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l ·/Introduction, 
I • . . 

' . , ' . . ,, ,, 

It is well- kno~n. th~t there exi~ts an inti~ate relaticinshi~ beti,een the theory of spe~ial\ 
functions and Lie group theory [1 :3). Virtually all properties of.large classes. of special · . 
foncti<J.qs can' be 'obtained from the representation theory <>f Lit; group;, ~aking use of 
the fact that the' special functions occur as basis functions of irreducible representations; 
asmafrix elements df transformation mat;ices, as Clebsch-Gordon coefficients; or in soi:ne' 

.. , , either guise. Recently, thb class of functi@s ti~atable by group theoretical and algebraic 
methods has been extended.to the so called q-special functions that have been related to 
qpanfum.gro~ps [4-SJ>- , .· .·. .· •. , . .·.· ... _ , . . ·. . ; . . . , _ : 1 

· One very fruitful applicatiop. of Lie theory in. this context is the algebraic approach 
to the separat!on cif varii!,bles in partial differential equations· [9-15). In this appro~ch . 
separable coordinate sy~tems (for Laplace-Beltrami, Hamilton~Jacobi and other invariant 
partial differential i;quafons)are.chara~terized -by complete sets of'commuting second 
order ope;ators: These lie in the enveloping aigebra of th~ Lie algebra ofthe isdmet~y 
group, 6rin some· cases of the conformal g;oup; of th~ correspdnding homogeneous space .. 
We menti6n that tht; operator a.pp roach to separation of variables has also been extended 
tci quantum groups and thus to the separation of variables in differential - difference 
equatiori. [16). ·. · · · . .· . · ·. >, , ; · . , ·... .. i • . • . . • 

· A question t_hat has so for received little attention in the literature, is thaf of connec
tio~; between the separation of _variables in different spaces, e.g .. in homogeneous' spaces. 
of different Lie grJup~. In par'ticular, it is df interest to study the benavior of separ~ble 
coordi~ates, sets of cornmutiri'g operators and the corresponding separati~g eigenf~ncti~ru( . 

. uhder deformations a'nd ccintracti~ns of the underlying Lie algebras. ' , . ·_. , · . · . 
'/ Twd types of Lie algebra contra~tions exist in the literature: ,Tlie ·first are sta.nda;d 

Wigner-Inonu-contractions (i7,18,19). They cln be interpreted ~s singular limits' of trans" 
,for'rr:iations 'df bases of Lie algebras. Mor~ recently, }' graded contractions" hav~ been 
introduced [20,21,22) ... They are more ge11erii.l than the Wigner-Inonu .ones and ·can be 
,obtained by intrnd~cing parameters modifying the structure constants of a Lie ~lgebra L1 

· . in_ a manner respecting a.certain grading and:th!!n taking limits.when these parameters 
go tci zero. . . . • ·, . . . . . . ! " '' ' ·. . .. . ' •.. ·. '• .• • • . . . . • • • • ' - • 

· Our aim is to perform a study of the connection between contractions of Lie algebras 
and the separationoLvariables.1n this.first article. we restrict .ourselves to the simplest, 
c~se: _We shall consider .Wigner : In~nu c:@tractions of the' rotaticin ·algebra• o(3) · to , 
the Euclidean algebra e(2). The two .sepii.rable coordinc1,tes systerri.s on the sphere S2 ;.;,, 

0(3)/0(2) will.be related to the'four separable systems on the plan E2 ;._, E(2)/0(2).' The·. 
contractions will be followed through on several· levels: the Lie algebra; the commuting 
·~ets of operators, the coordinat~ systemifand the eigenfunctions ofthe Ltplace -B;ltrami . 

· .. operators. . . • . . . . ' . . . . . . . 
, . Our motivation comes from siveral directions:· Among them w~ me~tio~ t_he fdl-' 

lowing. In special function theory contrastions .provid~ the pos~ibility of obtaining iiew 
! asymptotic formulas, ri.ew expansions, etc. :In the· theory of finite C dimensional integrable 
systems contractions provide relations between such systems' i~ curved ancl' flat spaces. 

·•contr~ctio~s play a significant role in the theory of quantum groups [23,24,25)and it is 
to be expected that method~ tleveloped for Lie groups will be generalizableto the case of 
quantum. groups. .. - . . . ' ·. . .. ·, . . . . 

' I ,' 
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' In Sectimi 2 we first review the two separable syste~s on the sphere S2 and the four on· 
the plane E2. We theri intrnd~ce geodesical coordinates on S2 that are ~ell adapted for the 
c~ntraction limit. Using these coordirtates we take the limit R-+ oo, where R is the radius 
of the sphere.' Spherical co~rdinate~ on S2 g~ into polar or ·cartesian ones, on E2. Elliptic 
coordinates 011S2 go into elliptic; parabolic or Cartesian ones on E2. Section3 is· devoted to 
thr contraction of ba,i;is functiohs. Thus, spherical harmoni~s go over into Bessel functions 
or. exponentials. Elliptic harmonics, expressed as products of Lame polynomials, go into 

. expon~ntials, Mathieu functions,'or p,mi.bolic cylinder functions: . . , 

'c,' t'· ' '< '' '' \ . , '. • • .• ': • ', i ; ,', ".'• ' ,' •. I ·, , i 

·2· . Complete sets ofcommu.ting operator_s, separable ., 
co~rdinate~, and 'their contractiohs 

• • ,'' • , r 

2.1 Separable co~rdinates on the sphere 82 . 

'L~t us fi~st c~~sider the s;here S2. Its is~Illetry group' is 0(3). We choose;· standard b~i~ 
{L1; L2 , L:i} for the Lie algeb,ra o(3), :. ' .. ·· _ -, ·• , • . , > -, · ' · ' 

-_,. : .. : - . ·• a -, . , . . . . . 
1L; ~ -likjtl.k-8 · , [L;, Lk] ;,,_ f;kjLj, · . i, k= 1, 2, 3 

'. ,' 'r u; 
' . • ,, ' ·,' ' \", '. ' i,'.. ' 

where u; are Cartesian 'coordinates in the. ambient space B3. , On the sphere s; we have , . . . . ' . 
. . . ,. ' . · 2 2 · 2 \ 2 • 

U1 + U2 + U3 = ,R . 

: . ,.(2.1) . 
'J 

' ' . ' 
The Laplace-Beltrami 6peratqr and metric on S2 in curvilinear. coordinates are . 

! ·, \ .: : "; ·, ' : . . ' • ' ). '' ;·:/ .• \-:' ' \ • ): '' - r '' : r ' ·: • ..-

. . ,: 1 2, 2 . 2 1 a .. . a 
, t,.LB ~ R 2 {L1 + :L~/ L3) = ,lg ax~ W,Y.µvaiv,i 
. d~2 :::= g~.,d;µdx" ,' g ~ det(gµ., ), , 9~i,9"V., ~ h~: 

(2.2) · 

. , . Following the gi:neial 'method [9-15]. ( th~t has in pa~ticul~r been ap~li~dt,~ the sphere 

·. ; S~) (26] 'N~l<r\fo~ ~~~a~fted ~_igenf,~ndio~sof the,Lap~ac~ - I,Jdtr~~i or,rator s_atisfyin,i~: 1 

' ' ··· 1(1 1) •.. . . · ··. ' ,, ' ·' . 
.. ·.ti.iBW= .R~ '11, X'11=k'11,: '111k(a,,8)=,31k(a)<I>1i(,8), ·' (2,3) 

,l ', ,, i ,' ,., . ' ' ': \ .. '•' \ :, , - ' i, ' \ I' - '1 + 

' •~: ' .;. : '·, '' ' " J, ' '. ' ' .· , . ' ., .·>" ' 
where X is a seeond order operator in the enveloping algebra of o(3)': 

,. .' ',. J , ' . ' ,1 .' • '; ~, . . ' ~ ' ', \ ', 

:X= a;kLiLk, aa; 7 llki• ., 1 '' (2.4) 

Two op~rator; X and 'X'.will be considered equivalent X ~X', if they 1a~~ related ~y 
a rotation and 'a liriear .combination with the ~aplacian ' 1 • • ' 

' 
X ,.;_, X' =: (gTag)ik L;Lk +µti., 
) .r ·. ' ,·,' . ' ," ',, .... ' ' 

T. ,. 
g.g=l. 

The matrix a;k can be diagonalized t~ ~ive · <:: 
.· :·' .. , ~-, . • 2 . 2 · 2 

X(a1,.a2,a3) = X = a1L1 + a2L2 + a3L3.-

'i 

(2.~) 

' .. 1 \ 

·. (2.6) 

'\ 

: 
i 

ti' 
. l ~ • u . \y 

,-~\ 

1:· 

-t 

·, 

'.,.,' 

.1 

~, . 
~ . ; , '\ , . r . . , '. • '. . , . : • . 

For a1 = a2 = a3 we have· X ~ 0. If two•eigenvalues·of a;k are equal, e.g. a1-:= a 2 # a3, 
>- we cant;ansform X into X(O, 0, 1) =·L5 and_-the corresponding separable c:~ordi~ates on 

S2 a~e the usual sph~rical ones , - .- - ··. , , · / / 1 
. . · · ... . . 

.•, I , , . I 

/ 
m1 = Rsini9c6srp; • u2 ~ Rsini9sinrp, 

/ 

U3 = R cos i9"' (2.,7) 

Thej, correspond to the group reduction 0(3) :) 0(2) and X = L5 is invariant under 0(2) 
and under refl~ctioris in ali ·coordinate planes.: . \ . . . . '. - . 

\1/hen all three ~igenvalues a; are different, then the separable co.ordinates in eq. (2.3) 
are elliptic ones (26-29]. These can be written fo·algebraic form, as, ' ·. · · · 
;, I ' '., • / ,, • :• .. ·' ·, .· ; .' . . . 

-2 -.· R2.(pi - ar)(p2 -~ ar) . : 2 . R2 (p1: _: a2)(P2 - a2) .- 2 _._ R 2 (pi::..: a3)(P2 - a3)(
2 8

1) 

Ul -:- ( ., ) ( . ) ' . U2 =/ . ( . ) ( ) ' U3 - ( . ' ) '. , a2 - a1 a3 - a1 1 · a3 - a2 a1 - a2 · .· a1,-;a3)(a.2-;;- ~3 · . · 

with~1::; Pl :s; a/:s; P2 Sa3. ,/: •, 

In trigonometric form we put 
I 

,·, 

,: ' '' .' ' ,. . -- ' ✓· : .. >,' • 

pi=a1+(a2_+-_a1)cos2rp; ·p2='aj-(a3..:...a2)cos20, "I" 
'• + , • , 

and obtain 
. . . 

u1 = RJI - k12 c~s2 0 cos <fa, u2 = R si~ 0 sin <p, : u3 = RJI - k2 cos2 rp cos 0; (2.10) 
. .: ·, . II ,, '. . . -

0 ::; <p < 2,r, - 0 :s; 0 S 1r, ,'., ; 

·where· 

k2 •. a2 -:;:- a1 .. : ': 2 1
· · , k, •2_ : , a3 '- a2. · ". ·2 f '· · ·' · 

=;:·---=Sill, , ·= --- = COS . 
. ' · a3 ~ a1 , , . . '_ , . ,a3 ~ a1 , , · ·;' ; ; . , . ·-

.. Finally, the Jaco.bi elliptic ~ersion of eHiptic ·~ooi-dinat~s. is obtained_ by put.ting 

I _, (~.11) 

/J(= a1 + (a2 - a1)s~ 2(a, k), · P2 = a:i+ (aj'.:.. a2)c:n2(/3, kl 
• ' ' ':' '_. ' ' I ,, ,. • •' • • ' ' 

(2;12) 

We.obtain· 
\ I I , : ' ' - /• ! ' • 

' u1 =:Rsn(a, k)dn(/3, k'); · u2 = Rcn(a, k)cn(,8, k'), ' 
. ' 

u~ = Rdn(n, k)s~(/3, k,'): '(2.13) 
, . . .... , /, I . · .. • ·, , 

. -I( Sa~ K; ~2K' S ,8 :s; 2K'; ' < · 

- ~hefe sn(a, k),cn(a, k')and dn({i, k)/are the Jacbbi elliptic functions with ~od~lus\· and 
K aiicl K' are. the complete elliptic integrais (30,31]. The moduli a~c given in eq.(2.11 ), 
WC have/k2 +'k'2 = 1 and'2JR i~ the intcrfocal clistaiicc for the ellipses 011,the upper 

,hemi~phere., - ' · : . . ' ··.· : ·, ' ; . .· ,• ·· ·. _ '.• . , · 
' . Elliptic coordinates correspqnding to the reduction 0(3) E D 2 : where D2 is the qihcdral 

·. group (rotations through .7r ~bout all 3 axes and rcfleciions in a coordiiiat.c pla~c). lndccd, 
'·the operator (2.6) is-invariant only, under D2, rather then 0(2); for llt # a2 -I- ll3 # ll1 . . · 

.·,. ' ' ' > •, ' , • • 

,, 

1" 

\ ' ', 

3 

,.____ 

·, 



'/, 

2;2 S~p~rable coordina:tes· on the. Euclidean 'plan~ E; , 
• . ' • \ > '' . ' ~-

· Let tis consider the Lie' alg~b~a 'e(2) iri tne basis 
t 

L3 = U20ui'- U10u2, A.=. Oup: P2 = ~u2'. 

Separated eigenfunctions of the Laplace operator .6.. =;= P'{ + Pi satisfy· . 
I • 

i _•.- .' . ~ I 2 j' • • , . I i ' , L ' 's ' .. f • :,, ~,' : • 

· A<I>k:>. = k <I>k,.\, _X<I>k.~ = >.<I>k,.\, <I>k,.\(a,/3),= ~k,.\(a)Wk)(P.), ·, 

, -~here X is the· seco~d order operator 

, X = aL{+b(L3A+ P~L;)+c(L3P2: P2L~) +dP/ +~ePt+2;~P2, 
'. • ' ' . . I. . 

(2.14) 

(2:15) 

· . (2.16) 

.By m~ans oLEuclidean transformations, and linear combination with' .6., we c~n take Xr 
into precisely one of the following operators: · · · 

. ' , , ' I, , 

Xs ~ :,L;;, (a,# O,D:::: O); 
,, 2 1 2 . . 

Xe = P1 - P2 , (a =;b =;= c =: O); 
' ' ; . . ,, 2 . . 2 . ,, , 

'Xp = ,L3Pi + AL3, ··(a= 0,, b. + c_ #- 0); 
·. . . v2 , .. ' ·. .,, . , 

,xE>=: L;:L·2(.f/--; 0Pi),' (a#,0;D#,0) 
.•, 

. I . 

with.· 

. D2=·2:~{4b2c2+ [a(:b,~ e) :...i+'~2}1/2_. 

(2.17) 

(2.18f' 
I . 

(2.19) 

,.(2.20) 

, (2.21) 

Ea~h of the op~r~tors (2.17)-(2.20) corresponds to a different s~parnble coordinate 
syste~'.in eq.(2.15)_. ,' Thus ·~c, cor~esponds to Cartesian ,coordinates (;, y), · x; to pci)ar 

loo~ . 
\ .. 

x = pcos~, y ~p
1

si~¢ 
' ' 'i' 

,Xp_to.paqi.bolic coordinates 

I ,, 
'·-' . u2 - v2 . 
X = .-,-2-"-; ; ·Y _=; U1J, 

and XE to elliptic ones 

. •;;:===DcoshecosT/,< ''y~Dsinhe~ini,,,' 
I -,,,_ • , ' • • • , , '.{ 

where 2D. i~ _ the focal distance. '• ' 

i 
.' ':.. 

2.3 · · The cont~action~< ,· 
. \ 

~: r 

'.' . 1' 

(2.22). 

.(2.23) 

(2.'24) 

w~·sh~liuse R..:.1: a~ the ~~~traction~arameter;.To;reaEze the c~n~;acti~n 'expli~itly,iet. 
us introduce geodesical coordinates on the sphere (32], p11tting . . 

·· · · Ru" . Uµ · · · ' · '1 2 
Xµ = - = --;===:;:===;===::;:, µ = , ,. 

._· · u3• .Jl:-(u~+u~)/R2 · • • 

; (2.25) ' 

. . . I''.,, 

,, 
4 

,..-

1. 

;. 
I 

I 
I 

!, ~ 

I. 
I. 

The 0(3) gene;ators · can then be expressed as: 

.. L1 
-Ii' 

L2 
·R 

-~L3' 

,· ·. · 1, ,· <. ,• > 
= 71'2;::: P2-+ R2x2(x1p1 ~ XiP2), .. ;: 

1 .. · ' .. 
= 1r1 =~=Pt +R2x1(x~p~ +x2p~), 

= '. X1P2 -. X2P1 = X171'2 - _X211'1;. 

The ~ommutation i~lations are -- -
... ... .... . • . . .· . - L3 .. 

[L:i, 71'1] ';" 71'2; . [L3, 71'2] = --;71'1, J1r1, 1r2L= R2' · 

\-

. (2.26) •c-

: (~_.27) 
-· 

. (2.28)_ 

(2.29_) 

, so that for· R-+ oo the o(3) algebra contracts to the e(2) one. Moreovertl:it;nomenta· ~"-
contract topµ~ o/ox~ (µ = 1, 2): ..... ' ,·,. 

1 .The ~(3) Laplace-Beltrami operator (2.2)-contracts to the e(2) one: > 
. ' ., - ' . ~. . 

. . ., L2 . .· .. 
' . ' ~- 2 .• 3 . ' ' '2 .·· 2' 
_ ALB= 71'1 +~2 +R2-+ A= (P1+ P2), 

_'; ,<. 

(2.30) 

Let us now consider the contractions of the ~perator (2.6) and oqhe corresponding~-
coordinates:. . . . . . . .. . . . ·. . . . . . . .. . 

'1. Sphedcal c~o~dinates on S2 to pola~ coordinate~, &~-E2, 
' We choose a1 =: a2 .in eq. (2.6) and put . . 

. " ._ . . ,,., . ·-' . ·• 

~- . :'.· r . 
· tan8= -. , .R 

. In the limit R~ ~.'0~0 ,w~h.iv~ 
~ : • '·~· ' -: - ' - < '. ,. ' "~ • '. ~ • ... ' 

and' 
. . . 

. U1 ., •, ;,'.-.. 
. · x1..= R7:'-+ x =_r:cos4>,--· 

U3' .. 

; ,· 'ti2 . -·, .... \ '_· . 
x2 == R-,.:...+ y = rsiiit/>.· 

. . · _U3' l, ' .· . 

;---; 

., 

· (2.33) 

2; .. Spherical coordinates on. S2 to C~tesian: on E2• 

\-we choose a2 ;:i:. a3 ~ o' in eq; · (2:6) ;o that the cooidiriat~s (2. 7) are permuted into; 
, . -- . • '--,. " r 

. - . . ·: I' · · ~· ~ • I . I, ·•· ' • -, • I , ·, ,,• " 

u 1 = RcosO,; u2 = RsmO cost/>, u3 = Jls_1,n8 sm<f>. - - (2.34)., 

·_; Putting 
·' e-, . I ' X : . . ~. y 

, · _cos 8, =_-, cosf = -·_ 
.. • R - R . .. 

-:✓-

(2.35) 

and taking th~ limit R-+ oo, 0' _,.·t </>' ...... f~eobtain 

·'1 .···. :·,-.·. 1,2" ' . ' ' . • . - 1 . o o -. .: i. : : 2. • -x· . . , ~2 
- • .=,.R2 = 71'1-+ "."-



/ 

\ 

and ~ . .___.: 

>: 

" · · cotll' ·· . · , · . · 
xi=,, R sin <P' .:-+ x x2 = R cot rp -> y . . • 

3. Elliptic coordinates on :S2 to elliptic°'coordin~tes on E2• • 

We take ~ in its general form, equivalent _to 

'- X ~ L~ :_. •(a2 :_ a1 )' Li.· 
,, , - , a3 - a2 ·. . 

' '· 

·.· We put::· 

R2 . n2. 
---=-/--., 
_a3 - a1 a2 - a1 

L1 = ':.,..R1r2 
'\ 

.and. in the limit R~ ;_ ~3 ..c'.+. oo obtain 

·x-: ·L2 n2P.·2 '::x·· · .... · 
. .. . -> 3 - · 2·· ~ . E.• · 

Fo~ the coordinates we p~t 

'::. ... ---···· 
--~ ~---

(2.37) . 

(2.38) . 

\ 

(2.39) 

. : (2.40) 

Pt = a1_+ (a2 - a1) cos2 71, .. P2 = ~t + (a2 - ~1) cosh2 ( . :.:. (2.41) 
, - ,, ' .' .• ' \ . , • ' : , - , ,,. ., .' ' I , "; ' - ' ~~ ', ',: •• ' . .: .• ,. ;. • '.~. 

and for R2 ~ a3 -> oo, using eq. (2.39), we obtain:eq.(2.24), i.e; elliptic coordinates on 
the plane E2." · · · •·· ~ ' 

4; Elliptic·coordihates on °82 to Cartesian coordinates on E2 .. 'C ,_ ' ' • 

We start from the coordi~ates (2.8) bi:it change the ordering-of t.h~ parami;t~rs a; i':e'.. 
P\lt. . ., , . . 

/' ~~-i-p{ $ ~3 ~ -P2 ::; a2 

~nd choos~ a3 -;'. a1 ~ a~-~ a3 = a: We"than have . 

------ ' 

. 1 - - ,' ' -·x ( 2 · 2) 2-- , · R2 = :ir 1 - 1r -> p . ...:.. p2 a . • • .· , ~ .•· 1_ '. 2 , 

For the coordina:tes we put _. 

. , :aa·-' 'p1 •.:...·· l 
-.-a-,- "."', l• 

Usirig eq. (2:.25) and (2.8) we have•:._ 
' . 

P2·-'-- a3.~ (/ 
a 

/',,-;_" 

;~ ~ R2 cl'.:... 6)(1+ ~2) 
: . 2(1(2 . 

'Xi=R2(I + 6)(1-c, (2) 
26(2 

From eq. (2.45)we c;;bta~n 
,-~·~- I' ... ,: .. • ~-. .. __ •• • • ·"- \--"' 

• _ ·: R2 
...... {[ 'Xi+x~ (x?-x~)2] 112

. ,Xi_:_X~} 6
·
2 

- R2 + xr + ~r 1+ ~ + 4R4 • · . =F , 2R1 · -- _,.._ . - " ,. , 

6 

.(2.42) 

(2.j3) · 

· (2.44) . 

(2.45) 

(2.46) 

L 

l 
·'; 

!= 

I 

I: 

.. t). 
( •' 

)!{ . 

1-'
l I;. 

,1 
,k 

\ 

•·In th; limit,R~ oo we have· . 

, . ,x2 · ··: .. ,·. : .• y2,. 
"1 -> 1 - - ' "2 -> 1 - -\, ·· .. · R2 _\, .. -•R2-• (2.47) 

• and hence x1 and· x2 of eq. (2.45).go into Cartesian_ coordinates: 

X1 -> x·.. X2-> Y• (2.48) 

5;._Elliptic coordinates on S2· to paraboliccoordinates on. E
2

• 

. We take the operator (2.6) ~ith a 1 ::; p1 ·::; a2 ::; p2 -::; a
3 

and choos~ a
3 

-'a
2 

. a2 _:_ a1 = a: We must first "undo" the'.diagonalization (2.5) by a rotation .through· 1r / 4 . 
The operator (2.6) transforms into · . - ' · . · · · · ' • -~ . .. .,;.._ · · _.· --

,, .. ... . ~ 

1 ... · . · ·,.1 · . : .--- · .. · . . ·. ., , ., 
-Xs_=_---'-(L1L3 +.L3Li) = L31r2_+ 1r2L3 
aR, .. all , . : ,·. (2.49) · 

. . . ..,-

with the correct·limit, (2.20)'for R -·oo. The coordinates'(2.13) on S2.are rotatecl'into 
. ·... . •_... . ·'· R·-'·~. • ... -· . · .. ···._·. . . . - . 

U1 = . In ( imadn,8 + dnasn,8) 
v2 · • · • . .· ,' ~ ; ·,...,_,,. 

. c- u2 . = Rcnarn,8 
R .··~., .. :, 

u3 == · ,i(dnasn,8 - sriadn,8) 
v2 ·· 

-·with modulu~ k = k~ ~ 1/V2for all J~c~b{~lli;tic f~nctions. -
. :, F~om eq (2.50).we obtain · . 

_,.. ,.-.... ,·, 

sna _ . 1: ~ ['(- --.. ti~). i/2 (. -• .. U~) 1/·2· .. · , (i. .'."·Ul) 1/2.·( · .·. ·.. u3) 1 .. /2] -. -. 1 + - , 1- - - 1 - - 1 + .- _ -~ V2 r , R. · . , . R ··• R / R -
.:..,_ 

. r,: '. f[·(' •;.;Ut)l/2.· (.·. u~)· ,.1/2 ·.·.·( ·. '111\ 1/2"( .-. ~IJ).1/2]·. ·, .· .. 
v2dn,8 = ·• '2 L,: R • 1 - R .· + 1 - Rf' . 1 + H .. _ (2.51) 

VL. -~-, , . . ~. . ., . ., .... 

· ·. Eq: (2.51) ·suggest th~. limiting proced.ur~: lncleed we 
0

p11t 

'·-,--., 

... ''7· ' . .• . ' .· . . 2 •. _: ·.·• ,• .• 2 

sna = ;:_ 1 +: ;11; . · 1d~,8 = (+ ~,R. 

In the.Iii-nit -R =-+ oo we than obtain 
' . 

: ~- ~ . ; ~-. ~-

2 · 2· u -v 
_X1·-::-+:i;_=--

2
-·-·,, X2->y:::::1m, r 

i.e. the parabolic coordinates (2.23). 

-3 Contraction of-basis fuiictidns 

(2.52) 

(2,5:lf 

H;-ving esta:blished, the ,contraction properties of separable ('.Oordii1ates' and, thc:co}re-'· 
sponding complete sets of commuting operators, {ve shall-1iowrn1ISicfoi- t.iw lid1avior·of 

• eigenfunctions: ''. : : ' ' ''-... ' - ' . . : ' '• -, . ' '. . .. 



/ 

-'a.1 , Sph~rical basis on S2 to.polar basis on E~ 
.I 

'we start from th~ standard spherical funct'iond,;~(0,</>) as basis functi~ns'of ir;educible 
represe~tatio'ns of the group 0{3) (see e:g. ref. 33)- - .- -

. _ • 1 ~- . (--;l)~[-2/+1(/+linl)!]-i/2 (sin0)1ml 
.. '111m(0,</>) := 1/RYtm(O?--</>) ~ vR ·- _ 2 (l-:- lml)! .· 2imllml! 

2p1_(-t_+ l;l:t+lml_+ 1; lmlf?;~in
2
;)_~ _ 

' 

. - 'In the' contraction limit 'R --;-+ oo we put 
'.'·--.. • " ,t 

tah0-~0,.:,!:., l~kR. .. ·-- . R' . 

using the asymptotic 'formul~s. . / 
, ' ~- -

-- . ·-, (· . . .·. . . . i ). 
,E~2F1 :ckR;kR;lml+:~; 1~2 .··,:= 

. limT(z +a),,:~ 
z-= f,(z +,B) ,: 

., (i: ;: k2ri) . . 
0F1_ 11111_+ ~1::.,.,4 _ 

✓• --- • _,,,.:, 

o,--(3 
. z< x: "'\.... '-

. and f~rmtila ' 
~ - ~-~ 

. ) -----
\· 

J~(~) ~ (if·r(/+ )of ~(ri:t~::2} . 
" we obtain 

\ ·. 

- - - 1 ,· . . . . ' - -- . 
/ ,t1! rnR-Yi:71(0,</>) = (:'--J)~+,im_1./fJ1 1(kr) eiin,p" 

.. o-o-Vfl:• -·-• ... , ., ·- .. m . V'fi: 

\. 

(3.1) 

(3.2) 

(3.3) 

(3.4) 

(3.5) 

- . . ,) , ',,-l 

.The result (3.5) is not new (33]. •.-The point is that this asymptotic formula is obtained 
, very. naturally in 'the context of group contractions applied to the -sep~~~tion of variables: 
,- " ' ' _,. -· - '. l • • - • -- ., _, • • ·_ ' l - ·--:: ' .• , ' • • , 

....,. "., 
~2 ,' Sphed_calba,sis O~:S2 to <:::c1rtesia}! basis on:E2 · 

• • ' ' ' , ' - J. • ' - • • • ~- ' • • ·- ., • ,. 

. We start fro~ tne, c~ordi~at'es (2.34 )~-but. drop th; prime;, ~nd ~it~ th; c~;respondi~g-
spherical functions as - ··' ' 

',~ - ' . ' . . . 

/. 
,Yim(0, ~) = ✓2/ + 1 . . . ~e•m¢(s,in O)lml 

·1 

" t . ... ~ -

{

. ~ [ re'±';'±' Jr('-2±' l ·1 2 F (.:..i:;i!!, !±.r.!!±i. !. cos2·0)' ;_. .. , 
_ ( -1), • r(( •+;+> Jr(' ;t• l 2 , 2 , 2_, . 

X -. , · • , , _ • ,, : (3,6), 

~-' 1~m--t[r(llifil)~(~ ½2 ~os0;(~1--m-l !±!iil;l!;co;20) 
( -1) 2 r({ tmfl )r( ; 1) 2 l , 2 2, . , 

... - 2 -

8 
( 

• • .,__°" '~c ' ' 

f 
\ 
.) 

/ 
' I 

'! 
:t 
f 

... -. ~~i, 
,q 
Ji) 

; '.~. 
)'· -- ~l -

, I 
i 

'i 

1 ,,. 
r· 
if t. 

for l + m even ~~d odd, respectively, we no~ put/ 

l ~ kR, m ~ k2R,. _{ 
. . -

~~ 
· and .,//.•· 

- . - X - y. - 'Ir 
sin 0 ---+ 1 cos 0 ~ - ,1. ---+ - -. -· · '. . R 1 'I' R 2' (3.8) 

,.. ..,. - • • ~ • • . ,,,.• • • ··"-: ·, ' , , I 

The F = 2F1 hypergeometric functions simplify-to oFi ones, the r functions also 
simplify a'iid ~e find · ' ; · • · · · -

.. -- . Yim(~:</>) ~~00 (_:_{)~~: eik2y, -
. . .• . 21r - . 

/, 

,, 

- .·. (-1);~ k,R ,0F1 2if ' \ 

{

. !±.m.(·2··)f' (1:· .. k2x2) .. ' 

X · .. (.:..:_1' ).'±~:-• ~(· h!!. R)½°F· (;!. --k1 2 x2
) , 

(3.9) 

. "R 2 O 1 2' 4· ' . -· : .:, . 

-_h_k .. 2 k 2 k2 --
w1t 1 + 2 = , - . . _ . . . 

_- . _Theo.Fi fun°dions are i~.this case expressibl~ in terms' ofthe Bessel functions j±~/2(2) 
thaf are, essentialy, trigonometric fonctiomi: The final result is thaturider the contraction·· 

· we have . .. - . ,. . . . . ~ . . - - -

- - :' : · , ,_ · , · : eik2y'::{: cos k~x. ·.··},·"-~-
lim Yim(0, ~) ~ (-l)'12 :~. ~isi~k1; ' . 

R~oo , , : , , __,~ V .G7r 

--~(3.10) -

for / -t- ~ even arid odd, r~sp~c~iy~ly, whe'i:e the li~t i~ 'iaken as iri eq.(3.7). The parity 
properties' of Yt;,. . under th~ exchange: 0 y 7r -:-:- 0 have l~ad to t,he appearance of cos k1 X 

'an~ sin k1x in ~q.(3.9), instead of the u~ual Cartesian coordinate solution expi(k1x +k2y), 
' -- ·- . ' ' , - , . .. 

3~~ :sol~fio11s of the,:f:,~me equ'a:ti~n. 
\, . - .. ·· - ,. . - ' '•. - . _•-' : . _,.~ ;.. 

Let. us consider eq; (2.3)on the sphereSfar1d separate variables in the elliptic co_ordinates ·r 

(2.8);' We obtain two ordinary :-differential equation of the form ·.. . . 
• . '. .,: .• , ,--~~- , • ,', ·1 , • I . •.· • . :·_ -- . ' ,._ : 

-~ ,'f/+•·. ··+·•.+· ... ····.'I'+- .... ··.··.·.• 1/]=0(3.11) cP;, . .. 1{ 1· :. -1 . , 1 t -} d·1• 1 '{ · .. >.-.l(H- l)p ,. ·.,}, ., ·- - :.· 

. dp,2 2 p .::..0;1 'p--:- a2 • p - 0.3 .·dp' · 4 (p-'- ~1)(,0 c-- a2)(p _:_ .a3) ·· 1 
- · 

· o~ equivalently . 
. \ ~/ '.''~:· - ;~ 

.~.{P0 ;:~1!·~_{l(,lil)p- A!1/J == o,. ;' 

where ,
1 

• _ _ . • , < . : . , . . ·. 

I (3.12) 

, . ,, P(p),,;, (p :__: a1)(P---: <L2)(p ":': aa)-

Eq.(3.11) is the Lameequation i~ algebraic-f~r~. It i; a Fuchsian type eq~ation with 4· 
regular singularities (at a1, a2, a~.and ~){26~30,34]: •- .' ~ . . -. 

.9 ,_ 

... 



,' 
' 

'· 

Its general solution can be represented by a ieri~~ expansion about any one of the 
singul~ points ak·as · · · · 

t/J(pf ~- (p - a1)°'f2(p-- a;y,,12(~ - a3r3/2 f blk)(p--ak)!, (3.13) 
l=O . . . .· ~ . 

,where we have 
a;(a;-=:l) = 0, j = 1, 2, 3 

and can choose k equalto 1,2; or 3: . . . . . . . .. . . 
Substituting into the Lame eq~ation (3.11) we obtain_ !l- three term ~ecursiori: relation _ 

for· br - -·.. . . . . . - . - . . / 
'8?>.bl~1· + b?l + X-l(l -t-))a~Jbjkl+-(2t+~ - l -2){2t :+- ~ ~-1 ~· {)b)iJ/= 0 (3.f]·) : . ·- , . . .- . •, ~ . . 

with 

_: : . ~ ='cr1 +n'2 +~3, ·Cl'.;k =a;--: ak, b..:1 ~ 0 '-· 

/3?), ~- 4(a; _: ~ic)(aj--: ak)(i+ l)(t+. Ok+ 1/2J. (i,j, k cyclicf/ 

,!~< ~ · ;(U; -1

a~)(2t :~~ +~i _:_ (~i_:·ak)(2t + ak·~~;)2 •. 

•j_ 

(3.15) -

The ~xpansic;n (3: 13), represents a Lami ftin~tion .• Since we .are i~tere~tfa in rep~esenta~ · 
. tions ofS0(3), the sum in t/J(p) must:be a polync>mial of order N, i,e. we must have 

- ;·- ✓ • , • _; : '. --· ,,.,_. -., ' ,- - • ,.- • 

?~ •• 

b; =/= o, bN+l = bN+~ = , · · == 0 - .. · 
~ ' , - . . -- . . ., -~ - · .. 

for some N.; The conditi~n for' this is th~t- ~e have 
.•• li..., , ,, 

·[=2N+a (3.16). 
-: ·- --... '. ,' - ---:~· <' ._,:·',_•.·~·-, .. ,, .•:··.-•,t,;i·~' ~---~,. ,:·-',,·?- ""._.•_,,,, 

and .. we 'obtain a secular equation for. the eigenvalues A, i:e. th·e 'separation·· constarit in 
elliptic:cooi:dinates, by requiring that the determi~a~bofthe hom~geneous linear system 

.·· (3;14) for {b0 , b1; · · ·, bN} sli~uld vanish. Since N and l must be integers, eq. (3.16) implies 
• • . .• . . • ,. ·. . ? • . ~- • 

that a and l must have the same parity. . ·. : . - · · • . ·. 
-· .· .. Numerolis further properties of the Lame p~lynomials, in the·cont~xt of ;epresentatio~s . 

~f th'e gro~p· 0(3), i~ the 0(3):::>D2 .b~is, we;e est'~blished e.g:'.in Ref. (26:29). . 
Here let us just represent the b.asis· functions as . ·,.,. . . . . -

- - · . . .~,pq(·p·· p ) .:.... -Ai,:.,_,,q(p.:. ). ·'·"q(p--) '.. ·: 2 - (3 17)- ' 
~~ . "'I>. 1, 2 - I>. '1-'J>. . 1 'I-'/)._ -~ i. · ' --: . • . • _ 

wh~re ArI is' some noi:m~liz~tion •·constant'.' . .Th~· 1:b~ls. ;;-q , t~ke -~alue; ± 1 ·. aiid .id~ntify 
representations of. D2: For ·each' value of l the values of p, q and, A label (21 +·1) different 

. ,states. Since a given repres~nt~tions (p, q) of D2 can figure more than once in the reducti~n -. 
of a representation of 0(3) c~;~esponding t'~-a giv~n l; w~ are faced with a "missing label· 

"problem", resolved by the· quantum nurhb~ri, i.'e.= tl.!e operator X of e,q.' (2:6). > C:· >; · · 
· The expansions that we shall use'for the Lame poly_n!)mials ip. (3.17) are as in eq. (3:13);· 

butJhe summati~n over,t is from t:= 0 tot= N. -- · - . -
._ 1 ,\., 

__ ,10 · 

I 

~-:-·. 

3.4. Elliptic basis on: S2 to. Cartesian basis on:. E2 
, ,>/C,.J' 

/' . _. . ; ,: . . . ,_ . < < ' J 

We choose _eHiptic ·coordinates on S2 · as in 'eq; (2.8),-but with av< a3 < a 2, as in eq.· 
(2.42). We ,v'rite the basis function; as in eq. (3.17) with . 

. . -· N . .. 

.,. c· ') .. ( ... ; )o,/2( . · )02/2(' / )tl;/2 ~ b(l)( · . )I 
'!-'I>. Pl =_ Pl - a1 . Pt - a2 . fJt :- a3 ,:°L...J I Pt _-:- a1 ___ · 

' ' - 1=0, 

,··· . . . N . , 

t/;1~(p2) = (p2_ - ai) 01 l2(p2 :-a2)°'21~(P2 - a3)~312 L bl 21 (p2 - ai)'. (~-18) 
t=O _ 

· · as in eq:(3:13). The ~o~ffici~nts _b)il (j .= 1, 2) sa:tisfy ,the recursion. -rela~ion (3;14): and 
'we have N = ([:- o.)/2, W~-use the coordin~tcs ~I a~d 6 inirodi1~ed in eq. (2.44) (for 

_a= a:i· ..:.'. a1 = li2 - aj). Eq. (3, 18}_~cduccs to . , ' 

. . . . . . .. : . . . ·, . ../\'_· . . . . . .. 

t/Ju(6) = (-i) a,~a, a~(I C 6)Tq +_6)'.'f ~;r L C11(i ~~id' 
I .. . • 1=0 

· (3.19) -
• . . ., , . ' . ·N , 

't/;1;,.(6)~ (fI)!'fal(1 _:~2)!'f(1 r(2)7:({LG\2(I :...{2)1 

•"· . .. • l=O . 

·th. ·c·· <1> • ~b-- c<21 -(- · -. )ib · · · 
WI I -=.a 1, I ·.=:= -a .!· .· 

The recursion relations (3.14) now imply 

. _·. _. • . . . 1 ·• , ' :, ' ....... ·.. .·. ·. . . ·•, , . • , : . ·. . ·.,. . 
8(t + l~(t,t a\ + 2)c1<t>1 + {µ< 1> ..:..2,(2t+•a; + ~3) 2 -:- (~l .+ 01· + a2)2JC!1l·_ . 0 , 

• • ), ' I "( ' >._ • - • 

\ 

.-- .. ,,.. 

•. : ,· . __ .,_·:, .· . ~(2t+a'-/.:..,2)(21+_~+/'.:l)cm =0· 
. . . . ' . • . - 1 . (21 .• · 2 '. .·· ; .• ' ' 2 \ : .. .• ; ',. (2f 
-8( t + 1 )( t.+ a~ +.;2 )C1+1 t Jµ~ l + 2(2t +,cy2 + 03) +.(2t + 01 _+ ~2) }C71 . 

; .. ·. ·, . ,• .. . ·. ·: . : (2) . . . · . 
;-(2t+.o: ,:- l-;-2)(21 +,a :t'l -;-l)C1,... 1 =0. O(:l.20). 

. where :·. - .,, ,', 

·µ<il =-~[A~ a;l(l+I)), j.= I, 2 ., · (:J.21) 

. ,The contraction liqiit is\aken using eq: (2.47) i.~ relate e.:2 i.~ I.he Carl!'Hian :~c~nlinatc-s . 
on E;_ Toking l ~ .kR~e find ·• .. .· •· . ' . 

. _ µ<1>-+ 'l,R2k{, 1t<21 .-+ -2R2 ki,' -k =. ✓kf + J..·i-. - (:1.22) 
-,_. 

For R =-+ oo·the re~ursion relations {:1.20) simplify t.o twii I.Prmom·s tllatnm 1,,; solved t.o · 
~bt~in ·. _! __ ._.,, •• _.,:-·. --_:. ·_-: ·:.< · .-.-_ -- -•. ,. -···'. ·< 

'7' 
c<il •= .· n21 .. (-kJ I I 

(a;+ 2k , -1 .} 0 t!·, .1 I .- ·-· 
..... (3.23)'. 

- 11 

,,, 
1-'. /"' \ 



\ 

.. ! 

with 
; ', ~ -- . \: . 1 , •·. . ·:y--:: . . . : 3 . ·.. ,. 3 . ·, 

( a; +2) 1
= (c,i+ 2)(a;+ 2) · ··(~;-: 2 + t), ·t 2: 1 

- . r c__...._ • ', 

·(· 1) .... _a.;+-: -·= L · 
. _2 0 ' 

'' . - ' 

Substituting (3.23) into (3.19) we obtain 
- . ' 

/ · · ·. ·- ·• ;,~+
0

, .at . :· · · ( •·. .1 ··. k2x2 ) 

t/Ji>.(e1) '= (:l)• ~- • R<>, x
01

~F1 01+:r:- \ -. _ 
.. ·- .. i:i. a?·· ' ·• -·(· . '1. k2y2) 

1fo(e2).= (-l) 2R<>2y~20[1 ~2+-;-;-;-2- '._ 
. ~ . . .2 4 .. 

~ ·· .. - -· 
(3.24) 

Using the formula (3:-4) arid the explicit exp;essions: for h 1~2,· we find the°i:6ntraction 
.limit: > . ' . :r ., .· ' . .. . . ' • ' . . . .. ·: . . 

}1f{(R)t/;1>.(e1,6) -:-+- Af{(R)1Pk1(x)t/Jk2(11f 

_ , 'COS ~1X cos k2Y, ~ 1 -~ O,at= 0' ·.--· 

• '.. . ' • ✓ 

.:...::A1>g(·--.)~•,1· .-- ., I>. -1 2 a 2 •. ' ~-

.: . 1 . . . ' ·_ .. 

:~k,R cos 
0

k1x sink2y, · 
. ',,, 

- k \ sin k1x cos k2y;, 
1 /" ., : 

Ot = 0, a; ;,/1 ) ' 

Ot = l,02 =0 
(3:25) 

.. 1 ,._ ·._:·;-. . . . ' 

- k1k2R2 sink1x sin k2y, -·-01 =; 1, CT2 = L' 
. - ~ ' . ' 

3.5 Elliptic basis on S2 t~ el_liptic basis,onE2 
r • . • • . ' • •• • •••,, ~o • • •• • • • • - _' • - - _: • ,) • ' • •' ~ • • • , • • ' -• < 

Let us start from the elliptic coordinates (2.8) with a1 '$ p1 ·. $ a2 $ p2 $ .a3 • We take 
the limit R .::+· oo,: a\ :--+ oo ,vith-.Jai/ R, a1 and a; finite. Wejntroduce a constant D, 

. .:· :as in 'eq. (2.39). Elliptic coordinates on the pl~n~:-E2 ar~-intrnduced via eq. (2.41), "so:< 
that the Cai-(esian coordinates (x; y) are expressid in terms of the elliptic ones(e, 17) as ..: 
in_efj. (2.24) .. Let' us fir~t take the limit in the s~paratedequatidns (3.12) .. Q~ing over to' 
U1e variabtes(e;,;) 'from (P1,P2)we obtah1 for'R ~~=. .. ..._ 

with'" 

tPJ~_ .. ••.{·· .. k2
D

2
:(a;_+·a .. 1)··• k2D

2 
:.2 ··} .. ·.,_ .. •o·.--_-. -- + µ- -- --. -- - --cos 71 '1-'1.= • .._ 

- d772 .·· _ .· _2 .; a2-: a1 . :2 ... ;--- : : . 

. d2tf; ···· ·{· ·.· .. k2/J2 (a + __ a }•·· k2D2_ \ _.,.:,}--_. ·.' < 
· . ~--2 + µ ~-•--· - 2-·-1. -~--cosh2f t/;2 := 0. -· de 2 - ·· • 2 a2 -: a1 2 - · . · . ·: . '.. :-

,, •i_ ' ·- - . \·· ·: .- ·, ., - - . ' . 

.~~- ,.• . ' . ,x"' ·.:;, 
µ = -:-, ·l.~ kR . 

~(3.26).: · 
.. '-

(3.27) -· ., 
-;.') 

-·-,, - ·_<' ... ,.~:: - -··r_--_~_:-,),·•,.; __ _:·. --~-~--- .. -~\. .a?: ~(➔ i l. :.i'i,_:"•:'• --""~ ·-·c.-:<·~-_:·.~:::,.,._. __ '._,~ _·,_ .. -~-: .. -·, _:( ____ , . In (3.26). we recognize the standard form of the'Mathieu equation,.whereas eq. (3.2.7) . 
. is a modified Mathieu equation '[35] ·--= Thi.is, i~ the contraction limit; La!Ile f~nctions .· will 
· _go.over into Mathieu ones. Moreover,:periodic solutions of the Lame equation .. go over . 

·_ into periodic solutions ofeq. (3.26). • - . . . - ·--.....,: 

· • The contraction limit can also .be taken directly in th~• L;~i p~ly~~~ials,'. using th~ . 
expansiim :{3.13). ( cut off at t' = .N): The resuh that we obtain is· ·. · ! ·· · , . ·· · 

' J • ., I. . . ·, . . -

-. - '. · ' ' ' ·a +a • , · "'. '·, · • 

iim _WRi>.(Pi) = (a2 -•a~)}(-~~ (cos 77).;1 (si~_17)°2 ~Ci_( cos77)2\ 
R-+oo a3 . , • 0:3 . . . L...J 

·'• '~.... · · · ·. · t=O 

.(3:28) 

. ·,,,f ,',, ,"- · . .'. ~- ! ·,· • , ,, .·\_ ,' _ .. 

. J" ,lll1>.(P2) .:_ (' ' ),1(-l) 2 
( h;)·o;( • ht)<>2 ~ (J ( h't)·~t' R::'.!, ~ -. a2 -_ a1 2 ; .fl<>a co_s ~- sm ., L.J _t cos ., . , .. 

,, ', . ; .. . ,' .. ,. .. ,,,• t=O. ·. i . :.' .• 

(3;29) 

"• • I ._: \ • • i ' ·, I ,, ,-'< ' ' i' < ·, '·,{, • :,. ; • ,'_ • • 

where the :expansion coefficients C1 satisfy r~cursion relations obta_ined frorri eq.•(3.14), 
namely ' i -· · · · · •- · ' · 

-·4(t +l)(t+112'+ a1)G\+ {µ -(2t+ a{+-~2)2}C1 - k~D2Ct'= 0. 
-... / , •. " ,, , . • - . ··r 

'\ 

(3:3b) -_. 

\ 3.6 · Elliptic basis on S2 to parabolic b.isis on E2 ·. · 
- ".. ' ' . '' ,'•, ' ' ,/ ',, 

' Let us co~side; th; contraction Ii.mit;f~r the La~e equations (3.12). T~ do this:we use 
equations (2.12) wi~~ a3 ....!. a2'·== a2 - a1 == '!- i.~. k =k'. ·= l/J2, together ~vith'. ~q: (2.52)',, 
to qbtain ,· · 

·\_. .·. , •· ·· . ; _(-· ·. · · \2')--, .. _._· .. ,- •, ·( · _ 'v2)·_· 
. -·.P1-":'a1'+a _-:-:-1+- ,· p2~a1+_0; 1_+_: 

I, . , '. ' 2R , .' .. ·, R 
' ' . ; t 

Theequatiori (3.12)for /= p(andp = P2 'in the lirilit R,....:+ ~.:with[~,~ k2R2 and 
,\ .:..: ail( l + 1) = µRa, yields the two equations - · . . ' ' . 

,.. ' /,1 . . .. ' ·, •. · , 1 , ·.,,' '.:\ ·' I 

• d2tf; ' ·._ . . ' ·... .• .. 
·-

1 
+(k2u2 +µ)1P1 ,;,/o.'. 

du2 .· ', -':· • . . 

\ 
_rfip2'.+_ (.k2. f . )·'· .. , ·o' -- .v -µ '1-'2 = · 

. dv2 .·. ·,: •. ,· .. , 

resp~cti~ely. ·. . .. . _ _ . _ . _ . 
Thus -the Lame equations inthe contraction limit go over into the equations· (3.32~ , 

3.33)°forp~rabolic ~ylinder fu~ctions (36]. The sam~ is of coursetrue:for solutions. The,, 
. · expansion (3.13) is not suitable for the contra~tion limit. In view of:eq. (2.52) ~e need 

expansipn~ in .terms of 'thi: variables (1 + sno:) and (1 - J2°dn,8). This is n~t hard t~ 
do, following for instan~e-methods used inRef.37-to relate the wave functions of a two- , .. 

-· .. dimensional hydrogen atom, calculated in different coordinate systems. The formula'.e_.are .. 
' cumbersome, s·o we shall not pr~sent them here. ' ' .. . . ' ' . ' . . . i • ' . , ', _· • • 

- ') I. • \, 

4 Conclusions - . 
'. . ,· . . . . . . . ' . '· .-. _. . /,. I ',, I ' • • . . :-

In this papei-: we\have presented a new aspect of the theory of Lie grou_p and Lie. algebra, 
. contractions:_ the relation between ·separable coordinate systems in curved and fl.at spaces, · · 
related by the. contracticmof their isometry; groups. S~ far we have con~idered thesirripl~st 

I.',' ' ', •, • ,, ' • '.' •· ,,. ('; , ,!'' , ,, > ' ' 



; 

/ 

mea~ingful example, n~ely the original Wigner-Inoriu ~6ntraction fro~ a 0(3) to E(2),; 
as applied to the sphere 's2 and Euclidean plane E2 • . '· . . •. 

· We.have followed through.the.contractio~ R .---+ ·oo (where R is the;radius of the 
, sphere S2) a:t all levels: the Lie algebra~ as realized by vector fields, the Laplace-Beltrami 

l ; ' . , ' ~ 

operators in the two spaces, the seco_nd order operators in the enveloping algebras, char-
acterizing separable _systems, the separable coordinate systems themselves, the separated 

;' (ordinary) differenti~ equations arid the separ~t~d. eigenfunc~ions of the invariant opera-
. 'tors. . . ' 

In parti~ular, we have sh~wn how differ~nt limiting proc~dures lead from two ~eparable 
: , . ' : ' : . ' ' . . . \_ 

systems on S2 , to four systems on the plane E2 • 

· We mention thatthe realization (2.26), (2.27); (2.28) of o(3) in te~~s of vector fields 
int~o variables corresponds to the 0(3) subgroup of the group8L(3,R) figuring as the 
group of projective transformations of R2

, Indeed, m~re ge~e;~lly, sl(n +1, R) c'an be 
creii.lized as . . . -

: .a . . .a 
·P,.=-a ,, L',,.;==x,.-

8
· ;_ 

: •. Xµ , · Xv.•. 

. '.1 .• n , 8 , 

D,= Ex"a' 
_:, '· cr;=l, ,, ~fX·: 

1 

~ 

1:::; µ,v:::; n: 

I. 

C,.~-x,.D· 

,,· (4.1) 

. . . - '\ . ' ~- - . -

Th,is shows' that the methods of this article' can easily be a,dapted to treat. o_ther, 
contraction problems. For n ;, 2 we can :construct the o(2, 1) ·c sl(3, R) subalgebra and 
c~nsider controctions ~f separ~ble coo~dinates ~n' one~ or, t~o-sheeted hyperboloids and 
their contractii>~s to coordinates.on Euclidean o~ pseudo-Euclidean planes .. F~r n :?: 3 we 
can again e*tract o(n); or o(p, q) subalgebras of sl(ri, R) and consider si~ilar contraction 

'problem;. Thi~ howeve~ lies beyond.the scope.of the present article. ' . 
' ~ ... . ' . ' ' ' 
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