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1 Introduction 

The Kepler-Coulomb problem in the spaces with constant curvature has a long history 
and was first considered by Schriidinger fifty years ago in the paper [1]. He used the factor­
ization method to solve the Schriidinger equation in hyperspherical coordinates and to find 
the energy spectrum for the harmonic potential being an analog of the Coulomb potential 
on the three- dimensional sphere and showed that like in'the-case of flat space there occurs 
complete degeneracy of energy levels in orbital and azimuthal quantum numbers. Infeld 
and Schild [2] and Stivenson (3] have treated this problem for the three-dimensional space 
of constant negative curvature. Later, Kurochkin and Otchik [4], Higgs [5] and Leeman 
[6] have shown for the space with positive constant curvature and Bogush, Kurochkin 
and Otchik [7] for the space with negative constant curvature that the degeneracy of the 
spectrum of the Coulomb problem is caused, as in the flat space, by an additional integral 
of motion: Runge-Lenz's vector. From the point of view.of path integrals the Kepler­
Coulomb problem for N-dimensional spaces with constant curvature has been investigated 
in detail by Barut, Inomata and Junker [12], Grosche (13] and in [14, 15]. · 

· The Schriidinger equation for the Kepler-Coulomb problem on the three-dimensional· 
sphere S3 

(1) 

has the following form (n = m = 1) 

(2) 

where xµ (µ = 1,2,3,4) are the Cartesian coordinates in the four-dimensional ambient 
Euclidean space E4 and 

The operators L; and N;(i = 1,2,3) are the group 0(4) generators 

(3) 

As has been shown in refs.(5, 4], alongside with the square angular momentum L2
, the 

Hamiltonian (2) commutes with an additional integral of motion 

1 ax 
A= -R {[LN]-[NL]} + ~===, x = (xi,x 2 ,x3 ). 

2 jx~ + x~ + x~ 
(4) 

In the flat space limit, i.e. as R -+ex, we have N/R-+ -i8/8x = p (4] and, consequently, 
the operator ( 4) transforms into the ordinary Runge-Lenz operator [25]. 

~;::.·;::.: J >~ 
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The operators L; and A; obey the following commutation relations 

[L;, Lil = iEiikLk, (L;, Ail = iEiikAk, [A;, Ail = -2itiik ( H - ~:) Lk, (5) 

which are of the nonlinear nature and, consequently, do not form the finite- dimensional 
Lie algebra. This is an essential difference of the Coulomb problem on the sphe~e from 
th~ flat case when the group 0( 4) is given in the form of a group of "hidden symmetry". 
In spite of the above peculiarities it turns out that the commutation relations (5) are 
sufficient for deriving a formula for the energy spectrum and multiplicity of degeneracy of 
a Coulomb problem on the sphere S3 (41. Another approach has been realized in ref. [171 in 
which the operators L2 and A. were used to construct a quadratic algebra (the so-called 
Racah algebra QR(3)) and a complete description of states of the degenerate energy le.vel 
was given. We should like to note that Coulomb problem on the sphere S3 has also been 
studied A.Barut and R.Wilson in [111 from the viewpoint of the non-compact dynamical 
group. 

It is known that there exists a one-to-one correspondence between the sets of indepen­
dent symmetry operators of the Schrodinger equation, both in the flat space [251 and the 
space with constant positive curvature, and the orthogonal systems of coordinates admit­
ting separation of variables in this equation. Thus, for instance, the Schrodinger equation 
for a hydrogen atom in t.he flat space is separated in four systems of coordinates· [251: 
spherical, sphero-conical, parabolic and prolate spheroidal, and the corresponding wave 
functions are eigenfunctions of the complete set of independent operators constructed out 
of the components of the angular momentum operator and Runge-Lenz vector. 

Olevsky (18] has found that variables in the Helmholtz or Schrodinger equation on the 
three-dimensional sphere can be separated only in six orthogonal systems of coordinates 
whereas in the Euclidean three-dimensional space their number is 11. 

Until recently it has been considered that variables in the Schrodinger equation (2) 
for a Coulomb problem on S3 .are separated· only in two systems of coordinates [8, 171: 
hyperspherical and sphero-conical, which is connected only with conservation of the square 
of the orbital momentum, and the presence of an additional integral of motion does not 
lead to separation in additional, with respect to them, systems of coordinates. 

For the first time, one of the elliptic systems (ellipso-cylindrical II) of coordinates in 
the three-.dimensional space with constant curvature was used in separating variables in 
the Schrodinger equation for the problem of two-Coulomb centers (91. Later, in ref.(141 
for the case of three- dimensional space with constant positive curvature there have been 
determined a rotated elliptic system of coordinates corresponding in the flat limit to a 
prolate spheroidal system of coordinates (when the center of the system of coordinates lies 
in one of the foci of the system) and admitting separation of variables in the Schrodinger 
equation for the Coulomb problem. 

The aim of the present paper is first to construct an elliptic basis of the Coulomb 
problem for the three-dimensional space with constant positive curvature and, second, to 
find a "lacking" parabolic system of coordinates which can diagonalize the Runge-Lenz 
operator. 

The paper is organized as follows. In the first section we give some known results 
concerning the hyperspherical basis of the Coulomb problem on S3 • The second section is 
mainly the study of elliptic coordinates and determination of elliptic basis for the Coulomb 
problem. · 
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2 . Hyperspherical basis 

Let us remind the basic results concerning the hyperspherical basis of the Coulomb prob­
lem on the sphere. The hyperspherical system of coordinates on S3 is connected with the 
Cartesian coordinates xµ. of the enveloping Euclidean space E4 by 

:X1 = R sin x sin 0 cos</>, 

X2 = Rsinxsin0 sin</>, (6) 

X3 = Rsinxcos0, 

X4 = Rcosx, 

where O :'.5 x :S ,r, 0 :'.5 0 '.5 ,r, 0 :S </> < 2,r. The solution of the Schrodinger equation (2) 
for the Coulomb problem in the hyperspherical system of coordinates has·the form (8, 201 

\J!n1m(X, 0, </>; R) = Sn1(x; R)Yim(0, cp) (7) 

where n EN is the principal quantum number, l = 0, 1, ... n is the orbital quantum number 
and Yim ( 0, </>) is an ordinary spherical function on the sphere S2 • The quasiradial wave 
function Sn1(x; R) orthonormalised in the interval x E (0, 1r] can be represented as follows: 

Sn1(x; R) = (ir-1
-

12n1r(l + 1 - iu)leT 
(n2 + u2)(n -1- l)! 

2rn(n + !)! 

( • )n-1 -x•t1p(-n+it1,-n-itT)(· t ) · smx e n-l-i ico X (8) 

The parameter u = aR/n and p;:,P\x) are the Jacobi polynomials. For the energy 
spectrum we have formula (11 

n2 -1 a.2 

En(R) = 2R2 - 2n2 (9) 

In the flat space limit when R -> oo and x -+ 0 so that R • x -+ r where r is the vector 
radius in E3 , the quasiradial wave function (8) turns into, for n ~ R and n ~ pR (p is 
a constant), the radial wave function of a hydrogen atom for the cases of discrete a~d 
continuous spectra, respectively, (20]. 

3 Elliptic basis 

3.1 Prolate elliptic coordinate system. 
The prolate elliptic coordinate in the algebraic form is given by [14] 

2 R2 (p1 - a2)(p2 - a2) 2 ,1. 
X1. = COS 'f', 

(a3 - a2)(a1 - a2) 

2 R2 (P1 - a2)(p2 - a2) . 2 ,1. 
X2 = ( Sill 'f', 

a3 - a2)(a1 - a2) -

x; = R2(P1 - a1)(p2 - a1), 
(a2 - a1)(a3 - a1) 

(10) 

x~ = R 2 (pi - a3)(p2 - a3). 
(a2 - a3)(a1 - a3) 
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where ( a1 :S P1 :S a2 :S P2 :S a3, 0 :S ¢> < 21r ). 
In terms of the Jacobi elliptic functions we have [25, 14] 

where 

x1 = Ren(µ, k)en(v, k') cos¢>, 

x2 = Ren(µ, k )en( v, k') sin¢>, 

x3 = Rsn(µ, k)dn(v, k'), 

x 4 = Rdn(µ, k)sn(v, k'). 

-I< :S µ:SI<, 
-I{' '.S V '.SJ{' 

a2 - a1 • 2 f k2 = -- = s1n , 
a3 - a1 

a3 - a2 2 f k'2 = --- = cos , 
a3 - a1 

(11) 

The Jacobi elliptic functions in the variablesµ and v have moduli k and k', respectively, 
and 2f R is the interfocal distance on the upper hemisphere; I< and I<' are the complete 
elliptic integrals. 

The Laplace-Beltrami operator has the following form: 

f1LB 
1 [ 1 ( 82 snµdnµ a 

R2 k2cn2µ + k'2en2v 8µ 2 -~ 8µ 

82 
snvdnv a ) 1 82 

] 

+ 8v2 -~ av + cn2µen 2v 8¢>2 (12) 

In the flat space limit the elliptic system turns into an ordinary prolate spheroidal sys­
tem of coordinates. Indeed, passing to the geodesic coordinates on the sphere, _according 
to refs.[5, 19], 

x· 
u; = R~ = x; 

X4 JI (x~+x~+x5)/Ri' (i=l,2,3), 

assuming 

R2 di 
---=---, 
a3 - a1 a2 - a1 

and changing a variable 

Pl =·a1 + (a2 -a1)772, Pi= a1 + (a2 -a1)e2, 

in the limit R ~ a3 -+ oo we have 

U1 

U2 

U3 

dJ(e1 - 1)(1 - 77 2
) cos¢>, 

dJ(e1 - 1)(1 - 772) sin¢>, 

ae11. 

-1 :S 77 :S 1, 

1 :Se< oo, 

(13) 

(14) 

thus arriving at the ordinary prolate spheroidal system of coordinates in E3 where 2d is 
the interfocus distance. 
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The variables in the Schrodinger equation for the Coulomb problem (2) are not sep­
arated in the system of coordinates (10) or (11 ). Therefore, in ref.[14] the authors have 
introduced the rotated elliptic system of coordinates 

x1 = Ren(µ,, k)cn(v, k') cos¢>, 
x2 ='(:'Ren(µ, k)en(v, k') sin¢>, 

x3 = R [ k'sn(µ, k )dn(v, k') + kdn(µ, k )sn(v, k')], 

x 4 = R[k'dn(µ,k)sn(v,;')-ksn(µ,k)dn(v,k')]. 

(15) 

connected with (11) by the transformation of coordinate xµ rotation on the three-dimen­
sional sphere 

where the matrix R(f) has the form 

"( 1 
R(f) = ~ 

xµ ,..... R(f)xµ 

0 0 
1 0 
0 cosf 
0 -sinf 

si~f) 
cosf 

The elliptic coordinates ( 11) and ( 15) are the one-parametric coordinate systems de­
pending on k. In the cases of k -+ 0 and k -+ 1, the elliptic coordinates transform into 
the hyperspherical coordinates [25, 16]. 

The next interesting particular case is the coordinate system (15) 

x1 = Rcnµcnv cos¢>, 
x2 = Rcnµcnv sin ¢>, 

R 
x3 = v'2(snµdnv + dnµsnv), 

R 
x 4 = v'2(dnµsnv - snµdnv), 

with k = k' = 1 / v'2 ( or f = 1r / 4) for all Jacobi elliptic functions. 
From eq.(15) we can obtain that 

_ 1 {( X3)1/2( X4)1/2 ( X3)1/2( x4)I/2} snµ - - 1 + - 1 - - - 1 - - 1 + -
_/2 R R R R 

1n 1 {( X3)1/2( X4)1/2 ( X3)1/2( x4)1/2} v .:dnv = rn 1 + - 1 - - + 1 + - 1 - -
. v2 R R R R . 

Then, for large R we have 

-+ _ r(l +cos0) __ 
1 
~ 

snµ · 1 + 2R - + 2R 
r{l - cos0) v 

v2dnv -+ 1 + 2R = I + 2R 

and the rotated elliptic coordinates (15) in the limit R--> oo transform into 

U1 = ../uv cos ¢>, u2 = ../uv sin¢>, 
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U3 = -2-, 

(16) 
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which are the flat space parabolic coordinates [21]. Thus, the rotated elliptic system of 
coordinates (15) at particular values of the parameter k = k' = 1/../2 plays the role of a 
"parabolic" system of coordinates on the three-dimensional sphere. 

3.2 Separation of variables and integrals of motion. 
In the elliptic system of coordinates (15) the Coulomb potential has the form 

V = -~ X4 

R Jx~ + x~ +x5 
Choosing the wave function as 

a k'dnvsnv - kdnµsnµ 
R k2en2µ + k12en2v 

eim</> 
\JI(µ, v, </>; R) = 1j;1(µ; R)'lj;2(v; R) ,/'Er 

(19) 

(20) 

and substituting it into the Schriidinger equation (2), after separation of variables we 
arriye at two ordinary differential equations 

d
2

'1j;1 _ snµdnµ d'lj;1 + 2R2 k2 Een2 µ __ -
2
- - 2aRksnµdnµ "Pt 

{ 
k'2m2 } 

dµ2 enµ dµ en µ 
->.'lj;i, (21) 

d2'1j;2 - snvdnv d'lj;2 + {2R2k,2 Een2v - k2";2 - 2aRk'snvdnv} 1P2 = A1P2, (22) 
dv2 cnv dv en 11 , 

where >. = >.( k; R) is the Coulomb elliptic separation constant. Eliminating from (21) 
and (22) the energy E we arrive at the operator ' 

1 { 2 2 [ 8
2
· snvdnv d] ,2 2 [ 8

2 
snµdnµ d]} A = -,------,--,--,,- k en µ - - ---- - k en v - - ----

k2cn2µ + k'2cn2v 8v2 cnv dv 8µ 2 enµ dµ 

k'2cn2v - k2cn2µ 82 ksnvdnvcn2µ + k'snµdnµcn 2v + 2aRkk'----,-,,---c-------,-
cn2 µcn 2 v 8¢>2 k2cn2µ + k'2cn2v 

whose eigenvalues are the elliptic separation constant >.(k; R) and the eigenfunction is the 
wave function (20). Passing to the coordinates X1,1 we obtain that 

A= (k2 - k'2 )L2 + 2Rkk' A3 = cos 2JL2 + Rsin 2f A3. (23) 

•Thus, the elliptic integral of motion is 'not an independent symmetry operator of the 
Schriidinger equation and is a linear combination of the operators of the square angular 
momentum and the third component of the Runge-Lenz vector and depending on k as 
on the parameter. One can easily see that ' 

limA = -limA = L2, Jim A= RA3 • 
k-o k-1 k-1/.Ji 

Equations (21) or (22) can be reduced, by substituting the variable, to the Heun­
type equation [22] with four singularities [9, 10]. A direct solution of these equations 
is a complicated mathematical problem, and it cannot be derived in a closed form, i.e., 
as classical polynomials. · As has been shown in [10], it can be chosen as a series over 
hypergeometric functions whose coefficients satisfy the three-term recurrence formulae. 
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Instead of deriving eqs.(21) or (22) immediately, we will follow the method which has 
first been applied in ref. [23] to find a spheroidal basis of a hydrogen atom in the ordinary 
flat space. We look for an elliptic basis of the Coulomb problem (20) as a superposition 
of hyperspherical bases (at a given energy) which could serve as an eigenfunction of the 
elliptic integral of motion and angular momentum projection L3 • Within this approach 
one can not only construct an elliptic basis but also to determine coefficients of interbasis 
expansions between elliptic and hyperspherical bases. 

3.3 Interbasis expansion for elliptic bases. 
Let us write down the expansion we are interested in 

n-1 

Wnqm(µ, v, </>; R) = L w~qm(R)Wn1m(X, 0, <p; R). 
l=JmJ 

{24) 

where the elliptic and hyperspherical bases are eigenfunctions of the operators {H,L3 } 

and A, L2, respectively, 

A\Jfnqm(µ,v,<p;R) = >.q(k;R)Wnqm(µ,v,<p;R) 

L2Wn1m(x,0, </>; R) = l(l + l)Wn1m(x,0, </>; R) 

(25) 

(26) 

and the quantum number q = 0, 1, ... n - 1 labels the eigenvalues of the elliptic separation 
constant. 

Substituting expansion (24) into eq.(25), using eq.(26) and the orthogonality property 
of the hyperspherical function Wnlm, we arrive at the system of homogeneous equations 

n-1 

{ >.q(k; R) - (k2 - k'2)l(l + 1)} w~qm(R) = Rkk' L AwW~qm(R) (27) 
l'=lml 

where 

11\" 1" 12

" Aw= R3 sin2 xdx sin0d0 w:,1mA.Wn1md</> 
0 0 0 , 

(28) 

Let us write down the Runge-Lenz operator in the hyperspherical system of coordinates 

1{ . ( 1 8. 8 1 8
2

) 
A. = R cot X cos 0 sin 0 80 sm 0 80 + sin2 0 8¢>2 

+(sin0:0 +cos0) :X +aRcos0} (29) 

Now substituting eq.(29) into eq.(28), using the recurrence relations for the spherical 
harmonics Yim(0, </>) [24] and after trivial integration over the angles (0, </>), we come to 
the following expression for Aw 

Aw· 2 {_/(12-m2
) 1" . -R V (4/2-1) 

0 
Sn,1-1(x;R)O_Sn,1(x;R)sin

2
xdx81,,1-1 

+ [(1+1)2 -m2) 1" . } 
(21 + 1)(21 + 3) 

0 
Sn,i+1(x; R) O+Sn,1(x; R) sin

2 
xdx 81,,1+1 {30) 
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where the operators 6± a,;e determined according to 

6+ 
a = l(l+l)cotx-(l+l)ax -aR 

6_ . a 
= l(l+l)cotx+lax -aR 

Then, using the results of ref.[6] we have 

D+Sn,l = ✓(n - l - l)(n + l + 1)(1 + 1 + iu)(l + 1 - iu)Sn,l+I 

6_Sn,1 = ✓(n - l)(n + l)(l + iu)(l - iu)Sn,1-i 

from which we derive the final expression for the matrix element Aw 

Aw= - ½{ (n-'- l)(n + l)(l + iu)(l - iu) 
6

, 
(21-1)(21+1) i_,l-l 

+ 
(n - l - l)(n + l + 1)(1 + 1 + iu)(l + 1 - iu) 

6 
} 

(2/ + 1)(2/ + 3) l',l+I 
(31) 

Finally, substituting eq.(31) into eq.(26) we arrive at the three-term recurrence relations 
for the expansion coefficients W1 = W~qm(R) 

[n2 - (l + 1)2][(1 + 1)2 + u2] W1 i + _1 [.,\q{k; R) ~ (k2 - k'2)l(l'+ 1)] W1 
(21 + 1)(21 + 3) + kk' 

+ (n2 - 12)(12 + u2) W1-1 = 0 
(21- 1)(21 + 1) 

which have to be solved together with the·normalization condition 

n-1 

L IW~qm(R)l2 = 1 
l=lml 

(32) 

(33) 

The recurrence relations obtained are the system of (n - 1ml - 1)) linear homogeneous 
equations, and admissible values of the elliptic separation constant are determined from 
the condition for the relevant determinant to be zero. 

In the limit R-+ oo, k_-+ 0 one can easily trace the transformation of the operator A 
into the relevant spheroidal integral of motion [23] 

lim A =L2 +dAz 
R-oo 

(34) 

In this case, the relation (32) turns into the three-term recurrence formula for the expan­
sion coefficients of the prolate spheroidal basis of a hydrogen atom over the spherical one 
for both the discrete at n ~ R 

[n2 - (l + 1)2] n 
(21 + 1)(21 + 3) W1+1 + ad [,\(d) + l(l + 1)] Wi + 

(n2 - /2) 
(21- 1)(21 + 1) W1-1 = 0 

8 

and cop.tinuous spectrum at n ~ pR ( p is a constant): 

[p2(1+1)2+a2] 1 
(21 + 1)(21 + 3) W1+1 + d [.,\q(k; R) + l(l + l)] W1 + 

[p212 + a2] 
(21- 1)(21 + l) W1-1 = 0. 

At k = k' = 1 / ,J2 the recurrence formula is simplified and turns into the recurrence 
formula for the recurrence coefficients for the "parabolic" basis over the spherical one. 
In contrast with the flat space, they are not expressed through the Clebsch - Gordan 
coefficients for the group 0( 4) [21]. 

4 Conclusion 

We have shown that the presence of an analog of the Runge-Lenz vector for the Coulomb 
problem in the space with constant positive curvature leads, like in the flat space, to 
the separation of variables in an additional coordinate system, the elliptic one. Also, 
a "parabolic" system of coordinates diagonilizing the A3 component of t·he Runge-Lenz 
vector is found on the three-dimensional sphere. In contrast with the flat space, the 
"parabolic" system of coordinates on the three-dimensional sphere is not an independent 
system of coordinates but rather a particular case of the elliptic one. 

The derived three-term recurrence relations for the coefficients of interbasis expansion 
may serve as a starting point for constructing an algebraic perturbation theory at small 
values of the parameter k or k'. 
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