


| 1 Symmetry Groups and

Gauge Pr1nc1ple

:_There are_two’ symmetry groups that are 1nt1mately connected

. 3’,4 B “ : E ' T B T L
o Wlth General Relat1v1ty One group Of th1s k1nd is & group of = | %‘} In what follows th1s group Of .Symmetry underlymg the very L
¥
e

) 7'_ ,other is a group of transformat1ons actlng n tangent Vector spaces e
. T,(M). The last- concept is- clearly expounded in- the treat1se by,r R
M1sner, Thorne Wheeler, (1973). e T e e el

: A dlffeomorphlsm of a manlfold M onto’ ;tself is.a
~homeomorph1sm ©. ‘such ‘that ¢ and - ¢~
R (Kobayash1 and Nomlzu 11963). -

""and is transposable w1th tensor contractions. Let T =

transformation of vector field: has the form V‘(:v) = S’(:v)VJ(:I:)
g where V‘(:v) V (:v) are components of vector ﬁelds w1th respect

e
P R .

R
¥

I' are d1fferent1able -
A d1ffeomorph1sm 1s" a‘ .
‘fﬁu,transformatlon on M. Transformat1ons on ‘M form:a group‘f B
. denoted by Dif f(M ). . The _group- of diffeomorphisins is often '
- called the group of general transformat1ons of coordinates. Thev B
,‘transformat1on @ on M 1nduces an automorph1sm (,o of the*_"’/'
g ,algebra of tensor. fields that preserves “the type of tensor. ﬁeldsa’jfﬁ o
: goT for ©
" - any tensor field T; the tensor field T is. called equlvalent to
T with respect to: the group Dif f(M )+ The phys1cal meaning
~of the d1ffeomorph1sm group”is that it is a group of symmetry
o of grav1tat1onal interactions in Einstein theory of gravity. A
"'systemat1c and - deep thorough cons1derat1on of the questions.
- connected with- space time symmetry of General Relat1v1ty may
* - be found in ref. (Anderson, 1967).. We emphas1ze only*that the -
i d1ffeomorph1sm group is ev1dently the w1dest group of space t1me‘_ :
symmetry e L T \
- The other, group of symmetry can be charactenzed as follows SPREERT S
o tensor fields of the type (1, 1) on M are called affinor fields. Let' R
S be an affinor field on M W1th det(S‘) # 0. In a coordinate

E patch w1th local coord1nates % z',z%,2% a nondegenerate l1near

. d1rectlon of the related vector X

L i
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to z° :cl z? :L'3 A set of nondegenerate afﬁnor ﬁelds is. a group
w1th an. assoc1at1ve b1nary operatlon P= ST Where S

N not1on of space t1me mamfold W1ll be called the gauge group. ch
. ,{ e It 1s. ev1dent thls is: the natural and w1dest gauge group tlghtly e

B connected w1th General Relat1v1ty

Now we' are ready to formulate the gauge pr1n01ple in the -

framework of General Relat1v1ty The tangent space T, (M )-1s,

" ‘group deﬁned by equat1on (1) is' a gauge-symmetry group To'
: complete the gauge pr1nc1ple, it 1s to be’ added w1th an 1mportant
L concept of a polar1zed part1cle gl S e Sy
. Any pa1r (p,X) where p isa po1nt of spacet1me M and X is j'
Sa vector tangent to the man1fold M at the point p, will be called - -

the polar1zed part1cle Polar1zat1on of a part1cle is, assoc1ated Wlth;‘,f‘f‘é’

- ;5 To estabhsh the’type of ﬁelds deﬁned by the gauge pr1nc1ple we

_ group ‘act on’ tangent vectors and do-not act-on. coordinates:

: Therefore, it s’ 1mportant to determme ‘the laws’ of change of‘
B} ;‘{V 1.' polar1zat10n Our aim is'then. to derwe the s1mplest equatmnsz e

of mot1on of the polarlzatlon vector when a part1cle is movmg»:iﬁ
along ag1ven curve. s LT e e e T
o Let ustake po1nts D and q on the curve 'y(t) correspondmg
"‘to the: moments of time t and t = |
/ }‘ 1nﬁn1tes1mal change in the vector X (t) in t1me dt the vector X (f) .

= p and compared there w1th the vector X (t) at po1nt p/In the

;,Lf{w.. 3;, il

1dent1ﬁed here. with the so- called gauge or internal space “The

derwe equatlons ‘of motlon for. polarlzed part1cles ~.The gauge;'_' i

T -I— dt "To. determlne an

g at p01nt g should be transported along the curve 'y(t) to'the pomti, e



,/.,“’,v RSN, 2 CE

7(t) 1s’ g1ven by the express1on o 5 é':;; F and B For brev1ty, we w1ll use the matr1x notatlon
(Schrodmger, 1950 Anderson, 1967) o O :

5 ;f;f{,,},&V _;_ dV' '+ 1" zJV"dt

general case the 1nﬁn1tes1mal change Of the vector ﬁeld on curve,j;_f' i Sah Let us mentlon some characterlstlc propertles of the bas1s ﬁelds
! :
i
|

“,_(B) pn_(l‘k) (5’), TrB B‘j (SkT")

)where V' arecomponents of the vector X (t) To derlve equat‘ronsi’ in Whl‘:h the transformatlon law Of the aﬁine connectlon F 1s Of |
f the form\""- ‘ :

| for V(t) we’ apply to symmetry cons1deratlons We assume that 3,/ Skl F _' SF S' + S 8 S“ 1_ F + SV S_ o : (3)
at every “moment of time ¢ an 1nﬁn1tes1mal change of a vector alongk B A NI : SR L

e the curve 'y(t) is equal to an 1nﬁn1tes1mal linear’ transformatlon of. = where V stands for the covarlant der1vat1ve w1th respect to the

the vector induced by the gauge group I S' = 5‘ + B dt 1s a,n"‘ff,,::';" S e e

.;, connectlon F
1nﬁn1tes1mal gauge transformatlon we have S =

vs as+rs sr _as+[r,,S]

;"AAs S V S is'a tensor ﬁeld of the type (1 2), then F is. the afﬁne
connectlon together W1th F Let e S b

(R,,,) =R;= ar a r + [r,,r ]

deﬁnmg the law. of change of the polarlzatlon vector in »,the course:
of motlon of a polarlzed partlcle along the curve 'y(t) St
“"Let ‘us show that’ egs. (2) -allow us to establish . the laws of"'f:"i,y- :
Zchange of ﬁelds ] and B under gauge transformatlons ina naturalf::{._ I
way Let vector ﬁelds X and X be equlvalent w1th respect to the '
gauge group, then V' = S"VJ I the components A% obey the'{_;"
equatlon (2), it is not- dlfﬁcult to verlfy that the components Vi

’w1ll be a solutlon of the equatlon -

The relatlons (3) (4), and (5) clearly show that the afﬁne
connectlon is really a gauge ﬁeld w1th respect to the gauge group
deﬁned above G S S e e e
The afﬁnor ﬁeld B transforms under gauge transformatlons by
the follow1ng law 7 : S S :

‘\4
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‘ As it 1s noted above, the d1ffeomorphlsm group is respons1ble
“for grav1tatlonal 1nteract1ons, and  thus, ‘the* ‘gauge’ group | ‘we
’?‘_have deﬁned s+ a symmetry group of:rnew 1nteract10ns ’All_

: transformatlons"are determme




that ‘1s reQulred is to- der1ve the s1mplest equatlons for ﬁelds F - "E.f' ; Hence we obtam the 1mportant relatlon fOf the Rlemann teIlSOf
_and B invariant under. transformatlons of .the’ gauge group. ~To IR “ T S o T
:’7’s1mpllfy computatlons and to write equatlons in-a symmetnc*,;ﬂ_’ F T i S R R lDuD le! = lRu, Rkll » *Vf (7) S

.\-,,‘. : '.,«,‘ i o \//,‘

S form ‘we mtroduce the gauge-~ - - S
o covanant der1vat1ve We w1ll say ‘that a fensor ﬁel d T of thge tygp oy The basm prOperty of the gauge-«covarlant der1vat1ve follows from S
x‘:'(m n) is of- the gauge type (p, q) if under the transformatlons of f\ 'f 1ts deﬁn1t1on i g ‘ i

o .the gauge group there 15 the correspondence

s Dr-soms, o
where T ,S'TS' 31 , and D 1s the gauge— covar1ant derlvatlve
w1th respect to the connectlon O T e R

IO The Rlemann tensor is a tensor ﬁeld of the type (1 3) and,

'--accordlng to (5) has the g gauge type (1, 1). From (6) it follows that ™

‘.the afﬁnor ﬁeld be1ng a tensor- field of the type (1 1) has the gauge"ﬁ
' &;,type (1 1). As 1t follows from the con51deratlon of the left hand

So the tensor;ﬁelds ?B and D B are of the ‘same gauge type
':, A Asitis known; the determmator ] g,]l # 0 that actually allows

us ‘to obta1n for the’ tensor field . gij, the equatlons 1nvar1ant under
the transformat1ons of d1ffeom0rphlsm ‘group. - By: analogy, let -
"us cons1der the case. ‘when' the determmator [B’]I # 0. Under -
~this. .condition the afﬁnor ﬁeld ‘B- has the inverse one for wh1ch
the nonl1near gauge “invariant equat1ons can be’ suggested The S
s1mplest gauge 1nvar1ant Lagranglanl has the form o LA

;tensor ﬁeld of the type (0 2)is to be ass1gned the gauge type (0 0)
Let now T be components of the tensor ﬁeld (tensorp dens1ty)"

D R]k - 6 R]k '1 [I‘n R]k]

_V i, For the afﬁnor ﬁeld the gauge— covarlant derlvatlve c01nc1des w1th
e 'the standard covarlant der1vat1ve o L

ﬂ“::"D B a B ¥ [I“,B]

i In the general case the operator D is- not covarlant since: D T
L il not always be- components of the tensor ﬁeld together w1th T
S :JHowever the commutator [D,, D ] is covarlant s1nce -




o ?fawhere' ‘

; wh1ch can eas11y be obta1ned w1th the help of the relatlon

ERRA I

wh1ch satlsﬁes the equat1on .

nd for B ;' by

J’D (\/_B lD’B)

D (\/_J') —;, .

~as 1n accordance w1th (7) e Ao

i s \g i

T,J = Tr(D BD B 1) + Tr(R,kR ) + g,,

The semlcolon denotes the covarlant derlvatlve w1th respect to the“_;
"Levi-Civita’ connectlon,belonglng to the field’ g,J “When' der1v1ngf"'f' e
(11), ‘besides equatlons of. ﬁelds, ‘one ‘should use ‘the standard;k'.;f.\‘,«a‘
relatlons of tensor ana1y31s (Schouten 1954) and the 1dent1ty T

D R,k + D Rk, +DkR,, = o

,-gt ;

[D,, D; 1B f,\.;;[R,J, Bl

S From (11) and the gauge 1nvar1ance \of the metrlc tensor‘,
of energy-momentum ‘1t‘1‘ffollows that the cornplete \system of- o

[B D'B] g S ii, fi -

/\\/_B J (10) » ¢

SR ,of them The 1nvar1ants 1n partlcular are %
The tensor current J has to sat1sfy the equatlon A '

i ,’Of th1s equatlon we obta1n that the 1nvar1ants cp and A satlsfy the”
iy iequatlon L 5E ; I e

D D (\/_ R'J) = 0

Slnce th1s is really 50, the system of equatlons (9) (10) is
- conS1stent Varylng the Lagranglan (8) with respect to. \gij: we,; ‘
obtam the gauge-lnvarlant metrlc tensor of energy-momentum e

VA state (B ‘R,J)vls sald to be smglet 1f 1t 1s 1nvar1ant under all the'{

j,'symrnetry transformatlons In our case a. s1ng1et sta.te 1s glven by";

about the left hand 51de a.nd the rlght_ hand 81de of hlS eqﬁuatlons:;{}f'_

.~equat10ns derlved from the Lagranglan Lp = ,'7L + L where L s

i the Elnsteln—Hllbert Lagranglan will be’ cons1stent L
‘ Some very 1nterest1ng gauge- 1nvar1ant quantltles can be
constructed from the ﬁelds B-and RIJ We dwell here on some'?:_.

_‘ap TrBA IB’I‘_

-‘ If‘B obeys equatlon (10) then taklng the trace of both 81des:'::5 .

.Einsteln, you would ﬁnd tha.t Elnsteln had a very clear statement,f’: :«11’




A He sa1d ”The left hand s1de 1S’ bu1lt up of gold and the r1ght
;;,}‘;‘fhand s1de is’ bu1lt up of garbage” (Yang, 1980) E1nste1n sa1d thi
t(because the left hand side i is- deﬁned by the’ symmetry and the:
't»:}":,jﬁeld gij- w1th deep geometncal mean1ng, 'but th1s was not SO wit
respect to the right- hand side of his’ equatlons o
Frorn our cons1derat1on it follows that the Gauge Pr1nc1ple
s such an 1ntegral part of. General Relat1v1ty as the Pr1nc1ple of:
. : General Covar1ance In the framework of these two fundamental‘tf
‘l"'pr1nc1ples “both: left hand ‘side and r1ght hand sides . of ’ the;
;E1nste1n equat1ons arein fact deﬁned un1quely Bes1des accordlngﬂ
J;_“,;to (11) the r1ght hand- 51de of the Einstein- equat1ons as well
 as the left- hand: s1de ‘are deﬁned by ‘the quant1t1es w1th Jdeej :
’geometr1cal meanlng Look1ng at equat1ons (2). we see that the
'i‘compos1te geometr1cal obJect }(l" B) deﬁnes a general law . of
oy fparallel d1splacement s

~Thus, General Relat1v1ty harbours the Gauge Pr1nc1ple'that ;
S ,g1ves the complete and un1que solut1on to the E1nste1n problem' :
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