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The QCD sum rule approach [I] allciws tlw investigat~m of hadron prop­
'erties in a systematic miu111cr.. It provides, in particular~ the possibility to 
describe static characteristics of particles, such as. masses, decay constants, 
form factors, etc., in an energy ·region whcic perturb~tive methods are not 
applicable [2, 3, 4, 5, 6]. Within this approach, the effects of large distances 

. are effectively parametrized in .terms of local matrix clements of quark-gluon 
operators averaged over th~ physical vacu11111 ( van;um conden8ates ),' quantities ,, 
which are independent of hadron propcr:t ics., On the other hand, short-distanc~ 

· physics is contained in the Wilson cocllicicnts of the Operator Product l~xpan-
sion (OPE) entering the calculation ofco~rclators. .. . 

However, the nonpert.nrba.tivc matrix clements contain: ccmtribnt ions th.it. 
ar'c not taken into account iii.the OPE. These arc, so-called, '"direct" small-size 
instantons (sec, e.g., [7]) which give essential non_local _contributions to current 
conelators in the channels where they a.re allowed by quantum numbers. These 
contributions are not sulliciently accoun!ccd for in the ·Local condensates, since 
the· latter co'rrcspond to. vacuum fluctuatimis with infinite cor;clati~n length.·· 
They should rather b~ taken int~ account within the Wilson coefficients along 
with the fact~r~ calculated by pcrtu~bative methods. 

The instanton liquid model of ,the QCD vacu11m, originally suggested in [8, 
9], has later been further. generalized by an analytic approach, based on the 
Feynman varia~ional principle [10, 11, 12]. (For fat.tic~ calculations usirig this 
vacuum model, see, ·e.g., [13].). · · · · · · 

As it w~ shown in [12], the instaiiton-induC<;d vacuum fluctuations are 
responsible for the spontaneous breaking of d1iral invariance. This chiral­
symmetry-breaking rncchanisrri is based Oil the idea of mixing and delocaliza­
tion of fermion zero modes in the fieid of the instanton (I) and anti-instant.on 
(A) pairs: The QCD vacuun1 is modeled as an / -'A diluted liquid, charac­
terized by a small ratio p~/ R '.:::::'. 1/3, ·where Pc '.:::::'.. 1/600 MeV'.::::: 1/3 Fmis the 
average insta·nton size in the vacuum, and R is the average distance between 
pseudoparti~les. ' · · 

.A summary of some successful applications of this approach includes: The 
calculation of current c~rrelators in the background of J arid A external fields 
which provides a useful procedure·for extracting the static features of the 
pseudoscaJarmeson o~tet (8, 14]. More recently [15j, a possible mechanism • · 
for the bound-state formation in the vector-meson .channel has been proposed. 
In a series of works [16], several main:propcrties of hadron.spectroscopy have. 
been quantitatively determined. Evidence was provided there that large spin-

, flip high-energy amplitudrs [ 17] are the result of the spin-dependent interaction 
between quarks, ~nduced by the small-size vacuum fluctuations: 

The role. of direct ins tan tons in stabilizing the QCD sum rules for the 
nucleon [2, 3, 4] was first discussed in [18] and )atcr also in (19].-Tliese analyses 

. -.• 2 ./ i 
-~,~ 

I ,. 

J 

r 
.l 
l 
l 
l 
l 

•1 
·1· 

.I 
,j\ 
·l ··•· 

if 
t----

' 
I 

l 
f 

I 

·1·. 

f ,,-
i· 
I 

\ 
) 

!II; l I· 
; ! 
:. !.·. 
1 !- .. 

\ . 
~I 
:'1 

:j. 
•J 

' ' 

. /. 

. I . . . . - , . •. ·. 
show that the inclusion of the instariton contr:ibutions amount to a significant 
enlacgementof the stability region of the Borel parameter. . .. · . 

The instanton co~tribution to diff~rent vacuum matrix.ele~ents is d~fined .. ' 
basically by the quark zero modes in exter~al I , A fields. Due to the specific . 
chiral and flavor properties of these fi~lds, instanton effects depend strongly on 
the channel tinder consideration.• In the channel with the quantum number o-; :, 
th; i~stanton-c~rihibution is dominant [7] .. The ·single instanton contribution ' 

<:. to' the QCD _sum rule for tlie pion, within the effective approach given in [9, 
20], has .been first ~alculated in [9].There was sliown that a selfcconsistent 
description ~f the pion as a pseudo-Goldstone· mode is possible only if the -

· c~ntributio~ ofdirectinstantons is taken into account.·. · ·' 
It is the purpose of this paper• to' investigate the multi-instanton contri­

bution~ to QCD, ~um rules for t~e pion in .the framework proposed -in [12] .. 
The.main conclusion oft.his investigation is that the large-distance .behavior. 

· ' of the pion c~rrelator in the sing~lar gauge is ~ssentially the ~aine a:s in the 
effective single instanton approach .[9].' The behavior of the correlator in'the . 

•·•regular.gauge.is also ·explored but found_ to give.a negligible contribution .at ·. 
, . , / . . . . . . I 

large dist.ances. •. .. · ;, . · . ·, · . . , · ·· , · · •' , · 
The QCD sum rules for the pion ~re evaluated from the correlator function 

. Jl(q) ~ ijf xe'"(Ol;(j(x)j+(o)IO), / '(1) 

which is considerelat,Q2~= -:-~2 ~1 G~V. w~ will analyzeJhe sum rules for 
a charged pion;·so that , · · 

j ( x) = ij.,qJ [vRhsiiL + v1,iisun](~) . (2) 

Here q; denotes quark annihilation. operators, and u i(R) = (1';11i) are left~ 
(right-) handed spinors. · . . ' . . · · . · · . : 

The singi~ instantoii contribution has been'computed in [9], ·~suming:th~t 
·.·.the 'quark Gree_n function in the backgrimnd of the instan~ori field 

, • •. ,•, ' • h' ' "!' - ' 

Sr(x,y) ~ So(x,y)-/S±(x,y) ·. (3) 
.,,r 

cant be approxi~ateiby the expression 
' 

s('x .)·•~. <. a.(x).~.( ).) =f· ;r; ·[w~(i)\ll¾(O)J:~ .• ± , Y . . . qa. q{J Y , ··., . . , , ,. . , . 
' . ; . ' . .. ' . ·, . ·ffi . ; 

. (4) /, 
' . ' ,.. " . 

_which retains only the. zero modes, given in. singular gaug; by 
~ ; . i· -. , -~ . ~ '• --, ' ' , 

(: 

--~ \ 

. : . ' . ~ 1 ± ,/ .. . ;_ 
W±(x) = cI>(x-'- z)-.. -(;t- /)U• · 

. - < ' ·, I. 2. . .. 

' ~.. ~"7-~' . . . ~--·~~-.. .:::,:' •. 
..... 1fti.,.r.~.~.3'.·•fl 1,:i-•t.>~_l .. \ 

~I-Ml r1c:-:,~1J:i1-;:ri, ~~ 
. ·. ~)1 .. ,, .... i--:f{. / { 

,~_.;.. .. .. . ·~ .~-: ' 
·,. 

•. (5) '-

·' 
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with 

f5(q) ,-~ 1 d1k JJ~(ki~\J(k + q) (F+ (k'+q)2 - q2) 
- , (2,.)4 

- [.lf2_(k) + f.2][.\J2(k+iz)+(k +q)2] _· : 
- . ' . ' - ~ - ' ... -~ '"' 

,/:H(0)J/((J)1ri · ·.,. 
Q2::,J GeV2 ; - '(2 .. )4 2Q2 p;' JJ4) 

,~her~ M1(;) is a short-hand uot;~tiori for_A-1 ( k =i=J). ~Assuniing fix~d ;values of .. -
the inst an ton radii. p = P<', 'iU~llO~\'S M(11) ,..; p2y 2 (p_), :p(p ); being: a~sociateci 
with 'the 'zero"r~~~~ reprcsc;{i atiou iri ;HC>l(H!llt urn space: It 'ha~ the followjng 

asympt9tics - - · .. { / _· .. 2,r: ".· . ' -·- ·1 --
- . :.· -·:--1-; --- pp« .-

'" .. ·(11) = .. ''. ,Pl . -.· ·---_-- ' - -(15) .,.. s - . • 12-,- . - -1 
. ·:·- - - p',t'_' _' PP.~ 

• -- . { '4,:-p . - _-_ 

-~r(p) ~. .• ~:t.\·c~P;, 
·. , ·- I p,. ~ 

---> ,·• 

P_l!._.« I 
PP »,L . . -(1~) 

in sing~i'.1-r and regular gauges,· resp_cctivdy. SiU:ce M (pp~ a rapidly inc;~asiU:g 
· function ,vith p for pp » l [II, 21}, \V(; cut off the' k-li-'itcgration in (13) ai-id · .. -
.. ( 14) at values~ l/p2. · ·_: · .. - . _. - . ' . _ ~- •. _ - .. _ - . .-

- -· . Then. by usi{{g •. E.•'q. (1) in c~njun~tior1' wit.hEqs. (12)-(14); ,we ~btain 
• . ' ', . ·. ~ ; 

. . ·. - ~ : N ' \1 (0

Q \ ': I . - ._ 

H(?) = Q: .:M(O) 2(jf1~7r2 '._ 

_ and utilizing-tljc elplic;it exprcssicnis foJ"\,(jJf giy<i~ ih {1 i; 23]; viz .. 
~ . . " . T· '. ,, ' -. \ - ,.';" 

: .·:_ 2 . d .,:- - '.,.. I • • • • _- ' •• :-_ .' :- I. ~ ,~ 

cp.(p) =. 1r p dz [lo(z)Ku(z) :--J,Jz)J{1(z)lz=Pf .' 

- ( . •1'11";· 
'Pr p) = -·- c-::PP 

p ••,' 

_,:; - ,; 

• we find the com:~pcmdirig result~ fo~ tlw ~orrelators. 
- . ,_ ·. ,. .· .. ........ 

II(q):tq = -~2;;G7r2•[/1(z)Ko(z)_-·MZ)l<i(z)+ l1(;F<1(z)]
2 

···• -·_ . 

. •- -.: - ; Z . z=Qf 

- , :-:-- II ( </ yr.!1 Ne·. --,CJp 
91 p" 21i1r'l e •• . 

-Usir1g.nmv thc'intcgrnl 
0

rcpn;<;nt.i.tici;,~ 
, , ' - . . ', ~ 

... :· (19) 

.. _ .;,.--( _-).=-_ (½tf(l/2).f':-_'·-:-zt(l2 __ l)~:--1~2dl •. 
· \~ z .l'(v.+ 1/2) } 1 c :- ·-. - ' 

(j 

)1 
) 
', 

' ·.,. 
'v • 

I_ 

-· I . - . - - . 

[·- (.) ~ , -- . (fY, •·- -1.-· ,,._ ±~c~~o · • 2v(O)-dO-. -. 
II z - - - e . Sin l 

-. • - f(v -t- l/2)f(l/2) 0 - - _.__ - _ • , · -_ 
- (21) 

~ . ' - . ' ~ 

ai-ici' the f?llO\ving Borel traµsforms, in accordance•with Eq: (8)," 

✓ 

it follri_;~ 

..yhere 

·-
"- ·~ - · -'ci r; . _ a _ --L . -B[e vn = --:-, - e ..• ,2 

v4~r3 .. 2-:,"': ,-- . ,- . '2 -----"-';-·>_. 1_. 

n'.[.l ~-avs]--
- r_ :,-

2 "+ -~.) r.1-:: erf (~·)-] ·.·-:: 7; e-·:.2
._. __ /' • {22)--52 - : ... - \ -. . 2 t • -· 2r . '. y 7r · · ·, · 

. ·- -·.· Ne·· · ·J . 
risin!(T) =,8(2. )4,Jizr4 l 

,-:--._~:. - --··· _'lr,_J - , 
:---

,: ·_i· ': i 1"' ·1· 00. ·.100 -- .. -~2;2 --.· 
.J =. · ,: d01 c: d02 ·--. _· d. t1, ,_ . . dhC_. te-_ ~; < 

. 0 U ,-_ 1 ' . 1 , - - ·• 

. with t = cos 01 -+ coi 0
2
·+ t1 -ff:2 and - '_ - - - . 

C= -.-.··(.-~.· -~ E_~in701 +.2si:iols_{·n·
2
···.0~.--)· 'Jti ~1.···•·VT.~:: ! 8.· .4- ;_ 1 · . • .. · • .- _ . V/2 ~}_ 

_ L ,;;,, o, oo,; o, ~+1 ;;.;, o, ,;"; 0, ~ VHfi ,(25) 
. 4. 1 . _ .. •-·· t~c-"t• · :_, .. ':· tr::-"1 ti~ .. 1--·. _ 

The values ~f the integr~l j are ·tabulat~~foel~w. 
-,,, ) • ~ • • • , ' 0 0 +A, • ~ • • ' 0 ', • • _, >,• 

·- whei-e 

· [::11 
I 
1, 

gous result to Eq. (23) in r·egula~ gauge · --. 
- •·, -,• ' - .• ·• I 

,,, - : U~"Y(r)~ 16(2~~z6r4,J(z) 

_ - . ' . . ,:__- . • · -- - ,:. · . 2z z; -
· _·J (i)=jl + 2z

2
) [~ ~_erf(z)J = Vi e7 ' , _ 

- ·, ,;.: 

.. . , :.; 2 r -y2 -

... e1,\Z) = vi lo e -__ dy :· 

·:J27) 

---(28). 

·- Comparing these re~ults .. with the effective single:Ciristanton -_contribution,· -_ 
given by Eq._ (11), at T = p; we deduce, ·. . . ··- - . . 

-·, . . -· ,,, . 

IT•in; c · )- ;._, 7 rr•in9-(· ) 

. !'f"U: T ~ 11 eff. T. (29) 
·-,-
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)lopoxoH A.E. 11 np'. . E2-95-503 
M11oro1111cTa11To1111b1e ::>cpcpeKTbI H KXJl 11paH1im1x cy~rn :1,rn lll1om1 

8 MOJ.leJIII - HaKyyM · KXJl-1111cTai1nrn11a}I ;+;ttilKOCTb - IICC!leil0H.lllbl MII0-
. l'OIIIICHlllTOml~I~ HKmUlbl H KX)l llpaHll!Ia CYMM ll.'l}I ··111i°o11a: noK.,natto., 1 1TQ .H 
Clllll)'J)}lptloii K,u1116poHKe cy~t~ta 11mi11apt1blX J.lltaipaMM H .'lllilllpy101ueM 11i;p}lllKe II() . . . 
I/ N/pa3Jto;+;e111im 11p11H0.Llt1L K HKmUly, ·51~1nKm1y (11a 60.'lbWIIX p~ccrnm11rnx) K 

pe3yJlbTa-ry, 11aii.Llet1t10MY H ::>cpcpeKTIIHIIOM . OlUI0IIIICTaltT()IIIIOM 11p116.1111;+;e11111I. 
Amu11n. 11pcrne.Lle11 TaKJKe H pe1y;rnplloii K,u{116poHKe; KOT0p,rn 11p1rno1.uh K 11~11e1a-
101L(e ~uu19My HKJ1auy, •1To yKa3brnae-r' 11a 11pellt1o•rr1rreJ1b11onh 11ci1onb10Ha111rn 
Clllll)'Jrnp11oii KaJ11t6po11KII II 01111ca111111 11011e)le11trn KOppe.1rnu110111101i cpyilKUl~II 11a 
60JlbWII_X paCCTO}lllll»X. ,' 

1 

t>a6cria Hbll!OJ111e1ia II Jla60P.an1p1111 Teope-r11•1ecKoii cp11111K1111M.H,H.6oro.11m60-
tta OYl51YI. . 

npc11p111n 06u:;u111c1111oro 1111cnn),a H:1cp111,1x. 11c.::1c;wna1111ii. lly611a. 1995. 

Dorokhov A.E. et al. -E2-95-503 
Multi-lnstanton Effects in QCD Sum Rules for the Pion · . , . ,_, 

. Multi-instanton contributions to QCD sum rules for the pion are. invesiigated 
within a.framework which_ models the ·oco vacuum as ai1 instanton li4uid .. lt is. 
shown th_i1t in singular gauge the sum of planar diagrai'ns in le,iding iJrder of the 
.I/ NC. expansion provides ~imilar results as the effccti,;e single-instanton 

- \ . 

contribution. These effects are also analyzed in regular gauge. Our findings confirm 
that at large distances the correlator fun<.:!ions are more ade4uately dcscrihedin the· 
singular gauge rather than in the regular one. · · 

The investigation has been performed at the Bogoliuhov Lahoratory _ of 
Theoretical Physics, JINR. 
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