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Systems with ~ontrivial topology are th~ most interesting objects of 
quantum mechanics (1,2], quantum field theory [3,4], and condensed mat
ter physics [5,6]. · · ·· · · 

· In pioneering papers.[7,8], these systems were merely postulated; later 
on, they _were deduced in qu~ntum field theory from the first. prin~iples 
(9,10]. . _ . ·•. . 

The problem of generation of systems with riontrivialtopology in 
quantum mechanics was formulated in refs': (11, 12]; while in refs. [1;3,14], 
a four-dimensional isotropic oscillator was related to_ an Abelian system. 
"chargec-dyon"; · _ _ _· · • ' 

This not~ is aimed at constructing a non-Abeli~n SU(2) mod~l that . 
describes the.system "charge-dyon". . . .·. _ , 

- Our consideration is essentially based ·ori_ the Hurwitz transformation 
[15-18]: - ;:" . 
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,X3 = 2(uous+u1iL1+u2u4+U3U5) 

X4 =•·· 2( uoui- u{us - ~2u~ .+ u~u4) · 

Transfo;mation (1) obeys the identity· 

_ c·. 2 -. -· · 2 112 _ 2 . - _ . . 2 _ 2 
T = Xo + ... + X4) - Uo + ... + U7 = U 

" . . .• 

We complement (1) with the angular ~~ordinat~s [19] 
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/1 
, !.Jn _(uo 1: iu1)'( tt2··+ itt3) 

2 ( u 0 _- iui)( u2 - iu3) 

(1) 

Transformations (1 )-(2} tr~nsform the space R8 ( u) .into the direct prod
uct of the space R5(x) and three-dimensional sphere S3 (01, /31 , ,i). F):~>In 
(2) it follows that o 1 E [o; 271' ), /31 E [0;7r], 71 E [0_, 471' ). .··. •· . ' 
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Consider, in R8(u), the quantum oscillator 

EJ2t/; 2M ( _ Mw
2
u

2
) _ 

8u! + ti2 E 2 t/J - O, u,,_ E Rs (3) 

Formulae (1)-(3) provide the basic result of our paper 

1 ( , a a. )2 t,,2 ·2 0 
- -i1i--1iA-Ta t/J+--T t/J--_ t/J=_fVJ (4) 
2M - . 8x; 1 

• 2M r 2 r _ 

Here j = 1, 2, ... , 5; a= 1, 2, 3; parameters€ and o are connected with the 
oscillator parameters 

€ = -Mw2 /8, _o = E/4 

EquatioJs (3) and ( 4) are dual to each other.. I~ eguation (3) w 
is fixed and E is quantized, whereas in eq. ( 4) E is fixed and w is 
quantized. These situations are alternative to each other: that in eq. (3) 
having the meaning of energy acquires the meaning of coupling constant 
in eq. (4), and vice versa. For a fixed E equation (3) selects an infinite• 
set of monoenergetic states with frequencies WN = E /1i(N + 4), N E Z. 
These states form a complete system of functions describing the object 
connected with eq.(4). 

Further, T2 =Tl+ T:f + T;, and the operators Ta satisfy the commu
tation relations 

[Ta, Tb]= ifabcTc 
and are explicitly written as follows: 

. . ( a . a cos 01 a ) 
T1 == i cos o:1 cot /31 -8 + sm 0:1 a/3 ~ ---=---/3. -8 0:1 1 sm 1 1 1 

T2 = i sm o:1 cot /31 - - cos o:1 - - -.---- (5) • . ( . 8 8 sin 0:1 8 ) · · 
80:1 a /31 sm /31 811 . 

. . a 
Ta = ·--i--

80:1 

The triplet of five-dimensional vectors AJ is given by the expressions 

A l 1 ( .. ) 
i = ( . ) 0; -x4, -xa, x2, X1 

r r + x0 

A~ 
3 

1 . 
. r(r + xo) (0, xa, -x4, -x!, x2) . 

Aj = 
1 

r(r + Xo) (0, X2, -Xi, X4, -X3) 

.:;..,em ,-,--r;:~ .... ~ 

n,, .. -.. -· ·· y• , 'l '"'......,. c-7•' t,:,;t.ii ~,,"., ,:.~.1.. .... ttt."•·H :·,!.:~,~-1~ 1,;, 

8<~~;;1;j1 i!~~~ .. ~;~/::-:;1;BS!S 
G,t,iGJ Iv l u·; 2Hr) 
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The vectors AJ are orthogonal to each other, 

A~Ab= l(r-xo)ob 
J J r2 (r + xo) a 

and also to the .vector x = (xo; ... ,x4 ). 

Every term of the triplet coincides with the vector potential of a 5-
diinensional Dirac monopole with a unit magnetic charge and the line of 
singularity extending along the negative axis x 0 , including point x 0 ~ 0. 

Equation ( 4) · describes a 5-dimensional system "charge-dyon". The 
operators Ta represent components of the total momentum operator of 
that system.and are generators of the SU(2) group of invariance of equa
tion (4). The term n-2T'2 /2Mr2 represents the correction introduced by 
Goldhaber [20]. . 

In the space R5(x) we introduce, the hyperspherical coordinates 

Xo = r cos0 

X1 + ix2 

X3 + iX4 

= rsin0coste;~ 
2 

f3 ·= rsin0sin 2e• 2 

It is to be noted that 0 E [0, 1r], a E [0, 21r ), f3 E [0, 1r], , E [0, 41r ). 
Equation ( 4) in these coordinates assumes the form 

( 
J

2 
£

2 
) 2M ( a) ~re __ ....__,,_ _____ VJ+- E+- V]=0 

r 2 sin2 0 /2 . r 2 cos2 0 /2 n-2 . r 

where 

·2 ·2 ·2 ·2 • 2 • 2 • 2 • 2 • • • 
J = Jl + J2 + J3, L = Ll + L2 .+ L3, La = la + Ta 

(6) 

and the operators Ja follow from formulae (5) under the change a 1 ---+ a, 
/31 ---+ (3, ,1 ---+ ,. Then, 

18(48) 1 8(·3 8) 
~re = r 4 8r r 8r + r 2 sin3 0 80 sm 8 80 

By G we shall denote common eigenfunctions of the commuting op
erators £2 and J2 corresponding to the eigenvalues L(L + 1) n: J(J + 1). 

If we look for the solution to eq. (4) in the form 

1¥ = R(r)Z(0)G(a,(3,,;a1,fJ1,'Y1) 
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then upon separating the variables r and 0 and introducing the constant 
of separation ,\(,\+3) (for the time being,\ is arbitrary), we arrive at two 
ordinary differential equations whose solutions arc given by the following 
expressions 

Z(0) = (1 - cos0l(l + cos0l 

( 
. 1- cos0) 

2F 1 -,\ + J + L, ,\ + J + L + 3, 2J + 2; 
2 

Rnr>,.(r) = const(2Kr le-l<r F (,\ + 2 - -
1
-, 2,\ + 4; 2Kr) 

roK 

Here we introduced the notation; 

2 • 2 
ro = ri /Ma , ,..

2 = -2ME/ri2 

From standard conditions it follows that ,\ should be eith~r integer (in
cluding ,\ = 0) or half-integer and the energy spectrum of the 5-dimcn
sional bound system "charge-dyon" is of the form 

Ma2 

E= 2ri2(nr+>.+ 2)2 , nrEZ, AEZ 

The energy levels (7) are degenerate with the multiplicity 

(N + 7)! 
gN = 7!N! ' N = 2(nr + ,\) 

(7) 

Instead of an oscillator, one could consider a system with the potential 
energy 

M w 2 u2 /2 + V( u 2
) 

where V(u 2 ) is an arbitrary function. Then, an extra term V(r)/4,- would 
aris~ in equation (4), though equations (3) and (4) would remain dual to 
each other. 

There are no a priori reasons to consider that equation ( 3) is in a 
way related to the problem of magnetic charge. To obtain a non Al)('lian 
monopole from an oscillator, we should apply to the nontrivial system of 
transformations (1)-(2); and therefore, we called the SD-oscillator t.hc 
hidden non-Abclian monopole. 

We are grateful to L.Davtyan, A.Ncrscssian and G.Pogosyan for dis
cussions. 
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I-fa· BOChl\1HMep11oro moTpommro ocumm.llTOpa npeo6pa3oBaimel\l fyps11ua 
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A non-Abeltan SU(2) model is constructed fora five~dimensional bmindsystem 
«charge-dyon» on the basis of the Hurwitz-transformed eight~aitnensional isotropic 
quantum oscillator. The pririciple of dycin-oscillator duality is formulated; the energy 
spectrum and wave functionsof the systern «charge-dyon» are calculated. 

The investigation has been·. performed at the Bogoliubov Laboratory 'o{ 
Theoretical Physics, JINR. .. · · · 
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