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1 Introduction 

As is known [1, 2, 4], in the three-dimensional space of c~nstant positive curvature there 
exist 6 orthogonal systems of coordinates admitting a complete separation of variables 
in the Hamilton-Jacobi equation or in the Helmholtz equation. These are hyperspher
ical, .cylindrical, sphero-conical, two elliptic cylindrical and the ellipsoidal systems of 
coordinates. The most complex of these systems of coordinates is the ellipsoidal one, 
which contains all the rest five in the limiting case [3]. The Helmholtz equation has 
been investigated in the ellipsoidal system from different points of view in the papers 
[5, 6] as well. 

The present paper is devoted to constracting the ellipsoidal basis for the Helmholtz 
or the Schodinger equation on the three-dimensional sphere . 

2 The ellipsoidal coordinates 

The algebraic form of the ellipsoidal system of coordinates is [1] 

2 (Pt - at)(P2- a1)(p3 -at) 
xt = 

(a4- at)(aJ- a1)(a2- at) 

2 (Pt - a2)(p2- a2)(p3 - a2) 
(1) x2 = 

(a4- a2)(a3- a2)(a1- a2) 
2 (Pt - a3)(p2- a3)(p3- a3) 

x3 = 
(a4- a3)(a2- a3)(at- a3) 

2 (Pt - a4)(p2 - a4)(p3 -:- a4) 
x4 = )( (at- a4)(a2- a4 a3- a4) 

where the constants 1, 2, 3 entering into the definition of the ellipsoidal system of coor
dinates restrict the region of variables Pt. P2, PJ 

0 ~at ~ Pt ~ a2 ~ P2 ~ a3 ~ PJ ~ a4. 

The coordinate surfaces on which Pi = const. are obtained as a result of intersection 
of the three-dimensional unit sphere x~ + x~ + x~ + x~ = 1 with three families of conic 
surfaces are · 

X~ X~ X~ X~ 
--+--+--+-.--=0 
Pi - at Pi - a2 Pi - a3 Pi - a4 

(i=1,2,3) (2) 

and represent complete families of confocal nonruled, ruled and nonruled ellipsoids [1]. 
Relation (1) connecting the Cartesian and ellipsoidal coordinates is not in the one

to-one correspondence as Pi depend only on (xL x~, x~, xn and, consequently, take the 
same values at 16 points (±xt, ±x2, ±x3, ±x4 ). To obtain a one-to-one correspondence 
between the Cartesian and ellipsoidal coordinates, as in the case of elliptic system of 
coordinates on the two-dimensional sphere [7], one can introduce uniformised variables 
'"Y, fl, v determining the position of the point on the three-dimensional sphere by the 
following relations: 

Pt =at+ (a2- at)cos2 fl, P2 = a2 +(a3- a2)sin2 v, PJ = a3 + (a4- a3) sin
2 

'"'f, (3) 
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As a result, the ellipsoidal system of coordinates can be written down in the trigono
metric form as 

x1 __ _ 
1 
____ ._ ,j(kr + ki sin2 v)(1- k5 cos2 1) cos J-L 

x2 1 J<k2 k2 .. 2 ) • • 
(ki+k~)I/2 2+ 3sm / SinJ..LSinV 

XJ (kr +
1
ki)I/2 J<ki + kr sinJ..L

2
) cos v sin 'Y 

x4 = - ~J(k5 + k~ COS v2)(1- kf COS J-L2) COS/ 

where 0 :S v < 271", 0 :S J-L :S 1r, 0 :S 1 < 1r and 

·k; = a2- a 1 _ 
a4- al, 

k
2_a3-a2 
2- -

a4- ai' 

k; + k~ + k; = 1. 

k; = a4- a3 
a4- ai' 

(4) 

(5) 

As is seen from the definition ( 4), the ellipsoidal system ~f coordinates is determined 
by three parameters (k1,k2,k3 ) and the binding condition (5). It is the most general 
system of coordinates which turns into simpler coordinates at particular values of the 
parameters k; [3]. In particular cases ki = 0 and k~ = 0 the ellipsoidal system of coordi

. nates turns into ellipso-cylindrical systems of coordinates of types I and II, respectively. 
Further vanishing of the param~ter k~ or k5 may result, respectively, in the spherical 
or cylindrical system of coordinates. Then, if we let ki and ki tend to zero simulta

. neously and the ratio ki/(ki + kD is put finite equal to P , one can easily see that 
the ellipsoidal system of coordinates degenerates into the sphero-conic one and upon 
substitution k2 = 0 or k2 = 1 turns into the spherical sy~tem of coordinates. In more 
detail these transitions are given in the t.able. 

3 . Separation of variables and integrals of motion 

The Helmholtz or Schrodinger equation for particle motion on the three-dimensional 
sphere of the unit radius can be written down as (h = m = 1) 

~w+J(J+2)w=O, J=0,1,2,··· 

. where ~ is the Laplace operator determined as follows: 

~ = -(L2 +N2) 

and L; and N; are six generators of the group 0{4) 

a 
L; = -it:ik!Xi axk, N; = -i(x;

8
8 

- x48
8 

), i = 1,2,3, 
. X4 x; · 

which obey the commutation relations 

[L;, L;] = it:;;kL;, [N;, N;] = ifijkL;, [L;, N;] = it:;;kNj, 
I 

2 .. 

(6) 

{7) 

(8) 

( 

(9) 

' ~ 

Table: The degenerations of the ellipsoidal coordinate system 

ellipso- x1 = J1- k~cos2 ~sin8coscp k~-+ 0 J-L->cp 

cylindric x2 = J1- k~cos2 ~sin8sincp k~ + k5 = 1 v-+8 

system x3 = cos8sin~ ,_.~ 

type I X4 = J1- k~ sin~cos~ 

ellipso- xi = J1- k~ cos2 ~ coscp k~-+ 0 J-L-+cp 

CY.lindric x2 =sine sincp sin 8 k; + k5 = 1 v-+8 

system x3 = sine sincp cos 8 · -:r-+e 

type II x4 = coseJ1- k{cos2cp 

Spherical XI = sin xsin 8cos cp ki-+ 0 J-L->cp 
system x2 = sinxsin8sincp k~-+ 0 v-+8 

x3 = sin xcos 8 ki/(ki +kD = o 1->X 
X4 = COSX 

sphero- X1 = sin XV1 - k'2 COS2 8 COS Cf' ki-+ 0 J-L->cp 
conical x2 =sin X sin 8 sincp k~-+ 0 v-+8 

system x3 = sinx cos 8J1 - k2 cos cp ki/(kr + kD = k2 1->X 
X4 = COSX k2 + k'2 = 1 J 

Cylindric x1 = sin a cos cp1 ki-+ 0 J-L-+ Cf'l 
system x2 = sin a sin Cf'l k~-+ 0 v-+a 

x3 = cos asin Cf'2 'Y -+ Cf'2 
x4 = cos acos cp2 

If in the Helmholtz equation (7) one passes to the ellipsoidal system of coordinates, 
after the substitution 

t/J(pl, P2, PJ) = tPt(PI)tP2(P2)tPJ(P3) 

and introduction of ellipsoidal separation constants >.1, >.2 one arrives at three identical 
differential equations 

4JP(p;) d~; JP(p;) ~;; + { J(J + 2)p~- AI Pi- >.2 }.,pi= 0, i = 1, 2, 3 

or equivalently (p = p;) 

Jl.,P + ~ L_1_d.,P + ~{ J(J+2)p
2

- >.1p- >.2 }.,p = 0 
dp2 2 i p- a; dp 4 (p- at)(p- a2)(p - a3)(p - a4) 

where 
P(p) = (p- at)(p- a2)(p- a3)(p- a4). 
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Equation (10), derived by separating variables in the ellipsoidal system of coor
dinates, is the generalized Lame' equation and falls into a class of equations of the 
Fuchsian type with five singularities [8) {a~,a2,a3,a4,oo}; moreover, (at,a2,a3,a4) are 
elementary singularities with indices (0,1/2 ) and a point at infinity is regular. 

Each of the separated equations (10) contains besides hypermoment J also two 
c~nstants At and A2 depending in the general case on four dimensional parameters 
(at, a2, a3, a4) or ( kt, k2, k3) determining singularities of the given equation. Therefore, 
unlike the standard one-dimensional spectral problem, the main difficulty consists in 
calculating simultaneously (or quantizing) the energy spectrum of both the ellipsoidal 
separation constants. ~' 

Let us explicitly write down the operators (ellipsoidal integrals of motion) At and A2 
whose eigenvalues are the ellipsoidal separation constants At and A2. Eliminating the 
hypermomemt J from the system of equations (10), we derive for At and A2 as functions 
of the parameters a :;= (at, a2, a3, a4), the following expressions in the ellipsoidal variables 

P .• .. 
At(a) = 4(pJ+P2)/PW o~VP(pt)~- 4(pJ+Pt)/P(PJ o VP(p2)~ 

(P3- Pt)(P2- Pt) OPt OPt (PJ- P2)(Pt - P2) op2 op2 

4(p2 + Pt){P(PJ o ,jP(p3)~ (11) 
(P2 - P3)(Pt - P3) op3 op3 

A2(a) = 4P3P2VP(Pt) o ~P( ) o 4P3PtVP(p2) o ~P( ) o 
---''-7------:---y.r~pt;- + yr~P2J-

(P3- Pt)(P2- Pt) OPt OPt (p3- P2)(Pt - P2) op2 op2 

+ 4P2Pi{P(PJ . o VP(p3)~ (12) 
(P,2 - P3)(Pt - P3) op3 op3 

Passing from the variables p; to the Cartesian ones, we arrive at the following expression 
for the ellipsoidal integrals of motion 

At(a) = (at+ a4)L~ + (a2 + a4)L~ + (a3 + a4)L; 

+ (a2 + a3)N; +(at+ a3)N; +(at+ a2)N; (13) 

.t\2(a) = -ata4L~- a2a4L~- a3a4L;- a2a3N;- ataJN;- ata2N5 (14) 

Instead of the system of operators (13) and (14) it is more convenient to use new 
operators 5. and p that depend on three parameters ( k;, k~, kD, (only two of them being 
independent, according to (5)) and are connected with the old At and A2 according to 

' 
,\ = (a4- at)-t {At( a)- 2a2D.}, P = (a4- at)-2 {a2At(a) + A2(a)- a~D.}. (15) 

Thus, the ellipsoidal basis is the system of three operators {£.=-D., .\,P} where 

5.(ki, ki, k~) 
P(ki, ki, k~) 

kiL~ + (ki + ki)Li + Li +kiN;- kiN;+ (ki- ki).C 

ki(ki + ki)Li- ki(ki + ki)L; + kikiN; 

(16) 

From the system of operators (16) one can easily derive for particular values of the 
p~ameters k~, ki and k5 all possible, or equivalent to them, sets of diagonal operators 
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{.C, .Ct, .C:i}, corresponding to different bases for free motion on the three-dimensional 
sphere. 

I. The case k; ....... 0, k~ + k5 = 1. Ellipso-cylindr_ical basis ~· 

.Ct = >.co, k;, kD = k~L2 + k~(L~- ND + k~.C, 

.c2 = p(o, k;, k5) = -k~L5 (17) 

II. The case k~ ....... 0, k; + k5 = 1. Ell~pso-cylindrical basis II. 

.Ct = 5.(ki,O, k~) = L2 + ki(N;- Li)- ki.C, 

.C2 = P(ki,O,kD = kik~L~ 

III. The case k~ = k5 ....... 0, k~ = 1 Cylindrical basis. 

.Ct = 5.(0,k~,O)=.C+L~-N5, 

.c2 P(O,k~,O) = -L; 

(18) 

(19) 

IY. The case k~ = k~ ....... 0, k5 = lu ki/(k~ + kn =F. Sphero-conical basis. 

.Ct = 5.(0, 0, k~) = L2, 

,. = l' P(k~' ki, k5) = k2L2- k'2L2 
'--2 1m k2 k2 I 3 

·~-o I + 2 
k~-o 

Y. The case k; = ki ....... 0 , k.5 = 1u ki/(k; + kn = 0. Spherical basis. 

f.t 

£.2 

5.,(0,0,k5} = L2, 

lim p(k~' ki, k5} = -L2 
·~-· k; + k~ 3 

k~-o 

(20) 

(21) 

Thus, by means of different limiting conditions of the parameters ( ki, ki, k5) we have 
obtained all five nonequivalent sets of operators corresponding to separation of vari
ables in the Helmholtz equation on the three-dimensional sphere in simpler systems of 
coordinates. 

4 · Solution of the ellipsoidal equation 

Let us construct solutions of the generalized Lame' equation. Search ~or the ellipsoidal 
wave function 1/;(p) as an expansion in series round one of the singularities a2 

. • . 00 t 

) 
~ !!2. !!J. ~ ~ ( p - a2 )· lf;(p = (p- aJ) 2 (p- a2 ) 2 (p- a3) 2 (p- a4) 2 ~ b1 --

t=O a4- a1 
(22) 

where 
a 1(a1 -1) = 0, i = 1,2,3 

Substituting (22) into the generalized Lame' equation (10) we derive three-term recur
rence relations for the expansion coefficients b1 

f3tbt+~ + {/l- /t}bt + {.A- 8t}bt-t + Wtbt-2 = 0 (23) 
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where' 

A= (a4- ai)-I(2a2J(J + 2)- AI], p. = (a4- ai)-2(a22 J(J + 2)- a2AI - A2] 

and 

It 

6t 

+ 

+ 

(4t2 + (4t + 1)(o2 + a4) + 2a2a4)k~ki + (4t2 + (4t + l)(o2 + a 3 ) 

2o2oJ]k~(ki + k~)- (4t2 + (4t + 1)(o2 +at)+ 2o2ai]ki(ki + k5} 

-2k~(o2aJ + a2o4 + OJ04 + (t + 1)(o2 +OJ+ o4) + (t + l)(t- 1)] 
2k~[o2ai + a2o4 + oio4 + (t + l)(oi + oi + o4) + (t + 1)(t- 1)] •.. 

_,.. 

+ 2(k~ + k~)[a2oi + 0203 + 0204 + (t + 1)(o2 + oi +OJ)+ (t + 1)(t- 1)] 

Wt = 

~~¥·-

JfJ. + 2) _J{4h ~~1·)( t - 2) + (4(t - 2) + 3} L o; + L a;ai} 
,· . i ~ ,. ;: 

f3t = 4(t + 1)(t + 02 + 1/2)k~k~(k~ + k5) 

Now we consider polynomial solutions of the ellipsoidal equation (10). Let all the 
coefficients of the four-term recurrence relation (23) starting from bN+I be zero at any 
integer N, i.e. 

bN+I = bN+2 = bN+J = ......... = 0 (24) 

Then, from the recurrence equation (23) under substitution t = N + 2 and from the 
condition bN f= 0, we have 

J = 2N +:Eo; (25) 

As a result, a polynomial solution of the ellipsoidal equation (10) can be written down 
as 

~ ~ ~ !!.!. N ( p - a2 ) t tf;(p) = (p - at) 2 (p- a2) 2 (p- aJ) 2 (p - a4) 2 L b1 --

t=O a4- al 
(26) 

where b1 obeys the following four-term recurrence relation: 

f3tbt+t + {p. -11 }b1 +{A- 6t}b1_ 1 + 4(N- t + 2](N + t- 1 + L a;]bt-2 = 0 (27) 

Now we have to solve the problem of eigenvalues of the constants A, p.. Let us write 
down the four-term recurrence relation (27) as a system of homogeneous equations 

Cto- p.)bo + f3obi =0 
(~~- A)b0 + (/I - p.)bi + fJI b2 =0 

w2bo + (62- A)bi + (12 -p)~ + /32~ =0 

(28) ... ... ... ... 
WN-IbN-3 + (6N-I- A)bN-2 + CtN-I - p.)bN-I + f3N-tbri =0 

WNbN-2 + (6N- A)bN-I + (tN- p.)bN =0 
WN+tbN-1 + (6N+I- A)bN =0 

. / 

6 
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As is seen from (28), the homogeneous system obtained is a redetermined one since the 
number of equations N +2 is larger than the number of unknowns, and the corresponding 
matrix is rectangular. As concerns a homogeneous system of equations of this type, it is 
known that a necessary and sufficient condition for the existence of a nontrivial solution 
is equality to zero of all determinants of order (N + 1) (9]. However, as it is proved 
in the appendix, for a system of equations of the type (28) it is sufficient that two 
det.erminanfs, resulting from the system (28) by eliminating the last and the next to. 
last rows, be equal to zero. . 

Now let q1, q2, qJ be integers equal to the number of zeroes of the ellipsoidal wave 
function (28) in the interVals (at,a2), (a2,aJ) and (aJ,a4). As the general number of 
zeroes of the polynomial (23) in the interval (~ba4) equals N, the ellipsoidal quantum 
numbers qi, q2, qJ are connected with each other by a simple relation 

qi+q2+qJ=N, q;=0,1, ... N, (i=1,2,3) (29) 

and can be chosen to enumerate ellipsoidal wave functions and ellipsoidal separation 
constants {A,p.}. As a result, we get that at a fixed N there exist (N + 1)(N + 2)/2 
pairs of different values of {A, p. }, and depending on parity of the hypermoment J, the 
following sixteen polynomials are given as an ellipsoidal wave function: 

uE;;:
2

q
3 
(p; a;) 

E2N+I( . ) 
c q1q2qa p, a; 

E2N+I( ) s q,q2 q3 p; a; 

dE2N+I( . ) 
qtq2qa p, a; 

E2N+I( . ) P qtq2qa p, a; = 

E. 2N+2( . ) 
cs q,q,qa p, a; 

dE2N+2( . ) 
c q1q2qa p, a; 

E2N+2( . ) cp qu2qa p, a; 

N 
"'b(O,O,O,O)( )' L...t t P- a2 , 
t=O 

N 
"' b(O,l,O,O)( )t+l/2 L...t t p-a2 , 
t=O 

N• 
~"' b(l,O,O,O)( )f v 1-' - "1 L...t t p - a2 , 

t=O 
N 

J=2N 

J = 2N + 1 

J= 2N +1 

J p - aJ L b~o,o,I,O)(p - a2)t, . J = 2N + 1 
t=O 
N 

J p- a4 L b~o,o,o,I)(p - al}', J = 2N + 1 
t=O 
N 

J p - al L b~l,I,o,o)(p- a2)t+l/2, J = 2N + 2 
t=O 
N• 

J p- aJ L b~o,I,I,O)(p - a2)1+1/2, J = 2N + 2 
t=O 
N 

J p- a4 L b~o,I,o,I)(p - a2)f+I/2, J = 2N + 2 
1 t=O 

N 
sdE;{;~!(p; a;) = J(p- ai)(p- a3) L bP'

0
'
1
'
0
)(p- a2)\ J=2N+2 

t=O 
N 

spE;{;~~(p; a;) = J(p- at)(p- a2) :E b~1 '0'0'1>(p- a2)1
, J=2N +2 

t=O 
N . 

dpE;{;~~(p; a;)' = J(p- aJ)(p- a4) L:b~0'0'1 '1>(p- a2 )
1

, J =2N +2 
f=O 

7 



dE2N+3c . ) cs q,q2q3 p, a; 

E 2N+3c . ) csp q,q2q3 p, a; 

cdpE;:;~~(p; a;) 

a E2N+3c . ) s. p q,q2qa p, a; 

d E 2N+4( . ) cs p q,q,qa p, a; = 

,-----N 
JCP- at)(p- a3) 'E bP·l,l,O)(p- a2)t+I/2, 

t=O 

.------N 
J(p- al)(p- a4) 'E bp.I.o,I)(p- a2y+I/2, 

1=0 

.------N 
J(p - a3)(p - a4) 'E b!o,I,I,I)(p - a2rl/2, 

t=O 

J =2N +3 

J = 2N +3 

J = 2N +3 

,--------N 
J(p- ai)(p- a3)(p- a4) 'E b!I,O,I,I)(p- a 2)1, J = 2N + 3 

t=O 

r----------'-· N 
J(p- a1)(p- a3)(p- a4) 'E bP·l,I,I}(p- ad+I/2, J = 2N + 4 

t=O 

.5 Ellipsoidal basis 

According to the afore-said in sect.4, the ellipsoidal basis is divided into sixteen classes 

lJ!(O,O,O,O) - c<o,O,O,O) E2N ( 0 ·) E2N ( 0 ·) E2N ( 0 ·) 

N,ql!Q2,Qa - u Qt92Qa Pb a, u 9t929a P2, a, u l{tQ2Qa PJ, a, ' 

J = 2N, D = (N + 1)(N + 2) = (J + 2)(J + 4) 
2 8 

lJ!(I,o,o,o) = C(I,o,o,o) 5E2N+l(p ·a·)sE2N+l(p ·a·)sE2N+l(p ·a·) 
N,qt,Q2,Q3 Q1Q2Q3 1, I 91Q2Q3 2, I QlQ2Q3 3, I ' 

J= 2N+ 1, D= (N+1)(N+2) = (J+1)(J+3) 
2 8 

lJ!(O,l,O,O) = C(O,I,O,O)cE2N+l(p ·a·)cE2N+l(p ·a·)cE2N+I(p ·a·) 
N,Ql!Q2,Q3 919293 17 I 919293 21 I 919293 37 I ' 

l}!(O,O,I,O) 
N,qt,Q2,Q3 

l}!(O,O,O,l) 
N,qt,Q2,QJ 

l}!(I,l,O,O) 
N,qt,Q2,93 

l}!(l,O,I,O) 
N,qt,Q2,QJ 

l}!(O,l,l,O) 
N,qt,Q2,Qa 

l}!(O,I,O,I) 
N,qt,Q2,Q3 

J= 2N+ 1 D= (N+1)(N+2) = (J+1)(J+3) 
, 2 8 

C(o,o,I,O)dE2N+l(p ·a·)dE2N+l(p ·a·)dE2N+I(p ·a·) 
QlQ2Q3 !) I Ql92Q3 21 l QlQ2Q3 J1, I 1 

J= 2N+ 1 D= (N+1)(N+2) = (J+1)(J+3) 
, 2 8 

c<o,o,O,l) E2N+I ( 0 ) E2N+I (p 0 ) E2N+l ( 0 ) p q,q2qa Pl> a; p q,q,q, 2> a; p q,q,qa P3, a; ' 

J = 2N + 1 D = (N + 1)(N + 2) = (J + 1)(J + 3) 
, 2 8 

C(I,I,o,o)csE2N+2(p . a·)csE2N+2(p . a·)csE2N+2(p . a·) 
919293 lt 1 Q]Q2Q3 21 I Q1Q2Q3 31 1 1 

J = 2N 2 D = (N + 1)(N+ 2) = J(J + 2) + , 2 . 8 

C (l,O,I,o) dE2N+2( . ) dE2N+2( . )sdE2N+2( . ) s q,q2qa Pl,ai s q,q2qa P2,ai q,q,q, P3,a;' 

n=2N+2 D= (N+1)(N+2) = J(J+2) 
, 2 8 

C(O,l,I,o) cdE2N+2(p . a·) cdE2N+2(p . a·) cdE2N+2(p . a·) 
919293 b 1 919293 21 1 QlQ2Q3 3t 1 ' 

J= 2N+ 2 D= (N+1)(N+2) = J(J+2) 
, 2 8 

c<o,I,O,l) E2N+2c • ) E2N+2c . ) E2N+2c . ) . cp q,q,q, Pl> a; cp q,q,q, p2, a; cp q,q,qa p3, a; , 

8 

(I,O,O,I) 
lJ! N,q,,q2 ,q, 

(O,O,I,I} 
lJ! N,q,,q,,q, 

lJ!(I,I,I,O) 
N,q1,q2,q3 

(I,I,O,I) 
lJ! N,q,,q2 ,qa 

(O,I,I,I} 
lJ! Nm ,q2 ,qa 

(I,O,I,I} 
W N,q1,q2,q3 

(I,I,I,I) 
lJ! N,q,,q,,qa 

J =2N +2, D = (N + 1)(N + 2) = J(J + 2) 
2 8 

C(I,o,o,I) spE2N+2(p . a·) spE2N+2(p . a·) spE2N+2(p . a·) 
919293 1' 1 919293 .2' 1 Qt92QJ 3, 1 ' 

J= 2N+ 2, D= (N+1)(N+2) = J(J+2) 
2 8 

C(o,o,I,I) dpE2N+2(p . a·) dpE2N+2(p . a·) dpE2N+2(p . a:) 
. QJQ2Q3 1 J I QJQ2Q3 2J I Q1Q2Q3 J1 I 1 

J= 2N+ 2 D= (N+1)(N+2) = J(J+2) 
, 2 8 

C(I,I,I,o) csdE2N+3(p . a·) csdE2N+3(p . a·) csdE2N+3(p . a·) 
QlQ2Q3 1J I QlQ2Q3 21 I QlQ2Q3 3J I 1 

J = 2N + 3, D = (N + 1)(N + 2) = (J- 1)(J + 1) 
2 8 

C(I,I,O,I) cspE2N+3(p . a·) cspE2N+3(p . a·) cspE2N+3(p . a·) 
Q1Q2QJ lJ 1 Q1Q2Q3 2J 1 Q}q2QJ J1 I 1 

. J = 2N + 3, D = (N + 1)(N + 2) = (J- 1)(J + 1) 
2 8. 

c<o,I,I,I) cdpE;~~~(Pii a;) cdpE;~~~(P2i a;) cdpE;:;~~(p3; a;), 

J = 2N + 3, D = (N + 1)(N + 2) = (J- 1)(J + 1) 
2 8 

C(I,O,I,I) sdpE2N+3(p . a·) sdpE2N+3(p . a·) sdpE2N+3(p . a·) 
QtQ2QJ lJ I QlQ2QJ 21 I QlQ2QJ JJ I 1 

J= 2N+ 3,. D= (N+1)(N+2) = (J-1)(1+1) 
2 8 

= C(I,I,I,I} csdpE2N+3(p . a·) csdpE2N+3(p . a·) csdpE2N+J(p . ·) 
919293 l 1 1 QIQ2QJ 2J I QIQ2QJ J1 a, ' 

J= 2N+ 4, D·= (N+1)(N+2) = J(J-2) 
2 8 

Here D is the number of states at a given value of the hypermoment J. The multiplicity 
of degeneracy of energy levels is determined by a sum of all states of even or odd fixed 
J and is correspondingly equal to ( J + 1 )2

• 

The coeffiCients C(i,j,k,l), where i, j, k, l = 0, 1, are determined from the normalization 
condition of the ellipsoidal basis 

.! 1a21a'1a• [w(i,j,k,l) ( )j2 (P2- pt)(p3- P2)(P3- pi) d d d . ~ 1 (30) 
8 . N,q 1 ,q,,q3 Pb P2, P3 J P( )P( )P( ) PI P2 P3 -at a2 aa • - PI P2 P3 

The complex form of the ellipsoidal basis for the Helmholtz equation on the three
dimensional sphere finally depends on the degree of algebraic ~quations from which 
eigenvalues for two separation constants p., JL} are determined. 

6 Mathematical supplement 

Let us find out conditions for the existence of solutions of the homogeneous system (28) 
which satisfy the requirement bN =/= 0. Rewrite the system (28) in the matrix form having 
in advance divided the jth equation into Wj =I= 0; j == 0, 1, · · ·, N + 1. For this purpose 
we introduce a rectangular matrix P = IIPiill, where i = 0, · · ·, N + 1; j = 0, · · ·, N and 

p;; = (I; -J.L)/w;, i = 0, 1, ... , N; 
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Pi,i+! 

Pi,i-1 

Pi,i-2 

(3;/w;, i = 0, 1, · · ·, N- 1; 

(5;- >..)/;;;, i = 1, .. ·,N + 1; 

1, i = 2, · · ·, N + 1; 

p;; = 0, at i :S j - 2 and i 2:: j + 3. We derive the equation 

Pb=O 

where b = (bo, bb · · ·, bN f. 

(31) 

(32) 

Denoting by P1 the matrix obtained from' the matrix P by eliminating the first row, 
we get the first condition for the existence of nontrivial solutions of the system (32) 

detP1 = 0 (33) 

To get the second condition and to solve the system (31), let us consider the latter 
without the first two equations and transfer the elements of the last column to the 
right-hand side. We derive the following inhomogeneous system of equations 

P2b= f (34) 

where P2 · is the matrix obtained from P by eliminating the first two rows and the 
last column, b = (ba,bl> ... ,bN-1)T, f = Cft,f2,···,fril, J; = 0, i = 1,···,N-3;. 
f; = Pi+1.NbN; i = N - 2, N - 1, N. Note that P2 is the upper triangle matrix which 
has units on its principal diagonal. Let us consider minors of the matrix P with the 
corresponding signs 

Pi+t,i Pi+1,i+l ... Pi+1,i-1 

Sij = ( -1)i+i I Pi+2,i Pi+2,i+1 ... 
Pi~~·~-1 I (35) ... ... ... 

Pi,i Pi,i+l ... Pi.i-t 

at 0 :S i < j :S N + 1. It is to be mentioned that since Pii = 0 at i :S j- 2 and i 2:: j + 3, 
and Pi,i-2 = 1, the following relations hold: 

Sij 

Sij 

-pj,j-tSi,j-1- Pi-l,j-tSi,j-2- Pi-2,j-tSi,j-3 

-Pi+t,iSi+t,j - Pi+l,i+tSi+2,j - Pi+t,i+2Si+3,j 

(36) 

(37) 

Let us treat the upper triangle matrix S2 = P;;1
. It follows from the lemma below 

that the elements of this matrix, which are above the principal diagonal, satisfy relations 
(36) and the principal diagonal of the matrix has units. 

Lemma. Let A= lla;;ll~;=t be an upper triangle matrix with units on the principal. 
Then B_ = A-1 = IJb;;lr' ._

1 
is also an upper triangle matrix with units on the principal 

'·'-diagonal, and at i < j 

ai,i+t ai,i+2 ... ai,i-1 a;; 

b;; = ( -1Y+j I 1 ai+t,i+2 ... Pi+t,;-t a~~~,; I (38) ... ... ... ... 
0 0 ... 1 a;-t,; 

10 
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Pr~of"of the lemma. Fori :S j we have· 

Hence for i < j 

j 

:~::::aikbk; = 5;; 
. k=i 

j 

b;; = - L a;kbk; 
k=i+l 

(39) 

(40) 

( 

In the same manner the recurrence formula is derived from the expansion of the 
determinant (38) over the last column. Since formulae(38) and (40) coincide at J + 1, 
the lemma is proved. 

Thus, 

b=Sd (41) 

Choosing !iS bN an arbitrary nonzero number, we obtain from (41) 'a vector b that 
satisfies all theequations of the system (32) starting from the third one. By virtue of 
(41) the vector b thus chosen also satisfies the second equation of the system (32). We 
get 

N N 

Poo I: St;f; +Pot I: s2;f; = 0, 
j=1 j=l 

which is equivalent to the equality 

Poa(s1,N-2PN-1,N + St,N-tPN,N + s1,NPN+t,N) 

+Pot(s2,N-2PN-l,N + s2,N-tPN,N + S2,NPN+I,N) 

Using the recurrence relation (36) we get 

PooSt,N+! + Po1s2,N+1 = 0 

(42) 

(43) 

Theorem. For the system (28) to have solutions, for which bN # 0, it is necessary 
and sufficient to satisfy the conditions (33) and ( 43) .. If these conditions are fulfilled, 
the system (28) for any bN # 0 has a solution determined by formula (41). 

Thus, to determine eigenvalues of the ellipsoidal separation constant { >.., ll} one has 
to solve the system of two algebraic equations . 

{ d~tPt = 0, 
PooSt,N+! + Po1s2,N+t = 0. 
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Aiipanenm P.r. H ,Up. 
KsaHTOBoe ,UBH:lKeHHe Ha TpexMepuoii ccpepe. 
3JIJIHilCOH,!I.aJ1hlihlii 6a3HC . 

,E2-96-117 

( 

B HacTo~meii pa60Te nonytJeuo pe~eHlle o6o6meuimm ypasueJ;H~ J1aM3 B. mme 
' ' ' 

paJJIO:lKeHH~ BOKpyr O,!!.HOH H3 OC06bJX TO'JeK ypaBHeHH~ H 'noKaJai!O, 'JTO K03cp-
cj:JHUHeHThl ,llaHHOfO 'pa3JimKeiiH~ HO,Il'JHH~IOTC~' 'JeTblpeX'JJlei!IJhiM peKyp'peHTIIhiM ' 
COOTHOllleHH~M.' Pernella npo6neMa KBaHTOBaiUI~. 3JlJIHilCOilllaJlhllhlX KOIJCTatn pa3-' 
ne.iJeHH~ H IlOCTpOell 3JJJ)HilCOII,!!.aJlhllhiH 6a3HC .!lJl~ ypaBIJelllt~ re.rihMfOJlhUa 
HmrypaBHeHH~ Wpetiuurepa: .!lJl~ CB060.!lHOfO ,llBH:lKe!IIIH Iia TPeXMepHoii ccpepe. 

---'; . '! :· \ • • '' -. _, • . 

Pa6oTa s~monue11a sJ1a6opaTopitu Teop~nitJecKoii cj:JHJHKH HM.H.H.E6ron106o-'. 
saOlHH1. · .· ·· · · · 

Coo6meHHe 06'bellHIIeHIIOffi IIIICTHTyra llllepllb!X. IICC;e)l0Batlllii.'Jly6ua; 1996 

. . • . I 
Airapetyan R.G. efal.· ·' i E2~96-117. 
Quantum Motion on the Three Qimensional Sphere. 
Ellipsoidal Basis ' · ·. . ·· ) : , ·· 

• j' . \ • J ' • 

. The ·generalized Lame's equation is. derived ·as, expansion :around ·one 
of the singularities of the equation arid the coefficients of this expansion' are shown 
to obey the four-term recu,rrence relations. The problem of quantization of ellips~idal 
separation constants is· solved and the ellipsoidal basis is constructed 
for the HelmholtZ equation or the Schrodinger equation'for free motion on the thr~e
dimensional sphere: 
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