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1 . Int.roduction . 
' ', , ·~ • : ••• >, ', ', • '.' •• <. ' ,:·:·· ·;.·,, ~'. .. ,/.:"::, <-~ :\ .; i . ::.,. \, 

ln ref.[l] .it has been shownthat the c:ongruent transference intr<>-;., I 

d~~ed by Weyl [2] 
1

in)921 defines a nqn~AbeH~n gauge field. '·The-
1 

, .. Weyl gauge theory is ·a_ r~alization of abstract theory of gauge: fields ' 
. in. the framewor~ of'~lassicaf differential geometry which does-. not, , · . 
. • assume· separation between space:~-- time and a gauge space. At the, 

'\ ' '.' . t ., '; ·.. ·· , . ' l /' '· · . .. _' . 

same time, contemporary gauge models assUine an exact local sep-
aration between space .'. time :aiida 'gauge.field. It is'just,this point. ' ' 
that the Weyl theory opens a new possibility.: > ·. , . ~. . :,,: .. ·· j . 
•.· •.·rt is ·s.h~wn.tliat the space-of:aJI:covar;ant• antisymmetric tensor . · ·. · 

. fields.is a ~pinorrepresentation of the Weyl gauge, group.and allows · -•• 
" , ' !. I' '/ . ' ' , ,, . I ~. • _. , , • , ,'' • , • • • • f ' • . , , 

, , , the construction of a spinor c·urrent <" source in 'a gauge, theory ,of · 
that type.· Statu~ a'(the Cartan t6rsion field ~ithi~ the Weyl_gauge1 1 

' . ','' . . . . .· . ,. ' : ' . . . ' ',, ·. . ' ' . ';. 
theory is 'considered and it is. ~ho~n that _the torsion)s not a gauge_· 
. field, h6wever, i,na certain g~uge,. the th~ory admits geometric in-. . I, ' 

: te:~pretation )ri t~rms ~f,tlie Riemann-: · C~~tan· geom~tr~. _ ,' . : ·.·. 

2 •· G~~ge<potentia)- . 
. . . , , . I . J, 

The Weyl ,con:nection \Vhi~h defines _the ccingrueµt/transferehce ofa . 
. vector is of the form . . . ' · . . . . . . . . 

. I· \, 

(1) ; 
':· 

wnrre tk} are Christoffel 'symbols of the Rie~ann 'conne~tion/of 
the metric 9ii : - ' _ / ' · ' , · ·: · , · 
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-According to (1), vector components urider the congruent trci.ns~er.:: 
ence change bythe la~_ · -- - 1 

. - . - - • 

, , ' - ,. '·. . / '• -~ 

dvi ~ -{~k-}··d;; v'<-'·F!k; dxi, vk' .,_-:· ,,.,,,, · " _. (4)-. · 
. 3 . .. • 3 . ,. ~ , .-

' , which includes the d~splacement-belonging,to the· Riemann geome
try (the first term)an1 the. rotation determined by the· metric 9ii 
' ' .. ,·- \ ' . . ',. _'. · ... ; w ' - ··::_ ', ·'. . •, ,· ' 
. a~d- the biv~ctor F;k1 dx3·• Denote by v'i _ the covariant derivative 
with respect to the connection T}1c> The~' with'allowance for (3) we 
obtai~-- ·- · > r ·-,-,;·- -·· · · ·-

w . ' 
•.. '\;lj 0 fJik 0. (5) ' 

l ·"'/ :_· ;·' .',·, :r' ,>. -~ .' ,,:·- ,:,.;f,, ·1· >. <_ .... ,<'r•-·, . '•,:• " '•,·; .:_ ·, '_ ;, ... •• •• 

Thµs:, the Weylconnection i~inetric._ Unde_rcongruent transfe_rence, 
.. the lengtho( a vector_ do_e,s. i:iot c1lange' since ;i.n accord,mce with ( 4) 
d(giJvivi)-,0.:.· __ ·•· ---•-:> · \· .. <-' -•-----•-·: __ ·_-.-, ·,_,·-, · 

_ _ The Weyl geCJmetric c:oristructio.n :presente9 above has: a simple 
- group;; the6,r~tic:~l-~~~ri°:~· L~\:{f be.col!lpopen't~-()fa: t-e~so~ fi~ld 

_· s of type (1,ltobeymg th~:cond1tmn·det~S;)_-=J O.Ip th~s c_ase ther:e 
·_ e:x:ists a:tensorJeld s-1 with c:omponepts TJ. such that SicT/ -:: h}-

. '' . .. ' ',, , , ,• . , '_\ . ,, . . ' ' ' ' ,, : 

It is obvious that the tensor field S :can· be ;.regarded ias _ a linear, 
'.' ·', / ./ '. : . ,, · .. ' ' . .., . . ,, ~; , ' 

transformation. 
' ' " J :....i ,' : •'•i : __ : . .'' _." ·< . ' 

· 1 : v .= S3 v
3 ,, ., ., . -_-- , (6) 

\ . • " " • ' .., , '. 't' . t . ,\. ,._ ' ' .... ,' ' - " ~- ... . 

in: the space of vector fields; s-1. is the, inverse 'transformation. · 
. . ' .,· . • - \ I , . , , . . ' , . , ,- •·' ·. . , - ' 
, Since_ under congruent transference thelengtli of a vector remains : 
- -constant,. among the_,transf~rm'.,ations -(6) w~ distinguish those'that_ 

do: n_?t' change' th~)engt\ M ct\iyept?r; they' are, giv<:!n; b:y the equatio?s ' 
,~ . (' k ; k r 

,I 

!_ 
9iksj = 9jkTi_; (7) '.' 

Transform~t,ions of 'th; foqn- ( 6) 'and' (7) f~rm; a group that IS a 
. " ,' ' ' •' " ,-- '\.. _\ ,· '·.••·', ' 

gauge group, as will be ,shown, below; we denote it by Gw. The 
gauge group establishes an ~qui valence relation in the space :of vec.:. : 
tor.fields. It cari be sho~nthat if.a vector-·vt in an equivalen~e:dass' 
undergoes -c~ngrU:ent tra~sfer~ri~y, "'then·any'vector ~i e·quX~alent' to. I 

• , - 't \
0 

< 1 ; ,•• < • •--... a~• ' 
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·;·, 
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~· ,· 
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' '. 1. 

·. ,t·, 

. ,, .' I 

/. 

. . ! ' i . . 

it ii:i t'he sen.Se .of the gro~p Gw, also undergoes congruent trans
feren'.~e, Then, the gauge potential should ,"be transforfued by the 

, , . l • • - , ' 

following law · • ' ' : : ··. · 1_· •· · _ _ ·- · 

' F1km =F'i;jTf T!'+9ii T~.,r( ' (8) 

~rom (7) it f~ll~ws th~t the' te11;or' P,;~> obeysequatior{ (3)/~nd . 
hence, the .W~yl conn~~ti~n ., . - ' - ,' , , , , -- -

' ·, -· 1· . ' 
~ ',\, 

,_ , fi, = ·{i· }· +P~ 3k ik - _ 3k 
l ... i .' :. ·,.' .. ' ' _::,-_•_-': <, ' : ',I' . •• -: : ' ' 

·' also _determines congruent trcnisference. Qo"nsider an infinites_irrial 
gauge transformation, S(:. = b~ +:1/;: _ Ti =:_1c5~ ._:__:_ ui.,\vhich upon 
su~stitutiori into (7)'giv~s 9ik~J+iJ{uf~ 0., Hence it'foHo,w~\~at 

. any 'antisymmetric cov:aria_nt ·fensor field' 9f second· rank (2~forin) ,, 
uif ·~ :.:...uii deter~ines ';an, infinit~§ii;n1:)-l. gauge transformition since 
u}. =;= ·u';ki/k: Ccmsider infinitesimalgauge .transformation's>of the 
potential. From (8) we obtain. - · ' ' ' , . -- ·- . 

' , . ' 

• - · __ . ' _,: .. : ·. . I ' 'I:.: 
Fijk = Fijk:+•\7.iUjk +Fij/Uk ~ Fik/Uj,· 

'. ,, ; l ' . ' ' \. ; ~ ~ , ' ' 

-·(9)' ·, 
where "\7.i is covariant ·derivative with. tespect to tl~e Riemann co~---

1 . . . . ' • . . . ,_,' .·. . . . . _·' ..... 
·n~ction -of th~ metric'gij, -wliose 1Christ<?ffer symbol_s ,are given by' 
'J. , . - ' , . ' •;'' IJ. 't' ,, ) ·', .. ' ' 'I . . ' .. 

(2). Let us now,construct the:s,trength terisor ,ofthe gauge field :, ·-

\,: 

; .-·.,_ ',• 'r : ' I • ',I / • 
• ",; '." ,I 

I ' ' • j ' ' ' • ' • ( , ' ', < • ' , • ', ' , ' • \ ', ', : ~ '. 

Bijk/ .;;,V;Fjk/ - '1jPikr+Fikm_F]1/;:,fjk"}F/[+,Rijk/; ':. '(10) 
. '. t ,i' , , ' ~ · 1 · · '' ', · ' " . ' ·_ ' 

; :Where Rijkl istheRiemann curv~ture tensor of the Itie,tric.gij• Fiom 
:, ( 9) r.i t; follows I th.at ;th~ stre~gth. tens~r is :gauge~tra~,sf 6r~~d by the . 

law ' · ' · · ' -.- · · · · · · , ·_ · · 

'fjijkl·,.~ Bijkl+ Bi~:m uG, -:Bij/:.n Ji;.· ' ' 
' ,, ' '. , ~ . '' .: , '' . .: . . '. ' -. t' .. ,.- ,; :· \ " " - . . , i: ' : ' .. ., 

Let us interpr~t the Riemann curvature terisor in expression (10) 
from a group-theoretical_ arid'geometric,point oLvi~w._ : We set 
Bijkl = Hijkl +R·ijk/ 'and from (9)':and (10) w~ get ;, ' 

• -i ' . • •• ' '. ' • . ~ • : ... ..· '• : • : , 

. flijki: ·.nijk/+,Hijk~ui-HijlmY-'!: + (\7./'Vj,.~ "\lj'\li}uk// ,: 
.. , - ~ . . . ' \" . .' ~ ' ~ . . ,, -· 

· 1, 

\ 
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.... 
• According to th~ Bianchi identities, 

(ViVj - VjVi)Y,kl =1!,iikmur __;;Rij/mUk; 
_,,_,-.. , 

· 0-hich cle~rly shows the r~le of th~ Riemann curvatu~e ten~or und~r 
gauge transformations .. The ten~or (10) has a simple geometric 

. meaning. It can be shown• that the curvature tensor" of the Weyl 
connection coincides with the st~ength <ensor' of the Wey(gatige ,· 

. : field whereas the gauge· potential. is considered .'as a deformation 
. te~s6r' of the Riemann connediori. . - ': ·.. . , . , 1 

. • • 

:,· .. Thu~ the tensor field Fiik,:enteringinto th~ WeyLconnection Is 
. ' a' gauge field, /arid the ,ten,sor Bijkl .is: the strength tensor. of that . 

. field.:•. We stress. that ,th~, ga~ge groujf iri the case und~r c~n~id'.. 
eration.'is "defined by ,the metric, while the gaug~ field has a direct I 
· geometrical meaning ( congr~ent tran~ference) ·an<i n'o extr<l,,internal 

'' "".•,,. ! . ' . . ', -· ' : . ~ 
or.· gauge space is. to he intr,oduced. Here gauge symmetry reflects . 

• ' I , ,', ' • , ' • . ·', ' ' '• • • , • '.',\ • ,' •. • 

the fact th.at there does -n?t .exist, any objective property ,that. could 
.'distinguish the. g~om~try defined by .. their connection'. r' from the' '• 
. one .defined by 'the c6nnect1on :f'. ' .. "'· ·. . " 

·'/ 

· ... 3··· .·Gaug~;~~l~f equatiOJ?.S 
I . ·r 'v . , 

··' .,· 
~· 

Wewrit~ the 
0

gauge-invariant· Lagrapgia~ .in t;he 1forrr(,; 
. '. ,.: - '' . ' . : ,.....,,!,,.· ,-.·_; -

'. · ·• ' L. · .. i 'kl. J · < i "k . 
• L = --B"k/B J ·.+ -E-·kS,1 . . · 16 '3. · . · 4 : '.1 · ·' 

,- f ' • 

:(11) 

··,yhere·S•jk. is·.ah un~tio~~ '_curr~nt':;Ource .. of, the ga~ge'field. ~hat ' 
·, should be a quadratic fo'rictjon of comporie-IltS of the quantity defin- •. 
ing a: spinpr represeitationofthe gauge g~cmp 'Gw .: Variational pro:: 

,,- - - • • ' - - ', •.- ·- • , I , ',,. ·1 ·• • • i .. ' · ,-

• cedure results jri the following-equations ofthe gauge field: · 

\ · · '\!·Bijkl + ;_kj3iiml _ ;_; .jJijink +sikl ~\ 0 .. 1 . , .•.. (12) 
.- , • 1 ' ' i .. / >im: < ' _}m, .. ; ,- : . ·· .. •·· ... ·.· 

• I From these equations we derive, the' equations for the gauge~field 
: . . , · .. , . ,, ,, ·. 

cufrenk source . , 
- ~ ,,\ '\' ' ,, ,:•-. . i' ( . , ' . ' 1, ' '. 

visikl + F/rnsiml ~P/rnsimt= 0. 
. ['·' . ' \ , 

'\' 
'\ 

,. ,-,? 4·, '';/, 

~ ., , 

(13) 
·\ 

I 

11 

)! ; 

t1i 
1 

l . ' 

l 

t ·I'- i ,, 
i., 

l 

-I 

I 

Next; conside/th~ current vecto/ · . , .. 
' •' I·. · ... : ,:, .: . . , . . _t . .' .. ·.• ••,· ,.•:,/ '. • ,, 

·Q., ji'_ l~ .(F-k 13ifmf._ pl>Bijm~ +sikl).' 
,, / . 2 kl im . , . . im ·· .. · .. . . 

' ··.·. • J., ,' .. •· ',· •. : ,· '•, < . . . . .· •,. ' ' . i 

From the 'field equations if foUows that :the Cllff<_!nt is conserved if ' 
the bivedorvi/,obeys :tl;i'e equati~n "viVJk . 0. Howeve~, the cor
responding conserved : qii~riti ty is· n·o.t .· g~uge~inya~iant. ·•The. same . 

- holds 'true also iri ,.the, abstract .theory ofga,uge' fields:. ·;tn: ~11 ,the . 
previous· form~las .. iL was. assumed that tlie gauge potential is of 
dimension 'of 'the inverse length'. To. iritroduce the ~onstant. of i,n~ . 
.terac~,ion. with :the gaiige'-:fielc:i,: .we shoul<i•'make the ·substitution 
. Fikt···=# :cFikl• fo··the limitf ~

0

:0'the ~agr~rigian,·(f1);tr~#sfor~s 
in~o th~ pure gravitational one . ' . ,, I 

! ' . . '. ·· 1·. ' . . .. L :._ "-:--· R .. Rijkl: 
I' ,' 16 i3kl, '.· 

whith is k~own (3) to. be re~~rrnal_iz~ble:•. 
. Let' us now compare . the. Wey l! gauge: theory with, the ·abstract· 

. theo~Jofgauge fields.: The:f~tter·i~ based·on an arbitrary semisirn:c 

. pie Lie group with structure :coi;istadtsJt and a se! ~f vectot'fie}ds . 
•, , • ,,' I\ 

1 

,•, ' ',,f •. '•: \• ', . •' >: • f • • :,,, , 

Sp~~e-time .indtces are raise<i and lowered .with ,the,metric tens~r 9ii; •, 
,whereas pctrarrietric in<iices, with the gro~p-~~tric [4]:,g~b'___:f:mf~:. 
In the .Weyl theory, the metricteri~or is.al~~.a gr~up 'tensor and. 

;' ," •. . , .. ,'... . ''. , ' ... ,. ·, - , '• , · , . , , . -, , · , ,. ··. l • •: l' • •' ' 

structure, constants are absent., The reason is that 'for some·, Lie 
. gro~ps the <:~ordinates ~n -a,group

1 

can, 'b~ regarded a~ 'te11~or-'fields · 
i.n spa'ce - time/;whi?h just leads,t~ the' ~ituation :w,h:en spa_ce-.tirne 
and gct.uge ·space• are not separnted Hke in the 1abst.ract . the9ry. :. , 

\. . . •·,,, . ,'' ·./:f:' ,, 
4 . Spinar representc1tion · . 

-' '., ' • . .' ,, r_- i ,_ , _-' *_- . \.' • .. . •' , ••, •, .: • < • ... ~. ~ ' t ' ; ,; . - • ', ,") ; :-

Let .µs cop.sider the' fieldthat'is a, source.of the Weylgauge field'' 
. and<'defines :a spino~ representatioll of ith~ group: Ow: The,. spinor· . 
repfes~nt~ti~~'."of'thl,Weylgauge gro~p i~ a.i6-~ompon~11t 'object • 

•/ - '• • ' • • ,,, 
1
'. ·1:•-, ,: • · · ,;-· . · - . -,_ - _ .. , '· · - ', \ · ',·: , . _< ·, t : ,. 1 , 

· which can be defined as space of all covariant: antisymmetric tensor 
~. ,. _, · · ~' ., 1 ,:, i ( '·,,,,• , ., ,' 1; /,'>, ,'· ,, I,_,_: • ~•/', 

I 

'( 

'/ 

", 



',, 
fi~lds· fii•••ip(p , ·o; 1, 2·, 3, 4) on a space - time ~a~ifold with _the.·.· 

. metric Yii--Matliemat_ically,a shorten· not~tio~ 'differential form' is 
adopted: So, the form is the foUowing quantity · · · 

,F. (f,_ fi,_
1

fii, 
' 

fijk, _ · fijkl)- ~. (i4) . 

Objects of that sor( w~re first co'usidered in ~ef. [5] (see also [6; 7, . 
8])/ Th~ history of the prol>lem aI1d furth¢r references cari beJomid 
in~ef.,[9] ... :·. . '• . 

· - · To prove 'the abov~ statement; . we ·determine. th·e. natural. La-
. grangianfo~ the fielcL (14) and. show -:that it is invariant unde; , 

.• .. . .• I . . , .. . . ,. 

·gauge. transformations , which define the symmetry' aspect of the · 
,-,.f • ,, '. ..- ' . ' ' •: ' _I . I __.• ·., 

. ;WeyLg~uge field .. We 1define the scalar br_ctcfet ·of .two _fields of the . 
type (14) as follows . . , ,. ·.•. . . ·... . ·· . · .... ' · · -

';(< ' • ' ' ' , · 
·• . . . .. ·· . :·'- . ~ . j;: _ ' ·.. . 1 - : . :k . l .::.·. ·, "k;~ I 
· (F H) - ·fh + J,·h' +·-J,··h'3 + -f,--kh'3 +· -J,··k1h'3 

I l. , - , % • 2, tJ '" . 3, tJ ·.··. 4, ,tJ_ • , . l I 

where the bar means. complex co11jugatio~. If f is ,.a. form; 
ge11e;alized ,cur}operator di; gfren -as f~llo~s 

• •' \ ' > ~-· > • • ' • /. ~ 

the.· 
f 

· , dF · . (9,' &d, 2.[}[di1;jalifik1, 48[djk11). ·,, · .• . : (15) . 
. ' ' . '\ ' ' . ·, ·, '. ' ' ., ''• ' . ··.' . ' ., t 

Her~ square bracket_s, d,eno,te alternation; aj -:"8 / 8x', The ,simple~t ·. , 
. Lagrangian fo:r the field 'F tha'.t' can be .constructed in termsof_the .. 
. operator<a is of.th~ fdrrri::: . . . . . . 

' ' 
_ Ld(F) = (F,,dF)'+ (dF,F) fm(F,F).:. , ':, (16)'. 

No;e that the operator pf ·e~·ternal differe-~i;~tio~ (15) i~ "the only 
linear ·op~r~tor of first order that' corrnnutes with t.ransformations 
of- h~e· group of diffeomorp.h1srri~, _th~'g~ou.p of sjrnrnet~y· ~(grav-' 

. itati~mar iritei~ctions. I Therefore, the Lagrangian_. (Hj) is defined 
;,,Ariiquely. ··If .vi·. is a· tovariarh. derivativ;· with' resped tbtheRie~ 
, m~nn connedion-·of. the·metric· efii/de!iri~d by ,I"~latioris. (2)~' then ' 
. partial -d~rivativ~s in (15) can 'be· replaced bY, c~varia~t derivatives . 

/.. . _ ... '. ,•·,.: '.. ' . ' , . . ,'--.•: '-. 

i' ·,~ 

I : , ' , 

1: 
. !·. 

'r-.. -_L 

. ' 

• I jL: 

l, 
r 
.j r· 
F: 
! 
I: 

.j ' 
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" 

, .,.; . 

" 
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[ 

The' Lagr~ngian (Hi) is not stiitabie for th~ investigation since the 
operator :d is rt~t self-conj~g~te with ~esp·ect to' the scalar product . 

. . ' lFi;>=] (F;f,l)~~- . 
! . ' ',/ 

' 1.-

Using the identity: ·i 

: . 
4 

l_ \ . ki1•·•ip·~ 
4 

':.!_: i .. ·. ;;'.::jP L ,fki1"''ph .••'. ~-~ L ,(pf,1 ... ,p)h . 
'. p. • .. ' .· ... .. p . . , ' . 

P';"O .. . ,.· . p=O · 

we can e~sily verifythat· the operator -v' -= 8+ d, possesses th'e 
required,p~op'erty, whe;/8 is the o~eratoi; 6f ge~eralized diverge~c~ 

< , • • -~ _,.. ·, 1 · • J ) , I J j, • 

·._r : . . ' ·- .,_,, m .1-· ).~ ... .·m_· -· ;·_. 'm _i. , ,-, \ 

· : 8F :== (._:,v' fm,' -v' !mi, -,. y' fmij, -'( fm(jk, 0) .. 
• , " ' I' / •'• , " . • , 

Tne'Lagrn,h~i~~- d6)' in 't~r~s'.~f.th~ op~'ratm~:V ~ 8 + d rea
1

ds ' .. 
,, ' \ ,, ' I • • '• • 

where 

·,I.. 

· · 1 '' ... ,/,1· :.,., I ... ·· .. 
·Ld·(F) = -(P v' F)·+·-(v' FF)+· m(F P) +·v'-T' . . ·2 ' . · · 2 ' ,. ' · · ·' ,, ' ... '. ., •.; i . ,• ,. ' . . .• •·. ., . ' /· ,_ 

'··.' ~, ·1 

,, '4 ,· · .. ··. , ·.· ' ' ,. . ' .. ' "., ' 

Ti·.=·•·L Lf;\•' : .. !· ~.,{ ... :_ip+' -J-ki1•·,ipJ,, · .. ,' 
'• ' . I IJ '"'p . , . ·. . ' •1 "'Ip". p.. . . ' . . \ ' 

,p=O 

,,~-·· 
,, t' 

So, th~ l,agrangian '(16) is:equival~ntto the Lagrangian',. 
·; \ · ' . ,,.., ' ·. .: . ., . . . . 

\ 

, · . . . 1 · ·· ·., .. :: .. r ·· <' C ·... .-. ·_ · ·• , ,. 

L(F) .~ 2(1',',.VF),+ 2(V F, F)+m_(F, F), ·· ( 17) 
' . 

,, .··1, \ ' ··., ·; , ' :: , '. _ ,,· -·. , 1... , . _ 

which will be riow analyzed. We-define a numerical operator.A; by 
' . ! I ·'; , ' . f 7,// /.' • '' ' , \ ,., • ,I . ' • • . ' 

set ting . • · . > . . . . , . · ' · 
·, • • f I.' A.f =:= (J; :_J;, lij, -~ fijk, . .fijkl)-

Itis not difficult' t~ verifY the validitJ of ~he 1folfowirig relatioris. 
; :_ -. : ., \ ' • • ' > ' ' .,·,,,·,' 1 

.:A2 '.1 
·. ·,.' · VA + AV. ._: 0. , 

• ~• ., I, ' . 

I 

.1 



I 

\' 

-,-

, / 

·;,· 
I/ , ,i,_ .... :..._ 

, Since Vd+ dV '= V 2 , then, . -
< • .. •• ' • • -· /· ; • \ : " 

- 1 , - - >-1 . - , _-_ ., _. 
V(,-V ~ d)+ (-V - d)V' 0. : 
; -- 2 , ___ -_ . -2 

,/ (19) 
/ 

· F~om (18) and (19) it follo~s·th~tthe operator 
• '>..._~· 

V (V~2d)A - (20) -
•1 / . •r . •• I ' / • ' 1 

· ·- commutes with the operator V, whereas their squares are equal to 
' ' (- - ' '' ' ' ' -- -

'--- * . *-·· ', f * ' 
V V=V V . - .V~, V 2 • 

' - ,, ' , ' 

'~, .. 

' .. '',,· ,,·. ,\ . _·: '.·.·. -·: .. ·· •. , ,'"·:":,: .>._; '(_ ~\-_:·;· 

·- \Ve-,willcaH the operatqc V dual to,the operator.,V. Jn;accordance 
with th~pri11cipl~ of idiini,ma.Lelectromagneti~inter~cti~ri', we ~ak~ , 

•• ' .• • : • ••: - •. \ l ~ ' I . •, • • ' •,_ '/ . * 
· t~e su bstituti<?n, ~i, =⇒ Vi - ~:Ai iri, the _o'perators V and V,''denot~ 

•• ' - ' ' i ' .:,. ':· '. ' 1., ',-'. ' 

the new oper.:i.t~rs by D and il respectively, a~d, ~etermine their, ' 
squares:We'have ,- •' _ . , -' 1 

· _·, -. - - _: • -· -- -0- >. _, ,, -_ -· 
~ ~ :. ,• ,• ; ' • -•-~! '-. ,.,,•:, •" -:~ ,' /· • I :\ • 2 : ••' l' ,:•.•. •,•, •• \ • 

* 2 2 . . ze _ · 2ze - -- - _- .. e- -- - :· . _ ze- - - .: . 
. ·.D __ V :-.~r,,-Q(Fi;) + -:-1i· -- A~v\_+ 1i, 2 2

AiA1
_ +-r,,-ViA1

, 

- - · C -· - , C . · , C . i, : -: - C _ _,-

where ~j, is a:: bi;edor ~(the _ele~troinagneti~ field; A; simiiar 
formula follows_ for the dual operator D with the change of the 

1 

• ,:. •• .. • • • •• ! ' " '. ., • ' -~, *. . . . ' _' .. '-."' ' .· -','' 

. operator Q(Fi;) ,by, the ,dual operator Q:;(Fi;)>Thi operators. Q: i_ 
' . '* ' ) -_ ,:- '-, ,' ' ' ', ,, -. ' ' '. ':," '- ',' ,'' .'., . 

and Q are defined ·by antisymmetric tensor fields of second rank (2.:. " ' 

( 

i 
I. 

' \ 

'.(_ 
,, 

i 

l 

/ ' ~ ; 
~ .. 

- -\' .- ,,•-.'l .:- ·i'.• - .. 
/_ \ . mnf · + 2 - fm + -·J 

1 ;' -... _ --2u_ m~ij
1

_ Um[i .jJ Uij , -

~u;;[d.ikJ + 3u[iifkJ, 4uni[if.ikiJ;,+:6u[ii!kl))- · 

, I 
i' 

,. ,, - ' ' ·, . * .' 
- It 'can be shown that' the operators Q( ui;) and Q, ( Uij) commute; 
,Algebra of the operators J(ui;) :._ ½Q(ui;)is cl?sed with respect _to'i 
theLie bracket operation, i.e:: . ' -; -," - ' / ' 

,··/ ....... -

[J(uij),](vi;)] .-: J(tih;), ,' (22) 

where: , , , ' : /. · \ _ 

- _l•-. 
, __ -_._,_ j -~ _/, I 

' t' : 
·Ji', 

'·i 

_ _-_ , , " ___ UJii -: u;~vf. ~ u;~vf.'. - , _. , • _- · (23) 

-Fi:oIIl; ( 23) __ it• foll~ws that the ope~at6~s J ( u;;} define_ realizatio~ of 
th~ Lie alg~bra of .the cons.idered Weyl ·grqup. · Sine~ · 

. , _'· r ·. ,. --.. '. . . . <···/ !, ,-.1 

/'·,,. 

(F, J(ui;)H) ·_. ·-(J(uiJ)F,H), 
. . , ' j, " ' .. • • ,; . ~ ,\;_ 

(24) 
. -..-, 

. , - - then .tli/ Lag~angian _(17) -will be inva~i~nt underJhe· gaiig~trans.:.·· _ 
,, , ',, ,, . / - / (·, \ •' . \ I :,.,' > • ";' • formations· ' , . ' •, . ' -- . '' 

. : F.)~{F.= exp(J(ui;))F; (25): 

provided that 
; / 

I? 

(J(uij),: Y]-o. ~-- . · ' (26)-

' t. Tb~ rela~ion (26) ~olds_;a,lid)f ~he biv~~tor:ui, sati~fi~s:the 'equa~' 
'tions -' ,. '. ' ' - , - ,• . ' ' -' ' 

. ' J.: . ' -: : .. ' .\ ' ' - , . ' ' ; ' ., > :. ·, . * ,,/ i ·~· • • ,. ,_' ,'J < ·:> ·, '',1 

' : ·. forms). Let tis write the operators Q( Uij ), ' Q ( Uij) i,n ?JI: explicit ' 
✓ form . . '• . . ' . . ,- ' ' -

', -~---_' 
·,' \ 
' ;( 

' \[' ' ;ii 
- , v~u;k , : o~ · '. , ~. , . · : : (27) 

' ' ,, \ ' '' - ~ . . . " ·'. - - - ,· ' . '. 

Q{ui;)J: 
1 ---1, . 

( 
mn I" :: ' m~ I" ,•· : ' ,, fm , 2:u Jinn, 2u Jm~i+ UmiJI --, 

, 1 nm, :" • - _z '. m _ ··--:: . 

2:U fmnij fc 2Um[d,;1 ~ Uijf, _, ' ' - ' ,, 

-
1 3Um[d.jki ~ ~U[;jfkJ; ,4U~[~¼k1i ~ 6~-ci~J~;Jj; . (21) : .• --

-l 

-<:: 

* ·
1 

: :_ , - ' • 1 mn - _, t. Tnn, , : · m · 
Q (uij)F= (-2u .fmn, -:2u ,' fmni +,umd .f 

\ ' 
\,1_ \ 

I 

' 
,8 

, 

, The_ co~ditions of ·integrability_ of _equ~tions _ (27) :follow. ftom the'• 
\\Bianch·i identities-,;_nd are of the form ~jk.~Um/ J Rijl.mUk~ = 0. -,, 

', . When !4;,.m ' .K(gii6J\::-Yil_80), equa.tions(~7) wiU;not:have solu:': _;_ 
· 'tions at.all. •'fl}us,.the Lagrangian (17) in the sp'ace of constant cur- . 

~ature will be ·i~variant u~der.the_-tr'ansformat~ons_.(25) only upon 
-introduc~ng a gaug~' field_ of~ qefinite typ,e.' The latter'.can be'_ d~- ·- . 
.termim:id as follows·; QoI1si~e:r;v~riati~ns ofthe type6F,, J(~i;)F. 

~ ' 

I 1: 
~ j i' / 

·: J 

1, ,· ,,;,. i. 

. ' ,/ ' 



. , ' 

i ;,, 

~ ' 

I ' 

', 1, 

<J\, 

j. 

. ,· • . . ·., • . ·• '.. • I 

This dass. of· variations, up' t'~ · the Lagrange derivativ~ yields for' 
. . . . . . . . . . / . ' 
the ~agrangian (1 7) · 1 . ., · · . i 

. .. .. ,,:',; ·. ·1 ·.· \· ..... :., ... 
.8L(F) = ·-V·u :ksijk ·.·: · I 
. , , .. 4., I Ji , l 

wh~r~. Sii,k if ~tens~r'field ~f third rank·. antisymmetric i~\he: l~st 
: , . • · , • . ', , ,' ~ · I ,. • , , . I·; · • ~ · . • · two'indices - , · · · · · · · · ·. · ·· ·, . 

,, ,·,' , 4 . •· . ·. ,•.. .· .·: - '• . . 

Sjk/ _ : ~--~(ff : . tli1.·:•i~ +. 2 j[kf_ lJ, . ;_?1'·::ip _) ' · , , , 'b pl .11 ""'P . .. , , g , . .11 ""Ip 

I 

·.··,.p=O- ···;:, .·_.• .•· :._,\. '1,, . .. ·,.,: _1 'i· 

_::_2p1- .. i~~[k lli,:,ip-:-- h1-,•ipfikli1'"ipJ +c:.c. :>'· (28)_,; . r't\, 

So, ,tJie La~rangi~ (17) i,i~ be suppieU:entcd,with a te;m ofthe ' •· \1: , 
f . t orm,. .•. ·-•.. , .· .:·.. .,· . ,· 
' : 1 : · . . . . :' .. l . · · kl \ , 1 ' 

· L1 = -'-F-k(SJ · ' , . ··•,2· J ., . \ 
• i '., : ' ,, > " 'I ' ;, : '. • ' _' • ,· .f, •'.I j '', ' ... , j ', •: \

0 

• (' _": ~ .! , 

1 

. ,< { , 
1

· ,' /. 

to ensur,e gauge invariance. We added. the:same term to .the La-
grangian '(11 ).c>f th~ gaug~· field; Tit.is, the· explicit. for~ 'of the 

,_'.. ~ I. , . ' . . \, •,.. ' . : . . • , . ,' f i c • I\ 1 ', • 

current source ~f the gauge fi~ld is determined uniquely.·'From· (28). 
it. follows that.under transformations ·8F.·. :J( Uij)F; :the tensor Sikl 

l ' , ,':. , " , ( • . 'I '• ,, 

is transformed bythe law. · 

•' / 8Sjkl' . Uk sij;;. ~ uj Sikm: -:I· , , . ,,... · m. ,·. · m . .. ·· 
' -~ / 

,Hence we obtain that the' gauge field Fijk is transformed as'follows: 
J, ' '· • • ' 1' • j•,,,!· ' ''. ' .,, ·, , ' , 

'' - , ' ' .. \ ·.,. \' - '; .... ~ . . '. ' ' 

', Fijk ~ Fijk +'7£Ujk +FijmU1f:- Fikmu7J\, ' 
. ' . . . . ' . . . . . . ' '\ , ,, ' 

. Accorclin'g'.to(7),. t?i,field;Eikl is !he Weyl 9augefield,-;,.h~r~a,s the '·.· 
field Fis shown to be its spinor source: That 'the'transformations' 

·. (25):d~fine,the ~pinorre,preseritatio~ofthe g~oup Gw car1easily be. 
verified by comparing 1therri with the 'transform~tions (5) .. Theory . 
of the field Fiik has been already forrnufated'apove,and in 'the'riext, \ 
section we dwell upon" tht; relation between thi/Weyl :gauge potenti~l . 

, and the Cartan -torsio~l; That this rela_tioh dC>es e::Cist follo~s: frotn.-' · 
) both. the fields being ten,s~r field~ of the sarrie type. · . 

1 1, . , . ' ' . . .. . . 

:10 .· \ ,· ,\ 
-,'\' 

I . 

I 

·r·- .,,,,,,» 

,5 
I , • ', • ' \ ' .• ;· 

,Tor'sion· and gauge ·symmetry 

At present, the torsio?i· cliscovered by Cartan is the'subjecC of nu~ 
··merous st1:1dies' aimed at establishing _its physical meaning and the 
connection of general i-elati\Tity with_thephysics of microworld. Vve 
will consider this questi~n iii the framework of th'e .Weyl· gauge. 

. theorr. Let aiinear co~nect,ion_be, given, andT~k l:>e its co~po
rients, the Christoffel' symbols., . Then, as it was. first show.n. by 
Cartan [10], the· linear~··connection uniquely defi~es a tenso.1:"fi,eld ·/ 
Kjk = 1 /2(qk· ~- rij ), that i~ called the tor~i_on te,~sor. The 
Rieman-~-Caftan geometry -is giveri ,by thr metr~c, and -forsiop ten--~-
s6r of the linear corinedion compatible with the metric. Thus, the 

. ~ connection called :th~ metric ~onnection IS, defined uria~biguo~sly 
becat1se · ; ', .. · ·• · · · · •· 

r i . {i •} + r.'i ··+·, ·. ilJ., ,m · +· ilr;m ' 
-· jk . jk ,.j•jk !J, i1j9mk ,9 .n1k9inj (29); 

\, , 1 , ! , ' • ' ,' \.'' • # '.. . ' • '' .' ,' • I . • 

The problem is formulated. as follows. We'take' th'e gauge-invariant' . 
'I . . ' , . ' . 

,Lagrangian.· ' 
,.· .. :· 1, , , "k 

.L = L(F) + 4FiikS'1 (30) · 
,. , ,' , { 

·. and determine· its variation with respect to·· F. Then ,;.,e replace-ihe. _. 
. \.c~variant derivative 1V i with respect· to. th~-11iemann. connectioi:i, in: '' .. ' ' ' . . "·.' ... ' " :\ ~ ' ' ' ' ' . * .· .- . '. ' :-~· .... 

.. the Lagrangian L(F)bythecov~rianfderivative °Yi "~ithirespect. 
'_ :to the:<;onnecWm (29) .~f th~ Riema'.~n-Ca;tan space.· ,This peculiar 
·substitution introduces the· torsion field. into' tµe Lagrangian (17). •
.Anew Lagrangia~ will be d~no'tJd by 'LK(F). According to (29); · 

< - \. ' )_ i \ ' . ' ,' •. ' '.' . , . \ . 

this Lagrangian for the. field F in, the :Rieqiann~Cadan space cari . 
. .-~ berepresented 'a:s a ~um of the\agrangian (17). and an e~tra term, 
\ to be d~noted as !~(F)._N~xt wevary both.the Lagr~ngians with,

respect toP A~ a result; we have< · 
', 

'\ 

'8L 

• ,'• ' . ..- •' - ~ - ...__ l 

." . 1 4 1 : -· , '. ·\ , ' ', > ' ' 
8(L(F) + 2.I::.p!8f1

·"
1P(Fm fm_i 1_ .. •ip + pF[iJi2•••ipJ,+ 

p=O , , '\ , 
,, I 

..::.__ 

\ \-

I' I 
, !1 



( ' 

,I 

'\ 

,,· 

·\ 

'' ' .· ' '( ') 
En . ···Jn:n:-. P, P..,... l D // ····1· ~ .<~ r + 2 . mn[11 .. 12: .. ip] + 2 ; [tJ12lml ,tJ"'c')p] . , 

• ( . 'kl •··· . . ' : 1 ;i , : . / ' . _ . · •· i. · 
. -'-3! ~~ hkli1 ;.,;;P,- 3!p(p -.1 )(p ~ 2)C[i1i2i3/i4•••ip]) +.: 
c.c., 

\ 
(31) 

. . .. •· ·. / jk . ·. . 
where Fm,= g Fjkm, 

.· J ' 
·, " ' 

cijk. _:, 3ffijkJ, .. •,, nijk = -C;;if 2Fijk• 
• \ . f 1. ~ If' '. 

Indices -;,;ndwic_hed· between ;erti~al lipes are not ·subject 'to the 
9peration ofalterriation./For th~ new .• Lag~angiah ~eget . 
'.' '.', ,'-, , ' ,,_ ' : .·', "\ .. · ;·. ',,.,,.,, ' ',' . .. . · .. l~, '. 

' • , , .', . , 1 4 : 1 > '-( ... ; , rin . '., ,: ,/ . . ' =~ ' ' : , ,'·. :,•, , '/: ,•!, ! 
, _ _ I P _ . . . • _ I. . .. ..·, _ , • I 8L(F) +.2~p!8f ' (,Ii', fm11--•,lp r/1[_11[12:"•p] .. '' .: .8LK(F) 

' ' ' ' . ' . . : '' ' ,• ' ,: ' . ' ! 
. ~p!([id~~ff.']; .. ,p] -•p(P, -,-1)Km(i1i2ft; .. ;p]) +_c.c., · (32), 

' ' : '; ~- ' . ' ' ,i ',~ . ' ~ ' ' '. '· ,' • ' . . ' 

·. wh~re 1(; ~:· 1(:T;i .'is: thernvector: of torsis°n/ • When: ~aryirig the 
. T,~grangian I;,K~ w~ should take info.account tha~ •. ' i, 

* . :I . .:. : . I',• , • , . ' , ., > 

I, ·:7:~\-:-f-g8;(P9A~)/}f<;A',. 
• ' < I •· 

' where g is the' d~t~~riiinant: ~ft
1

he rhetrictens~r. 'F~~m c~mpari~on', ' 
oL(31) and (32) it c~n be'. seen' that\h~se e~p~~~~i<_ms\\'~ll ·coirtcide ·: . 

. ,, if th~ gauge· condition C(ik -~ 0 is imposed Ori the field Fijk{ i:~. if 
we's~tits c~mpletely antisy~metric part. to zero, 1 . 

. • ~ ', ' , • l I • \' ' ' 

: . ',, 

'F•i~ + Fjki+•Fkij' 'o 
/'. 

\.- ; • ,' I i' ( • ' • .'i ., / • . '' 
andJhen set Fik -:-:.-:2/(_jk· " . ·. ·.• .. •· : .... , · . 

'Thus, we have shown that the field: F: ·equations derived by. ' 
. varying the Lagrangian (30) can,' iri a certain gaug~, be represen}ed , 

·•.· as equations .in the' Riemann~Cartan sp.ace. \Ve .will· also sltow that·. . 
.'the Cartan torsion .is· riot.a gauge field. Since, ·as follows Jrdm (5), ; .. 

' ' , ' . ' •' . . ' ' ' '. . '. . ' ' ' \ 
.1. . I 

I 

t' 

• / • ' I • ' ., \_ 

the .. Weyl connecti~n is also· a metric connection, then. fi"om coin:-. · 
p~rison <?f ( 1) and; (29) we ·o~tain t!ie rel~tionbet:w~er(c<>inponent·s_ . 
of th;e torsion tensor and gauge p~tential · . . 

• , ,c •· .. , . ,· .: ' 1 · , . · , I · ' 

p: .. k = -I(--k~+1<;k.+ K·k· ; ... · (33) . tJ , · ; IJ , . i t J . J t) , , • , 

. _.\Vhfre1(ijk .. I<fj9lk~ From (3'3)it foll~~s':that.'if F;j~-i~·~;own,.we 
·can determine the torsion. tensor components· . 

: . :; ·. i<ijk - --:1/2(Fijk ~Fj;k)- .'. ,;, .. '.(34} 
. . . . . . . ' 

Consi deri~g the. relation · ( 3:4); '.We'. can c~nstr~ct the · tensor 
, •• , , • '• •• -~ .••'• - '.. • .. •' ,~-~ --;·· ·:_··_ ~ I ,'._ .. : 

I<ijk = -1/2(Fijk - Fjik) .· 
1 • ' • / ,, 

·,1, (35),,, 
' . • • \. ·' -~- , . , . . .'. , . I.'•, . '', > 

and, pose ~he entirely natur~l question _gfth.er~.la,tionship petween< 
the tensors I<ijk and1{;/k· However, such a relation~hip, thaf .. con~ 

. taips. onl/ the tensors. Kijk,· 1<,~jk .. a~f the, ele~eI?,tS of.:,tlt~ 'gauge· 
group does not:'exist. Indeed, _since the te11sor P;ii. is a skew ;; sym- i 

·· metric with .respect. to the s~cond and t'hirdindices, whereas. the 
torsion. t~~soi is skew,-~ symmetric with respe'ct to. th~ fi;st· t-iro. in::: 
dices·, i~;the relation •(34), th~ index that participates i.n the :ga~ge 
hansf~rrriation ,(SY,and an index that is not affected by it ate con-
fused. · .:. · · · ·. · · · · · · · · 

.Th~ co~clusion is that the· torsion tensor is not·•~ geometrical 
' ;·_ q~anti tyfr~m th~ ·point:of view1 of gauge 'symmet,ry. ,·Specifying' the 

torsi
0

on tensor' we fi~ the g'auge. :Thus; the funda~enfalgeometrical. 
. r·: .·.1 ... , ". • . ·. .·, .. -l'' ••. ,,·· ,. ·.... : • ' _,, .• 

.. object, IS',the ~ens~r,Fijk that·determines the.congruent ,t!anspod. :~u is forthis'teris~r'that the_gauge-i11variantequa'.tioris (12), ,vhich_ 
. are.in fact determinedfuniquely by the gauge symmetry, are written' 

' down. 'It is. now: easy to understand ,why' for . the 'torsion:' tensor all 
possible,Lagrangian(~re;encountered,_and. ihvestig~t~d -ill literat~r.e ' 
with equal SU:CCess"' If QD.e does p'ose th~ question of equations for 

Jhe,torsio,n,· then it .is most, natural t? do·this end to fix the. gauge' 
in accordance with what:was said earlier. ':.· . ' ' .: :, I • • ' . 

' ,.,.,, , . , ~: ' , - ' ,: '; : . ' ' . \' . . .:· : , ! 0 • • .' • ,. - ' • ·- • ,.- ' 

, . y,le note, an interesting connection b~twee11. gau'ge ti.:<;1,nsforma~ 
tions.~nd ... Rieman111an,ge9inetry.•,·· The ~econd-term ·o~;the right•;~. 

\. 

•.! 13/ 
< \ 

I ·· 1 

_.;.... __ 



• I 

I 

hand si_de ofrelation (8) vanishes' ifT~;/, ·., 0. I~ the stari.dard theory. 
. of ga.iige fields, this ~orresponds Jo transition· frorii' local t9 global· 
transformations .. In the considered 

1
ca:se, /the' eq~ations tt;I =· 0 

.. may not have any· nontriv:ia}soluti~ns at ali', Jor example; .in. the . 
case when 9ii is the ·metric of a .Space of constant curvature.' Thus, . 
a'Riemannian geometry' in genJra:1 requires a· local, (gauge) ~~In
metry. We note ~lso :that· geometrical relationships, like physical· 
laws, depend neither. ori the choice of,thecoordinate .syst~mnor ori 
the choice oftlie basis in the studied vector spaces, ;SO that all ,the 
relatio.ns that have been established: above can be express~d in any. · 
coordinate system and in any. basis,. incl tiding aii orthogonal' one. , .. , .· ·.. .... . . . , .'.. . . . I·· 

' \,. 

:6· Conclusions• \ •'·\ 
l 

, . , , . ·i· . .. .. ;.: .. I . . . . . \ , ,. ·, . 
We summarize the obtained- ;results 'and presehL"sorrH~ problems'. 
The interpretation. of .congruent transport giv~h he;e· fuakes ,it· pas.: 
sible to 'establish a deep 'connedibn, between classical different'ial 
geometry and.the thebry of gauge ffelq.s. Iti,s impbrtant\oerhpha
size on

1

ce more 1the'fundameI1tal, significance' of.· this·· relationship, 
which is that in t'he conside~ed case it is not:ne~essary to intr~duce 
an abstract gauge space. The equations for interacting -fields car:{ 

. in fact be uniqu,ely derived, ·The:relatiqns established for the Weyl 
gauge field arM the Cartan torsion. inake it· p~ssible. to cohsider; 

. - .from a new p~int of vie~,.the,pioblerriiof physicaLinterpretationof 
• the torsi~n in th~' frariiewo~k ofthe gauge principle.: The existence 
. of t~e spi_nor :sour~e qf the \Veyl, gauge field· is . an' interesting fea~ . 
. ture of this field that dictates. the'questi6n ~bout p'ossible physical · 
manifestations of this kind ofinte'ractions.' In the Minkowski space 
~,tirri~ eqllati~ns· (27}are_qtiite i~t~grable;°Tlius; thega11ge ~ymme-

/ try cari. be considered ·in this cas~ as' a global one; With:respect to' ,. 
. this glob~l symmetry ~- space of forms ( 14) i~ reducible.' A~sodated. 

reduction of the_·space offorms·(14)·gives the Dirac theory in w!iich 
w~dind only well known ,interactions .. ' In ,contrast with this cas~, 

, •. , ~ . - . , .. , ·.·. , •: . , - . .' ,. . . . , , . l 

. ·'.>·•,there)s a··more·interesting possibility,:when equations (27) haye ro 
. ' ' ' \,, ( ' ' 

,, -~ ( . ' 

\ 

{ ; '.1 

- solutions at alL ·. As it wasmentioned abov~, this situati~n occurs in 
· the ~pace of .constant cmv~ture, .whire the appearance o.f,thE:. Weyl . 
gauge field in a definite sense become~- simpl~ a necessity' because . 

• of the absent of globaCsymmetry:· A very interesting spac~ - time of 
;; this Jind is· the' de S1t'ter .o·ne, which is ~su~ll/considered, as a cos~ 

mological model. So, the Weyl forces could be m'anif~s,ted 'ori the. ' 
_cosmological scale. · The general remark is that all'questions and 
problems disc~sseq in literature in ~elation tb the physical interpre-· 

. :tat.ion of tor~ioncan.be irive~tigatedin_amore st1itableframiwork :. 
. ,9ftheWeyl'gauge·theofJ\ .. . ·.,,:.·:· ....... ·. :, .. ,:. -. •. ,- . 
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