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1·: Introduction·· 

Investigation of the quark dynamics inside hadrons remains a~-be:.. 
fore' the niosfiinportant task of theoretical and·experimental. studies 

. in hadionic physics. ln v~ew of asy~ptotic freedom in QCD,- this.' 
probl~m at small. distances can be- treated in the framework of per., 
turbative calculations. However'at distances like hadron. size Rh and 

. larger.nonpei"turbatl.ve effects become import~nt. Therefo~e in thl.s 
·. region lattice simulations and' string models a~e used for. revealing 

theinterquarkinteraction (for a review and further references; .!?ee, 
'e~g:. [1], [2])'::.. . - . ··· . / . , . . .. 

.. Usually one assumesct,hat at disfances "" Rh the mosfimportan~ 
ares{Ich configurations bf gluonic field when this field is concentrated 

·· ~· along the line connec~ing quarks ·(the flux· tube 'betwee~ quarks). 
· . S~ch infinitely thin/flux tu:be is simulated by. relativistic stririg. In 
the most simple case, .the dymimics of this system)~ determiiied 
by ·the N a~bu"-qoto ~tring acti<ln . [3r 'Ho\vever 9ther string mod- • 
els ·were also proposed to describe qua:rk ·interaction, for example· 
Polyakov-Kleinerf rigid string· [4] '· [5]. Search f~r new string models 
is stimulated by comparing the calculatibns"in :QCD with those in 

· the framework of known string models- [6]~. 
· ·A large body of literature is devoted to the calculation of thein-

. terqu<!-rkpotenti~l in string models (~ee, for example, [7]-'-[11] ·and 
references therein) .. Thf:! central point in these calculations is a d~ter:- -
minati~n ()f the ~tring energy as a function of the distance between . 
quarks. When. deconfinement temperature (or critical temperature) 

. is investigated then the .d_ependence ofthe·effective string tension on 

. temp~rature·.sh<luld.~e calculated. ··~nictic~ly in. all these.investiga:-
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tions only the static interquark -potential has been considered1• It 
means that the ends of the string co~necting qu~~ks are fixed. On the . 
one hand, this assumption essentially simplifies the problem because 
the string frequencies in this, case are integer. On the other hand; · 
results obtained in' this way are' applied, strictly sp~aking; only: to 
the infinitely heavy quarks which cannot move; However in this case 
the ~otion of the interquark potential practically loses its usefulne5s. 

As a matter of fact static'string···pote~ti~l is treated,, after its 
derivation, as a usual potential desc.ribing the interaction between 
qua~ks with finite masses. Here it is implicitly assumed that the . 
interquark, potential .is a smooth function of quark ma~s m when . 
m ---+ oo. Probablyit i~ right . .Calculaticn1 of,the interquark pote~:. 
tial generated by string with massive enc1~ ·carried out in our recent 
paper [13] ·testifies _to this concl~sion~ · Nevertheless we. would like· 
to draw attention to on~ p~culiarity in energy'- spectrum of the ~er.:. 
ativistic string with he~vy quarks .at its ends whichis, toour view, . 
very- important. Th~ point is that the position of the first ~xcited 
level in this.system depends .on the quark _mass m and when m ---+ oo ·.·. 
this level inay be· arbitrary: ~lose to the ground state" Obviously this 
testifies to the infrared· instability of the string connecting qu;;trks. 
with sufficiently large masses. It is this problem that will. be 'dis­
cussed· in . our short 'comunicatiori. The layout of :the 'paper is the : 
following: In Se~tion 2 the basic facts from the classical arid quan­
tumtheories ofth~ Na~bu~Gotd string with m~ssive ~nds are given_: 
Then linea:dzation of equ~tions ofmotio~ and boundary c~nditions 
is considered. 'It ~hould.be noted here that'it is theselinearized'equ~- ; 
tions ~that are used as ~ starting poinf in all the_ calcul~tions of the 
interquark potential in string· model~ both in, perturbation theory 
and.by making use.ofthe functional integration (variatiorial·est.irria-:. 
tions). Therefore the spectrum ·6f~igenfr~quencies in this system is 
·of great l.mportance: InSection-3 thequark mass dependerice.ofthe. 

. ~ . . ' . . 
-:-:1 F-ir_s_t -at-te-'-m-p~t.:..,to--c~al-c-ul_a,-:.te-t-he-:-q-mir k.mass depend.ence of the stri~gpotential was niade 

in Ref. [12]. The authors are grateful to ProL H. Kleinert for providing them with thls 
paper. - · · ·-
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string spectrum is investigated .. It is shQwn that the 'energy of the. 
·~ first excited level, Er, may be ar'Qitn1ry close~to the ground state 
' with energy Eo when qmirk mass tends to infinity. This is a direct 

indication ·abqut the infrared instability in the system under consid-­
eration. In.Condusion (Section 4) the physicahmplications of this 
'result and possible modifications: of the string ~odel fo~ removing 
this drawbackani shortly discuss_ed. · . 

2 ·· · _Equatioiis of motiop. ~rid boundary 
conditions in linear 'approximation .. 

The Nambu_:Goto string with poi!lt-like masses attached to its 
. ends is described. by action [3] . 

.. / 
.. -~--_, __ . . . 2 . "." . 

· S · · ·-NJ:6 JJ dE,- b mafdsa, 
I: . . a=l Ca ... 

(2.1) 

-
·where dE. is infinitesimal ar_ea:.of~the string world surfa~e;-Ca, a = 
'1,2; ~re the w_orldtrajectmie·s· of_the string massive,ends, -11!:a, a·= 
1, 2 are the quark masses (n ~ c = 1). ·MJ isthe-string tension~ In 
hadronic physics one usually sets M0 ""' 1 Ge V~. . ' ·"' .. 
. _ The .. Gauss: parametrization of. the string ~orld surfaceembedded 
i~to D-dimensional spa~e-time with signature_ ( +, -:, .. ~ , -) . . 
'--... • • > ... 

.. 1 . '· ·n-2 _xll(t,r) .- (t,r;;r (t,r), ... ,x . (t,r)) = 

- · = (t,r;u(t,r)),, (2.2) 

· permits. us to- write the induced metric on this .surface, gii 
aixll8ix_Jl, in th~ following way_ 

gii . = c5w-:- uiui , iJ" ,_ 0 1 . 
. ;' -~ ' . (2.3) 

• : " • ~ • V• • I ..... 

.. Here Uo = 8ou -:- au; at = ·. u, Ut = alu '= 8uf8r = u and 
· ·. D 2 · · · · --

llU ..:... L:i=l-:u1u1 • From Eqr (2.3) it follows that in the quadratic 
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appro?'ima~ion the determinantg of the induced.metric is;~iven by·. 

. ·g = det(g' ··) rv 1 - u~ < ·. .. .• IJ - . I • .•-· (2A) 

In this· approximation, the infinitesimal area d'L, can be_ written as ·_ 
dl:, = yg d{dr "',Jl:-- u:/2] dt dr1 while the line elem_ents dsa, a 

1;2, ta~ethidormdsa = [1--:,__n2(t,ra)/2]d( Finallythe action (2.1) 
becomes · 

"' .. ~ 
. .· h -R · . . - . - -- .. 2 .. . · t2 

S ~- ~6 j~tjdr Tu2(t, r) :~ u;;(t; r)] + L ~a- jd(u2(t,r~), 
t 0 · · a=l - t 

< 1 .. .. l .. 

(2.5)-

' . 
r1 = 0 · -·' r2. · R. -

Equc;ttibns ·of motion· and bo~ndary. coridifi~ns for the system de:-
scribed by (2.5) 't~n-be immediately deduced ' . . 
' ,·,' " ' .--: 

( ,-.~ 

Du(~,~) = 0, 

.... _ M.2 , a· -----m u = . 0 u , . --. r = , 
••. ·-- '. 2. ,_ 

__ mu = ·-M0 u, r _ :R, 

(2.6) 

(2.7) 

(2.8) . 

·where. 0>_. 82 f8t2 '-- ~82 f8r2 and_ we put. for simplicity m 1 

m. !h~ ge:neral·solution to Eq~ (2.6)-fi.S) _is give:O: by ~ -
m2 

. In . ' ' . --.. j -
i(. )' .. V 2 "" .· -[ -. -~,. . ] an (- ). ·.. 1 . D. 2 u t, r: = 1.-~ exp -zmownt -.- Un r , J = · , ... , - .. 

Mo . - · .. Wn- . 
. _nj:O · · · · · . . ' - . _ 

- - . ' - . . . . .. ' (2.9) 
Amplitudes a{ satisfy the usual rule ofcomplex-:con]ugation: a~ = 
a-n· The eigenf!lnctions ufi(r) i~ (2.9) 'are defined by . 

un(r) = Nn[co~ (wnMor) .c..c JL_u!n ~in (~nMor )] . - (2.10) 

.Nn 's are norm~li~ation c~~stants ·and JL is the dimensionless p~ram-
~ - . ' ·- . 

eter 
m--

IL= Mo·.- >· 
·~.' 

(2.11)'. < 
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· __ The eigenfr~que;cies:wn· ~r~ ~h_e roots of the t~ansce~deiltai equati~n2_ · 

/ 

tan(wn.i\;foR) · 2JLWn . 
.· JL2W~ .- l" 

. (2.12) 
. /'' 

- " ·-

On t_he w-axis these roots are placed symmetricall}r ar.ou~d zero. -
H~nce they canbe nu:r;nbered·in the following v>'ay·w_n = --:wn,n = 
J, 2,_,; :·. Therefore it w!ll.:be suffic:;ient to consider on}y the positive 
·roots. The Hamiltonian operator of the· system under consideration 
. iii t~rms of creation and annihilation operator, a+( a.nd a nispectively; 
reads -- · -> - -- · : · · · · - ;: - . · · 

_ . a:;· ·v-:2 .. , . D _ 2 : oo . 

H =MoLL Wrzl_L~+a~+ _---.-Mo·E Wn,-
. . . 2 . . - . 

n=l j=l • ·: n=l 

(2~13) 

where 
( _. 

[ai (Li+] 
. n' m 

s:ij (' . - 1' 2 u Vnm, ,n,m- , , .... 

The last ter~rl in Eq; (2,13) is the Casimir energy [16],. [17] . 

·3 · .: Quark mass dependence ·of the· string· 
. . . 

spectrum ,.. / 
' - . -· -.,\. ; . ·' 

1~ this Section w~ iri~estig8.te the behavioi~r_ ofth~ energy levels in 
. ~~ string spec~rum at large quark masse~: To this end; let us separate 

the integer part 'in each root of Eq: (2:12) , 
< • 

' .Mo R~n = (n:.:... 1)7r + En, 0 .. ;<::: En< 7r, •. n ·= 1,2, ... ; : (3.1) 

where the· correction En to the ;frequencies Wn depends on quark' 
inasses. · By substituting Eq. (3.1). int~ ~q. (2 .. 12), one finds,. for 

, 2This equatiim • is well kriown in mathematical physics: Besides the_ problem about . 
line~r ~ibrations of the string with point-like masses at its ends, this equation determines 
eigenfrequencies of the torsional vibrations of shaft,with massive discs at its ends (14] 
and eigenvalues in the boundary ~alu~,p~~blcm about hc~t flow along rod under. sp~cial . 

• conditions at its ends (15]. · . . 

.·.s 



a~bitrary n·and in the llmit~~ --t ~-, that .En S·~tisfies the follo~ing 
equation . . ·. _ . . . . . . ' · . . . . 

. . . 2MoR. ._1 tan En··~ ( . ) .. J.l • (3.2). · 
n- .1 7r +En · · 

It means that En ~. 'o when J.l ? oo. Solution to Eq. (3.2) for n_;__ 1 

IS 

For n > 1 we h~we 

. E! ~ 
····!2MoR. ' y--;; 

_. · 21'.1o R 
En ~ ( ) . 1 · ·· .J.l n-:-1 1r 

" ' 
·...:..,, (3.3) 

(3A) 

Energy levels of the . system· are calculated- by making use. of 
Eq.· (2.13). The 'ene~gy of the first excited state, ·E\; is 

- --· - ' ~ -.. . ' 

{;;!;2
. ' 

. . :. EI . :. . , . 
JjJ1 = Mow1 .. R. ~Mo.. . .· 

.. - ; J.l. 
(3.5) ( 

For fixed string tensidn M0 arid string. lerigtl{R, the eriergy. E1 9-e­
creases for .raising values of the dimensionless parameter J.l· From> 
physical point· of view, thif; behaviour. of E1·implies the instaoility <>L . 
the stri~g with hea:vy _quarks 'at its ~nds. ·. · · · · · . 

· Figu~e i. shows the:d~petidence of the dimensionless e'nergy of the 
fi;st excited state EI I Mo ' - WI :on the dimensionless quark ll!asS ~ _:_ 
m/Mo (bold-facecurve):This curve is obtained for the string length 
of order ofthe· hadron_size3 Mo R. . L When J.l "' 102

. (regionofthe 
• ' . ,· __ : •>. ~--- ·., • . ':>, . 

3 When calculating the interquark potcntiaJ g~;erated. by stri~g we have -to_ consider 
arbitrary length of the string.R. From frequency equation (2.12fone cari,easilydeduce 
the following scaling property of its roots. Let the funCtions fn(P. );· ~ = 1, 2,;:. determine 
the· roots of this equation for given value oft he mass parameter p. and-for Mo R = 1, i.e. 

'-, .. ' . ' ' . . . 

wn(p.; MoR-= 1t= J~(p.) • 
Then for arbitrary string length M~R f. 1 the following ~c~llng.rule holds. 

. 1 ·. ('· /.t•) 
wn(J.L, MoR f. 1) = MoRfn MoR . 

·s. 

/---< 

··-· 

;_ 

3.00 

t 
J . 0 
I.~ 

·">._' 
.:~ 

i l . 

;' - ... ( t' 

.J .. 

M ·,_, 

Fig. 1. Quark mass dependence' of the 'energy ·levels in string 
spectrum~ · f:!'he bold~faced. curv~· .is the · di~~nsionless. energy of' 
the first ex~ited state, Ef/M0 ; J.l := m/Mo is· dimensionless quark 
mass .. , Other .c~rves presen_t. the next. 5 energy levels~ E~/ Afo . 
nE~/M~, n = 2,3, .·.,: ,6. : ~. 
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top quark ~Cl.Ss) w~ haveE1-/M0 rv 0.1. There areno any restrictions , 
on the·numberof excitations with energy El. TherefOI.:;~,-·,we really' 
have infinite sequence of,equidistant energy lev~ls En •' n EI, n ' 
1', 2,. ~. l, which is superimposed on the. basic string spectrum_ with 
scale M0 (see Eq. (2.13)). As a consequence, for sufficiently'·large 
quark masses the ground state ofthe string-becomes fuzzy; i.e. weak, ·• 
comparedwith M0 , external perturbations will'result in excitation of 
the string (see Fig. 1). Obvioiu§ly this' implies' t~e infraredi'ustability 

' h. - """"' j in t 1s system. ·· · -:• · · · . 
. It should. be noted that all these considerationsar~ applicable to. 
the rigid string too. In fact, in Re~. [13] the same frequency equa:tion •. 
as (2:11) was derived in the mo,.delof the rigid string with massi~e 
ends: 

Where may this infrared instability be manifested? At first; when 
. ·, go!ng beyond the

1
line'ar approximation in string rriodei. To· this end 

. we have to· take. into account the "interaction" in. the string a~tion 
(2.4) which is describ~d by terms rv un .with. n > .2. · Besides, this. 
infrared,ip.stability may be-revealed in C(ikul~tions at finiteterriper- ._ 

. ~ture: For example, ~ffective string'potential generated by linearize~:l· 
string action (2.4) is obtained byfunetional intagrationov~:t "field"' 
u( t, r). As a re~ult, one arrives' at the following well' known expres-
sion [18] . . . · . ' 

00 00 . 00 ' ' . '\ '. . : ~·· 

. 

.3_ .Y:•[kn•+T ln{1 .:..,e~~nl~)] ;. (3i6) 
T .2 . . .. 
· n=l· ·> • ·. · . . . ; · 

L. £ lll(w; + k~) 
in=~oo ·n=I'· 

•. -~- -. '- • --' ~ • . - . . . ,· ·- J . • • -,·_- ' ; . • •• .:. . '· . . .• ' .. ' 

where Wm . 2rr.T m are the·Matsubara frequenc~es and kn/ Mo = Wn 
are the roots· of Eq. (2.12). When ni.-+ oo, :k1 ~ o'and w~· ~btain 
infinity in '(3.7). On the other hand, calCulations in·string models 

. . ~ - . 

with fixed ends are well defined at finite temperature . [19]; · 

4 Conclusion '· 
. - -

The instability of the relativistic string, connecting heavy· quarks· 
'is quiet clear because fixed string tension MJ pr~ves to be insufficient , 

:8 

t6 keep in b~und 'state v~~y heavy qua~ks. ]ri the fra:mework ·of the 
string approach to hadron physics this instability apparently .implies 

. that st~ing-like collective excitations of gluon field do not dominate. 
in heavy ql1ark dynamics.· Thoughother p~ints of view ·can be pro: 
posed. For example, one way ~uppose that stiing tension for heavy 
,quarks sh~uld be greater than MJ .. How~ve! the follow!ng problem 
_arises here: in what way'this assumption can· be pvt in agreement 
·with basiccoticepts ofQCD. ,,: - . . . , . 

Inthe same way oneniay doubt :in applicability of the'li~·earized 
· ~·string action (2.5) which has ~e~n used to detive fr~quency 'equation: · 

(2;12). But in~ this case it would be difficult to unders_tand why this. 
action .is good for description of the_ string with light quarks_ at its 

. - ends or for fixed string 'ends but is Iiot applicable to. heavy quarks .. 
.. PrOceeding from simple. physical consideratjons op.e may ~xpect that 
situ~tion should b~ opposite because linearization of the string a~tion 

·is, in some sense, equivalent to the. nOnrelativistic approximation 
(see, fOr exampl~, [20]).· .· .· . . . .. 
· 'J:'hui the problem ofinfrared. instability in the dynamics of the rel­

. ati~istic stri~-gcon~eetirig ~ufficient!y heavy ~uarks r~mains, in ~ur 
, , --opinion,· open. ' · . · · 

. . ' -
'•. . ' 
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