
E2-96-241 

E.G.Kalnins1, W.Miller (Jr.)2, G.S.Pogosyan 

SUPERINTEGRABILITY 
IN TWO-DIMENSIONAL EUCLIDEAN SPACE · 

AND ASSOCIATED POLYNOMIAL SOLUTIONS* 

Submitted to «Journal of Mathematical Physics» 

1Department of Mathematics and Statistics, University of Waikato, 
Hamilton, New Zealand 
2School of Mathematics, University of Minnesota, Minneapolis, Minnesota, 
55455, USA 
*Work supported in part by the National Science Foundation under grant 
DMS 94-00533 



1 Introduction 

It has long been known that there are potentials for which a given Hamiltonian system in 
classical mechanics admits a solution via separation of variables in more than one coordinate 
system [6]. The methodical search for such potentials was initiated by Smorodinsky, Winternitz 
et. al. in two and three dimensions, [9, 10, 21]. A subset of such systems is called maximal in 
dimension N if there exist 2N -1 functionally independent integrals of motion. In some papers, 
such systems are called superintegmble, [8]. In this work we examine the basis functions for 
those classical and quantum mechanical"systems in two dimensions which admit separation of 
variables in at least two coordinate systems. We do this for the corresp~nding systems defined 
in Euclidean space and on the two dimensional sphere. In a subsequent work we shall st.udy 
systems defined in two dimensional hyperbolic spaces and in complex two dimensional space~. 

For each of the superintegrable systems we observe that, for the discrete spectrum of the 
quantum mechanical Hamiltonian, one can consider this operator as acting on a space of polyno
mials [20). Each eigenvalue is multiply degenerate. However, each separable coordinate system 
gives rise to an orthonormal basis of polynomial eigenfunctions in this space and breaks the 
degeneracy. These bases are characterized as simultaneous eigenfunctions of second order sym
metry operators for the Hamiltonian [23]. We show that under commutation these symmetry 
operators close to form a quadratic algebra. The superintegral systems are of two types: the 
"normal type" in which the original Hamiltonian is diagonalized, and the "conformal type" in 
which the Hamiltonian is modified by multiplying the eigenvalue equation by a function and 
considering the energy as fixed. The modified equation i~ then interpreted as ·the eigenvalue 
equation for a Hamiltonian on a conformal Euclidean space with a "charge" as the eigenvalue. 
We present all of these cases from a unified point of view. In particular, all ·of the special 
functions that arise via variable separation have their essential features expressed in terms of 
their zeros. The principal new results are the details of the polynomial bases for each of the 
nonsubgroup bases, not just the subgroup cartesian and polar coordinate cases, and the details 
of the structure of the quadratic algebras. (For those coordinate systems which correspond to 
subgroup type coordinates, the finite solutions have already been found. The contribution of 
this article is to indicate how the remaining finite solutions can be obtained. This invariably 
involves the use of a Niven type ansatz for the finite solutions; every quantity of interest can 
be computed in terms of the zeros of the corresponding polynomial solutions.) For the sake of 
completeness we list all the finite solutions that are possible. We analyse each of the potentials 
systematically. 

In §2 and §3 we consider the superintegrable systems in Euclidean 2-space and on the 2-
dimensional sphere, respectively. In §4 we examine the polynomial eigenfunctions in elliptic 
coordinates of then-dimensional isotropic quantum oscillator. 

2 Two-dimensional Euclidean space 

As is well known [6, 23] there are exactly four coordinate systems on the Euclidean plane in 
which the free particle Schrodinger equation separates: Cartesian, polar, parabolic and elliptic. 
We describe these coordinate systems. Let x and y be the Cartesian coordinates. 
Polar Coordinates are defined by 

x=rcoslJ, 
y=rsinlJ, 

r>O, 
0 ~ lJ < 2,r 

ltv.u.:· •. -....1 i-=:--iryr, 
U",l•J ~aet~:J.i&W ! 
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Parabolic Coordinates. We can define two mutually perpendicular parabolic systems: 

1 ( 2 2) x=-e-11, 
2 y=(17' (ER,77>0 (2) 

and 

x=frj, 1 -2 2 
Z°ER,71>0 (3) y = 2 (e -11 > , 

The connection ( (, 77) >-+ (Z°, 71) is a rotation of angle 1r / 4 in the ( (, 77) space. The transformation 
( x, y) >-+ ( (, 77) actually is the two-dimensional realization of the Levi-Ci vita transformation [19] 
which has the form: 

X = e - 7]
2 

, . Y = 2(77 , ( E R,77 > 0. (4) 

Elliptic Coordinates in-algebraic form are defined by (e
1 

< u
1 

< e
2 

< u
2

} 

e2 - e1 
2 (u1-e2)(u2-e2) 

y =~--'-'~--'--. 
e1 - e2 

2 (u1 - e1)(u2 - ei) 
x=~~--'-----'-, 

(5) 

Replacing x >-+ x+Je2 - e1 yields a coordinate system which is called elliptic II coordinates 
(12]: 

x= (u1 - ei)(u2 - ed + Je
2 

- e1, 
e2 -e1 y= (u1 - e2)(u2 - e2) 

.e1 - e2 (6) 

It is interesting that the two elliptic coordinates are connected by the Levi-Civita transforma
tion. Indeed, if we use parabolic coordinates.((, 77) in Eq (4) as Cartesian coordinates in Eq (5), 
we have 

where 

x= (u1 - e1)(u2 - ei) + Je
2 

- e1; 
e2 - e1 Y= 

ti;= u; - u1(e1 + e2); - 1( 2 e1 = - 4 e1 + e2) ; 

(u1 - e2}(u2 -. e2) 

e1 - e2 

e2 = -e1e2. 

(7) 

(8) 

As shown in [9, 10, 21] there are four classes of potentials for which multiple separation 
occurs in Euclidean space. 

We treat the cases in order. In each case the Schrodinger equation is (n = m = 1) 

i = 1 ···4. 
1 

- 2Liw + V;(x,y)W = Ew, (9) 

2.1 The potential in the first case is 

1 1 (p_! k2-l) 
Vi(x,y) = 2w2(x2 + y2) + 2 ~ + T . (10) 

2 

j 

,f 
l 

Table 1: The two-dimensional superintegrable potentials 

Potential V(x,y) Coordinate 
System 

Vi = !w2(x2 + y2) + ! e; -¼ + ki - ¼) 
2 2 x2 y2 Cartesian 

Polar 
Elliptic 

1 1 k2 I 
½ = -w2(4x2 + y2) + k1x + - 2 - 4 Cartesian 

2 2 y2 
Parabolic 

Vi= 
a 1 1 ( k2-l k2_1 ) + 1 4 + 2 4 Polar 

Jx2+1,2 4Jx2+¥2 Jx2+y2+x Jx2+y2-x 
Elliptic II 
Parabolic 

,,. 

Jx2a+ y~ + !·Jx~l+y2·(P1✓✓x2+ y2 +x+ f32✓ ✓x2 + y2 - x) , ""'4 == Mutually 

Parabolic 

The corresponding Schrodinger equation is (k1, k2 > 0) 

[ 
a2 a2 

] [ 2 2 2 k; - ¼ ki - ¼] 
'-+- w+ 2E-w (x +y )------ W=O. 8x2 8y2 x2 y2 

See [9, 10, 2, 12, 25] for an earlier treatment. This equation separates in thre~ different separable 
coordinate systems: Cartesian, polar and elliptical coordinates. 

.If we rewrite the Schrodinger equation by putting 

ir, = e-w(r1 +y2)/2xl/2±k1yl/2±k2qi(x,y) (11) 

then the equation for 4>(x,y) is Q4> = -2E<I1 or 

[ a
2 a2 

(1 ± 2k1 ) a (1 ± 2k2 ) a ] - + - + -- - 2wx - + -- - 2wy - - 2w(2 ± k1 ± k2) <11 = -2E<I1. 
~ ~ X & ~ ~ 

(12) 
Clearly the operator Q maps polynomials (in x2, y2 ) into polynomials, without increasing the 
order. Since the original Hamiltonian is self-adjoint with respect to-the measure dx dy in the 
plane, the operator Q acting on polynomials in x2

, y2, is self-adjoint with respect to the measure 

dp(x, y) = e-w(r2+v'lx1±2k1 y1±2k,dx dy 

in the quadrant x > 0, y > 0. We assume that the positive sign at the k; has to be taken if 
k; > ½ and both the positive and the negative sign must be taken if 0 < k; < ½, so that the 
polynomials have finite norm [12]. 

To find the eigenfunctions in the case of cartesian coordinates we loqk for separable solutions 
<11(x,y) = X(x)Y(y). Then the separation equation in x becomes 

[ a
2 

( 1 ± 2k1) a ] 8x2 + -2w +-;z X ax - (1 ±2k1)w X = 2A1X. (13) 
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If we look for solutions of the form 

X(x) = II!,=1(x2 
- Om) 

the Bm must satisfy 

"" Bt w0t=l±k1+2L.,0 -0-' 
#l l 1 

and 
1 

.\1 = -w(2q ± k1 + 2), 

where q is a non-negative integer. The solutions are X(x) = L;1 (wx 2) where L~(z) is a Laguerre 
polynomial. 

Thus the corresponding set of orthonormal eigenfunctions which are normalized in quadrant 
x > 0,y > 0 by 

l dx l dyW~;n;(x,y)Wn,n2(x,y) = ion;n,On;n, (14) 
0 0 

JS 

\JI( ) _ q,(k,,k,)( ) _ / wn1!n2! ( r.--: )½±k, ( r.--: )½±k, 
x,y = n,,n, x,y - \ r(n1 ± k1 + l)f(n2 ± k2 + 1). yWX ywy 

e-~(x'+_v') L;,k' (wx2)L;2k
2 (wy2) (15) 

where En = w(2n ± k1 ± k2 + 2) and n = n1 + n2 is the principal quantum number. 
The corresponding classical operator is 

2 ( 2 2 k; - ¼) L1 = Px - W X + ~ . 

These eigenfunctions satisfy 

• - ( a2 2 2 k; - ¼) 
L1 \JI = ax2 - w x -~ \JI = 2.\1 \JI. (16) 

In polar coordinates the Schriidinger equation is 

( a
2 

1 a 1 a2
) [ 2 2 1 (k; - ¼ kJ - ¼)] . -+--+-- w+ 2E-w r \JI-- --+-- W=0. 

8r2 
T 8r r 2 802 ' r 2 cos2 0 sin2 0 

If we write \JI= R(r)T(0) then the separation equation for T(0) is 

d2 (k2 - ! k2 - !) 
d02T(0) - c~s2; + s~n2 04 T(0) = .\T(0). 

If we now put 
T(0) = (cos0) 1f2±k1 (sin0) 1 f2±k,p(z) 

where z = cos 20, this separation equation becomes 

{ a2 a 1 } (1 - z
2
) az2 - [(2 ± k1 ± k2)z + (±k1_'f k2)laz - 4[.\ + (1 ± k1 ± k2)2] P(z) = 0. 
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If we try solutions of the form P(z) = II!,=1(z - Bm) we find that the zeros of the polynomial 
P(z) satisfy 

2L_l_= l±k2 - l±k1 (17) 

m# 
Bt - Bm (1 - 0t) (1 + Bt) 

where .\ = -(2q ± k1 ± k2 + 1 )2. These are just the equations satisfied by the zeros of the Jacobi 
polynomials. In fact the solutions of this eigenvalue equation have the form 

T(0) = (cos0)1f 2±k'(sin0)1/2±k>pJ±k,,±k>)(cos20). 

The classical constant of the motion is 

[
k2- ! k2- !] 

L2 = (xp. - yp.,)2 - ~ + 2y2 ◄ (x2 +y2) 

and the corresponding eigenvalue equation satisfied by the eigenfunctions \JI is 

[( a a ) 2 (! - k2 ! - k2) ] L2W = X 8y - y ax + ~ + T (x2 + y2)· \JI= .\\JI. 

The orthonormal [as in eq. (14)] eigenfunctions in these coordinates are 

where 

iJJ(r 0) = q,(±k1,±k2l(r 0) = cJ>C±k1,±k2l(O) 
' nr,q , q 

2wn,! 

f(n, + 2q ± k1 ± k2 + 2) 

2 e-w; ( vwr)(2q±k,±k,+1J L!~±k,±k2+1(wr2), 

cI>~±k1,±k2)(0) = (2q ± k1 ± k2 + 1 )q!r( q ± k1 ± k2 + 1) 
2r(q ± k2 + l)f(q ± k1 + 1) 

x(cos0)1f2±k1(sin 0)1f2±k, PJ±k,,±k,)(cos 20) 

( 18) 

(19) 

(20) 

and E = w(2n ± k1 ± k2 + 2), with n = n, + q. Using (11) we can easily split off the polynomial 
portion of (20) from the multiplier. 

In elliptical coordinates we adopt a similar approach. Using the identity 

x2 y2 
--+---1= 
0- e1 0- e2 

(u1 - 0)(u2 - 0) 
(0 - ei)(O - c2)' 

we look for solutions (11) of the form [26] 

n ( x
2 

y
2 

) cJ>(x,y) = Ilm=l -0 -- + -0 -- - 1 . 
m - e1 m - e2 

The Bm must satisfy 
1 ± k1 1 ± k2 + L 2 - w = 0 

Om - e1 + Om - e2 #m (Om - 0;) 

(21) 

(22) 

where E = w(2n ± k1 ± k2 + 2). If we write the Schrodinger equation for this potential in 
elliptical coordinates we obtain 

4(u1-e1)(u1-e2)[a
2,J!_l( l I )aw] -+- --+-- - + 

Ut - U2 auf 2 Ut - e1 Ut - e2 au1 
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4(u2 - ei)(u2 - e2) [a
2
; + ~ (-1- + _l_) aw]+ 

U2 - UJ au2 2 U2 - e1 U2 - e2 au2 

[ 
2 (¼ - ki)(e2 - ei) (¼ - kD(e 1 - e2)] 

2E - w (u1 + u2 - e1 - e2) + -,-.c..----,--:-----,- + ~----:--:-------,- \JI= 0. 
(u1 - e1)(u2 - ei) (u1 - e2)(u2 - e2) 

This equation admits separable solutions \JI= U1(u 1 )U2(u 2 ) and separation equations 

{ [ a
2 

1 ( 1 1 ) a ] 2 2 4(u; - e1)(u; - e2) - 2 + - -- + -- - - w [u; - (e1 + e2)u;)+ 
au; 2 u; - e1 u; - e2 au; 

(k;- ¼He1 - e2) + (k?- ¼He2 - ei) + 2Eu; + .x}u;(u;) = O, i = l, 2. 
(u1 - ei) (u1 - e2) 

The additional operator describing this coordinate system is 

where 

L3W----~--~ --+- --+-- -' 4u2(u, - e1)(u, - e2) [a2w 1 ( 1 1 ) aw] 
- UJ - U2 au~ 2 UJ - EJ UJ - e2 au1 

4u,(u2-ei)(u2-e2)[a2w 1( 1 1 )aw] +-~-~~-- --+- --+-- - + 
U2 - U1 au~ 2 U2 - EJ U2 - e2 au2 

[ 
2 (k; - ¼)(e1 - e2) (ki - ¼He, - e2)] · 

-U1U2W +------+--~~-- \JI 
(u1 - e1)(u2 - e1) (u1 - e2)(u2·- e2) 

[ 
a a 2 a2 

a
2 

2( 2 2 ) 
(xay -yax) +e2ax2 +e1ay2 -W E2X +e1y +e1e2 

+-4 __ 1 (x2 + y2 + e2) + _4 __ 2(x2 + y2 + ei) \JI= ,\\JI 
1 _ k2 . ! _ p ] 

x2 y2 

,\ = -(1 ± k1 ± k2)2 - 2e2w(l ± ki) - 2e1w(l ± k2) - w2e1e2 

~ [ 1 ± k 1 1 ± k2 ] -4~ ~---+e,---. 
m=l 0m - e1 0m - e2 

The corresponding classical operator is 

L3 = (xpy - _YPx)2 + e2p; + e1p; - w2(e2x2 + e1y2 + e1e2) 

( 1 k2) (1 k2) 
+ ".i -

2 
1 (x2 + y2 + e2) + ".i -

2 
2 (x2 + y2 + ei). 

X y 

If we now use the redefined operators 

and 

1 2 2 1 2 2 
M1=L1, M2=L2- 2+k1+k2, M3=L3- 2+k1 +k2 

l_p l_p 
H = p; + p; - w2 (x 2 + y2) + ~ + ~, 

X y 

6 
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(23) 

(24) 

we observe the following relations: 

M12 = {M1,M2} 

{M12,Mi} 

{M12,M2} 

· 2 ¼-ki ¼-kf = 4(xpy -ypx)(PxPy -w xy) + --2-XPx - --2-YPy, y X 

= S(M; - M 1H) - 16w2 M2 , 

8M2(H - 2M1)- 4(1- 4ki)M2 + 4(1 - 4ki)(H - M1), 

(25) 

(26} 

(27) 

M;
2 
= 16M1M2(H -M1)+16w2 L~-4(1:-4ki)M;-4(1-4ki)(H-M1)2+4w

2
(1-4ki)(l-4ki). 

We have not included M
3 

in these calculations as it is linearly dependent on H, M1 and M2 
via the relation M

3 
= M2 + (e2 - e1)M1 + e1H. The constants of the motion M1, M2 and H 

generate a quadratic algebra. 

2.2 The potential is now 

1 lki- 1 
V2(x,y) = 2w2(4x2 + y2) + k1x + 2 2y2 

4 
• 

(28) 

For k
1 

= 0 this potential also known as a Holt potential [14]. The Scltrodinger equation for 

k1 = 0 has the form (k2 > 0) 

-+- '11- w2(4x2+y2)+-2--4 '11=-2E'11. 
( 

a2 a2 ) [ k
2 

_ 11 
ax2 ay2 y2_ 

There are two coordinate systems of relevance here, Cartesian coordinates x, y and parabolic 
coordinates l, 1/· If we express solutions of the Scltrodinger equations in the form 

'11 = e-wx2 -wy2 /2yl/2±k2<1>(x,y), (29) 

then the function <Ii(x,y} satisfies the equation R<l> = -2E<li or 

ax
2 

+ ay
2 

+ y ay - 2w(2x ax + y ay) - 2w(2 ± k2) <Ii(x, y) = -2E<li. 
(30) 

[
a2 a2 (1±2k2) a a a - 1 

It follows that the operator R maps polynomials (in x, y2
) into polynomials, without increasing 

the order. Since the original Hamiltonian is self-adjoint with respect to the measure dx dy in 
the plane, the operator R, acting on ,polynomials in x, y2 is self-adjoint with respect to the 

measure dp(x, y) = e-w(x•+v•)y!±2k2dx dy 

in the upper half plane y > 0. We assume that the positive sign at the k2 has to be takeri if 
k

2 
> ½ and both the positive and the negative sign must be taken if 0 < k2 < ½, so that the ' 

polynomials-have finite norm [12]. 
Equation (30) admits a separable solution of the form <Ii = X(x)Y(y) where the function 

X ( x) satisfies the separation equation 

_ --4wx--2w-.\ X=0. [ a
2 a 1 

8x2 ax . 

If we try solutions of the form X = n;::=1(x - 0m) the relations among the 0m are 

1 
4w0t= I:~ 

m#l 

7 
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':. 

and the eigenvalues are,\= -2w(2n1 + 1) with solutions X = Hn, ( ~x). The solutions for 
the function Y(y) correspond exactly to those given for the potential Vi viz 

Y(y) = L';2k'(y2). 

The orthonormal eigenfunctions are 

\JI= Wn,,n,(x,y) = v'2w½(I±k2) n2! I 2±k2 - lwy2 L-1-k 
r(n2±k2+l)y e 2 ;;-;'(wy2)x 

i 
!. 

l 
(

2w) 1/4 1 -wx2 
- ✓ 1e Hn,(~x). 
1r .2"1 n 1 • 

(32) ,, 
I 

and the energy E takes the values E = w[2(n1 + n2) ± k2 + 2]. 
In the case of parabolic coordinates we note that 

y2 2 (e2 _ ,\2)(772 + ,\2) 
,\2 + 2x - ,\ = --,\2 

If we try a solution of (30) in the form 

<I>(x,y),=IIe'=1 e; +2x-,\;) 

it follows that the At must satisfy 

1 " 4 2 
,x2 + ~ ,\2 - ,\2 - 2w,\t = 0 

t m# t m 

' . 
and E = w(2n ± k2 + 2). 

The Schrodinger equation written in terms of parabolic coordinates is 

1 (8
2

\J! 8
2\ll) [ 2 4 2 2 4 ¼ - k1] 

e + 772 ae + a772 + 2E -w (e -e 77 + 77 ) + e772 IV= o. 

(:!3) 

(34) 

If we look for separable solutions of the form Ill= X 1(e)X2 (77) the separation equations are 

[ 
8

2 
( 2• 6 ¼ - k; 2 ) ] - • oµ 2 + -w µ + ~ + 2Eµ + ,\ _,,\.i = O, 

where.µ= e if j = l andµ= 77 if j = 2. The operator whose eigenvalue is,\ is 

- 1 [ 28
2\ll . 20

2
W] [ 2 2 2 ¼ - k1]( 2 2) L2w = ~ e ~ - 77 ~ + we 77 + t22 ( - 77 w 

<,, , 77 u77· u, \. 77 

9 - a2 1V _ 021V aw . ~- 2 2 ¼ - k1 , 
~x"2 - 2y~ - ,, -t- [iw xy + --

2 
-xJW. 

oy uxuy ux y (35) 

The eigenvalues are 
q 

,\ = 2(1 + k- \IIq ,\2('°' ,x-2) 
......., ~ J ;=1 J L....J m · 

m-==l 

8 

If we define the classical operators associated with this separable system as 

!_p 
Ji= p; + p~ - w2(4x2 + y2) + ~' 

L1 = p; - 4w2 x2, 

y 

2 2 ¼ - k1 
L2 = 2py(xpy - YPx) + 2w xy + --2-x, 

y 

then the defining relations of the quadratic algebra are 

L12 = {L1,L2} 

{L2, L12} 

{L1, L12} 

2 2 2 ¼ - k1 2 
4[pxPy + W Y Px + 2--2 -px - 4w xypy], 

y 

l6L1 (JJ - Li) - 8(JJ - Li)2 - 8w2 (1 - 4k?), 

-16w2L2, 

Li
2 

=< 16(JJ - Li) 2 L 1 + 16w2 L~ + 16w2 (1 -:- 4ki). 

2.3 The potential is now (k1 , k2 > 0) 

V ----,===+---- I 4 + 2 4 
-a- · 1 [ k2 

- 1 k
2 

- 1 ] 
3

- ✓x2+y2 4✓x2+y2 ✓x2+y2+x ✓x2+y2-x · 

/ 

(36) 

(37) 

The Schrodinger equation separates variables in. polar coordinates, parabolic coordinates and 
modified elliptic coordinates. If we look for solutions of the Schrodinger equation of the form 

IV= e-½,;::TI;(€'+~2l(/2±k,771/2±k,<I>(e, 77), (38) 

where e, 77 are parabolic coordinates, we find that the equation for <I>( e, 77) is S<I> = -4a-<I> or 

[
a2<1> a2<1> (1 ± 2k1) a<I> (1 ± 2k2) a<I> ln'Jf (,a<I> a<I>) 
ae + 8772 + e ae + 77 877 + 2v - 2

1', \, ae + 77 877 

- 2✓-2E(2 ± k1 ± k2)] <I>= -4a-<I>. (39) 

For fixed Ewe can consider this as an eigenvalue equation for S with eigenvalue -10-. Moreover 
S maps polynomials (in e, 772 or, what is the same thing, in r = ✓ x 2 + y2

, X) into polynomials, 
without increasing the order. Since the original Hamiltonian is self-adjoint with respect to the 
measure dz dy in the plane, the operator S, acting on polynomials in e2, 77 2 is self-adjoint with 

respect to the measure 

dp(x,y) = e-,Fil;{e'+~')e±2k1771±2k2(e + 772)de d77. 

We assume that the positive sign at the k; has to be taken if k; > ½ and both the positive and 
the negative sign must be taken if 0 < k; < ½, so that the polynomials have finite norm [12). 
For polynomial eigenfunctions we must have the quantisation condition 

2a- = ✓-2E[2(q + 1) ± k1 ± k2) (40) 

for integer q. 
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In polar C(!Ordinates with potential Vi the Schrii_<linger equation has the form 

[ a
2 

- 1 a I iJ2 ] [ , . 2n 1 ( ¼ - k; ¼ - k; ) ] -+--+-- •tr+ 2L+ -+- ~---,-+~-- q, =0 
_ arz · r Dr r 2 ao 2 r 2r2 1 + cos 0 1 - cos O . 

If we write solutions q, in the form 

q, = R(r)S(0) 

the 0 separation equation is 

!:_S(O) + ~ [l '- 4kf + 1 -4ki] S(O) = ->.2S(O) 
d0 2 16 cos2 (~) sin2W ' 

which has solutions 

( 0) ½±k, ( 0) ½Hi 
S(0)=_ sin 2 cos 2 Pl±ki,±k,)(cosO) 

~here,\= m + f(l ± k1 ± k2 ). The separation equation for R(r) i~ 

[ 
a2 

1 fJ ,\ 2 
2o: ] -+-- - -+-+2E R(r) =0 

fJr 2 r or r 2 r 

which has the solution 

Rn,;(r) = e-.r-m~(2✓-2Er)>,L~,(2vC'iffr) 

where 

E= 
a2 

2(n, + ,\ + l/2)2 · 

The orthonormal basis of eigenfunctions is . 

' Wn,m(r.0) = ,/ an,. R (r)"'(±k,,±k1)(0/2) 
· · r(2n, + 2,\ + 1)(2n, + 2). + 1) n,>, "'m · 

The operator whose eigenvalue is ,\2 is, in cartesian coordinates, 

2 2 14 + 24. [ 
a a 

)
2 

1 ( k
2 

- ! k2- l )] 
Li= (xay -yax -2~ #+y2+x #+y2-x 

In pambolic coordinates Schriidinger's equation has the form 

1 · [f)2 q, [J
2 q,] [ (l_p !_p)J 

l/1II= e2+rt~ ae2 + 8172 + 4o:+ T+T W=-2E'11. 

The separation equations are 

02 (l -k2 ) 
fJp 2 X1 + ~+ 2Eµ

2 + >.1 X1 = O 
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(41) 

( 42) 

( 43) 

(44) 

(45) 

I 

J 
! 

.,~ 

with ,\1 + ,\z = 4a. The orthonormal bound state eigenfunctions of Schrodinger's equation in 
these coordinates are 

q, = X1(e)X2(r,) = an1!n2! 

[2(n1 + n2) ± k1 ± k2 + 2]3f(n1 ± k1 + l)f(n2 ± k2 + 1) 

e-½r-mte'+~'l( ✓-2Ee)1/2±k,( ✓-2Ert)1/2±k, L;,k' (v'-2Ee2)L;,ka(v'-2Ert2) 

where,\;= 2v'-2E(2n; ± k; + 1), j = 1,2, and 

a2 
E = --,------,------,--= 

2[n1 + n2 + (2 ± k1 ± k2)/2]2 

(46) 

If we choose ,\1 = 2a + ,\ and ,\2 = 2a - ,\ then the symmetry operator with eigenvalue ,\ is 

82 82 a [ 2 1 ~-x 
L2 = 2x [Jy2 - 2y 8:r;8y - ax - ( k1 - 4) ✓ x2 + y2( ✓ x2 + y2 + X) 

-(k2-!) ~+x _ 4a ] 
2 4 Jx2+y2(Jx2+y2-x) Jx2+y2 

1 [ 2 8
2 

2 a2 
] [ 1 2 1/

2 
2 1 e e - 1/

2
] 

=e2+1'/2 e 8172-1/ ae + (4-k1)ezce2+rt2)+(k2-4ll'/2(ez+rt2)+2ae2+rt2. 

For the case of elliptical coordinates we proceed as follows. The normal elliptical coordinates 
will not separate variables. However, if we compare (12) and (2) we are motivated to choose 
coordinates such that 

e =:= (1.11 - e1)(u2 - e1) 
7 

1/2 = (u1 - e2)(u2 - e2). 
e1 - e2 e2 - e1 

If we then try a solution of (2) in the form 

n [ e 1/
2 

] <f>(e,I'/) = Ilm=l -0 --+-0-- -1 , 
m - e1 m - e2 

we see that the 0,,. must satisfy 

l±k1 + l±k2 + L_2 __ y'_2E=O, 
0m - e1 0m - e2 ._,_ 0m - 0; 

J,-m 

(47) 

(48) 

and the quantisation condition ( 40). In this choice of coordinates the Schrodinger equation has 
the form 

4(u1 - e1)(u1 - e2) [8
2
; + !(_1_ + _1_) fJ<I>] 

1.11 - t12 8u1 2 u1 - e1 1.11 - e2 8u1 

4(u2 - e1){u2 - e2) [8
2

il! 1 ( 1 1 ) a<I>] +-'-------'--'----"- -- + - --+ -- -
U2 - '!.11 fJu~ 2 Uz - el U2 - e2 fJu2 

[ 
(¼ - k;){e2 - e1) (¼ - kn{e1 ~ e2) ] 

+ 2E(u1 +u2-e1-e2)+( )( )+( )( .)+4a il!=O. u1 - e1 u2 - e1 u1 - e2 u2 - e2 
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i 
ii 
1: 

::1 

This equation admits separable solutions <I>= U1(u1)U2(u2) and separation equations 

{
4(u;-ei)(u;-e2) (-a_22 + ! [-1- + _1_] _a_) +2E(ul-(e1+e2)u;]+-(k_f_-~¼)_(_e1_-_e2_) 

Bu; 2 u; - e1 U; - e2 au; U1 - e1 

(k~-¼)(e2 -ei) } . 
+ ..c._.:;__-=-_.:__---'- + 4nu; + ,\ U;(u;) = 0, z = 1, 2. 

Ut - C2 
(49) 

The additional ·operator describing this coordinate system is 

L3 - -,------,--,-------~ u2(u1 - ei)(u1 - e2) - + - -- + -- -• 4 ·{ ( a
2 

1 [ 1 1 ] a ) 
- (u1 - u2)(u1 + u2 - e1 - e2) iJuf 2 u1 - e1 Ut - e2 iJu1 

- u1(u2 - ei)(u2 - e2) (-
0
\ + ! [-

1
- + -

1
-] _a)} 

8u2 2 U2 - e1 u2 - e2 iJu2 

kf-¼ { [(u1-e2)(u2-e2)+e1e2]} 
+-----~- u1+u2-e1-e2-'-'----'-'------'-

(u1 - ei)(u2 - ei) (u 1 + u 2 - e1 - e2) 

k~-¼ { [(u1 -et)(u2 -e1)+e1t2]} +--_;;_-''-- u1 +u2-e1 -e2_.:_:__:_____c:_:_:.....c._ _ _:__.:___::_c 

(ui - e2)(u2 - e2) (u1 + Uz - e1 - c2) 

4nu1u2 
+----=--=--
. u1 + u2 - e1 - e2 

In cartesian coordinates the solutions have the form 

IJ! = e-,,F2E(x'+Y')( Jx2 + y2 + x)¼(1±2k1)( Jx2 + y2 _ x J¼(1±2k,) 

n (Jx2+y2+x Jx2+y2-x ) 
X IJm=l 0 + 0 - 1 . 

m - e1 m - e2 

Acting on the functions IJ! the operator L3 has the form 

- [(a {))
2 02 a2 

L3 = f. 871 -11 of. + e2 ae + e1 aT/2 - (e2e + C1T/
2 + e1e2)J/ 

+(!- k2)(e + 77
2 

+ e2) + (!- k2)(f.2 + 71
2 

+ e2)] 
4 1 f.2 4 2 712 

r ( a a ) 2 

( a2 
a

2 
a) = -4 x- - y- - (e1 - e2) 2x- - 2y-A- - - - e1e2J/ 

ay ax 8y2 axoy ax 

- ~(e1(Jx2 +y2 - x) + e2(Jx2 + y2 + x)] 
x2 + y2 

-(! _ k 2 ) (e1 - e2)( y'x2+y2 - x) _ (! _ k2 ) (e1 - e2)( ~ + x) 
4 1 2Jx2+yz(Jxz+yz+x) 4 

2 2Jxz+yz(Jx2+y2-x) 

+(!-kf)~ -x +(!-k~)~+x + ~-kf-k~], 
4 J x2 + yz + x 4 J xz + y2 _ x 2 

12 

(50) 

(51) 

(52) 

l 
' 

where in cartesian coordinates 

JIIJ! __ + _ + ---=== + ____ 1 4 + 2 4 IJ! az\J! iJ21J! [ -Q 1 ( p_! p_! )] 
- 8x2 8y2 Jx2+y2 4Jx2+y2 Jx2+y2+x Jxz+y2-x . 

The eigenvalues of the operator L3 are 

,\ = -(1 ± k1 ± k2)2 - 2J-2E(e2(l ± ki) - 2e1 (1 ± k2)] + 2Ee1e2 

" I± k1 l ± k2 
- 4 I:)e2--- + ei---]. 

m=I Om - Ct Om - e2 

Indeed the cartesian coordinates in this case can be written in the form (7). 
The corresponding quadratic algebra can be generated by the classical constants 

• 2 2 2 ¼ - k; ¼ - k~ 
L1 = (fra - 71pe) + (f. + 1/ )[-f.2- + ~]? 

L2 = -- f. p - 1/ p, - -(- - k ) - -(- - k ) + 2n(f. - 1/ ) l [ 2 2 2 2 77
2 

l 2 e l 2 2 2 ] 
f.2 + 1/2 " ' f.2 ·I I 7/2 4 2 . ' 

2 2 2 2 2 1 2 te + 772 + e2) 
L3 = (f.Pa -17pe) + e2p, + e1p, - ( e2f. + e111 )JI+ ( ~ - k1 )--f.-. 2 

(! _ k2)(f.2 + 7/
2 + t2) 

+ 4 2 2 ' 1/ 

1 2 2 ¼-kf ¼-kJ, 
H = ----:-[p, + p + 4n + (-- + --)i-

f.2 + 1/2 ' " f.2 172 

Here, L 1 , L2, L 3 arc functionally dependent via t.he relation 

L~ =Li+ 2(e1 - e2)L1L2 + (e1 - e2) 2 L~ - 2[(k1 + k2) + 2(e1 + e2)0-]L1 

-[•fo2(ei - e~) + 2(e1 - e2)(k1 + k2)]L2 - [k1 + k2 + 2a(e1 + e2)]2. 

The only additional quantity that we need is 

L12 = {L1,L2} = f.2: 112 {4(f.Pa -11pe)2(f.Pe -11Pa)- !6f.r1(f.Pa - 1111,_)+ 

[. e c 1 2l ri2 c 1 2ll [ 7)
3 

l 1 2 e 1 2 1 } l4
112

+Sf.) 4 -k2 +4y 4-k1 Pt- (4Z'2+811( 4 -k1)+·lry(:j"-l.-2 )p,1 • 

The nontrivial independent commutation relations are 

(53) 

(51) 

{L12, Li} = -16L1L2 + 32o(kf - k~), { 1,12 , L2 } = -16ll f, 1 + 8/,;. (:'>5) 

We should also observe the relations 

{Li, L3 } = (e1 - e2){L1 , L1}, {Li, L2} = {L3, L2}, 

{L,2, L3 } = 16(e1 - c2)H L1 - 8( c, - e2)L~ - 16L 1 L2 - l6(c1 - c2)ll 

-32a(a(c1 - e2 ) + (k; - k~)). 
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2.4 The fourth potential is 

-a B1JJx2+yi+x B2J✓x2+y2-x 
Vi= ~~= + -'-~==~-+ --'-------. 

Jx2+y2 4 Jx2+y2 4 ✓x2+y2 
(57) 

The corresponding Schrodinger equation separates in two versions of parabolic coordinates. 
In regular pambolic coordinates (2) the Schrodinger equation has the form 

1 [a2w a2w ] (2 + T/ 2 aez + aT/2 + (fo - B1( - B2TJ)'ll = -2EW. 

If we write the solutions Win the form X(()Y(r1) the separation equations are 

a2x 
aez + (2o - .\ - B1( + 2E(2)X = 0, 

32y " 
aT/2 + (2o + .\ - B2TJ + 2ETJ·)Y = 0. 

The solutions of these equations are 

and 

where 

X(O = e.J.,s[-2E('+B1{] Hn ( ✓-2E(( - :~)) 

Y(r;) = e 2k[-2E"'+B,"jHm ( ✓-2£(71- :;)) 

B2 
2o - .\ -

8
~ = -(n + l),.,ci£, 

B2 
2o + .\ -

8
~ = -(m + l)✓-2£. 

From this we see that the energy eigenstates are solutions of 

1 
4o -

8
E(Bi + B~) = -(m + n + 2)✓-2£. 

Moreover it follows from (59) and (60) that 

Ill((, TJ) = e'RE[-2E(('+"')+ll1HB2"l<I>((, r;) 

(58) 

(59) 

(60) 

(61) 

where <I> is a polynomial in ( and 71. If (58) is written as a differential equation for <I> it can be 
interpreted as an eigenvalue eqution, with eigenvalue -4o, for an £-dependent operator acting 
on a space of polynomials. The operator whose eigenvalue is ,\ is 

1 { a2 a2 
2 2 2) i} L1 = -- 71 2--(2-+[-B1(T/2 +B2T/( +2(TJ -e Q 

e + 712 ae aT/2 
{62) 

{ 
a

2 
a

2 
a [B1 ✓ ( x ) -2x ayz +2yaxay +ax+ TJx2+yz+x I -~ 

B2 ✓ ~ ( x ) 2xo ] } +- yx2+yz-x 1 + -
2 ~ ~-

The second coordinate system is a variant of parabolic coordinates (3) in terms of which the 

Schrodinger equation has the form 

-- -+ -+ 4o- --=(µ +v)- -(µ-v) IV = -2EW. 1 {a2w a2w [ s 1 B2 ] } 
µ2 + vz 8µ2 8v2 -./2 "1, 
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' 
{ 

1 
I 

J 

The separation equations for W = X(µ)Y(v) are 

a2x ( 1 ) aµ
2 

+ 2o - .\ - "1,(B1 + B2)µ + 2Eµ2 X = 0, 

a2Y ( I ) 2) - + 2o + ,\ - r,;(B1 - B2 v + 2Ev Y = 0. 
8v2 v2 • 

The operator whose eigenvalue is .\, is 

I 82 a2 µv 2 

£2 = -2--2 [v2-a z - µ2-a 2 - rn (B1 + B2) 
µ + V µ V y2 

(63) 

vµ 2 ' a2 a2 8 
+-(B1 - B2) + 2(v2 

- µ2)a)] = -2y- + 2x-- + -+ 
"1- ---- ~ fu~ ~ 
[-

1
r,;(B1 + E2)✓ Jx2 + y2 + x (1 -h) + 

2v2 x2 + yz 

-
1
-(B1-B2)JJx2 +y2 -x (1+ x )-

2
xa ]. 

2"1, Jx2 + y2 ✓xz + y2 

The space of polynomials in e, T/ coincides with the space of polynomials in v, µ. The classical 
operators associated with this separable system are, using the (, T/ coordinates, 

L1 = (2: T/2 [712P~ - e2P; - B1eT/
2 + B2TJe2 + 2(q

2 
- (2)0), 

1 1 2 2 ( Lz = e + T/2 [((P( - qp,,)((p,, - qpe) - 4(TJO + 2(e - 'f/ ) qB1-:-- (B2)], 

fl= ez: .,,2lP~ + P! + (4o - B1( - B2TJ)], 

together with 

L12 = { L1, L2} = (2: T/2 {2(ep,, - 'f/Pe)(p~ + p~) + 8o((p,, - T/Pd+ 

[(q2 -(1)p,, + ~TJpdB1 + [(TJ2 -e)P( + ~qp,,]Bz}. 

The defining relations of the quadratic algebra are 

Li
2 

= 4LiH + 4L~H - 16o2 H + (Bi - Bi)L1 - 2B1B2L2 - 2a2 (Bi + sn, 
{L12,L1} = -4LiH +B1B2, {L12,L2} = 4L1H -½(B;-Bi)- (64) 

There are of course quantum analogs for all the quadratic algebras that occur for each 
potential. These operator algebras can be obtained via the replacement of the Poisson bracket 
by the commutator bracket. (Indeed the relations (2) for the classical version of the algebrs 
remain unchanged under this replacement.) One can ask the question what are the consequences 
of such an algebra on the eigenfunction spaces of the operators L1 and L2? Let the eigenspace 
corresponding to a fixed bound state energy E be of dimension N. This eigenspace can be 
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spanned by eigenfunctions of both L1 and L2 • Let the corresponding eigenvectors be <Pm and 
,Pm, respectively, satisfying 

Li</>m = Am</>m, L2,Pn = Pn'Pn, 

where An= 2a-B;/8E-(2n+l)✓-2E and Pm= 2a-(B1+B2)2/16E-(2m+l)✓-2E. Using 
the quantum version of the defining relations of the quadratic algebra what can we deduce? If 
we use the second of the relations (2) acting on V'n and write L1ef>n = I::=l CnrlPr we deduce 
that 

[(Pn - Pr )2 + SE]Cnr = -[~(B~ - Bi)+ 16aE]8nr· 

This relation implies that Cnn =-[½(Bf-Bi)+ 16aE]/8E and Cpq f. 0 if lp~ql :S 1 and zero 
otherwise. Here we have used the relatiol). (Pn - Pr) 2 +SE= 0 for In - rl = 1. If we apply the 
second relation to the function V'n we obtain the relation 

N 

L CnrCrd(2pr - Pn - Pu) = (SEpn + B1B2 + 16aE)on<7. 
'T=l 

If we assume that the basis functions ef>n are orthonormal and observe that the opertor L1 

is selfadjoint then we can assume Cn+J,n = C;,n+l. The only nontrivial consequence of this 
relation is when n = u. The result is 

4✓-2E(ICn,n+112 
- ICn-J,nl2) = SEpn + B1B2 + 16aE. 

If we act on the functions <Pm we generate similar relations. In fact, if we write L2 </>m 
N , 

I:r=l Dmr<Pr the corresponding results are 

Dnn = -(B1B2 + 16aE)/8E 

and Dpq f. 0 if IP - qi :S 1 and is zero otherwise. Furthermore, 

4✓-2£(1Dn,n+il2 -1Dn-1,nl2
) = -8>.uE- ~(B~ - Bi) -16a£. 

From this relations we can, in principle, calculate the matrices Cpq, Dpq• Once these are known 
relations are also implied for the matrices relating the two bases. If we denote< <Pm, -qJq >= Amq 
then these matrices must satisfy 

N N 

Ctr = L AmA;;,rAmt n;r = L PmAmrA;;.t· 
m=l m=l 

From the consequences of the quadratic algebra we see that we can in principle calculate the 
matrices Cpq and Dpq as well as the overlap functions Ars• The only ambiguity is in the choice 
of the phases of the wavefunctiohs. 

3 The two-dimensional sphere 

In the case of the two-dimensional sphere there are two potentials that are separable in more 
than one coordinate system, and these each separate in two systems. To work with the two 
dimensional sphere it is convenient to use projective coordinates: s, ( i = 1, 2, 3), s? +s~ +s~ = 1. 

16 
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3.1 The first superintegrable potential on the sphere is 

Vi = _ _1 __ 1 + _2 ___ 4 + --2.______± • 1 (k2 
- ! k2 - ! k2 - !) 

2 sf s~ s~ 

In terms of spherical coordinates 

s 1 = sin O cos cp, s 2 = stn O sin cp, s3 = cos 0 

the corresponding Schrodinger equation has the form 

[( a a )
2 

( a · a )
2 

( a a )
2

] 81 as2 - 82 asl + .5t as3 - SJ asl + 83 8s2 - 82 as3 Ip 

(
k2 I k2 I p I) 

- I - 4 + 2 - 4 + 3 - 4 '1i = -2E'V 
2 ' 2 ~2 ' 

S1 8 2 ,"i:1 

or, in terms of O and r.p, 

1 a. aw 1 a2 w 1 (½-kf ¼-kJ) ¼-k; , _ 
---sm0-+----+-- ---+-- iv+--\jl=->Ew. 
sin0 ao 80 sin2 0 ar.p2 sin2 0 cos2 'P sin2 r.p cos2 0 -

This equation admits separable solutions of the form lj/ = T(O)<I>(cp) such that 

a2,p (!_p !_1.,2) 
--+ _4 __ 1 + _4 __ 2 ,p = ->.2<!>, 
a<p2 cos2 <p sin2 <p 

1 a . ar ( >. 2 kl - ¼) , ---sm0-- --+-- 1 =-2ET 
sin O ao ao siri2 0 cos2 0 . 

These equations have the solutions 

<l>(r.p) = (sinr.p)k2 +½(cos,p)' 1+½p,(k2 .kil(cos2<p) 

where>.= (2m + 1 + k1 + k2 ) and n is an integer, and 

T(O) = (cosOt,+½(sinO)"P?·k')(cos20) 

(65) 

(66) 

(67) 

where E = ½[2(1 + m + 1) + (k1 + k2 + k3 )]
2 - ¼· The orthonormal ba.,is cig<'nfunctions arc 

'V1m(O,cp) = (sin0J- 1l2<1>?.kJ)(O).<l>\!''kil(cp) 

The operator which characterises this solution and separation is 

[( 
a a\ 2 

1 2sf+s~ 1 2sf+.•~] 2 L1 11' = s 1 - -s2 -;-- I + (- - k1)--
2
-· + (- - k2)--2 - •JI=,\ •ll. 

as 2 asi} 4 s 1 4 s 2 

(6~) 

(69) 

Note that after the multiplier (sin <pl•+½( cos <p )k1 +½( cos O)k,+½ (sin Ol1+k,+t = TTl=i "~,+ & is split 
off, the eigenfunctions arc polynomials in the variables s~,s~. Sec [18, 16, 17, 2,1] for" rnmpktc 
discussion of the polynomial setting for this eigenvalue equation. 

For the second coordinate system we choose Lame coordinates given by 

2 (u1-e1)(u2-et) 
81 = (e1 - e2)(e1 - e3)' 

2 (u1 - e2)(u2 - e2) 
.S2 = , 

(e2 - e1)(e2 - c3) 
2 (u1-c3)(t.:2-e3) 

S3 = • 
(e:1 - e1)(e3 - c2) 
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e1 < u1 < e2 < u2 < e3 

The Schriidinger equation written in terms of these coordinates is 

4 { [a
2
w 1 ( 1 1 1 ) aw] -- (u1-ei)(u1-e2)(u1-e3) - 2 +- --+--+-- - -

( U1 - U2) au! 2 Ut - el U1 - e2 Ut - e3 au! 

[
a2w 1 ( 1 1 1 ) aw]} (u2 -ei)(u2-e2)(u2-e3) - 2 -- --+--+-- -
au2 2 U2 - e1 U2 - e2 U2 - e3 au2 

(70) 

+[(k;- !) (e1 -e2)~e1 - e3) + (ki - !) (e2 -et)(e2 - e3) 
4 (u1 - e1)lu2 - e1) 4 (u1 - e2)(u2 - e2) 

+(k; _ !) (e3 - e2)(e3 - et)] w = 2Ew. 
4 (u1 - e3)(u2 - e3) 

The separation equations are 

[
aw2 1 ( 1 1 1 ) aw] [ 2 1 ( e1 - e2)( e1 - e3) 

(p-ei)(p-e2)(p-e3) -ap-2 + 2 -p--e
1 

+ -p--e2 + -p--e3 -a-p - (ki-4)..:.....c..-p_;_-:....:......:e1'--_;_.:_ 

+(k~-!)(e2-e1)(e2-e3) +(k;-~/e3-e2)(e3-et) + 2Ep+µ]w=O (7l) 
,1 p - e2 ,. p - e3 

where p = u1, u2 • The operator whose eigenvalue is µ is 

-4 { [ a2 
1 ( 1 1 1 ) a ] L2 = --- ui(u1 -e1)(u1 -e2)(u1 -e3) - 2 +- --.-+--+-- -

( Ut - U2) au! 2 Ut - e1 Ut - e2 Ut - e3 aul 

, [a2 
1( 1 1 1 ) a]} -u1lu2-ei)(u2-e2)(u2-e3) - 2 -- --+--+-- -

au2 2 u2 - e1 U2 - e2 U2 - e3 au2 

+ [(k; - !) (e1 - e2)(e1 - e3) (u1 + U2 - e1) + (ki - !) (e2 - et)(e2 - e3) (u1 + u2 - e2) (72) 
4 (u1 - ei)(u2 - e1 ) -1 (u1 - c1)(u2 - e2) 

(k2 1) (e3 - e2)(e3 - ei) ( )} + 3 - - -'----'-'---'-- Ut + U2 - e3 . 
4 (u1 - e3)(u2 - e3) 

Expressed in terms of coordinates on the sphere this has the form 

( 
a a ) 2 

(. a a \ 
2 

( a a )
2 

L2 =e3 s1--s2- -!-e2 s1--s3-l +e1 .s3-· -s2-
as2 as1 8s3 as1 J as2 as3 

1 2 (e2s~+e3s5 ) 1 2 (e1sf +e3s5 ) +(--k1) 2 +e1-e2-e3 +(--k2) 2 +e2-e1-e3 
4 s 1 . 4 s2 

1 2 (e2s~ + e1sf ) + ( -. - k ) ---- + t3 - e2 - e1 . ,1 3 .s5 
The eigenfunctions W can be readily calculated from the Schriidinger equation (67). 
to find the bound state solutions we try a solution of the form [26] 

and observe that 

_ 3 k,+½ n ( sf s~ s5 ) W - (Ilt=l st )II;=t -0 -- + -0 -- + -0 -- , 
j - e1 ; - e2 ; - e3 

si s~ s5 IT;_1(ut-0;) 
--+--+--=-'=-'-'---=-
0; - e1 0; - e2 0; - E3 Il~=l (0; - Em). 
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(73) 

In order 

(74) 

For _solutions, the zeros 0p must satisfy the equations 

k1 + 1 k2 + 1 k3 + 1 L 2 --+--+--+ --=0, 
0 - e1 0 - e2 0 - e3 0 - 0 · m m m i=l-m m J 

(75) 

and the eigenvalues E and µ in this case are 

1 2 1 
E = 2(2n + 2 + k1 + k2 + k3) - 8, 

' 3 
µ = -2[k1(e2 + e3) + k2(e1 + e3) + k3(e2 + e1} + e3k1k2 + e2k1k3 + e1k2k3) - 2(e1 + e2 + e3). 

, n 1 n 1 n 1, 

-4e2eJ{k1 + 1) J; (0m _ ei) - 4e1eJ(k2 + 1) J; (Om_ e2) - 4e2e,1(k3 + 1) J; (Om_ e3), 

If we take the constants of the motion to be 

· 2 2 2 kf-¼2 2 k?_:_¼2 2 kJ-¼2 2 
H = M12 + M13 + M23 + --2 -(s2 + s3) + --2 -(si+ 83) + --2 -(s2 + s1), 

S1 S2 S3 

2 ( 2 1 ) S~ 2 1 ) Si Li = M12 + k1 --
4 

2 + (k2 --4 2, 
SI Sz 

L2 =' e3M{2 + e2M{3 + e1M;2+ 

kf - ¼ 2 2 · ki - ¼ 2 2 ki - ¼ ·2 2 --2 -(e3s2 + e2s3) + --2 -(e3s1 + e1s3) + --2 -(e1s2 + e2s1), 
SI S2 S3 

where M,k = s,a;ask - ska/as, ·The corresponding defining relations are 

L12 = {L1, L2} = 4(e1 - e2)[M12M13M32 (76) 

(k 2 l)s3s2M (·k2 l)s3s1M (k 2 · l)s1s2M ] 
- I - 4 7 23 - 2 - 4 7 31 - 3 - 4 7 12 , 

I . 2 3 

Li2 = -l6L1[e2H + (e3 - e2)L1 - L2l[e1H + (e3 - ei)L1 - L2] 

-l6(k~ - ! )(e1 - e2)2 Li - 16(ki - ! )[e2H + (e3 - e2)L1 - L2]2 
4 4 , 

-16(ki - ¼)[(e1H + (e3 - e1)L1 - L2] 2 
- ~IT;=1(k; - ¼)(e1 - e2)2, 

2 1 . 
{L12,Lt} = -(8L1 + 16)(k2 - 4)[e1H + (e3 -e1)L1 - L2] 

2 1 -(B,L1 + 16)(k1 - 4)[e2H + (e3 - e2)L1 - L2], 

{L12,L2} = -8[e2H + (e3 - e2)L1 - L2l[e1H + (e3 - e1)L1 - L2] 

-8(e2 - e3)L1[e1H + (e3 - ei)L1 - L2]-: 8(e1 - e3)L1[e2H + (e3 - e2)L1 - L2] 

+16[(k; - ¼)(e3 - e2) + (ki-:- ¼)(e3 - e1)]L2 

2 1 2 . ( 2 1 2 ( 2 1 ' )2] -16[(k1 - 4)(e3 - e2) + k2 - 4)(e3 - e1) + k3 - 4)(e1 - e2 L1 

2 1 ' +l6e1(e1 - e3)(k2 - 4) + l6e2(e2 - e3)H. 
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3.2 The second potential on the sphere is 

V.: _ -as3 ____ 1 - 4 2 - 4 1 
[ 

k2 1 k2 1 ] 
2 - 2 2+ 2 2 2 2 + 2 2 . 

. 2Js1 + S2 4Js1 + S2 ~ + S1 ~ - 81 
(77) 

In spherical coordinates the Schrodinger equation has the form 

1 a . 
0

aw 1 8 2 1¥ [acos0 1 ( ¼ - k( ¼ - k~ )] .,, E ---sm - + ---- + --+ -- ~---=- + ~---=- "'= -2 Ill 
sin080 80 sin208<p2 sin0 2sin20 l+cos<p 1-cos<p · 

This equation can be solved by a separation of variables via the substitution Ill = S(0)<l>(<p) 
and the separation equations are 

-- + _ 4 1 + 4 2 <}) = -)-2<1>, a2<1> 1 ( 1 _ p 1 _ k2 ) 

8q,2 2 1 + COS(f' 1 - COS(f' 

·. 1 a . as (acos0 ).
2 

) 

sin080 sm 0 80 + sin0 - sin20 S = -
2
ES. 

The solutions of the first equation are <l>~1 •k2 )(<p/2), see (20), where A= ½(2m + k1 + k2 + 1). 
The solution of the 0 separation equation is giyen by 

2>.+1/2 
Snm(0) = r(2>. + 1) 

[o-2 + (n + >. + 1/2)2] f(n + 2>. + l)f(ia + >. + 1/2) 
(n +A+ 1/2)2 n!r(ia - A+ 1/2) 

(sin 0/'eiO(iu-n) 2Fi(-n, ia +A+ 1/2; 2A + 1; 1 - e2;9), (78) 

where a= a/(n +). + 1/2) = a/[n + m + 1 +½(k1 + k2)], and the orthonormal eigenfunctions 

are 
'¥nm(0,<p) = Snm(0)<l>~1 'k2 )(<p/2). 

The operator which characterises the separable solutions in this coordinate system is 

L1'¥ = [(s1_!!_ - s2_!!_)2 - (kl-1/4)~ - (k~ -1/4)~] Ill= ->.21¥. 
8s2 8s1 2( Js~ + s~ + si) 2( Js~ + s~ - s1) 

For the second coordinate system we must choose a variant of the standard elliptical coor

dinates [13]. A suitable choice is 

S1 = cos f X1 + sin f X3, 82 = X2, S3 = - sin f X1 + cos f X3 

where 

2 (Y1 - ei)(y2 - e1) 
X1 = (e1,- e2)(e1 - e3)' 

2 (Y1 - e2)(y2 - e2) 
X2 = ' (e2 - e1)(e2 - e3) 

2 (y1 - e3)(y2 - e3) 
X3 = ' (e3- e1)(e3 - e2) 

e1 < Y1 <. e2 < Y2 < e3, 

and 
. j§;2-e1 1§;3-e2 smf = ---, cosf = ---. 

e3 - e1 e3 - e1 

To sec how this works it is convenient to define the new variables E+, E_, Zi,Z2 according to 

1 ( 2 e2 = e1 + 4 E+ + E_) , 
1 2 1221·( 1 

e3 =ed
4
(E+-K), y;=e2+ 4(E++E_)+ 4E+E- Z;+ z/ 
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In terms of these variables Schrodingcr's equation has the form 

4Z,Z2 { , [8
2

11) I ( 1 l ' I ) aw] 
(Zt - Z2)(Z,Z2 - !) (Z, + l1+)(Z, + l1_)Z, 8Zf + 2 z, + 11+ + Z1 + SL + Z1 az, 

, [D2
'lr I ( I 1 I ) aw] l 

-(Z2 + 11+l(Z2 + l1_)Z2 8Zf + 2 Z2 + 11+ + Z2 + SL + Z2 8Zi j 

[
2ia(Z1Z2 +1) (k2 I) (I-l1:.)Z1Z2 

+ (Z1Z2 - 1) + 1 - 4 (Z,Z2 - l)(Z2 + 11+)(Z1 + !1+) + (79) 

(k2-~) (I-nt)Z1Z2 ]w=-?£'11 
2 4 (Z1Z2 - l)(Z2 + fL)(Zi+ 11_) - ' 

where !1+ = E+/ E_ and 11_ = E_/ E+, so 11+!1- = 1. The separation equations are 

z [D2w I ( .. l - I 1 ) ow] 4( j + l1+)(Zj + l1_)Zj DZ;+ 2 ZJ + 11+ + ZJ + 11_ + z, az, 

+ 2(-ia+E)Zj+2(ia+E)_:__+ 1
, 

4 
- + 2 1 \ + +µ <v=0. [ 

1 (k2 _ 1)(112 _ 1) (k2 _ !)lf12 _ J) ) 

z, zj + 11_ z1 + n+ 

In terms of the variables Z; the operator which describes the separation is 

L2 = (Z1 - Z2)~Z1Z2 :_ 1) {-(Z2 + l)Z1(Z1 + 11+J(Z1 + 11_) [a~f 
1( 1 I 1)8] [02 

+2 Z1 + n+ + Z1 + 11_ + Z1 iJZ1 + (Z1 + l)Z2(Z2 + n+J(Z2 + !L) DZ} 

+ ~ (-!-+_I_ + _!_) _'~ l} 
2 Z2+n+ Z2+11_ Z2 a7,2J. (80) 

[
(1 - l1:_)[Z1Z2(Z1 + Z2) + !L(Z1Z2 - !)]( _2 _ ~) 

+ (Z1Z2 - l)(Z, + l1_)(Z2 + 11_) k, 4 

(1 - nt)[Z1Z2(Z, + Z2) + 11+(Z1Z2 - l)](k2:.... ~) •1ia(Z1 + ZJl 
+ (Z1Z2-l)(Z,+n+J(Z2+11+) 2 ·1 + Z1 Z2-l j· 

Indeed if we consider the elliptical coordinates 

u; = Z,Z2, u; = (Zi + fL)(Z2 + f2 ) 
11:.-1 ' 

u2 = (Z1 + n+l(Z2 + n+) 
2 . Oi. - I , (isl) 

then putting k3 = J¼ + 2(E - ia) and E =in+ E and multiplying the, Sclir(iding,'r cq'.1ation 

by ( z,1z, - 1) we see that the resulting equation has the form · 

a2 1I• a2w a2w f a a D \ 2 

Hw = au•2 + au2 + "lJ• -- i\u1 a11. + U2-a,. + u3 7-)[. ) ,IJ 
1 '.t (J 3 I ,/Z, V J,J/ 

(82) 

' aw aw aw \ ( . 1 - P .1. - k: 1 - P) -fU1-+U2-+U3-l+ '}£_;._:l __ l +-·•--2·_,._4 __ J 'T'=0 \ au1 au2 au3 J , ~ · ur U{ · Vf ; ' · 
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We recognise this as equation (67) that we obtained in the case of the potential Vi- Thus the 

solutions are of the form 

a k,+½ q ( u'f uJ u; ) 
IV = (llt=1 ul )11;=1-o- + -o-- + -o -- . ; - e1 ; - e2 ; - ea 

The zeros OP satisfy the equations 

k + 1 k +. 1 J¼ + 2(E - ia) + 1 2 
I + 2 • + . + L --= 0, 

Om + n_ Om + n+ Om . Om - 0; rim 

and the eigenvalues E and µ are determined by 

E = ~ (2q + 2 + ki+ k2 + ✓~ + 2(E - ia)r - ~' 

µ ~ 2 [a-(k,+ ✓¼ + 2(E - ;o)) + O+(k, + ✓¼ + 2(E- ;a))] 

+2[n+k1 + n_k2JJ~ + 2(E ~ ia) + ~(n+ + n_) 

+J¼ + 2(E - ;,) [ ,a.(k, + 1) i:; <•·~a_) +4n_(k, + 1) i:; <•· ~ n+l] 

_-4n+n- ( J~+2(E-ia)+1) "j; L· 
The classical constants of the motion associated with this potential are 

. 4Z1Z2 [ 2 
H = (Zi _ Z

2
)(ZiZ

2 
_ l) (Z1 + n+)(Z1 + n_)Z1Pz, 

-(Z2 + n+)(Z2 + n_)Z2Pl~] 

[
2ia(Z1Z2 + 1) (k2 1) (1 - n:)Z1Z2 

+-(Z~1~~=---C--1)~+ 1 _4,-(Z_1_Z_2 __ ~1-)(-~-+--'--n-+)_(_Z1_+_n_+l+ 

(k2 _ ~) (1 - nt)Z1Z2 ] 
2 4 (Z1Z2 - l)(Z2 +n-)(Z1 + n_) ' 

L2 = (Z1 _ Z2):Z1Z2 _ 1) (-(Z2 + l)Z1(Z1 + n+)(Z1 + n_)P;, 

+(Z1 + l)Z2(Z2 + n+)(Z2 + n_)F;,] 

+ (1-:-- n:)(Z1Z2(Z1 + Z2) + n_(Z1Z2 - 1)) (k2 _ ~) 
(Z1Z2 -1)(Z1 + n_)(Z2 + n_) 

1 
4 

+ .,_( 1_-_n:,:.;t )co.( Z--'1=--Z.::.:2 ('-:Z.::,,1 _+_Z~2)=--+,...,n-=+.:..;('-Z-=-1 Z....,2_-_1-".:...) \ k2 _ ~) +4 _i_a_,_( Z_1 _+_Z2) 
(Z1Z2 - 1)(Z1 + n+)(Z2 + n+) 

2 
4 Z1Z2 - 1 
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(83) 

(84) 

(85) 

= (n+ + n_)(M;2 - M;3·- M;3 )- 2i(n_ - n+)M12M13 

+ [n+(s3 - is1) + !L(s3 + isi)] a 

Js; + s~ 
k; - ¼ [n+(s3 - is1) + n_(sa + isi) n ( ~ . )] 

+ ~ ~ ~ + _ ys1+82+183 
2( V Sj + S:j + s1) V S1 + s2( V Sj + S2 - s3) 

k~-¼ [n+(s3 -_isi)+n_(s3+is1) n ( ~ . )] 
+ rT77 ~ ~ + + ys1 ts2 +1s3 , 

2( y S1 + S2 - 81) V Sj + 82( V Sj + S2 - 83) . 

L = (Zi+n+)(Zi+n_)(Zi+n+)(Z2+n_)(ZP -ZP )2 
1 (Z1 - Z2)2 I z, 2 z, 

+!:(k2 _ ~) (nt - l)(Z1Z2 -1) + ~(k2 _ ~) (n: - l)(Z1Z2 -1) 
4 2 4 (Z1 + n+HZ2 + n+) 4 1 4 (Z1 + n_)(Z2 + n_) 

= M2 - ~ [ ~ (k2 - ~) ~ (k2 - ~)] . 12 2 ~ 1 4 + r.Y,""7i 2 4 
v~+¾+~ v~+¾-~ 

The corresponding defining relations for the quadratic algebra are 

Li2 = -64Li - 4(n+ + n_ )2 H2 L1 + 64H Li + 16(n+ + n_ )L3Li 

-4L1Li - 8(n+ + n_ )L1L2H + (n+ - n_) 

-4[n_(4k; -1) - n+(4ki- l)]Li -4[n_(l - ki - 3k:}- n+(l - k; - 3~i)]HL1 

+4(ki - ki)L1L2 - 4ia(k; - ki)L2 + 8ia(n-(ki - ki - 2ia) + n+(k; - ki + 2ia))L1 

-(ki - ki)(n_(ki - ki + 4ia) + n+(ki - ki + 4ia))H 

+2ia(n+ - n_)((kf - ki)2 + 2ia(2(k; + k;) - 1), · 

{ L12, Li} = 8(n+ + n_ )Li - 4L1L2 - 4(n+ + n_ )L1H + 2(k; - ki)L1 

-2ia(k; - ki)(n+ - n_), 

{ L12, L2} = -2(n+ + n_ )2 H2 - 96Li - 2Li + l6L2L1 - 4(n+ + n_ )L2H 

+L1H(n+ - n_)[-2(n+(k; + 3ki - 1) - n_(ki + 3kf - l)]H 

-4[n+(l - 4k;) - n+(l -4ki}]L1 + 4ia((kf - ki)(n+ - n_) + 2ia(n+ - n_)). 

4 The n-dimensional isotropic oscillator 

It is well known that the quantum isotropic harmonic oscillator can be solved by the method of 
separation of variables in a number of coordinate systems, including cartesian coordinate.s · and 
elliptical coordinates, e.g., [3, 15]. We present a new derivation of the eigenfunctions asso.ciated 
with elliptic coordinates. We will adopt the convention of defining this equation by 

[ 1 1 2 2 2 ))· . HIV = - 2.:l + 2w (x1 + ... + x" IV = Eifl . (86) 

where .:l = 8;
1 
+ ... + l};n. Elliptical coordinates in Euclidean n space are defined by 

2 111_1 ( u, - e;) 
X· = -"'=-'-----''-'-

J Ilk;,E;( ek - e;) 
(87) 
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for e1 < u1 < e2 < .... < en < Un. To obtain polynomial solutions of this equation in these 
coordinates we note the identity 

n 2 

" ____:!_ - 1 = ~ 9- ek 
k=l 

Ili:-1 ( 9 - uh) 

Ill=! (9 - et). 

If we rewrite equation (86) in terms of <I> where IJ/ = exp[-w2r 2 /2]<I> and r is the radial coordi
nate, we obtain the eigenvalue equation 

[fl - 2w(}: Xm8rm) - nw]<I> = -2E<I>. (88) 
m=l 

Note that the operator on the left-hand side maps polynomials in the variables x; to polyno
mials, without increasing the order. For this equation we look for solutions of ·the form 

4> = n:=l x;'(( Xi, ••• , Xn) 

where at = 0 or 1. The equation for ( is then 

n 
2 

n 

[fl+}:( :m arm - 2wxm8rm)]( = (-2E + nw + 2w Lal)(. 
m=l m l=l 

We now look for solutions of the form 

' n x2 
( = n~=1[L 9 ~ e - l]. 

k=I m k 

Substituting this ansatz into the equation for ( we obtain the requirements 

Ln 1 + 2ak L 4 . --+ ----2w 
9t - ek 9t - 9 · - ' k=l j#l J 

n 
. n ~ 

E = w(2m + 2 + ~ ap)-
p=I 

The operators which describe the separation constants are 

A;= }:sj~1Mf1 + }:SJQu, j = l ···n -1, 
kil lij 

where Mkt = Xk8r, - Xtar., and 

Q,k = 8r,8r• - W
2X;Xk, st = { }: e,, .... e,,, 

J.. . 
11, ... ,1; 

where im =/= im•, im =/= k, l form=/= m' and m, m' = l...j, and 

k k 1 ." S; = S; [ei,· ··,en]= 1 ~ e;, · · · e,,, 
. J. h, ... ,i; 

i1,--•,ij =J., 

(89) 

(90) 

where im =/= im,, im =/= k for m =/= m' and m, m' = l...j. In coordinate form these operators are 

~ Sj[ui, · · ·, un] ( ✓ ✓ 2 ) A;=~n ( ) 4Ill=l(uk-et)8u.nt=1(1.1k-et)8u.-wrr;=1(1.1k-et). (91) 
k=l lik I.It - l.lk 
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They have the eigenvalues 

~SJ [w(2at+ 1) - tttt~e:)]. 
These operators form a closed algebra under the commutation relations 

[Mk1, M,;] = M,i8ki + Ah,8,i - Ahi8,; - M1;8kj 

[Q;k, Qi,] = w 2 [M;j0,k + M;18ik + Ahi8,; + Mkl8i;] 

[Q;k, Mi,] = Q;i8k1 + QkAI + Q;18ki + Qkl8ii 

(92) 

The eigenfunctions can be normalised by using their representation in terms of cartesian 
coordinates. For the assumed form of the eigenfunctions given above the norm N is readily 
calculated to be 

n 

N2 = L. L L (-l)•w-(~+r;~= 1"h) (93) 
p=Q Sit Sil ... Sip it ... ip#; 

IJj=l[(-wr••,r(a;, + S;
1 

+ ½)]IJk=p+lr(a;• + ½) 
X p s ( ) , Il,=I Ilt;' 9;,t, - e;, 

where 0 :S s;, :S 2q, 0 :S Li=I s;, :S 2q, 0 :S p :S n. Each of the s;, are integers, 9;,1, E 
{91, ... ,9m} and 9;,t, =/= 9iwlw if i, cf iw, and if i, is fixed then at most two 9;,t, can be 
equal. From these results we have the satisfactory situation that both the eigenvalues and the 
normalisations can be computed in terms of the zeros 91, ... , Om. 

As an example of the simplest normalised eigenfunction we give the following: 

jg [ 3 l l l ]- 112 

Ill= - ---+---)+------+l 
4w2 ((9-e1)2 (9-e2)2 2w2(0--;ei)(0-e2) 

xe-(x2+y2)/2 r~ + L_ - 1] . 
0 - e1 0- e2 

For this eigenfunction the varable 0 is a solution of 

1 1 
--+---0 
(9-ei) (0-e2)-' 

i.e., 0 = {e1 + e2)/2. If we substitute this into the above equations we obtain 

IJ/ = ~ [( 2 ) 2 + 1]-1/2 e-w(x,+y,)/2 [2(x2 - y2) - 1] 
V; w(e1 - e2) (c2 - e1) 

The orthonormalised eigenfunctions calculated in this way form a complete set. 
In this paper we have established that once the zeros of a given set of special eigenfunctions, 

which are essentially polynomials, are known then all the other properties such as norma'iisation 
and eigenvalues can be determined from them in terms of algebraic expressions. 
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KaJJIIIIW E.r., M1;j1J1ep .Y., noroC}III r.c .. 
C:ynepm11:erp11pyeMOCTh B llHyMep110M eBKJllfllOHOM 11pocTpa11crne 
II 11p11COClllfllCllllblC ilOJIIIIIOMUaJlhllblC peWCIIIIH 
;- ' ' 

E2-96-24 j· 

Pacc1,1orpe11b1 6a311c11b1e cpy11KU1m wrn· Tex llHy~1epi1b1x KJiacc11•1ecK11x II KBa11-
TOBOMexai1111H!CKIIX Cl!CTCM; KOTOpblC llOIIYCKatOT '11om1oe· pa3llCJIClllfe nepCMCllllblX, 
no Kpaii11eii Mepe; B ilByx ·c,1cTeMax Koopu111iaT. Mbl lleJiaCM 3TO -rum COOTBCTCTBY
IOLUIIX CIICTeM,. 011peue11et11lblX H 'unyMep11mi CBKJI llllOBOM .11poCTpa11crne. II 11a llBY~ 

, MCp;IOii ccpepe. Mbt npCllCT~lllJ(}ICM BCC 3TII CJIY'lUII• C C.Ll,IIIIOii TO'IKII 3pemrn. 
8 .'IaCT!IOCTl,I, .HCC CIICUlfaJJbllblC cpy11KU1fll; KOTOpb!C B03lllf_KalOT B pe3yJtbTal'e Ra3llC- · 
11e1111ii nepeMCllllblX, l!MCIOT oco6e11111,1e CBOiicTBa, KOTO!)ble 011pellCJl}IIOTC}l '11yn~~III. 

3TlfX cpy11~u11ii. np111m11111iaJlbllO IIOBblMII p~3YJlbT;TaMIL5iBJJlllOTC}I uer,u11i, !IOJIIIIIO.
·;fllaJJbllblX 6a3l!COB Il)IH Ka)Y.JlblX' 11e1m.urpym1olll;IX 6a3IICOB, !IC TOJJbKO wrn CJIY'IaCll 
: C' - , • • • • • • ' • • ~ .' > •' 

neKapTOBbtX II nom1p111,1x Koopm111aT, a TaK:lKe uernm, cTpYKTyp1,1 KBauparn•1111,1x. 
aJll'C~p .. M bl 'rnK:lKC IICCJICllOBaJIII lJOJIIIIIOMHaJJbllhlC co6crnem11,1e cpyitKUlllf, B 3JIJ11i11-

. . . . . . 
TH'leCKl!X K,oopwrnarnx llJl51 ll-Mep11om lf30Tp0111l0ro KBa!ITOBOro OCUIIJIJrnTopa. 

Pa6orn s1,111om1e11a B J1a6oparnp1111 Teopen14~cKoii cp11311K11 11M.H.H.Eoron1060-
Ba OH5H1. · · 

, . . . . 
CTpcnp1111T 0,6bem111c111ioro 111iCTmyrn ~;1cp11h1x 11cc:1eJ1oaa1111ii. Jly6J1a. 1996 · 
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Superintegrability' in Two-Di1~1ensional Euclidean Space 

·and Associated Polynomial Solutions · · 

E2-96-24 I. 

In this ~ork '(IC e~amine the ba~is functions' for 'those classical and qu~rntum 
mechanical systems intwo dimcnsiqns which admit separation ofvariables inat least 
two 1.coordinate systems. We dci this for the. ·corresp011ding systems defined 
in Euclidean space and on the two dimensional sphere. We-present.all of th~se cases 
from a unified point of view, In• particular; ~ll •of the spectral functions that arise• 
via variable separation have their.essential features c·xpressed in terms of thei~ zeros. 
The . principal . ne~ results arc , the de_tails of ihe polynomial bases' for each 
of the'nonsubgroup bases, not just the subgroup cartesian a11d polar coordiiiate cases, 

:·and the details bf the structure of the qmidratic algebras. \Ye also study the, polyno
mial eigenfunctions in elliptic coordinates. of tlic 11-dime1~sional isotropic quantum 
oscillator. · · · · · · 

The . investigation has been pcrfome·d at the · B9goliubov · Lab-oratory . 
of Thcor~tical Physics, JINR. 
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