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1 _Symmetry Gro1ips and 
Gaug~. Principle i . 

. There are. two. symmetry gro{ips that are intimately connected 
· with Gener.al Relativity.· .One. group of this· kind is a group of · 
<transfo;mations: of the space-time m·anifold .M itself,,and the 
.. other is a gr~up of transformations acting in tangent vector spaces 

Tp( M). The last· concept is clearly expounded in the ~treatise by 
M_isne·r, Th?rne, Wheeler, (1973). . .• ... ·- · · / ·<. , 

A diffeomorphism of a manifold M ·onto itself. is a . ·_ 
ho~eomorphism cp s·uch · that cp and. cp-1 are differentiable 
(Kobayashi· and Nomizu, 1963). A diffeomorphism · is a_ 

. transformation on M. Transformations on ·M form. a group 
denoted by Dif f ( M). · The group of diffeomorphisins is often 
called the group of general ~ransformations of coordinates. The 
transformation cp ori M induces - an automorphism (p of the 
algebra of tensor fields .that preser-ves the type of tensor. fields 

· · and is transposable with tensor contractions. Let f · (pT for 
any tensor_ field T; the tensor field f is called. equivalent to 
T with respect to the group Dif J(M). ·The physical meaning 
of the 4iffeomorphis:m, group'is that ·it is a group of symmetry 
of gravitational interactions in Einstein theory . of gravity. A 

· systematic and deep thorough consitj.eration · of the questions 
connected with space-time symmetry of General Relativity :may 

· be found in ref.(Anderson, 1967). We, emphasize only that. the 
diffeomorphism group is evidently the widest group of space-time 
symmetry. 

The other group of symmetry can .be characterized as follows:_ 
tensor fields of the type (1,1) on M are called affinor fields.- Let 
S be. an affinor · field on M with de.t( Sj) =/= 0. In a coordinate 
patch with local coordinates x 0 , x1, x~, x 3 a nondegenerate'linear 

. . transfo~~ation ?f vector field has the form Vi ( X) . . Sj( X )Vi ( X)' 
where v·c X ), v·( X) ·are components of vedor fields with respect 
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to ·x0 , x1 , x2 ,·x3 :. A- set of nondegenetate. affinor fields is :a :group . 
with an associative -binary operation ·P,. ST , ·wher~ · · '· 

i. i 'k ; 
Pi(:] = Sk(x)'fi (x).;- . (1) . 

In,, what follows this 'group of J,ymmetry underlying the very 
n~tion ·of space-tirile• man~fold wiH be c·alled the gauge· ioup: . 
It is evident, this is the--natural and.widest ·gauge group tightly 
c~nnected-w_ith General Relativitf . . :· . . . ' . 

' 

. Now ie ate . ready to. formulate the 'gauge principl~ in the 
fra~ewbrk of Geriera1·, Relativity; . Th1 'tarigent •, Sflace Tp( M)•· is 

., identified her~ with the so.:calle4 gauge or interna1 space. "· The 
group _defined by equation. (1 (is a gatige,-syrrirrietry group; To · 

1 completethe gai1ge prindple, it is to be added with an impodant .. 
. cortcJpt ofa polarized particle.<· '" •v.·. · ~ .• ·.·;- _ .• >' · __ .-

.. ·· . 'Any pai~. (p,·X); .where P. js a point of spacetiine M'aiid·X is·. 
_. __ : a vector tangent"tc{the man~ifold

1

M at 'the point~p~- will be called· 
·_ th~ polarized p~rticl~. P~larizati()i/of,kp~rticle is.associated with_ 
direc~ion of the-related -vector X; ·. . . 

.2 '· ·.- Gauge>Fi~lds 
' • ' , ' . ~ ' C: :,~ :..·< 

T~ ·establish the\type' of fields· defined by the· •gaugeJprinciple; ·vfe . 
clerive eqtiations ··of motion . fi>1: ·polarized particles. ---1'h~ gauge 
group act Ori tarigent. vectors and do ,:iioGact, on- coordinates; 

. . . \ . . ' . ' .. 
Therefore, it is important. to determine ·the laws of charige of ... 
polarization: Our·aim is ·then to. derive the simplest equations , · 
_of moti6~ of the pqla~iz<1tion: vector when' a particle is moving 
along agiven curve.:. · .. . - . . . · < - .. _ . . 

·. · - Let us··ta1cepoints p and q o,n th~ ~~rve 1(t) cor~esponaing 
·to the moments·of.timec't and I. ·t·+ dt; -·To. determine an 
infinit~sin_ial change in the vect6r X(t) i11 time dt; the vector' X(l) 

- . ' '' ··. - - . ~ . - - ., ' - . ' . ·- . ., 

_ at p.9int q should be tr<;1nsported alcmg the·curve 1(t)tothe point , ... 
p and. compared there with . the vector X (t) · at. point p~-In the · .·_ · 

i, • ' > < • a•' •• ••••'\ -,-, -_ ', • ,""i • 

t. ,, ~ ::"-;--;;::.:'~~::>::.: J 
!'(".~·~ ~_•3ii-_, .. ,~..tJ' ,:-~;,_:; 1~. l·. "".., .. , • li 

... , .... -· •..• ~ ~ •.• 7 ""''·' . f, 
.-;;,.:1 ... r. ~"-· ~1-!Jt,..;;.;iH~; .. ~.; ;~l:, '6' . •;: •·,~---,.•_,; ,I,•, · · ijSJlrn: . .1 i ~•·~h ~. 
~: • • • : > • "C"-••-
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· general case·. the infinitesimal change ~f the vector field ori curve. ·. , . - ·.. , .. . . . . . . ~ . ..· 

1 (t) is·given_by the expression'. , ._ __ . . . · . · . 
(S~hrodiriger, 1950; Anderson,· ~9.67).: • 

svj · dVi + ri.· :iJVkdt 
. . . . .Jk ·. . . ·' 

where Vi are·compon~nts of the ve~tor-X(t). To.derive:~q~atioris .. 
forV(t); we·_~pply--tosymmetry co11sideraticins. We·assume that.·. 
at_ every moment of time t an infi~i tesim~l chang~of a vectoralong. _ · 
the curve ,( t) is equal to an infini~es~rrial linear trarisforma~ion of . 
~he vect()r induced by _t~e. gal!ge group. ILSJ ·. , h} { Bjdt _.is .an 
infiliite~imal gauge transformation, w,e have _- . , . - . · ·. · · •. •· 

svi = B~Vidt 
. '.J ' 

from' which we obtain asyste~- of ordinary. linear. homogeneous· 
. \ • 'I '. '., •, ~ , /" . . .. • . ~ ' '. • ' ,, . ' - s ' • 

·differeritial equations . · · · · , ·· ·· 
, .- "•- . ' -,.\. -

·-- .. · '..dv;_;:Tj;/J:V' BjV; 
.dt ·: · 

, (2) 

defi~ing the law of chang~ 'of the p<>l~riz~tion vector i~ the. c~ur;e . 
of motion-of a polarized particlej1l_ongth~ 'cur~e ,(t) . . _. - .• · ·. • 

L~t "~s show that eqs. (2) ::allow us .£6.· establish tlie Jaws of 
. change' qf fieldsT:~ndB under: gauge t~ansformations in a:nat'ufal. ' 
way. Let vector•fi~lds X. and x_ be equivalent ~ith respect to the. 

· gauge group, then Vi = SjVi . If the ,components v:iobey. the_ .. 
· .. -eqtiation.(2), it is notdifficulLto verify that·thecomponents·Vi ·• 

will:be a solutionofthe equation .. · .. ·_ .. ,•\. .. 
. . ' -: 

, . • • I ;'. diii , ,_.- dii...: k. ·B-ivj . -·-·+r'. -V,=- i.' 
dt.' -~k dt . 

~' -~:-

.where -i · . 'i /. · ·, ~-• · ' i · .· 1 .. · . ..:..i :. :- · i k -, · 
.Tjk. s,rjmTk. +S18/[k, : J3j \ SkBl Tj, 

. anq Tfare comp~nerits of the;:affin~-r-field si1 i~ver_~e to,-S,; 
. Thus, the transforlllat,ion · laws offields r and. B, under gauge · 

trarisformatforis. are determine£• i . .. . 

,.,, 
,,.,.,.~ 

· 1 I 

· Let us rriention s9me char~deristic properties of the b_asis fields 
r·ancl B.-Forbrevity,-.yewill~sethe matrix notation 

B= (B;), Pi_· (r}k), e'.E_; ·(8;),_-;:TrB = BI, 
' . ' . / ,,. :. " . - . / . ' 

ST (siT. ;.)· ... 
•· .... ~ ... ·· k_ j ' .. 

. ; ' . ~ 

·.. .. ' ' • \, ·-. . , , ' " ' ··:· ;.. . • --:S~, . ~ : • . 

in which' the transformation law of the affine connectioriT is of 
---the form-

. -' . l . . l . . · 1 ' . . . . . 1 . . . ·. . 
.ri ~sr\s- '+Sais-.= ri +s'\:\s~/, / (3)· 

-~.....:. . .- . . .·. - .. . _ ... ; .• . .· '. . . .· .. • ,' 
where Vi stands for the covariant derivative with respect .to the 
connectionr ' .. .. . ,; . . . . . , 

'v~S •· Eis+ I'i$ ~SI\~- ais-+[r;, S]. •. ..,.I' 
,,,< 

. ~As SViS"'1<is: a'tensor field of th~ type (1~2); then f' is .the'\tffine. 
. .>' ~orinecti6n together' withT. Let . . . . . . . . . . 

' •• -" ~. < • • '.· ' - , '. -. • • • - .,.;,.__· 

. . k , . . . . . . . . 
. ·(Rijl)·~Rij ~ airj ::.,.._ajri+ [I\,Tj]. :· : (4) 

• , • / • ._ , ' ., f '\. 

:.1.: 
be compqnents of.,the Riemann tensor;ofthe.affi~e ~onnectionI'; ... 

' _the11 from ( 3} and ( 4 y \Ve o btai11 . . . . . . . . .. . 

·, 
J' 

', \ 

,.,.,. __ 

. - . ,• I" 
,Rv - SRi;s-_. ·; '< (5) 

The· relations (3},· (4);. and. (5) clearly sh~w that· the affine 
·. 'connecti~n 'is really a gauge field with respect·- to~the gallge g~oup~ 

. . . . . . , ·. . . ... \. . ' . . . (' ·. . . ' . 
defined_ above.__ · · 1 • _·. .~--- •• • . .• ·.· .. ·• • _ · • • • • ,_ 

The affinor, field B transforms under gauge transformations by, 
the Jollowiniflaw :. : . . . . . 

. . . . - · . , . 1 . . · , 
B·= S_BS7: .. · ~ (6L . 

.. . 

~· 

-·. 3 · : :G·auge'." Inva_rianf Equation.s 
✓-

,. 

As it:is _-noted' above, .. the· diffeomorphism group is_ resp6nsible 
for • gra~itation~r inter~c~ibns, : and thus, . the" gaug~ grou.1> we 
-ha:ve. defined is ·a' sy:rnme,try group of new interactions~ All 

.,,_ -

>,-:..;,, 5' 
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;th'at: IS, requii~d is. t~. dJrive the. simplest equation~ for fi~lds r 
·and 'B invarianftinder transformations of. the gauge group. '"7"TO 
·si.ihplify computations :and to write_ equations .in· a symmetric 
a:~d . man!festly g~uge~invariant 'f6rrri, we intioduce the gauge- -

· covariant derivative,'. We will say· th~t a fonsor field T of .the type. 
(m, n )is ()f ·the gauge type (p, q) if uO:aer the transfd~Inations of. _ 

- · .the gauge group' thefe is the correspondence<:" . . . 
. . . ·,. :.,:· . - /.-:...· ·. -·, .... _.,. --~' __ _-' ''.:1· •' ':.-

.. •. T ⇒ T=B··•STs- .:;s-: 
.· . . . ' . . . ~ ~' 

. -- "" - . - . ' 

--...._." 
1) . q 

. wh.ere /' 

I • 

-- -0 ~ P~•m a~d o· ~ q~)L-• 
· · .· The Riemann' tensor is afensor .field 9f the type (i,3) a~d 

• according to (5) has the gauge type (1,i). '.Fiom (6) it follows .that 
the affinorfield_ being a: ten~6r field of the type. (1,i) has th~ .g~uge· 

. type (1,1 ). As it follo~s from: the.c6nsid~ratio11 u(the left-h~nd. 
si_degf the Einst~in equations, the. Einstein potential g]; heing'a 

.tensor· field ofth_efype (0,2)lsto be assignedthe.gaugetype·(o,o): . 
··_ Let novV T be compo,nents ofJhe tensor field (terrsor'density}-' 
·of,the.gauge typt:t(l,l), then by definition· .• ·. ,:_., .. 

. . -·, ' . ; . -- - .·_ ' ,, -- - . . ' 
. \ -. . . 

DiT _· oiT+ [ri, T)"_ . 

· )s. tlie gauge- c~yariant derivative.\ Fo~ in~tance, for tlie Riemann . 
. tensor: . . ., . -

Di_Rjk _·._ aaiJk --iJri,Rjkl-' ~ 
For the affinor fieM the gauge- cov~riaht derivative-toincides ~ith 

-· the standard· covariant derivative, · .. . . 
• ~-,,, - ' < -~. 

. : 'DJ! OiB-t [ri;B] vj1: 

. ' In th'e general ca~~ '.the .operator D(is not. co~riJ~t since DiT 
will·not aiways be compcment_s .. of .the ten.s~r•field together.with.T, 
Howe;~r',.the, conirrmt~t~: [Di, Di] is co_variant, ~ince ' . . 

' ; [Di,Dj]T . _[RJ, T]: 

·1. 

t ~ 
f / 

L 
d 
/! 
l 
A 

j 
l-

·\ 

I 

t 

Hence we obtain the important relation for the Riemann tensor -
. - . '• . 

_ [Di; Di]Rf1 = [~f, Rk1]_. . . ~ .· (7) 

The basic pr~perty of the gauge>c~v~riant·derivative follows from · 
- its defirii tion ~-... 

DiT . S(DiT)s-i, · 
. , .. 

. ~ here 7' . §TS-: 1 , and Pi i~. the gaug~:. ~ovariant derivati;e ,. 
-~ith·_respect•toth'.e· connection ._" · - . . 

. ,,._. 
.fi ·_r+svs~1

::· 
·_ -\ 

s~, the terisor. fields 'B and_DiB arJ_of the ;~me. gauge type .. 
. As ifis kriown; the determinator l9ij I # _Q tluit-actually- allows 

. us to obtain, for the"te~sor field 9ii,-the equatio~s:invariant under 
the transf~rrriations of 'diffeomorphism group,· By: analogy/Jet' 

>us consider th~ case -when.;·the determinat~r'[Bijl ~ ,o.'-lJnder 
this. condition _the affinor fi~ld'B ·: has . t~~ in.ver~e one fo~ w:hich 

. the nonlinear gauge~invariant · equq._tio~s . can· be' suggested; The 
. · si~plestgauge~ip,variant L~grangi~n has the form .. 

- - . - . . ' - ~ .. - . . ' ., -.. 

. , ... 1 ,'. < ·. · .. · . i . _· .· · 1 ' · - .. .. 
f-. -_ 2Ti::_flJif3D~B~ )+.>.~rB:-c 4 T~(fliill?),-· .. 

t • ,. - ' i . . ~ ,, 

·'"':---

:;.whe~e) is·,i cons!a11t, -;·· 

~ Di _:_· ii Di and >:Rij : gikgil Rk~: 

Taking into acccmn( that :---

'sB '~B(oB~~)B 

and varyi~g (8)with r_espect to Band r ·weobtain'tliefollowing: 
equations for: r . .· . . . ' . . . . . ' ~ . .. . .. 
. . . . .. . .. IJi( ~Ri!) --_-· · ~Ji,, -,· ;· . :· / °(9} 



\ [:,. 

irliere 
: Ji = [B.:..1, DiB] 
' , - . I , • ~ I , .,. 

;vie vfy}.a~1 niB) = ;:MB. 
and for B 

(10) 

The te~sor current J has to satisfy th~ equation . - . ' 

'>_ \ ,, 
·. Di(~Ji):- 0 ·_· 1 

', 

as in accordance with (7); 
' , 

·-D)DiCMRij) = CL 
'·· '-.. ~ ; 

- .Since- this:is really so, the ·system of equatioris.(9),'(10). is ~. __ · 
corisiste.n.L Varying the :Lagrangian, (sr with resp'ect 'tO -f/if w_e ' 

_ o_bfai11Jhe gauge.:fo.variant •metric· tensor of ~nergy7monientum · .. ' · 

- : \' 
·< . ' ' . : / . 1 . , , - t : .' . > · 
T1i . · Tr(DiBDiB- ) + Tr(RikRj) + 9iiL 

- • > ' ' • -~ , ' • 

,·. 
'o/hich satisfies· the equation: 
, . 

. . ) 
· -Tii .. - 0 

>' ;i·~ ._ 

-- I 

' 
-(JI) 

'\., 

The sem•icol011 qenotes'the covariant deiivativewith respect to the· ___ · 
. 'Levi-Ci vita connectiori~beloriging to the fi~ld ;gij: When d~riving 
'(11), ·besides 'equati~ns of_ fields, o~e should use the>staridard · 
. relations_oftens'or analysis (Sdiouten,1954) and-the identity -. 

-_/ - ·_ . 

··_ ', , D·R·k +D·Rk· +·nkR:. = o • . · 
.• - • ~ :, J 3 .. '' - .. ' ,,_. . . . . -·,. ' . 

which can e_asily ._ be obtained wfth the help of the ;elation . -
~ ' . ' ' l ""· .. 

[Di,.Dj]B [Rii,"_B]. 
--, ' ' -

· From · ( 11). and· the gauge in;ariailce \ of. the . ~etrit• t~nscfr · 
-- · : of energy-=~omentum it .foll6ws that'_the · complete·~syst~IU of. 

.I ,.; 

·\ . ·s ,,,. 

/ 

.-equatioris deri;edfrom theLagia~gianL;;·· .. ·L;+L,•where L9_is 
the Einstei~.,Hilbert 'Lagrangian, wil(be COilsistent. 

. Some . ;ery interesting_ gauge-invariant· quantities can. be 
constructed fr~m the_fields n:and Rii· We dwell here on soine· 
ofthe~: The- inv~riants, in .p.articular: are·- - · · · -· 

~ ' , " -~ ·. . ' ' .. ., ' ' ' .,_ 

<p = Tr B l:s = IBi·I• 
.. , ' 'J 

If B obeys equa:tion(lo), .then-t~ki_ng the trac~ of both sides 
of this _equation we obtain that '.the ill variants cp and .6 satisfy the 
equation - _ .- - . · ~ · · · - ·· ;_. . - ' 

1 

i{(~i~Bjlnl?lt ',\_ji;i~. 
A state ( B, f4j) is said tci be singlet .if it: i~ invariant m1der all the 

-· . ·symmetry transformations/ In our case a singlet' st~t~ is given ,by 
the equati?~~-- - . . , ✓ 

·, \ B · 'sn·s· - 1 ·- ·R·· · ·sRj ·s-:..:1 = . . ' '' i] .· .• if .· · ... 

. to be satfsfi~d at any ·s.· The :fir1?.t equation has fhe s~l~tion '; 
/ , ·-·~ .._ ' . . ' - . \ 

.. _· °'. -Ei - ·B.:.:1_: :._·,·:...a - e ·. ·- e :-::- ·, .. · . , .. ' . _._- . 

\~here a is · a scala~ -field.'. As in this ~~se . , 

-
.· '<p,'. ·• neQ' . ,s ~·e~0 '; ·. 

; -~-. ·~ . '~-- .. - •' '.-, ' .. '.,: ~'.: ·,,·: · .. - _,- ~ .... _. ·_. '··_.-···. -~~---. ~-~' '.' .• - ~ < -,, 
. •_frorri the ·equation for invariants <p an.cl .6 we obtain that a·;ivill 

ob,ey_ theJ,iouvil!e lfke:eqllatio~. ; --> ·- . • . . -· •. -. . 

:aicJi;iljaj~)_-•.... • ,\Jitie~ 
~ . '. - -: ~· - . . . . ,•. - . 

which establi~hes the link with the Liouvillefielf theory'. ... _ 
. · .. In: conclusi~n:>wh~t is ,the Einstein probl~In ?C If you ·1ook int() 

:,Ein~tein,you \'\7ould find that'Einstein•had a'Yery clear-st~tement_·.· 
ab_~llt the left- hand_side and the riglit-:,hand side of his~~q_uations 

• •• ~ . ' ·- . ·,.. • , ~ , '- ., . _.· • .... ' 1~ ,. . 



'·. ' He ~aid,: llTh~ 1eft., hand side i~_b~ilt up ·o{gold, and the'.right-,.: 
. hand side· is built up ofgarhag~" (Ya~g, 1980) .. Einstein said this 

because the left~· hand ~ide is .defined by the symmetry and . th~ -. . I 
fielfgij:with deep.-geometric~l m~a~i~g, but.thi;·was !}Ot s6~it~:. l 

respect to the right- hand side df his equations . · 1 
, ;' • • .· · .• • 1 

.. . :_Frn~' .. o~r ·conside,ra.tiCl·n··. :·i.·t· J?J. l()~S .. th:a·>. the 9·. 'au·.··g~ P~i·~~i.ple is ... : ; :. ·1· 

sue~ an mtegral part of General Relat1v1ty as the Pnric1ple of/ . · 
Gener~l • C()variance. , In the framework of thes·e· two fund~mental · , -· \ 
principles·, both,ileft-- 'ha~d side ·and right~hand sides. of the . 1 
Einstei~ equations are in fact defi.ned uniq;ely. Be~ides/accordirig· :. - · 1 

. to, (11), tlie_right ,hand side of tne Einstein equations' as.well ,/ 
. fs th~ 1.eft-ha~~11 ~J.d~ are :~efined by ·1~e . quantitie~. wit~_ldeep: · l 
geometrical meanmg .. Lookmg at equat10ns (2). we see that the . t 

_. · ' · _ t' f • - ' • ; • ' • ' • • • ·-·' • \ • , • ., • / " J 

· c.0;11posi~: geom~tri:cal <;>bject·.{r: )1) cl~fines ·a· g~~eral .la~. of -:: :·· i 
.. parallel. d1splacemenL. < · :. . · ... · .• · · ... . ·· -/ .. ·• - . _, 

Thu~, ·.General Relativity ha;bours. th~ Ga,uge Principle that 
.. gives the c~inplefe-and· unique solution ;to. the'.Einstein ·problem:. 
. •. ~ - .~ , ; - . - . ~ - ~ -· - - '.,.- . ,; : 
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