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'In paper [l)the question on the status of the Cre,vther i-elati~n [2] in QCD has 

been irivestigated: In fact, using the update results of .the ·multiloop cal~ulations 

. · · the r~lati~n' between the cl>efficient functions for the aeep-inel~tic and' a~nihilation .. 

.' proc~sses has· been considered. The authors of r~f. [1] h~fe. pointed out Ja.rious inter- · 

esting properties of this refatiori.:First of ·ail, it has be~n 'sho~n- that the correc_tio~s. 

of type" CF.&., cia~ and C¾_a! are'tan~lled in the pro'.duct 'or coeffici~~t function' 

from the Bjorken sum rule for p~larized deep-iiielasqc lepton-hadr~n scattering ~nd 

~he A<l.ler function for the two-point correlator of electromagnetic.currents. It has 
_!J,lso b~en pointed out that the _sun;'ivh1g co~rectfons in the second and third ord-ers 

-. of pert~rbation theory are; giouped ;yielding.fhe two-ioop ,8-function. The ~esult 

obtained. ~n ref. [1] has the form 

CB;(a.)CR(~.) ~1~ ,a<
2

~(a.) [K1CFa.+(K2NF+I<ACA +J<FCF)CFa~] +O(a!), (1) 
, - : . a, , .. , - . .· .. - ',. \ 

. where a;·= a,(,,~= Q2)/4rr, NF is the numberJ fla,•ors, C,land CF are th~ Casimir 

operators (in QCD _CA = 3, CF= 4/3), t31.2l(a,) = p1a~ + p2a! + O(a!)is the QCD 

/3-functi;n in the two~loop approximation. It is important to point out that this 

functi~n does not 'contain thi terms of type cf-10~, (N ~- 2). •. The n'umerical 

multipliers in eq. (1) are determined as 

. . ,, 21. · . . '. . . 326 •·. 304 '. '· . 629 · 884 
· J\1 = (-- + 12((3)}; J12 = (- - -~(3));. ]\A= (-- + -((3)); 
· · 2 . · , 6 · 6 , . 2. 3 

KF = c3!7 + !36((3)_- 2-10((5)). 

The coefficie~t function CB; from the Bjorken sum rule for polarizedd~ep-inelastic· 

lepto;-h~d~on. scattering is• determined through the· following operator· product ex~· 

pansion 

·Jrv ( )V,' ("') iprd I ~ C :(- )C.o{Jp,\/Jp ..!..A<3).\(0) 
. I a x {J u e . ~ IPll-'X) - ·-BJ ~• t > 12 . . . + ... 

. Here i~ denotes the electromagnetic current, Al3 l-' is the third component ofthe ax­

ial is~triplet (interpolating current for. 1r:_meson). The exi>ressionJor. this coefficient-' 

function is known in the two-loop [3] and three-l~op ,[4] ·appr<?ximations of pertur­

bati~n theory. :In the.leading order it has the form CB;(ii:.)°= 1.- 3CFa;+O(a:). 
The quantity CR from eq. (1) is just th~ coefficient fimdion,for the branching ratio . 

~ ' ' . -·, . - . .. ' . 
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of e+ e--annihilation into the hadrons. This coefficient fu~ction is also known in the 

c two-loop [5] and three-loop [6] approximati~ns. The leading order ~esult has the form 

C (- ) D(a.) 1 + 3C - +· 0(-2·) 
. R a, = ~ = . pa, a, , 

C , : -. ' ; 

where the Adler function D(a.) is defined as 

D~a.) .= -12rr2q2 d:2II(q2), i J (0IT A~3>(x)A~>(o)IO)e'q"'dx == (9a{3q
2

-:-- qaq13)IT(q2). 

The aim of the present investigation is to.elucidate the reason of cancellation of 

the CFa.', C}a~ and C}ii~ corrections in the Crewther relation and to generalize; if 
possible, this low to the higher orders of perturbation theory. As it will be demon­

strated below;the observed cancellation is intimately related to the specific structure 

of the anomalous triangle and the Adler-Bardeen theorem [7]; · · 

Let· us consider the following three-point correlation function 

Tµaf3(P, q). ~ / {0IT A~3>(y)Va(x)V13(0)IO)e';r~iqydxdy = (1(q2,p2)eµaf3-rP" + 
+(2(q2,p2)(qoceµf3p-rp"q" - qpeµap-rpPq") + (3(q2,p2)(Paeµf3p+p"q" + ppeµocp-rp"q"), (2) 

where the expansion over the. three independent tensor structures is _used (the kine• 

matical condition pq = 0 is also assumed, _for details s~ ief. [8]). · 
. Following the ideology of ref. [2], we considerthe operator product expansion for 

this correlator in the limit when lv21 -:-+ oo. Now, using the rela~ion for the various 

t~nsor structures [8], it is easy to derive that 

Tµocf3(p,q)-+ 1
1
2:2CB;(a,)IT_(q2)(q;eµ{3p-r])Pq"....: qpeµoc;:,.p"q"), 

consequently 
. ( 2 2 ·. 1 l· . 2 

(2 q ,P)IJrl-oo-+ 12 p2 CB;(a,)IT(q ). (3) 

On the other hand, requiiement of the gauge invariance leads one to the Ward 

identity for the Green function under con~ideration. In our case the vector Ward 

identity takes the form [8] 

-(i(q2,v2> = l(2(q2,p2)+l(iq2,v2
). 

Differentiating this· expression with respec~ •of· q2 and. taking into account that the 

function (1 is just the nonrenormaliz'abl~ cinumbei' ( Adlei~B,ardeen theorem[7]) y;e 

get the following t1quation for two other. iirvari~t functions 

fo~mi.i:~:s~.~n Uta' ·ff/i·.' 
-~ .:~~~:~;~~' 



2 d ( ( 2 2) 2 d I' ( 2 2) ( ( 2 2) q dq2 2 q 'p = -:P dq2 -,3 q 'p - 2 q ' p . (4) 

It should be noticed he.re, that the statement on.the one-loop behavior of the axial 

anomaly has not strict sense within the perturbation theory. On the language of 

operator relati~n the one-loop character is achieved when the normalization of the 

axial current is strictly fixed in accordance wit):i the relation (A!)Ren = ,s(A11)Ren, 

wher~ .(A!)Ren and (A11)Ren denote the axial and ~ector ;ertex f~nctions respectively. 

However, this condition does not guarantee the absence of corrections on the language 

of Green functions (in our case the absence of corrections to (1 ). As it has been 

shown in ref. [9], there are anomalous graphs containing light-by-light subdiagrams 

which cause the renormalization ,of the axial anomaly on the language of Green 

f~nctions. However, in our.case when the axial current.in (2) is the flavor nonsinglet 

one, diagrams mentioned above renormalyze the quantity (1 in the second. order 

in the fine structure constant, but not in a; order. Hence, neglecting the higher 

electromagnetic corrections, we are able 'to postulate the one-loop character for (1 . 

On the other hand, under the condition IP2 1 -+ oo and in accordance with the eq. 
< ', • " ..::. 

(3) we have 
. 2 d ( 2 2 . · · · Ne ' . 1 . _ _ ) 

q dq2(2 q ,p)-+ - (l21r)2 p2CBj(a.)CR(a.). (5 

Let us now expand the expressions for the quantities (2 and (3 in powers of q2 
/ p2 

. ' 
1 00 2 

C2(q2,p2} = 2 I:Cpq2tc;, 
· p k=O 

1 00 2 

(3(q2,P2) = 2 E{q2rc;, 
p n=O p 

here (~ and (; are dimensionless coefficients. Substituting these series into the.eq. ,. 
' ', . \ . 

(4) one gets 

q2 /2(2(q2,p2) = -\ I:[(k+ 1)(;+1 +(;](q:)k. . (6) 
q p k=D p 

Comparing n(?W eq. (6) with the relati~n (3) we obtain the following formulae for 
the product of.CB;. and.CR · · · · ,;• · · 

Ne· 
(I21r)2CBj{a.)CR(a.) = (J + ,g. (7) 

In the leading order of perturbation the_ory (J t (g = Nc/(127[)2
• In so doing,. we 

convinced ourselves that the one-loop.or a many-loop behavior for the product CiJ;CR 
i.s connected with the renorm'alizability or n~nrenormalizability, respectively, of the 
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invariant functions (2 and (3 • On the other hand, it has been shown in [10], that when 

the conformal invariance is exactly presented in the theory, the general expression 

for the three-point correlator function T110i3 has the forip ·totally determined by its 

one-loop counte1·part 1::.11013 

T11013(p,q) = I<(a.)t:.11013(p,q), 
. 

where I<(a.) is the undefined quantity within the approach of ref. [10]. Another way . 

. of putting it is that in conformal-invariant theory we have [10] 

/'exact _ r.,(_ )l'one loop 
'>l - .t\ as '>l , Gxact = K(~.)(te loop, c;xact = K(a~)(;ne loop. . (8) 

However, it is weli 'known that the renormalization p~ocedure vfolates'the initial 

conformal invariance of the .massless QCD lea~ing to the anomaly i~ the trace of 

energy-momentum tensor [2],[11]. The expression for this anomaly [11] in its turn 

indi~ates that th~ factor /3(a,)/(a.) is the measure ofviolation of conf~rriial invariance 
' ' < 1)' , 

within the framework of perturbation theory. On this basis the relations (8) could 

be rewritten in QCD as 

. /'exact = T/(- )(one loop 
'>l .. .l\. a. 1 , Gxact = [K(a.) + /3~a.) v2(i, q2, a.)](~ne loop; 

a. 

( exact _ [ ,,,(_ ) + /3(a.) ( 2 2 - )](one loop 
3 - H a. _ V3 p , q , a. 3 , 

a. 
where V2 and v3 ' are dimensionless functions satisfying to the Ward identity (4). 

Arguing now, that in accordance with the Adler-Bardeen theorem (1xact = (te loop, 

we obtain I<(a.) = 1. Hence, the invariant functions (2 and (3 are renormalized 

in the higher orders of perturbation theory by the multiplier containing the factor 

proportional to /3(a.)/a. beyond t.he unity. This fact leads to.the following expression 

for the product of CB; and CR 

CB;(a.)CR(a.) = 1 + /3~a,) r(a.), 
a. 

r(a.) being polynomial in powers of a., which is not fixed in our approach. · 

In summary let us stress once again that in this work the reason of cancellation of 

the c: o:1;, ( N ·?:. 1) type corrections in the product of coefficient function from the 

Bjorken su~ rule.for polarized deep-inelastic lepton-hadron scattering and the Adler 

function for the two-point correlator of electromagnetic. currents has been investi­

gated. It has been shown that the mentioned cancellation appears as a consequ~nce 

5 



of the Adler-Bardeen theorem for the axial anomaly. It has also been demonstrat­

ed that all surviving corrections are grouped producing the factor proportional to 
the quantity /3(0..)/a., whjch in its turn is the measure of violation of conformal 

invariance in QCD. 
The work is partly supported by the Russian Foundation for the Fundamental 
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fa6a.o;ame r.T., Karnes A.JI. . 
0 CB»:JB Me)I(Jzy K03cpcfm~neHTHhIMB cpyttKUBHMH attHBllffillUBOHHhix 
u rny6oKotteynpyrnx npoueccos · 

E2-95-76 

.IlOKaJaHO, lJTO O)lHOnemeBOH xapaKTep 'aKCBaJibHOH. aHOMaJIBB, npo»:BJI»:-
' . . I • . 

IOI.L{BHC»: npn IlO)lXO)l»:ll{eM BhI6ope HOpMHpOBKB aKCHaJlbHOro TOKa, HBJIS!eTCSI 

npHlJH~OH COKpaiueHBSI nonpaspK rnna C;. a: ; (N ?:. 1) B COOTHOIIIeHHB Kpe3epa 

~g · K03!p!pHUBeHTHbIX cpyHKUHH. aHHHIWI»:UHOHHbix' H rny6~.K~Heynpyrnx npouec­
COB. 

,' • ' . ', • . ; ' f ' , 

Pa6oTa Bb!IlOnHeHa B Jia6opaTOpBH TeoperntJeCKOH !pB3BKH BM. H.H.Eoron10-
60Ba. 

'' 

npenpHHT 061.ellHHeHHOro HHCTHTyra llil~pHLIX HCtnellOBaH~ii. Jly6Ha, 1995 ' 

Gabadadze G.T., Kataev A.L. 
On ·connection·between Coefficient Functions for Deep-Inelastic. 

E2~95~76 

and Annihilation Processes · 

• 1 :i has been shown that the one-loop behaviour of the axial ~nomaly, occurrir~[\ . 
; ' ,t~eaxia_l current ls-~propriately_ normalized, leads to _the cancellation of_ tp~ I 
;;·,w\.::t1ons of type CF <\ , (N?:. I) m the Crew~her rela!t._on for the coefficient · 

' i_idns of deep-i~elastic and annihilation processes. . . . 
,-·.t 

;i:he investigation has been performed at the Bogoliubov Laboratory 
;i ;,::9i:~tical Physics,j)NR. · · · _.. · 
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fa6a,na,nJe r.T., KarneB A.n. _ 
0 cil.SIJH Me,imy K03q>qmtiif eHTHhIMH q>YHKUH.SIMH aHHH11UI.S1UHOHHL1x · 
u my6oKoHeynpyrnx npoueccoB 

E2-95-76 

. TioKaJaHo, tJTO Oi{Honemeiioii xapaKTep · aKCHaJihHOH · aHOMaJIHH, npo.S1BJI.S1-

. IOIUHHC.SI ' npu llOi{XOi{.SIIUeM ~h16ope HOpMHpOBKH aKCHaJihHOI'O TOKa, .SIBJI.SleTC.SI 
· . · · · .. - · ·. N N ·. .. 

npH'IHHOH COKpaiueHH.SI nonpaBOK mna CF as ' (N ~·1) B COOTHOUieHHH Kpe3epa_ 

.DJI; K03!pq>HUHl!HTHbIX' !p)'HKUH~ aHHHfHJl.SIUHOHHhlX.". rny60KOHeynpyrnx npouec~ ', 
'. • - • • -- ~ - • ~ - • - • < -

COB, 

·Pa6oni BhmoJrne·Ha B lla6opaT~P"" TeopemtJecKOH q>HJHKH HM~·H.H.Eoromo-
·6oea;: . -

npenpHHT 06LellHHeirnoro HHCTHTyra imepHLix HCCJJe)lOBaH»ri. !ly6Ha, 1995 
- .- • i " ,. . ,_ '. - - ~~- - ---.?' • -

Gabadadze·G.T., Kataev A.L. · _- . .. · ·. E2~95-76 
On Connection between Coefficient Functions foiDeep-Inelastii:: 
ana Annihilation Processes · · : - · ·· ·· · · 

. -· It has bee~. shown that the one-loop liehaviour of the ~xiai anomaly, occurring. 
when the axial current is appropriately normalized, leads to the cancellation. of the ' 

• . • - . N _;_N . . . • · .. .. ; . · : 
correcttons of type ,CF as , (N ~ I) m the Crewt~er relation for the coefficient· 

~ • • . , 

functions of deep-inelastic and annihilation processes. . . 

. )he investigation "has been p~rformed at _the Bogoliubov Laboratory of · 
Theoretical Physics, JINR. 
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