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_ -.·.Vacuum. (bubble) Fey~_man integrals ( witho~t external m~~enta) appear 
as low-energy limits of. certain physical amplitudesor as Taylor coefficients _ · 
ofriniltipoint Green functions. The coefficients.can then1be used to-recover 
the-fanctions inthe whole complex plane of momenta[l]: The'p~esence of 
virtual heavy particles, like the top quark,intlie-quantum·chromodynainics 
(QCD), -generates an effective high:-energy scale, which makes perturbation _ 
theory applicable-owing to asymptotic freedom. In quadratically.:and linearly. 

. divergent diagrams the contributions of heavy particles are enhanc~d by .the -
- -power of.the mass, so that light 'particles can weU be considered as .massless: 

~This leaves us with an important_special case:ofju~fone nonzeron1ass. . _ 
After. performing the. Dirac apd .. Lorentz .algebra; any. vacuum diagram can 

- be reduced to some lin_ear combinations of scalar 
1
bubble integrals_'Jn_the three- . -

loop case with the fuH tetrahedron topology of the diagram, all scalar products 
_ . in the numerator can be expre~sed through the quadratic combinatio~s i_n 
.the denominators._ Thus, in the most general case, only .a product-of some 

· powers. o{ the denominators should be integr~ted. A prot~type
1 

defines the 
. arrangement.of ma.s'sive and massless lines in·a diagram. Individu~ integrals· 
a.re specified by the p-owers of the denominators,· called indi~es of the lines.•··-.. 
-~ · I~ the dimensional regularization with N = 4 "'.".' 2e, any' m~sless bubbles 

- •-- are triviajly equal to zero, so.that at l,east'one massive Hne should be present. -
- Fig.1 displaya:a.U possible three-loop pr_ototypes. It was convenient also to 

distinguish some reduced prototypes with a line missing,. &-4, since they are 
generated in evaluating several different full prototypes: The BM and BN 

. · __ types have:been completely -analyzed in Ref. [2] and need n·ot be dis~ssed 
-·- _-here: ' : __ · :_ _ ~-

1 
• · _ - '. • • I_- . ; - ' . - • 

_ The method of recurrence relat!ons [3, 2} connects_ integrals of the same 
p~ototype I but'. ~th -different -whies of the indices. -Usirig these' relatlonHin- --

/ geniously' enough, one can r~duce ~y int.egral: to a limited ~et of so-called 
. '.mast.e~ integrals .. However: that, remains stiH. a k!nd of a.rt without any. strict -

assertions as to. the n:iinimal set of the master integrals or the m·ost· ~fficient 
·•strategy. : Let us derive· a relation [4} for a generic triangle subgraph \Vith 

.• masses on its Hnes m~, m2, and m3, line :l!lomtmta Pt, P2 ~ Pl -p12, and 

./ 
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Figm'.e 1:'The th~~l~p scalar b~bble prototy;~~ with one inass. D6uble'(single) lines 
._ refer to massive (massless) prop~at~i:s in the ~'omentuni rep«isen~ation: ,Any line·m~y 

.· have an. integer .index; a power of. the deii'ominator. Th~ indices stay as arguments of the 
corresponding functions. Numbers define the ord~ing of the arguments.. . 

, . .. , . . ·.•. , ·,. ,.· .. ' . -:: . ·. ' ; ,. -'' ,' ·. 

p3=pl-j>13,_and indicesJ1; h,and j~1 respec~iyely:_',', · 
•, , . .·. i .. . · ·. : .. '· N · ' ' , .·- . , ; -. - ; .· ·· .c: \ · 2 · 

·_ j' 1v a . P't- .1. tl P1, -· ··. -·:::: ··: ·• .. -· . 211?-1 
, - 0 = d . - . . = · . · N- 2 - - -. -
' .· . ,· 'Pl ap't <-11~2~3 ·, , - <-11~2~3 C : J1 ?2 '_Ja + J~ -c1• ' 

•·2,•/;•2·.·f· ..• · .. •_·,. '2• 2'" -2 .. ' · 
. ,. . ,m1 + m2 --:- m12 +c12 - c1 .. _ ... m1 + m3 - m13 + c1a.-:- c1) (.) · · 
+J2. +Ja . ,· 1 

-~ -• ~ 

, . where _Ck =Pi+ ml. Dividing or multiplying b/c.1: just in~rement~ ~r de-cri 
. . ments_ in_dex-j.1: of the k ·t~ line'. The corresp~~ciing operator. can be denoted 

by K± [2]. For an arbitrary b-loop diagram,: ir1tegrating :by' paits :the' first 
.. derivatives-pra"vides tlS with £ 2 · linearly independent relatio~ in total._ It is , 

c~nvenient to refe; to ·tria:rigle rec{irreiic~ relations\)y specifying only the lin~ 
:numbersr{123f fdr ¢q. (1 ); line L being the base. ·H-~f sum of tlie rel~tions -
for three foces of ·a'.t~fralie,ciron as their baselines fo_rm a; jri~gle, like {124 }, . 
:{~34},_'and {623} in'D3, gives·a'relation{dim} tha.t)s'eviderit ondime_nsJorial 

··-grouiidt·'..~'' '.··:~-~-~.;·,:·~·: :·:·:::-.<_•·.\::'.\ ;·,:: . \.~j~,~_,{_'.· . 
- [fN-.J1 - .•. :.... j5 + m2(j4·4:t+ j55!+J5(>t•)]Da(jt,:.~·,"Je); ci:.,:•:d2) · 

-,. " . -• ,-- " . ·- .. ( - ' .. _ -
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'Nov/follows a brief descriJ.)tion of evaluating various pr<ltotypes.·In Fig~ 1 
they: have been ordered from the 'most difficult' to the .'simplest'. Whenever 
in .D5 a denominator is absent (j.1: $ 0) the diagram is.immed.iately reduced 
to·the 'simpler' J?5 'type_by expanding-the power of the polynomial. A typical 
trick to bring any positive index down to 1 is as follows. A combinatioii'is 
sought, like 3{146} - {416}- {614}for }1 >· l·in D5, tn 'which only one 
'highest' term m2j1l + is present, all others having the sum of the indices l~s 
by one. The highest_·term can- be expressed through the others _until the index 
on theJine rea<;hes t Thus we arrive at the master integral D6(1', ... , 1 ). , 
, If D5 has j5 $ 0, ifls reduced·to BN; }1.,..4 $ 0 to D,i: As j5 >-0, it is 
profitable 'to solve {612} (rio m2for a massless exchange between particlesof 
unchanged masses [4])with respect :to· the· free term. Eventually, this brings 

. .Ja,4 or '}5 to zero. To get rid of the numerator j 6 < 0, a denominator pn an 
adjacent line is typically 'used: if for ·examplej1 > 1; {315} can be solved 
relative.to 1+ 6'7. :otherwise, as'Jl-4 =:=' 1;, the quadratic denominators· can 
be created by solving {126} with respect to· the· free ~rm:. The irreducible 
master integral is· D5(l, 1, 1; 1, 1, O); •. . . _ . ._ 

In D4, j5 $ 0 leads to .lh,; j5 $ 0 to DM; Ja,4 $ 0 to Da; arid J1,2 = ,0 
to E4. The numerator on linel can be eliminated by {246}.if j 6. > l;·by 
2{dim}~{534} if Ja > ); by {di~}.:..{345}if j 5 > 1;. by{dim}~{624} if_ 

'-J2 =/ 1; or by.{215} otherwise. Solving {215rr~lative to m21+ diminishes 
, the denominator Ji> 1;-{512} reducesj5 :> 1; {435}-{534} reduces Ji> l; 

{l36}+{246}'reducesj6 >·1, leading to D4(1,:.:,l):. _ 1 • • 

Asj4
1
5 $ 0 in Da, this is D2; j5 $ 0 =} D N; J2 $ 0 :=> B:V. The numerator 

. · jf < 0 is normally reduced hy 2{ dim}-{ 534 l a8 j4 > 1; by .{ 623} as j; > 1; 
· by {236} as j5 > 1;.by_2{dim}-:--{435} a8 j 5 > 1; and {dim} creates j4_6 > 1 
·'otherwise .. The 'special CaBe J1 = Ja == 0 is more efficiently worked out as 'E4. 
~ith j5 = 0. The remaining denominatbr on line 5 in Da is brought down to 1 
by {516}; H> 1 by (l-j2){236}+ ja3+2-{326}+J56+2-;-{623}; andj6 > 1 
by {156}.;.. {534}+ (2 + 1-/m2){dim}. However, that may ·revive mas-~less 

. numerators j 1,3 < 0. To avoid infinite loops on. recursive application of the 
rei!l,tions; we elin1_inate single numerators by a· general. projection-operator 

/,,,,, 
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. meth~d [3]:. ;_. -

-- · .. J ~N~l dNJJ2 ,b[p~, (pi -q)2] /2[ptU72 - q)~~ A2n(p1,P2, q) ~ ,. 

. r(n + ½) r[½(N -1)Lrr2 J 'N, , ,[p'2 '(p <. : ), 21··. n ~,,,, '. ,•). ( )· 

. r(½}r_[n + ½(N ,;_ 1)] j=l d P;f; ;, ; -_ q ; A (p;,!;, q' '. , 3 . 

whereA(pi,P2,q) = 4p'{ (Uµv.::. qµ;11/q2 fr,2' -and li.'2 are: arbitrary functions , .: 
of their scalar argufnents. _ A numerator [(p1 - P2)2t can be're-expanded: . , · .. 

· · {pr- P2i = ·½u,1 + -;l -q)2+ P~+ (p2 ~ q/-
- [pi - (pi - q)2][p~.:.. (P2.:.. q)2]/q2 ~ q2 -A(p~,112/q)}. • : {4} 

_ Odd pow~rs of ·J1~1,P2, q}f~{~u/after_ integratio~,' ~d for e':~~ • pow~rs 
Eq: {3) yieldsA(p,p,q) = 2[p2+(p,;..q)2]-[p2 ~ (p...:.q)2] .Jq2 -:::q2• For D3 we 

. identify t~e)eft:hand s~eof Eq. {4) with er, and q2 with C3. If we deal with 
. j 1 =: . .:..1, j 3 =·o, j 4 = je,, then q2 on the right-hand· side of Eq. (4) generate's .·· 
.the original integral which can.then he eliminated.~ - ·• • ~ .. :, . . . 

, The denominator j3 > 1 is reduced by{156}:-{236} while~jl < 0: At 
. j1·= o·with h,4:.-6 ~ l;we apply:{236}, eliminafej1 =:=:~-!by Eqs. (3) and.(4),. 
reduce i11 == 2 as_ usual, ande?CJ>and the first numerator. again. ,The originaJ 
integral,with the SaIIle value of ia can be expressed,by so~ving the resulting 
equation'.>' , , , , , .·_ , •, , , . . , , ·_ . , . , , , .-

' The case D 3(0, 1, r, 1, l;l) can hetran'?form~q as follows_:._ The differential
equation ·ror _the two-loop subgraph without line2,. Eq.(43) 'of Ref.[5],~Sdi:.•· 

. vided by q2(q2+.m~),and integrated over q. perivatives with respect.to m2- -'· 
a.re taken via.{ dim}, ~d. aft~r substituting simpleintegrals we get , . . ·• 

· ', ' .· •. · -· • 3N 8 . · . · · · -: 
Da(O, 1, l, 1,1,l~ ~- ;'2m-; ~ D~(O,t,O, 1, ~' 1) 

, ___ ','s(m2)
3
~

12.:.5_ . · · r(½N .:...1)T(5 - N) - . . · · •.. < 
+.~ (N - 2)(N :-,3)(N..:.. 4)3 [ -, r{3 - ½N) - +.,4]' (5)_ 

, . where eoch, loop,i~tegral W!lB,divide(by 11"~/2r(3,~ :½N);in-one loo~;·:this 
modification agrees with the standard NIS'. definition: but is more conveni~ . 
ent 'in higher~loop m~sive calculations.' As i resul~ ofth~ transformations; . 
any Da~type diagram is "reduced to simpler types and two rnaster:integrals 
Da{O,l,0,1,1,1) andDa(l,": .. ;l). , -· . . • . -... . 

~ . ' ' ' " __ :,,_. 
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With j 3,4 ~ 0,. E4 is· a particular case· of 13 M . . The numerator on line 5 can 
be taken off by {120} as i2·> 1 (massless lineOwith indexO is assumed 1;(). 
connect 1.3 ~d _2.4); by {210} as j 1 =/1; by { 430} as ja > 1; or { dim}should 
be applied otherwise. The j1 < 0 numerator is eventually reduced, to j1 = 0 
(hence, to the twerloop massive bubbles) by {120} ifh > 1, 'or by{210}: The 
denominators j 1,2.> 1 can_be.br~ught_down to· 1-by sohing{120} relative to 

. 2+5:.: tor {210} .;... 2m25+ {120} relative. to ·1+.s-: That always increases j 5• 

. The latter helps to reduce the deno~iriators in t_he ~assive on~lo:Op subgraph ·
. by 2{340}:...{430}, The:extra denominat~r ii>> 0 can. be integrated off by -· 
,, applying {dim} and reducing}2 = ·2:by {120}~ :1teratively,we arrive at tlie 

rnaster-_integral E4(l, 1,l~l~O),;, Da(0,1,o;1, 1,1) .. _ . . . •· . . . . 
. Further prototypes are quite simple indeed: The numerators are manage-
able by adjacenUriangle relations, andthe denominators can be reduced by 

-· combining thr~ relations fo~.a triangle that containsthe line_', The II!aster 
integrals .are.DM(l, ~··, 1),.E:i(l, .::, 1)~ arid DN(l, ... ;l). :In D2 ithe massless 
-relation {125}solved with respect to the free temi allows one to caricel out a 

· den~minator. Thus, in' the end D2 is· reduced to· r ft1nctions, just as Di does .. 
:Eor E2 a massless r~lation can .be-constructed :as { 524 }~{ dirri}. - .· ·· 

: _;,, The.described:algorithms are i~plemented as a package ofproceduies in 
the symboiic-manipulation langu~ge":FORM [6] .well suited to evaluatingthe 

... Feynman diagrams , as , well.as. any polynomial-like eicpressions wit~. ~ large 
number of terms:• However,· thi efficiency of the essenti~llyrectirsive programs, 

-- is restricted by some fe~tures of the .eJCistingFORM)ian.slator .. In particular,-· 
·- 'infinitely'iterative substitution~ are oniy allowed ~ithout any. iritefinediate 
sorting 'of terms.••_. On 'the o~her. hand;. the recurrencer~lations' g~nerate . rather ,·• 
many eq~~ terms, and af~r exceeding certain macliine-deperident limits on 
the size of th~ ~Cratch 'e?CJ)re~sion generated iri a module, the ~orting, beconi~s 

ti 1'. 

) ... · 
, ' 
' ~; 

,1 

,. extremely slow .• The o~ly way out is to use step-by-step' sorting inside the , 
preprocessor #do loops with a pr~estimated number of repetitioris> But . 
sometimes. the number is rather difficult to guess at beforehand, while any' - -

. ,•· misjtidgem~n~ spoils· the program performance. . : . -. . . - ... _ ... 

.. :.__ Therefore, it would be high'y desi;able to implement 'a kind_of.the preprO.:· 
-: cessor #repeat/endrepeat construct itito·FORM, which ~ould terminate 
. 'as soon as no actual tr~sformations are applicable in any module inside its '. 

·: '·-> .. ' ' - ,. _. . ' . . ·' ·,,.. • 
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body 3. 'Also of use would be any means of redefining preprocessor ~ariables; 
__ based on global tests on the terms of sorted ·expressions. An invariable es~ · 

sential inconvenience for structured packages is the global scope of all names 
- in FORM. · · · ·, · 

The first application- of· the describ~d • package was the evaluation of. the 
three-loop QCD-co~rection.to.the electroweak p parameter[7]: · · ·· 

.. . . . . . . .· . . . . a . . ·· , . . . . ' . 
. ~CD = -i[_l +2 ~(2)] ; + {~~ "-31~1i ((2) - 3Jf((3) + 1:a3 (( 4) 

4 . · ' 441 C 1 . 1 . , ' , 1 , ·. '13 . . / 4 . . •· 
. - 3 ((2)ln2+ 8 82.- 9 B4- 18 Da "- [18 ~ 9 ((2) + 9 ((3)]n1 1_ 

. -(1l-J~1)[l + 2((2)]ln (µ2/m;)}( a~ )2, . . (6) 
. •. . ,.' •, . ' . '; 1r 

where a.>is the QCD coupling constant at the:_renotmalizatioh sc~le µ in the 
MS scheme y.ith the total nuinber,of quatk flavors,n, (~6); int isthe pole , 

· mass of the top quark; B4 has been introduced in Ref;[2]; S2·determines the 
finite part of the two-loop massive bubble master integral [5]; and D3 is ·the 
finite part of D3(1, 1, 1,,1, 1,l)which has been evaluated numerically by the 

· momentum:~xpansion'·method [1] and independently'i~ Ref. [8]. An error in 
tlie coefficient of (( 4) in the original publication has·beeri fixed, so that Eq. (6) .. , ,, 
tompletelyagrees wit~ the independent' calcula,~ion of Ref. [8]. · 
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