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· ;A~ i first step .in calculation of the spectra of r~diative.pion decays ~e reprq~ ; 
duce the_results obta:ined by Ber:man: and Kinoshita [1]; considering the :pi~n as i ·. 

;point-like particle. In paper of T. Kinoshita [1] was calculated the positron energy 
'spectrum in radi~tive pion·decay: ., · · · 
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1 where y = ko. is' the po~it~on's energy fraction,e. is its energy(we imply here·and 

• m,.. r ~ 

· below the reference frame of resting pion), L = In~ 7 5.6 is large logarifhm, m.,, 
me are th~ masses' of pion and}>Ositro~. Th~ ~uantify ' -.- .· .. , : \ , 

T~ = ~
2
IV.. dl\;m;m.,(1·- m~)2 = 2.53 'io-14MeV, , , (;). 

· • ,· 81r · ·.. · · ·m; ... ··· · · 
·! 

is the _t~tal width of 11"-~2 decay,' calculated i~ the borri a'p;·roximation. , . • , , 
•. We will calculate now the photon spectrum: Consider first the emission of the . 

soft real photon. Corresponding contrib~tion. to the t~tal width ma:y be obtained 
. : by standard integration of th~ differential, one's: ~ . . .. : ,',., / , . ' . . . , •. ',': ., • • .•. 
. , / . , . ··-;,,- . . . . ' 

(3) 

.1. ,,_: -,. . . , : :c . · I /:' . ·, , -.· ~ , • -.. , .. , . \ ·; ,- ·.- ~ · . - . 
'where P, Pe, k ar~ tliefour...:momenta' of pion, positro~ and photon:res1iectively; P2 .=. 
m!, p~ = m~, k2 =,,\\arid), is the photon mass: Result has the fo~m . 
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'phot'on 'energy fr~ctio~.x = 2k0 /m1r: · 
·!· . " ;_ ,.··: . 

df ·= :a x(l-x.::.~)[~4(1'-11) __ ~·~ 
f 0 dx · 21r · (1 - u)2 · x2 : • 1 - x .· , 

< +· ( ' 1 .· /[.!.(1+(1-x)2)~2u,-2u
2

]l~ l-xJ: 
· ;.xl.-x-.u_x · ... ,.:_·, · x .. · u_: . 
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Further integration of this spe~trurri ~iv~ the r~sult: 
' ' . ' ,·,· . ' /, 

1-o-·J df d .. , X 
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=: '~[~2b(u) In l -
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271" · .·. , Xmin • ·.l,- 11 · .. , •. ,/, ·2(1- u)2 , 
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, .. ·l . .· .. . , . , 
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+ '4(1- 11) 1!. 
,, 0 ,- \ 
,·' 2kmin: 

Xmin = ffi,r \"\ 

Putting inthi~'f~rmula k~in= Ai.and adding thfsoft'photon's,contribution w~ 
obt'ain(in .agreement with the T. Kinoshita1959 year resultrthe c~ntribution to the 
width from the inner bremsstrahlung of point.:..lik~ pion 1: , . . .. . . 

) . f;B /.' ' a • : ·. · X: ;/ : ',', · 1 \ .' 
-· = ··-[b(u)[ln-. -ln(l'-u)~-hi11 · ,", ,, , (9) 
·To·· 7r , · m · · · 4 
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3 ,l+u ·. ·.··•··,u(l0~7o-)' .••,,15.-.21u·· 
:t .4]- 21:-- ~11,2(,1, ~.~)-:-- 4(1- 11)2 l~ u + 8(1 ~ u),]. 
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. Retri~~ now to posit;o~ spe~tr~m'.\Contr1b~ti6~s'to it,'containirig la~ge logarithm 
L, may be a~socia.ted with the known kernel of :Aitarelli~Parizi~Lipatov evol~tion 

·, .equation (see[2]): · ' ,.· .. ; .· .. ·. · · · · ·· ·· ·· ' · 
• • ' • f ••;,,• 

• ' ,., ,' ,·, _1. ,_·.\ : • ' ' ' • '. 7 ,- ' ·,! .' 

.. •. . .' '.· '. , 1 + y2 . ' . . ' . ' 3 '. ' ' . ' ' 1 +y2 .. ' 

': p(ll(y~. = g21[ t~ YB(l ~ y 7.~): (2_~ 2lnil)8(1 - y) ½ (1: yh/'. ', (rn~. 
.Usin~ the fact~rizatio~ theor~rn we may generalize thisip;ct~urii incl~diiig the le~d~. 
ing logarithmical terms in all orders of perturbation theory (PT): It may be done in<'-\ · 
terms of structure.fu~ctions D(y, u)[2]. In the case of photon ·spectrum ·D(l.:... x; u) 
app~ars,· The furiction D(y,11) describe; the probability to:fin·a a positr~n with 
energy;fraction y inside initial pos_itron. It may be'present in formofs)lm of non.:.., 
singlet and singlet contributions D. ~ IJ"I + D•+•- ;· Iteration ofevolutiori equations 

' .. I I . ', • ,' .tJ,., ,· J • ,• •' '•: • • ',,', ' I•.' ' ,.:•. '<•· • :,:.,, 
l Resu\t' of my· calculation of virtual corrections ( excl?ding the ones r~lat~d ~ith m~s op~r~tor)' 

disagree with the T. Kinoshita result and have\ fo;m: '•. . ·• . . . ' ··· . 

·. · · . · · · · a · , · . .\ . ·. · ·.·A .· 1 +er. . . .• 1 + 3u ' . 
: ~-· EIMl

2
/EIMo,l2

1 =. 1 + ;[-b(~)ln m.- +3,ln m.,f 4(l ;- u) ln
2,u ~ 1.-;-A(l- u) !nu),.' 

, .".. · , · ·,' · ,i, , I ·". ,; ' , ,' 
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• •• ' -, .. :, :·, • ' ,'' ·., }- -~·-.,_> · .. '·: ' , ';.. :; "'. . . ' . ' 
where A ,IS ultraviolet cut-off: The' second. term in the square bracket 'twice larger than.· the 
corresponding term in T. Kinoshita result. • · · · :, · · · · · · · · · 
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give: 

, ·, D(y,.11) = i(\-iY) +1P0>(yh~ ~(P~2>(~) +ri•-(y))-y2 + .... ; (1.1), 

' where 
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~ .:.1·1. dt p(Il(t)P<1l(t.):= iim[[(2ln A+ -.\2 . 
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,+ '-(1 + y)lny . .::.1 + y]B(l - x,-:-: A)], .... · . 
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1 • pe+e~ (y) } '~P\1
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0

l:\,y) lny'. 
, ,. 'I .• ,'' ,' -~ / ·, .·:, • l, \ ~ . .,,-._- 11 y' ,_·:,;·-:·,. /·; ,· 
It is convenient to use the smoothed foiui of them: 
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D:+.~(y)\ ~\:.i(;(L__: inq ;Y),~ ~.))2(1\-y)½b~I. ({f y2+J?(L~l~(l•::;),., 
' '·~))+'.lb2 [

1 -y(i\·1Y·:t:1y~J+.6(1+;)hiy]~O(b~), : 
6 , • · ,96 ... , y . , , .. . . . , .. :t , . · .. ,: · : '· , 

b ;==- 40 (L ~1). . . . . . . 
, ' ' , . . , ',· 7r,, . ' :·',.,;I '1 '. ,. ,• .· '.. ',, 

, , : The· expressions for spectra are as· follows. ~-. ··. , . df" > i . .·. '·' . •··. / . 

•:, fody·: = iD(y.' ~)_[L+;I<.(y)].'. 
: . • • ' : • ·• ; 1:-.:... y · • . · · · ,· ·• 1 + il 

I<.,(r) :=' ,l ~-Y - -2-ln(L- y) + ~ lny, 
dr I • , • • . ' : •.•• ! . a·· .... ' . ' y 
rd ;=·' D(l-:- :I;, u)[l + --,J{-r(x)], ' 

!' 0 X ', . , , ...... \ . ,' : •. , 7l" 1 , :·. ' •,., , 

.,.', •.1+(1.....::r)2 
••·• 2w 

· .,'K.y(x) ~ x.+ ,. . ln(l-:- x),. x =·-.: 
' •:· x~. m1r · --., \I,' 

Let us .. discuss . the contrib~ti6n of inelastic. processes considered ab~ve . to the . 
' ratio of widths of positron arid muon modes of pion decay, R";~: .. · 

. . . , , . .,R;: . · f(i ~ ev) + f(7r .'..+ e;,,) , 

"12 = r( · · ) · r( · ) · · . · . , 7r ::-;-+ µv .+ . 11",:":"+ µv1 , 
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-· Ados~ attention was·paid to this quantity some ye~rs ago [3,1), but the corrections 
qf emission processes in higher orders of PT was not taken into account .. Keeping ·. · 
in mind that.quantity ~(1l(y),ha,ve a property , ; · ... •. ·· ' ::' ' ' 

, 1 J dy ~(tl(y) -~ 0,. ·~ _ {16) 
1 

0 , 

J , , , . , ,, , , 
we may. do._ an important observation. that as· long as experiment. is proceed such 
that no cuts ~n energy of positron isimpo~ed than no large logarithmic c~ntributions 
appear.• However if the cuts are such that the'y-integrii.tion is restricted or convoluted 
with y-depende~t functiori'som~ proporti~nal _to large logarithrnL terms will remai·n. 
Suggest now that there exists somemini~al energy €th' for detection, of positron: An 

· ~dditi6nal contribution(not considered in [41) appears: · · ·. · · , · .· · 

I '•j 
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l , -, • Xth.,. . . ....... 

· · · a J 1 ·+ x2 
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=, --. dx .. --. (L "'71) · 
, 7r' 1 ·- X · , , 
, 0., , 

' 'c. 1- : 

+ ;fdxD(x,;)K,(x),· 
. ' ", r. .y. ' ( 

2c1h·1 

-.- ' ,Xth -; 'ffi,r\. 

Xth / 

.---2. ~ > 

, . · ( m2 )2 .. · m2 1 :--:- "-'f- · , ,_ .. 

·-

V_ =··-• . , m.,. = L28347 -10"'4 • 
HO 2 , .' m2· . . \ . · m,.. (1 _ =)2 . .· . · ., 

.,., /(17) 

. . (18) 
' ', ,· 

\.~' ' ~ ', '• '7!1-~ .. ·1', ' .. · ·< '·' ,-, 
For _typicai ~alues x-1,. = 0.1 thi~ :1dditicm.il ~ontrib~tio~ ~ill hav'e ~· ~agnitude of 

' ord~r 10-3 'and is fo be taken ,int6 account. on the a_ccuracy level 0.1 %. . 
. ' ' \.,·, ·' ', - > ·, ,\. , ; ·- ' (·,···:: ·:- ',' . . ' .',.·,· .·~·. 
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'Kypaes 3.A. E2-96;93 
Paii11a,llllOHHblH XHOCT B 7te2-pacna.ne II_ HeKOTOpble KOMMeHTapHH 

K µ-e yH11sepcanbHocm 

l1cnonb3YH annapaT CTPYKTYPHbIX ¢YHKUHH, pe3yn1,rnT Bbi•-mcneHHH ::ineKTpon­
noro 11 ¢orn11110ro cneKTpos B pa.n11au110111mM pacna.ne mmna o6o6meu Ha n196b1e. 
nopHJlKH Teop1111 B03MYIUeHHH B rnaBHOM H CJieJly10meM 3a HIIM np116nmKeHHII. 
AononHHTeJihHbIH K paccMaTp11saeMbIM .B f!HTeparype HCTO'{HIIK pa,u11au1101111b1X 
nonpaBOK K OTHOllleHHIO 11I11p11H 3JieKTPOHHOro II MIOOHHOro KaHaJIOB pacna.na 
nHOHa, ~BH3aHHblH C 113JI~eHlleM BllPTYaJibHblX II peanbHblX ¢oTOHOB H nap, KaK' 
noKa3aHo, JlOJI)KeH 6b1Tb npHHHT BO BHHMaHHe Ha ypoBHe .TO'{IIOCTII 0, 1 %. 

. \ ,,. . . . 

Pa6orn BbmonHeHa B Jla6oparnp1111 TeopeTll'{eCKOH_ ¢mHKH HM. H.H.EoroJi10-
6osa, omm. 
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npenpHHT 00beJlHHCIIHOro HHCT1t1yra llJlepHblX .HCCJJeJlOBaHHii.·,!ly6Ha, ·j996 

Kuraev.E.A. E2-96-93 
Radiative Tail in 7te2 Decay and So~e Comments 

to µ-e Universality 

The results of low~st ord~r of perturbation theory calculations of photon and 
positron spectra in radiative 1t~2 decay are generalized to all orders of perturbation· 

theory ~sing' the- structure functions method. An additional source ·of radiative 
c·orrections to the ratio· of positron and muon channels of pion decays, coi-i'nected 
with emission of virtual and real photons and pairs is searched. It depends on details 
of detection of final particles and large enough in magnitude to be taken into account 

. in theoretical estimations on the level. of accuracy 0.1 %. · 

The investigation has been performed at the ·· Bogoliubov Labor~tory of 
Theoretical Physics, JINR. c 
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