiB,3CTCll B lll 

. CTeTICHCH cso6oithL KpoMe 11-CK.ijJO'IeiH!ll 3THX H'ecym 
fiarlhHeiiWall raMHHbTO~OBa penyKUitll ~II~TeMhl Jii CiJeT 
e~t.e It TpeniepHOH._ijlynnhl ,nio6aHLHOfi Cll.MMeTpllll;. 

Pa6oia swionile«a s Jia6opaTOp11H TeopenJ'IecKO 
' ~~ -. ' -;;--- . - ' 

'.\ . ·, 

:npen.plmT. 06'beJI~memwro 1111q11TYra ll 

1:·'· 

.; / '·_, 

Gogilidz~ S.A. et aL'· , / 
.Hamiltonian Reduction of SU (2) Dirac :-~Yang-Mill: 

·' The su (2) gatige in~:ariant Di~ac _;;_Yang-Mill:~ 
and ,·ga~ge.'· fields· is considered i~. the framewo 
The uncmistrai~ed Hamiltonian_ system equivalent to 1 

of Hamiltonian. reduction. The 'latter include~ the Ab 
. the .second class. oonstrai'flts into the canonical form ~ 
of adapted cdorifinate~ such that a S.Ubset of the ne\1 

. const;aints and pait of the new ~omen!~ i~ equal to thl 
gauge degrees offree~oni autaruaticaJly d~op out froJ 
into the constrailn she H. Apart·. from the .eliminatio,n 
Hamiltonian' .reduction is~achieved due to the three-

' 
1 ·by the.systeci> · - . -.~ 

.· 

-.... ... 

' '' . -- '.. ' ' . { 

-·The inve~tigation has been performed at the_ Bago 
·j 
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