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1. Introduction 

In our preoedlng papers ' ' ' as well as In ' ' there 
was elaborated a special sort of canonical realizations of some 
real forms of classical Lie algebras* In th i s note* continuing 
In the same sp ir i t , we give a short description of our results 
concerning now the Lie algebra U {nt ty)t f % <f 2 4 • 

Our task Is to express the generators of the given Lie 
algebra through a deflalte sort of functions of a given number 
of quantum oanonloal 7чг1аЫез е-, and f3 .We are Interested 
In realizations with the following properties: 

(1) The Caslmlr operators are realized by multiples of the 
Identity element. Suoh a realization we call Schur—rea
l izations . 

(ll)Under invilutlan. induced on the set of the chosen sort 
of functions of & and У»̂  by the relations ft' = - fl 

and <K = fi t the realizations of the real Lie 
algebras are akew-Hermitian. ( Note that we assume 

/ 1 . 2 / In refs . ' ' ' we had described a large olass of canonioal 
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realizations of Cjl(a,R) and S)iUa,R) with these properties. 

The funotions through which the generators are expressed in these 

.ases were the inost simple ones( polynomials. In other words we 

were dealing with canonical realizations in the Yfeyl algebra 

W ,. i N the number of canonical pairs used. 

In order to get the analogous large olass of cononioal 

realisations of the Lie algebras с (o,nj-> , n >• >v S -' , 

the above properties demand the use of a more general olass of 

functions, elements of t/. ® ^'°'-^ / where №ltf 

denotes the algebra of complex N v ('I -matrices ( зее ' ' ) . In 

the set of skew—Hbrmitian realizations of и ( *li у / presented 

in this note we use functions further gsneralized. The genera

tors of u ('/:• о•) are realized now in the tensor product 

\'.,, ' \ . , ь м where M/.v denotes a certain local i 

zation of the Ylsyl algebra Wj^ i . e . . cer ta in rational functions 

of canonical pairs. The realizations defined recurrently are 

classified by sequences of real numbers Сd. • - ^ , , • • • , «• p,,f •'t 

.i - • .' • • ' ' ' . , the so called si natures. For cl- •/, 2, • ••, *<] - ' 

we get a U i I -parameter set of realizations with the real 

parameters •J

f ,,- ; , ч *- *<y i i > r ^ r , t - . - M ' 

( the other parameters 4 < '. • • • , /"'/ ' ~ ^ ' t are equal 

to aero by definition of .he signature). In dependence of d 

these realizations are contained In l ' ' \ v , j i with Л (J ) 

.-L (J,;- I- J) riA),^—-} , " ^ f'f- С We see that for d . •/ the 

number V (cl) * и - -/ equals the minimal number of canonical 

pairs such that a nontrivial realization of и ( p( Ф ) 

by rational funotions exists ' ' . I f м У <2r there exists 

furthermore a set of realizations in V/"", , , _ 
Intel), n 

corresponding to the signature (djnC^, • • •, °С,,д. ), «' = ^ f ) 
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where ( г/' . . . • , °̂ "~ _, ) i s the signature of the skew-
-Hennltian irreduoible representation of the oompact Lie algebra 
и (p-tf) with dimension H. The remaining parametersof' / .«^ . 

allow any real value and the number of oanonlcal pairs In Щ',..-.„ 
equals N Id.) » f U p - 4) . In the analogical sets of canoni
cal realisations for a l l the other classical Lie algebra which 
we have studied up to now ' 1 » Z »- J ' the realizations are Sohur-
-reallzations» We believe that this i s true also for the presen
ted realizations of и (я, a*) . As to realizations characteri
zed 1>7 signatures with d -- 'lit i s a consequence of their mini
mally property ' ' and in Example 2 we show that also the 
remaining realizations are Sohur-reallsations in the particular 
case of и ( 2 , 1 ) . In this example we brief ly discuss further 
the question of "equivalence" among some presented realizations 
while Example 1 gives the connection of realization of и (p: u>) 
characterized by signatures with d =1 and realizations of 
ql(r,0 given in / 2 / . 

2. The recurrent relations 

We start our considerations with the complex Weyl algebra 
IK,, \,a-frff-&jL « I t i s useful for our purposes to 
denote i t « generating elements by a-. ( pc, a £ ( dihl,Ьt i - 1 • f n - i 
with the non-zero commutators 

We use the tensor notation, at - у a-' t • etc . 
For a given metrlo tensor 
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{.h] г > 

with t , (2) 

an Involution on '̂ <.?„ j) 1 з induced by the relations 

f;- - ,>< , p p • (°,y - *, , ( ь , г - ь, . (з) 
The localization K[, ( i l l 3 J ( i n the element <3'L i ^t^n_3) 

see ' 9 0 Is defined by 

Now l e t Л be any associative complex algebra with Involution and 
l e t 7~t" , it - I, • , n - Л f ne elements In A such that 

their commutators axe 

Further assume that 

with J aocorctlng t o (2 ) . Then the in-2) akew-Hermltian 
elements and form the basis 
of a skew-Hermitlan real isation of u.in-4^-4) i a i " , 
Note that the same i s val id for nondlagonal real matrix (Я,- ) 
similar to the diagonal one (2 ) . 

1 The reader may ooasult In this question, for Instance the 

book of Gourdin / 5 / 
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Theorem 1: bet A be an associative complex algebra with 
lnTolutlon« Assume that In A a skew-Hermitian 
reallzatioa of u (p- •/, <p - -/ ) , -p 2 <f -> ^, 
la given through (n-2) , n - -fi *<f, elements 7У 
satisfying (4) and (5) . Then the following elements 

El

n -- y j e ' , E" ' - /s й , -

((,) 
С / = i (" f°Pc -'"J * Ч^"** - [-)& ^ ^ ' ' 

l X k > 

? o , ' , •*= * r t : V , ' "-< 

define, through their skew-Hermitlan combination!!, a skew-
-Hemitian realization of u(p,y-) in А © Щ,„.,.,(„. it) ' 
In other words, the satisfy the relations 

(7) 
and 

£ ' # * £ £^ ' / . « • ' . • * , • • • , * (8) 
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where 

О) 
The proof la straightforward and therefore omitted here;the faot 
that £,..! lead Just to ч(р,а) la a oonsequenoe of the simila
rity of the (Ч/,*) t o the matrix diag (+1,...,+1,-1,...,-1) • 

p-times p_-tlmes 
The obviously reouirenV oharaoter of the realization (6) for TI =1 
wi l l he used in the .-lext section for construction, of further 
realizations of и (p , a J . 
3. Realizations of и (п., Ц ) denoted by signatures . 

Definition: For given nonnsgative integers Д,Ч., P i ^^O jf-'H^, 
the (p+g+1)-tuple of real numbers 

i s called signature i f 

rf= O.H.- • , - f ^ f 
and 

( i ) for d< ZT . ^ n 

cC, - ... = oCpf^d-i - ° 
( i i ) for d = 2.cy С i . e . p. >cf ) 

liX,; •• , оС-п-*) f r o m t h e signature 'of an 
irreduoible skew-Herraitian representation of u(n,Q-)-

2' That means c(\ e « , cCir, - X{ = Л; ,^-0,-1, г., .... 
and the repr. of " (P'ty) i s given by the repr. of sv(p-i).) 
with highest weight ( J f i , . , Лa.a.S>a°°°rding t o ' 6 ' 
p.548 extended by £ = £ i ' E

 J.' ' , , 



Note the following Important property of the signature. For 
етегу signature rf „ - '" , df 

the seo.uenoe ( d - J , it, , • • 
ture oi. 

P'f- ) i s again a signa-

t- i,f-
To every signature °£ v e »Ц1 define now a skew-Hermi-

tian realization of и (p,f) in W^ n ( See Theorem 2). 
The realizations which oorrespond to signatures with d •- Ot I 
are given in the following table: 

°^-f 
Skew-Hermitian 

realization of и (t>, f) /V; М 

a-> 4 Uio,....oit.f.i.'iff) given Dy eq. (6) with 
J7 nO M?4 

[o)o,...,o,'Ctltf) 
У = С 

f - -; (0&,---. °C,) 
skew-He rmi t ian 
irrep.of и (p) 
with signature '/•dim of 

this irrep. 

Tabid я Realizations with signatures 

furtheri the ekew-Hermitian realization of a (pta-) with signa
tures / = (^;^ii • • •' ^f,,<j, )<*'?•£ i s given "or. eg,. (6) with 

^ =l f where T\ i s the realisation of и (p -4a-- 4) 

with signature o C w - , = (d- - 2, <£, J p , r , i > • 
The following theorea summarizes and oompletes these results. 
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Theorem 2: ( i ) To every s i g n a t u r e rti,, t h e r e cor responds 

a bkew-Hermitlan r e a l i z a t i o n of t h e l i e a l g e b r a 

i. < / ' / ' d e f i ned In the аЪоте d e a o r l h e d way by 

means of ea.. ( 6 ) . 

(11)ФЬе r e a l i z a t i o n I s contained I n №„,,, 'Km ®А / ,"л, 

where 

t ® « W w . / J • << " ""' 

У, 

&•• I I / ' *! W' ., ^ - Id 

and where Л/ - •{ wi th e x o e p t l o n of the oasa p - a ^ l and d- .la-

where M I s the dimension ox che skew-Hermitian i r r e d u o i l l e 

r e p r e s e n t a t i o n of u(p-'f) wi th s i g n a t u r e (•£ . • ••^.,,^, '• 

The number -V ft"/' - >—(.? i.'- ty - / O gives the whole number 
i 

of oanonloal p a i r s u sed , and r(d ' .- / j ~ ' . 

3 . Exaraples 

(1) R e a l i s a t i o n s of u ( y?. a- > with s i g n a t u r e (-^ t,'. • • • ' , - / ' jh .a . ' 

As we j o i n t e d out I n I n t r o d u c t i o n thuse r e a l i z a t i o n s a re 

S c h u r - r e a l i z a t i o n s due t o t h e minimal number of canonical , 

p a i r s used: У ( г П r V (-t) = •&><*•- 4 • 

We show now t h a t t h e s e r e a l i z a t i o n s a r e connected wi th t h e 

subse t of skew-Hermit ian Sohur - r ea l i s sa t lons of </ /.(':,^),a - p>f , 
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desorihed In our paper ' ' , Realizations of uL i и *•') 
denoted here by the signature к ' , С • • С. i n f i.'( ) » 
hare the following form-. 

С - - r" E-> '• P '•%г"- f - :^1 - '£-7-'' • 
(1СЛ 

J, /1 - '. " о - -I , i . e . ,they are contained in the Weyl 

algehra ! t ^ _ ( ) = «?(„.,> ( ^ . ^ ' ' fn-, ' / ' " '^ ' 
The complex l inear combinations 

define a non-skew-Hermitian Schur-realiaation of и С p, у ) • 
As we pointed out In Conclusion of Ref. ' ' the genera

to rs £̂ ° form a Schur-reallzation of gl (c, *? / 
also if oc ' s are chosen oonplex. Let us use Uils poss ib i l i ty 
and substi tute ' 

J ._ _ ,<•„-•/)(%"- - - f ) , • / , - i U , ^ . J.:zJ ! 
П- I 1 Z ' h » »j Г. 

Further we shall define two mappings: the isomorphism 

ь- %ы.о{<Г"Г> •••• %., • Г"'] •~*лы-<У'°>'Т<'Г') 

(i r -IJ .. n~ i ) 
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ana > L End l C j ; n ( J i « \ o i l % l f . , ) : 

CBoth mappings h and Jc do not oonserve the involut ion) . 
If we ohoose с = - <£п - J. then Ь (E£ ) I s related to 

^ *><£*"> = * ; . 

As the elements Ел" are polynomials In oanonloal 
с" ь 

variables they are simpler than the ra t iona l functions c* . 
This more complicated form of the generators t , can he un
derstand as the price for the akew-Hermitlcity property. The 
question Is of course whether i t I s necessary»I.e.,whether 
skew-Hermltlan Schur-realization of u (*,*; ' In the Weyl algebra 
ex is t s . Due to the known Isomorphism ii ( -/, W — 3 ^ (3, к ) 
the rea l iza t ions (10) give such an example for U( 4, J ) . 
(11) Heallzations of и (3, 4) with signature (2; ^ , <4 , °^j ) 

These rea l i za t ions are given through 3 canonical pai rs 
by eq.. (6) with 4 =1 i f we put Tf = f"f = *C4 4. . Generat-
ing Caslmlr operators of the center of the envaloping algebra 
U[uU,J)J are iCU'\CU\ LC"' where 

r«> r* r a > - Eb E* C°'- E° F? Г" • 
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Ry direct calculation we obtain 

e ' ; ' : < : : • - : ; • « ; - • < • c i l > 

Г12) 

This shows that the considered realizations are Schur-re,-U-i:'.atlon, 
As we see the Casimlr operators С are symmetric poly— 

nomials in the variables э^ ,.тС, ж^ ; this fact can he used 
for the following considerations. It is a well-known property 

.,(1) •<;.' i i ' of symmetric polynomials that for fixed values of L . <_ . t 
three complex numbers ^, , •/, , •li,1 fulfil еп_з. (11) if and 
only if they are roots of a 3-rd order equation * '<-, V > ','''- '''-
where the coefficients ,j ^ *-L are in one-to-one polynomi
al correspondence with С ' С ( (-' 

Therefore a second family -/''/, ~i,' t x' ( oan give the same 
• > ' > • i г> , i V ' ' ?. /• /' 

values of ; L f L a 3 the family •>!, . v , "• , 
if and only if •/ = -/t. , ; =1,2,3, where i'i, , i, , : , .' 

Is some permutation of the naturals 1,2,3, Since -J-t and .J 
must he contained In the range of values of •*-' ( given Ъу 
еп_з, (12) for real -̂J , c/; t r£ ) there are two саасз: 
(i) if W =0 then пЛ" do not differ from •£. J. = ••£' , 

1 i I ' I I 

L =1,2,3. 
( i i ) If //n-^j4 0 there exists one and only one different 

family .4 ' ; 
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For both the cases we get that the signature which gives 
according to (12) the values it, , +t , ^ , must be 
(-,• • • -f J , - v . ^ i ' "7 *'.; / • This signature denotes the 
only one realization! In the class of realizations with signa
tures ( 2 ; /,,-:. . ~ , ) , In which the eigenvalue of any 
Ca3imlr operator is the same as in the realisation with the 
signature (2; >', •'. ^j ) . So, if -J., ~ С there are 
Just two realizations with the same eigenvalues of Caslmlr 
operators while for X »0 no further realization leads to the 
same eigenvalues. 

As, generally, two Schur-realizations of a Lie algebra 
which differ In eigenvalue of some Casimlr operator cannot 
be related ( iriequlvalent mod tad 1̂ ' ) we have proved that 
in the class of realizations of и (2, 1 ) with signatures 
(2; i', •/ . ч , ) any pair of realizations are non-rela
ted realizations with the possible exception of pairs with 
signatures (2; >!, ^, . --L t ) and (2; -J, • ~ *L , ~ '*• < , 

'.-'-' t i' Л Л = $ . Л ± i • . , , - j 

This сазе remains for an independent discussion. 

•I. Conclusion 

the generators of the Lie algebra и (ti, ci^l In the real iza
tions described in this paper are matrices the elements of which 
are the most simple rational funotions of canonical variables. 
As we already said there la a question I f negative powera of the 

<У£ i are, without lose of Bkew-Hermltlolty, neoessary or not. 
The similar situation arises as to t te use of matrices in our 

formulas, i . e . the necessity of use of Vr 
JX(d),H 

with A/ > -/ . 

14 



We have seen that In the indu.^ion process from Theorem I 
to Theorem 2 we come to the question of skew—Hermitlan Schur— 
realizations of the compact Lie algebra u. (. f> •/• ) in 
;t' "" ~ №„' • It can he proved that no such a nontrlTlal 
realization of к (p-j-J exists in If', , and so some exten
sion of /I is neoessexy. We could look for such an 
extension,e.g., In the quotient division ring of the Weyl algeo-

W.' is also contained. As we, however, do 
not know any example of nontrlvial skew-Hermitian Schur-realiza-
tlon of a compact Lie algebra in this structure ( with the usual 
involution) we have taken the other, more simple, extension of 
\V.r , the algebra W' , M > //. 

If one is Interested in applications of the canonical 
realizations for representation theory there is also a further 
reason to take it, ,'"'>•/ • The iterative process to 
construct realizations of и (р: а ) starts from the well-known 
classification of skew-Hermitian representations of the Lie 
algebra of the unitary group U ( p - cy) . 

If we accept H/ „ as the best structure for our 
purposes we may ask for further skew-Hermitian Schur-realizations 
of и (.j-i-U') here, not contained in Mol ^ IV£ <~ lt„ • 
It is an interesting property of It ' that no such 

•M ft 

realization of a compact Lie algebra exists in •1,. 
This assertion generalizes a result known for If'.,, — K,.' . 
( see / 7 / ) and K'H z. tt^ ( see /' 3 / ) to the loca
lization %',',. , and it will be proved together with more detailed study of the presented realizations of и ( p t cjs 
elsewhere. 
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