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1 Introductlon

S

Investlgatlon of the quark dynamlcs 1ns1de hadrons remains as be- “ :
= fore the miost’ 1mportant task of theoret1cal and: exper1mental studies
in hadronlc phy51cs In view of asymptot1c freedom in QCD, th1s‘,’

i problem at ‘small dlstances can be- treated in the: framework of per- = °

Th 'f ’turbatlve calculatlons However at distances like- hadron size Ry, and"_k’f-? .
larger nonperturbatlve effects become 1mportant Therefore in this'

T region’ latt1ce sunulatlons and str1ng models are used for revealmg,"- o

' ﬂthe 1nterquark lnteractlon (for a rev1ew and further references see S

MLR e

Usually one assumes that at dlstances ~ Rh the most 1mportant“;:’~ :

' :i”;‘are such conﬁguratlons of gluon1c field when this’ field is. concentrated
along the line connectmg ‘quarks (the flux tube’ between quarks) L

* Such 1nﬁn1tely thin’ flux tube is s1mulated by: relat1v1st1c string. In

the most s1mple case, the dynam1cs of this system is determmedf;

“r:f,by the Nambu—Goto string action [3]- ‘However other string mod- - -

:fels were ‘also" proposed to describe’ quark 1nteract1on for example S
"~ Polyakov-Kleinert r1g1d strlng [4], [5]. Search for new string models

s stimulated by comparing: the calculat1ons 1n QCD with those m -

T the framework of- known string’ models [6].

-A-large body of llterature is devoted to the calculat1on of the in- - -

o “terquark potentlal in strlng models (see for example, - [7] [11] and .-

3 \,references thereln) "The central p01nt in these calculatlons is a deter- -
m1natlon of the’ strlng energy as a functlon of the distance between*g'

- 'quarks “When' deconﬁnement temperature (or critical temperature)

s 1nvest1gated then the dependence of the effectlve string tension on ‘

temperature should be calculated Practlcally in. all these 1nvest1ga— '




th]lS only the statlc 1nterquark potent1al has been cons1dered1 It—‘g:f' ;
means that the ends of the string connecting quarks are fixed. On the
one hand, this assumpt1on essentlally simplifies the. PrOblem becatse. .
the str1ng frequenc1es in this, case are integer. On the other-hand, PR
results obtained. in' this way are applied, strictly speaklng, only-t O»"}i

the 1nﬁn1tely heavy quarks whlch cannot move. However in this case
‘the notlon of the interquark potent1al pract1cally loses its. usefulness

As a matter of ‘fact static- str1ng “potential is treated after its
derivation, as a usual. potent1al descr1b1ng the interaction between s :
‘quarks with-finite masses. Here it is 1mpl1c1tly assumed that the Lo
mterquark potentlal is a smooth function’ of. quark mass m when -
m-— 00. Probably it is r1ght Calculat1on of the 1nterquark poten—,tff{: :
~tial generated by string with massive ends carr1ed out in our recent e
paper - [13] testifies to this conclus1on Nevertheless we would llke'gf:’
to draw attentlon to one pecul1ar1ty in energy spectrum of the rel—rb“ff N b
ativistic str1ng w1th heavy quarks at’ 1ts ends which is, to our view, e
very: 1mportant The point is that the pos1t1on of the ﬁrst exc1tedfv,“;,“_‘*‘, QPSSR
level in thls system depends on the quark ; mass m and when m —- ooj"f‘ B
“this- level may be arb1trary close. to the ground state. ObV1ously th1s '
teStlﬁeS to the 1nfrared 1nstabll1ty of the string connectlng quarks o
_ with sufﬁc1ently large masses.. It is this problem that w1ll be dls-_}ﬂi". ,
cussed. in . our short comunication. The layout of the paper is the - .

O dstrlng spectrum is 1nvest1gateo It is shown that the energy of the ,

ends 1s descr1bed by actlon [3] o

'.followmg ‘In Sectlon 2 the basic facts from the classrcal and- quan-’f;,f‘_:'»-f‘ e

tum- theories of the N ambu—-Goto string with massive ends are. given. e
Then l1near1zatlon of equat1ons of motlon and boundary cond1tlons‘ o
is consrdered It should be noted here that itis these hnearlzed equa—
tions that are used as a startlng pomt in all the. calculatlons of the .

1nterquark potent1al in string: models both in perturbatlon theory

and by making use of the funct1onal 1ntegrat1on (var1at1onal estima- .
tions). Therefore the spectrum of e1genfrequenc1es in this system'is =
'of great 1mportance In Sectlon 3 the quark mass dependence of the‘\'

1First attempt to* calcula.te the qua.rk mass dependence of the strmg potent1a.l was ma.de\'- e
in Ref. [12]. ‘The authors are grateful to Prof H. Klemert for prov1dmg them thh th1s )

paper. .. "=l o e i

' Here up = aou = au/at 4, u
S uue= Zf 12 u’uJ From qu (2 3) 1t follows that in the quadratlc

'if;ﬁrst excited level, El, may be arb1trary ‘close. to the ground : state
_with energy Ejp when quark mass tends to 1nﬁmty This is-a direct -
-~ indication about the 1nfrared 1nstab111ty in the system under consid-=:
“eration. In Conclus1on (Sectlon 4) the phy81cal 1mphcatlons of this ',
 ‘result’ and posmble modifications; of the strmg rnodel for remov1ng
% th1s drawback are shortly d1scussed L -

'5;‘2 Equatlons of motlon and boundary
'V condltlons 1n llnear approx1mat10n

The Nambu—Goto str1ng w1th pomt~hke masses attached to 1ts

44""'.vk',;iwhere dZ] is 1nﬁn1te51mal area of the str1ng world surface‘Ca, a ’=‘f :
- 1,2, are the ‘world traJectorles of the string massive ends, Mg, a: =
o 1, 2 are the quark masses (h = c= 1) M2 is, the str1ng tens1on In
e "f?hadronlc phys1cs one usually sets MO ~1 GeV =
. The Gauss ‘parametrization of the strlng world surface embedded
e 5‘1nto D d1mens1onal space—tlme w1th s1gnature (+, R ‘—)

’:v“(t r) = (t T (t r) D 2(t r))

v k ﬁ ; (t T; u(t r)) " (2 2)

ok

i - permlts us to- wr1te the 1nduced metr1c on: thls surface, g,J =
‘ - 0x iz k0; :U#, in the follow1ng way e L

g = 5,1 ;u,uJ , z]=01 (2 3)

alu = au/ar 7=J w and



approxrmatlon the determmant 9 of the mduced metr1c 1s grven by

g = det(g,]) = 1 - u : (2 4)

Tn thlS’ approx1matlon the 1nﬁn1te81mal area dZ can be wr1tten as
d¥ = /gdtdr ~ [1—
1,2, take- the form dsa b

[1 -1 (t ra)/2] dt Fmally the actlon (2 1)
becomes s . o ‘

/dtu t, ra

(2 5)

@-»"

/dt]dr 2(t r)—u tr) WZ

r1 = 0 r2 —T,R«'.{ e f‘" f'; ;j

Equatlons of motlon and boundary condltlons for the system de-f S
; ,scr1bed by (2 5) can be 1mmed1ately deduced ’ DR ~

o, T> o (2 o8

.u,_ Mo (2 7)

5 m u = ‘“ Mo (2 8)

“'where IZ! = (92/ (9t2
om. The general solutlon to Eq (2 6) (2 8) is glven by

;’D‘2

(t r) = zl/—; Z exp [—zMgw,,t] —-u,,(r), _7 = 1
A e e ;-;, T (. 9)

\Amplltudes af satlsfy the usual rule of complex conjugatlon ap = -

oy The ergenfunctlons u,,(r) in (2 9) are deﬁned by

o ‘:- un(r) = N [cos (w,,Mgr) - pw,, sin (w,,Mgr)] (2 10)

: N s are: normalrzatlon constants and ;r is the dlmensronless param—

eter’ _ ST e T T e R
: : ‘ [ 'f, o ome FT 2- 11 o
: - 4 o

82 / or? and we put for sunphaty ml ; - m2=

u? /2] dt dr while the line. elements dsa, a= o i

‘ llwhere‘f' i ",,

i }p The last term in Eq (2 13) 1s the Cas1m1r energy [16] [17]

ke

(2 12) .

o :'On the w-axis these roots. are placed symmetrrcally around zero :

" Hence they can be numbered in the following way w._, =
S 2, . Therefore it will be. suﬂicrent to consider only the pos1t1ve
- roots The Hamlltonran operator. of the system under consideration
" in terms of creatron and ann1h1lat10n operator a / and a respectrvely,':.

wn, TL ="

-

o ;"reads CEee AT e R R
mewd S w2 S, e

[a' a]+] = 6” 6nm;'j‘ n m = 1 2

3 Quark mass dependence of the strlng

- 4 spectrum &

In thls Sect1on we 1nvest1gate the behav1our of the energ,y levels 111 ‘

strlng spectrum at large quark masses. To tlns end let us separate‘
‘ ‘~‘the 1nteger part 1n each root of Eq (2 12) ' :

MOan'; (TL x 1)7[' + 671, 0 < En < 7l' TL=172 | (3 1)

‘. ’\}_‘where the correctlon &, to. the frequenc1es w,, depends on’ quarl\’
; Mmasses By subst1tut1ng Eq.. (3 1) 1nto Eq (2 12) one - ﬁnds for

o “.2This equation’is” well known'in mathematlcal physrcs Besrdes the problem about/
L lmea.r vibrations of the string with point-like masses-at its ends this equation determines

eigenfrequencies of the torsional vibrations of shaft; .with massive discs at its ends {14}

" and ecigenvalues in the bounda.ry va.lue problem about. heat llow along rod under specral
- conditions at its ends - [15] ‘



arbrtrary n and m the llmrt ,u = oo that en satrsﬁes the follow1ng

equatron TR LI e e

2M0R M ’ SR
(n - 1)7r +&n M - e (3'2)

i tanz—:n

is

R ——p(n_l)w' £y
Energy levels of the system are calculated by maklng use of
”Eq (2 13) The energy of the ﬁrst exc1ted state El, is. ’; i e

‘lma

For ﬁxed strrng tensron M() and str1ng length R the energy E1 de-‘

It means that En’ f» 0 when u = oo Solutlon to Eq (3 2) for n = 1 : E

ccreases for: ra1s1ng values of the d1mensronless parameter . - From- = o
phys1cal pornt of view, this behav1our of El 1mphes the 1nstab1hty of ‘

the string with heavy quarks at 1ts ends

‘Figure1 shows the- dependence of the dlmens1onless energy of the T

'ﬁrst excited. state FE; /MO = w on the dlmensmnless quark mass ft = ' “ ; ', :

m/MO (bold face curve) ThlS curve is obtalned for the str1ng length
of order ofthe hadron slze3 MOR = 1 When I ~ 102 (reglon of the

\;

" 3When. calculatmg the mterquark potentlal generated by strmg we have to consxder o 4

-arbitrary length of the string R. From frequency equation (2. 12) oré carn easxly deduce;' : BN

the following scaling property of its roots. Let the functions fn(p)yn ='1,2,: . determine

\
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F1g 1 Quark mass dependence of the - energy levels in strlng

;f - kspectrum ‘The: bold-faced curve is “the- d1mens1onless energy of "

* the ﬁrst exc1ted state, Ei [Mo; p = m/Mo is: dimensionless quark. -

~ mass. Other curves- present the next /5 -energy levels ,,/MO =

"fnﬂM%,n—23 DB e A e

the roots of thxs equatxon for glven value of- the mass parameter p and for Mo R = 1,?i.e‘. “ . = . . - <
S :’:f A : e : wn(#, MoR = 1) = jn(#) T “f ' ;’;» \:_j o e T )
'Then for arbxtrary strmg length MOR ;é 1 the followmg scalmg rule holds v ' .‘-* . - 5 N
; = \:‘4.6 . : - : . R :7: Z 5




top quark mass) we have El /Mo ~ O 1 There are no any restr1ctlons
“‘on the: number of exc1tatlons with energy E.. Therefore we. really

‘have 1nﬁn1te sequence “of- equ1d1stant energy levels E, = nEl, n= .

1,2,. Wthh is superlmposed on the’ basic strlng spectrum with-

"-’scale Mg (see Eq. (2.13)).As a consequénce, for sufﬁc1ently large :

' quark masses. the ground state of the string | becomes fuzzy, ie. weak
E compared w1th Mo, external perturbatlons will esult in excitation of
the string (see F1g 1) ObV1ously thlS 1mplles the 1nfrared 1nstab1hty
“in this system.. ,

It 'should be noted that all these cons1derat1ons are apphcable to

'the r1g1d strmg t00. In fact in Ref [13] the same frequency equatlon
as (2 11) was der1ved in the model of the r1g1d str1ng w1th mass1ve
Where may th1s 1nfrared 1nstab1hty be manlfested" At. ﬁrst when
gomg beyond the llnear approx1matlon in string model To: th1s end

 we have to’ take into account the’ 1nteractlon in. the str1ng action e

| (2 4) which i is descrlbed by terms ~ u” w1th n>: 2. Besides, th1s

infrared 1nstab1hty may be’ revealed in calculatlons at ﬁn1te ‘temper- :
; ature For example, effectlve str1ng potent1al generated by hnearlzed

> strlng actlon (2.4) i is obta1ned by functional intagration over ”ﬁeld”

-~ u(t, ,T)- As a result one arrives at the follow1ng well known expres- - s

sion [18] " S ;] '

Z Zln(w '+k2) -—:TZ[

: m—4—oo n_l

where wm '_ 27r T m ‘are the Matsubara frequenc1es and kn /Mg = wn~ e .. |
fare the roots of Eq: (2. 12) “When' m — 00, ki — O “and we' obtaln_ e
1nﬁn1ty 1n (3 7) On the other hand calculatlons in: str1ng modelsk

w1th ﬁxed ends are well deﬁned at ﬁn1te temperature [19]

4 Conclusmn g

The 1nstab1hty of the relat1v1st1c str1ng, connectlng heavy quarks o f
s qu1et clear because ﬁxed strmg tens1on M 2 proves to be 1nsufﬁc1ent

to keep in bound state very heavy quarks In the framework of the'?

strlng approach to hadron phys1cs this 1nstab111ty apparently 1mphes
~that str1ng—hke collective excitations, of gluon field do not dommate.a

“in heavy quark- dynam1cs Though other pomts of view can be pro-

posed ‘For example ‘one way suppose that str1ng ‘tension for heavy'
quarks should be greater than ‘M. However the’ followmg problem

: _arises here: in what way “this assumptlon can’ be put in- agreement ;ﬂ
' w1th basic concepts of QCD SRy - SR =

In the same way one may. doubt i 1n appllcab1l1ty of the hnearlzed,
str1ng actlon (2.5) wh1ch has been used to derive frequency equation
©(2:12). But in this case it' would be difficult to' understand why this.

S act1on is good for. descr1pt1on of the strmg with hght quarks at its-

-‘ends or for fixed strmg ends but is not apphcable to -heavy. quarks .
Proceedlng from s1mple phys1cal cons1derat1ons one may expect that”
s1tuat1on should be oppos1te because lmearmat1on of the strlng action
“is, in’ some ‘sense, equ1valent to the nonrelat1v1st1c apprommatlon:_
(sec for example, . [20])." - B o

Tfs the problem of 1nfrared 1nstab1hty in the dynamlcs of the rel—

at1v1st1c str1ng connectlng sufﬁc1ently heavy quarks remams 1n our“
op1n1on open ' , : : :

o ':_Kc';kﬁamédg’;éhiénts‘;-; . 5;}7 T
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