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1.. Inth~ st~ndard maxi~ally supersymmetric N:! 4 Yang-Mills theory [1}, both 

the ~elf~dual (1, O); as well as the anti-self-dual (o, 1) parts of the Yang-Mill; fi~ld 
~tr~ngth arecontained in the same· s~permultiplet. This is not the case In lower .N '-

. the~rie~, wliere these two halv~s of the field ~trength live in separate irr'educibh(rep- ' 

r~~entations of thesupers~mm~try algebra which, alth~ugh conjugate in Mi~k~~ski, 
. spa~e, are independent. in sp~ces having-· other sig~atures.; This means that pui~ · 

, , " . \ , , .. · , ' '., . , . , , ' I 

super Yang-Mills theories with N:::; 3 admit super self~dual restriction, i.e. systems 

~feq~ations which include the.Yang-Mills self::d~aiity condition fex/J ~ 0, which are 

invariant ~nder the N-extend~d s~p~~ P~incare algebra, and whi~h imply the f~ll ~et 
~fsu~er Y~ng-Mills ~q~atio~s. The standard N ,; (theory. does ~~t ad~it ~uch· 
a< super self-dual, restriction·:· However there I does .exist a< rather 'remarkable N '=A 

supersymmetric exte~s!on.ofthe self-duality conclltion.[2}, -.vhich w~s inspired by 

.string theory [3}. This self-dual theory is independent of the standard maximally 

~upersyritmetri~ Yang~ Mills theory [1} ~ Not ~nly are t.heequations ofmotitm of the · 

latter theoiynot implied, but the spectrum of fields _differs. The N = 4 self-dual, 

theory contains an' additional spin 1 field, independent ~f the Yang-Mills vector' po-. 
. ' ' ·- ... '' . . .. . . . . 

tential. It is remarkable that gauge invariance allows such a coupling to the vector. 
potentiaL In standard Yang-Mills theory, . . . . . . . . , .. 

I ... ..·· , 

··c..y, f + fh<> .( .:... J. 
f.. Ua,Y a/J f.- U-y(JJe>.{J- a{J l 

··:--. 

the conser~ed vector. current Jab provides ali' consistent spin 1 couplings [4} .. · In 

the absence of any gauge invarianc~s beyond the:Ya~g~Mi_lls one,_~assle~s srip~r 
yang~Millsmultiplets contain, with the exception of the gauge potentia1Aa1' only 

fields transforming -acco~ding to the either the (s, 0) or the (0, s) representations of_ 

the ~otation.g~oup, and according to skew-symmetric representations of the internal 

SL(N) a~t~morphism group of the N-extended supersym'metry algebra. The suJ?er 

·. r;~~~~~Ei ~;~~:~;·;~-~?1-
~ ~;,:!~ "!: jt-~<~l'r<".i l\ < :~ 1-· ~·'o:l·a~l; ~l Y C;.::;~,!:t: f~ 

___ , ~~t'q .. .-
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self-duality .equations up toN= 3 taketh~Jollowing N-independent forms 

h/3 = 0 
f"'"~'V 'l'/J1iC. = 0' 

'r7o./J'r7 ·W:· .'. - ·{ \o. \. 1 v V 0 p .. t.J - Ai,~JOJ 

(16) 

f.<>/Jv"~/JXiik<> = [>.[io.· W;kl], 

·where, '\1 "1/3 = &"~/3 + A"~/3 is the gauge~covarian~ dcrivadve and we have scaled the 

gauge coupling. const~nt to one; all fields. are gauge algebra valu~d and arc therefore 

linear in .the coupling constant. They ai:e skew-symmetric in the internal sl(N). 

indice~ i;} = 1, ... , N, which we' alw~ys write as' subscripts 2
• This is n~t always the 

most economical description of the degrees of freed~m, ·for instance, there is only . 

one scalar~or N = 2 ,,· W;; = fij W, ~rfor N = 3 ,three scal~rs, W;; = tij~ W\ and 

one (o,'~) s;lnor; Xiik~ = fijkXa·. However, ~his notation; ~hich w~ use thtoug~out I 

this paper, has the advantage of being N-indepe~dent. . . 
' ;, . /" - .. ! ' ; -'· . ' ' .. : i . ' - . 

The equations (16) imply the full equations of m?tion ofthe standard super Yang-

Mills theories (1], They. also display. an,interestiiig n,est.ed ~tr~cture (5]; the fields · . 

W;; which e~i~t for N '2 2 d~ not o~cur in the. N < i'~elf-duality equa'tions , and 

-the fields Xiika which appear when 1\".:::::' 3. do not' occur inth~lower N 'equations of. 

motion:' This n~sted structure~ which led ti.s previously :to call this ~;ste:U aself-du~l . . . { ' . .• . . . . . . . '. 
matreoshka, is crucial for our present discussion: Fodn faCt the matreoshka is· even 

larger becali.se of the. foll~wing: • · . 

If we allow the internal. indi~e~ :to range over fo!f.r value;, i,j, k = 1, ... , 4, then 

equations {16)i~ply that the foll~wing vector cu~rent is cova;iantly co~served:. 

Jiiklo./3 = {>.[;,,Xjkll;J..:.: (W[;j; V"'~Wkll] , 
/ . 

"1 e ' · ""'/JJ · - 0 · · • v .. ijkla{J- · · 
l -... ... ; d, . : .. , '', ·,). 

. This current affords.tlieenhancement of theN= 3 ·multiplet to anN= 4 
... I . . · ... • • 

the addition of a spin 1 field 9· 'kl' /J·satisfying the equation of'motion 
• ~ ·:- ·. '3, a . , . . . , 

. f<>/Jv o./lYiikl<>.Y = J;;iclo..Y.i 

(17) . 

one by 

(18). 

all the previous ~quations of ~otion (16) rem~ining intact. This is 'precisely the . 

N = 4 self-dual theory presented bySieg~l, -T~eLorentz-:-covarianUunctional .. ., 

.. _ 1· 4 . ( ;,; ·.' ·' a. · . ::.··· l .: .; ~/3· · ·· · . · "· · ) 
s.Jkl - d X Tr I .• Yijkla/3 + X[ijk 'Voa,>.l] t 2 [[if '\1 _'57 oil wkll -~ W[ij { ~k, >.llo.} 

:. ·•";;! ~.(19) 

2All our (skew-)symmetrisations are with .weight'::,ne .. For instance, [~(,a; Wm] ~ [~ia,'W;t] + 
[~;a, Wt;] + [~ka, W;;] ' :· '' · : . . ·. • ' · :- '• 1 
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i~ ~n s/(4) singlet·and provides aD: actio~·s = Eiik.18;;kl for. theN= 4 theory [2]. 

Th~ twoconserved vector cu~rcnts, from the~qmitions of motion of the t~\·o.spin.1' 
fields A

0
(i and g0~, are manifestly independent: 

·{I)_ 
J ati -:::_ 

·(2) . =· 
Jijklo/3 

--:-B~(A(a,A~&l] , 

(Jijklati :_ (a~(A~.y, 9ijk/~JJ).,' 

Conservation of the latter, i.e._ that 

aa/3 ·(2) . ..:.: 0 
. · Jijklati :- '-

. . 

(20), 

corresponds to the global gauge.,-inyariance of the functio'nal ( i 9), whereas conserva

.' ti~n of the former can be int~rprctcd as a consequence ~f th~ global gau,ge-fm·aria~ce-· 
. ' ' .. ·' ' 

of the pure .Yang-Mills funCtional when the self-duality conditions are satisfied. 

I The field equatio~s (16,18), with internal indices now ,taken to range over fi\·e 

'values, similarly imply the covariant constancy of an N = 5 cur'rcnt . 
' ' ' ' ' . . .\ 

- Jijkl"';"f~ ·= (>.[i~:Yjklm]otiJ +~(~ o(a W[ii': :xkl;]ti~J _:_ ~(Wwf\' ,;,>Aklm]<i)J , (21) 

' affordjng the enhanccment,of the system (16,18) by)he spin ~ cquatio~ 
I• 

\ i./1 ~I -- ~· . i : ' ' • ' t ' 

. E ·· '\j a/J'¢1ijkl';'a.Yb = Jijkhn,n.:,8 · ' (22) 
•• )•,.,', •• ,' > • • ·1. .... . ' 

The gauge~covariant conscrvatipn of .Jijkimo.Y6 implies the existe,nce of a nc_m-gauge-

covar.ia!Jt. diverg~nce:_frcc s"pin-vcctor current, . . 

i;;ktma.;.6. = Jiiki~a'f6.- c "i3 [ A~J. l/'~ik~>~o'l6] 

li1 turn, ai1. N = 6 spin 2 field can. be introduced, with cquat.ion.of moiion 

'' 
(ativ a/lcijklm'na.;.5;, = { A[io,'l/!jklmnh5;,} + Hx[ijk('r> v o5\lmnlT,)} 

+ HVoh W[ii• Yklm,;l5;,)] .:... wv[ij. '\1 ~~~gkh;ml.ii;)l• 
··....: (2:1) 

. . . . ' 

Again, the right~ hand-side is a covariantly c~nsc:rved current.. This pattern ront in-
. .. . I ·. . .. . . ... 

ues; and it actually continues ad infinitum, ess·c:ntially because the ( N -.1) extended 

system n~stlcs within the N.'.cxtcndedsystcm completely intact., and provides a ~·on-
, ·'. . . . · : (N-2) ·. · . N , ' · · 

'served source current for a new spm 
2 

ficlc\ of dnnenswn - T·' !Ins 1s a further 

unco~ventional fcat~rc of these self-dual thcor'ics: Tl;c' din\c;i1sions of our fields de-

. pend .linearly on the spii1, whcre~s in copvcnti~nal field .tlwmies !Jll boson~ han·. 

diin~n.sion -1 and all fcrmions have climcnsi~il - ~- It iitcm.pting lei sp•·culate i>11 .. 

the' significailce, of the infinite number of local con'served currents in.the infi.niie :\' 

limit of a theory with infinitely mariy spili:~ reminicent. of string t.lwories. . . . . . ' 

\ 
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The higher spin-vector· conserved· currents J;1 •• :iNocq .. ."oc N ~2 ) may be ~btained from 

the ve~tor currents ( 17) by performing supersyrrimetry t~ansfor~ation~. The_y the~~
fore ·. afso. essentially. owe their existence. to th~ gauge...:"invariant function.als . sijkl' 

which ar~ extremised by·solutions of the equatio~s of motion. e;eri for N > 4, in 

spite of the fact ~hat 'higher spin fields manifestly do not contribute .to the~: ·The . 

supersyminetry t'ransformations of-the N:=_ 6 equations are given by/ · 
' ' ' ' ' ., , .-

Mali 

8).jo 
' 

8Wik 

liXiklo
1 

. -i \ 
-TJ(JAio 

TJf foP t 2i);/J'V ail W;i 
. 0 ,· + -i/J 

= , l'7(j"k]a · .TJ Xijk/J 

TJ[j 'V oo wkiJ + r,i/J (gijklo/J. + f0 /J [W;!i;wkiJ]) 

.. ligiklrrcoli 
·.. . .. .' - .· .· . 
TJ(j'V o(O.Xklm]/J) ' • . ' : __ v . _ .. ·,·. ·· -. • · , ·-·' 

+r,h( Jijkl~~~.y +_i:.:,(o@W;[j, Xic/~],6)] :_ HWr;k, Xi~]i/J)]))_ (~4) 
81/J j kl,':' no/J.Y· 

' \ , . ~ , ; . I 

"'V . ,.- '-i5C -; (1[W- - ] , "l(j o(0.9k1mn]/J.Y) + TJ . ,, ijklmn&/J.y6 -:--. "l(O. 2 i(i,gklinn]/J.Y) 
• 1 . . . 1 • .. .. 

+s_ (W[;k,91mn_Ji/J.Y)J + 6[Xi[ik/J• Xlmn].:,j]) • 0 
. 

. ·' : ' ' .-
8Cjkl':n~p&(J:,i = TJ(j'V o(O.l/>klinn;]·/J.Y) 1 

. _. . ... 

. ~~~"(HW;r;,_1/JklmnpJ,6.y6>] ~- fo[Wr)k, 1f;~~pJi/J.:,&)] 
• < · ~fs[X[iki/J• g,;npJi~&>(:.. Jt[Xitik.6•9;mnpJ.Yi>]). · 

Th~se are· most co~venientiyobtaii{ed from~h~- ~uper~pace for~ul~tion of th~~e 
theories, where superfield ve~sions ·of the'. fun~tionals S;;kl exist, generalising' th~ · 

N ~ 4. supersiace actions (2; 6]., Our arbitr~rily~ext~nded self-duality equatio~s 
may_ be compactly expresse'd in terrps of thechiral supers pace curvature constraints 

,.;'-

{'Viol 'Vj/J} = ·,fo(Jhj• ' I_ 

. . \ . ·. . . ·. 
, [V;;;.,'Vp/J] =, ,to(JhP -·· · '(25) 

['Voo, 'Yp(J]= ,to(JfoP > 

· a · a · " - . - \_ · · · - • 
. where 'V;0 = ~· + A;0 , 'V oo = ~+Aao arechtral.superspace gauge~covamiJ1t 

derivatives. ~;~hil.II present a pro~f1f the ~quivalence of. these constraints to the 

e_quation,s of m_· otion (.16, 18, 22, 23) in a separate 'pu?Iication. :. . . ' ' . \ 

2·. J .. • 1 ' ' ' 

For· N = 0 self-duality the str~~s tensor vanishes identicaJ!y' .. 

· t&,p/J = '.T~ fo(Jfo~ =· 0. · . 

This remains true. for all supersymmet~isations up to N ~ 3. However, the ape 

pearance of the invariant functional (l9) .for N =· 4 resurrect~ the st~ess t~n~ 

sor. For N. ~ 4, in fa~t', there.exist(N)· se~ond 'rankt·r~celess. (i.e .. satisfying 
4 . . 

• ' •l ....__ 

4 '-: 

\ 

t 
j 

') 
. ' 

·.'·a 

. · 

,1.' ; 
·" f 

t"{Jto/JT;jkl~~.fi/J = 0) ~on~erved tensors, corre;ponding to this number 'of i~variant 
functionals sijkl : 

· .. 

TijkloO.,{J/J 
1', 

\ 

T(3) . , . 
, ijklaO.,{Ifi 

·' 

Tr (gijklo(Jfafl + 'V 0 p).[if1Xjkl]o - )..[ia 'V fioX;k~/J 
:_ ·.1 \ . ..-7- . ' 1 t"7 ~-- . . 

+2A[ifi v aO.Xjki]P - 2 v aO.A[ifiXjk~P 

.· -'-~Vcao.Wr;;vm;w~ij+ ~wr;j'V~o.'Vp.ewk~ 
. +~t:io,f[la{ )..~, >.j .. J wk~). -

Tr .( f>.[ifi 'V ao.X;ki]/J- ! 'V ~o.>.r;~X;k~p+ 'V ,;~).[ifiXiklJ& ', 
.·· t~p:t,Ba,{>.~~>.h}WkiJ~-- . . .. ·· 

1

_.· 

TrHWr;~'V~o, 'Vp/JWk~.- 'V~o.Wr;;'V p/JWk~ 
\ . • .. ' ·. I • ' 

+2~p<>Wr;;'V~/Jwk1J ...:.·~p;;f~o,{>.~;.Xh}wkiJ), 

(26) 

(27) 

of which thesum (26)-·is the unique traceless linear c~mbinati~n: (The Tr. in th~se 
, . , - " I , . ' ~- . , , 

expressions denotes olcourse the gauge algeb1a 'trace). T~ese gaug~:-invariant ten7 

sors .have .c~n~erved superpartriers. The lowe~ rank conserved spin-tensors are 
i . ' t ' • • ' ' • ' • - .. ~ "' t ' • 

Tr(2fa/Jx;;/,<x- ~"&>.r;pW;kJ+ ~r;p'V,;o.W;kJ 
. ~2)..[io 'V po,W;kj) 

'•· 
·T;jkao.',p 

T(1).. . . 

ij~lma~,/3 

T(2) ' . 
ijklmaix,{J 

T(3) .· . 
. ijklmcxa,{i 

' ';. ' . ;·· ' 

· Tr ( 4Aio9jklm&b-- ).rlgkl;;]i&,6 ..,- 4Xi(jk& 'V ,;/J o/lm] 
. . .. ', - . . . I .. , . .-

+6'V o/Jwi(jXklm]O. 7 5fo,6Wi[j[>.ka, WlmJD 
. -' : . . ·; ,\ \ ; \~ ' . ·, 

T~ ('Vc,;;W;r;Xkl,;Jp ~ W;r;V :o.xklmJ/J- 2'V "~W;[iXktm]o. 
- (. - . . . I .. : .. " . 

+2ta,,BW;r;[>.ko,WimJD · 
' . ' -. \ 

_Tr ('V ao.X;[ikpWlmJ- X;[jkp'V ao.Wi~J + 2xi(ik& 'V o,6w(.,;l 

+2fo,pW;[i[,\~:, Wlmj]) . ' 
' ., 

~~' 

· T;jk/oO. Tr (3>.;,X;_kl& + >.!iaXk~;o. + 2Vao.W;[iWklJ .-:- 2W;!i'V ao.WHj) . 

All.these tensors satisfy the con~ervation ·law 
. . 

8""'T: · -~ 0 , ~ ... maa, ... -

. (28). 

in viitu~· of the equations.-of motion, and they Ill~Y be used to couple these self-dual 

g~ug~ theori~s to gravity' and supergravity. ' 
1.' . ' ' .. ·.' ' 

.,'' .5 
I,_.· 

l 

·;. 
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3. The free (but massive) versions of the higher spin equations (18, 22, 23) 

were considered a lo;g time ag~ byDirac [7] and byFieiz [8]; and the problems-of-
- -· . ' ' 

con~istently coupling such fields to an ext~rnal ~lectromagnetic field ~ere dis~us_sed ... 
In t_he zero rest-mass limit, corresponding to the_ zero co~pling limit ()four equatio~s, 

[)":···.. . - 0 
'Y ~Q] ••• 0'2s- ' (29) 

·-t 

there is no problem in consistently coupling an external self-dual Yang-Mills field 

.. to such spinors(this of course requires the. background space to have signature (4, 0) 

. or (2, 2)). The ;eplacement of Oao, i~ (29)by the gauge-cova~iantderivativ~ ~eq~ires 
. the satisfaction of predsely•t,he s~lf-duality.equatibn f~ti = 0 .for ~onsistency.' Such 

a coupling of a zero rest_:_mass spinor to a set/dual vetto,r potential appears to ' 

be the unique con'sistent coupling _oLthe type which Dirac attempted to find. If a 
. . -. ' . , ' I 

non-zero source current .j-is present, the further consistency condition>for·a minimal 

ga~ge coupling is t~e gauge:-covariant constancy qf thtr current. As we have seen · 

supersymmetric self~dual Yang-Mills theory ,automatically provides· such. conserved· 

currents: In fact' all ~ur high~r spin equ~tions (18, 22, 23) havethe. general form . 
/ 

{},;, :' ,. ·. ' .. ' ·.' - ·,. . . ... 
a. f.Pit···'(2s+2)0'1 0'2··:CX2a - ~l] ... l(2s+2)0'CX2··.·~2s' 

' 
s 2: 1, (30) 

where the current on the right is a functional of all fields of spin ::; s (including the 
/ ' ' - . ,_ . ~-. . .. ·. . .' . : ~ ' . . ' 

Yang-Mills vector potential):· Now differentiating on~the left,.' 
. · .. -·- \. ' 

' . --~&2 ~~ . .:-· ;. . . ~ . _ !_ a1 &2 ·• ~/J . . . : . " . .:. . 
a a"' _cp., .... <,•+>l"''"'2···"'2•_ - 2 ; a . a"({3cp_ ••...• <,•+>)"''-"'>···"'>• 

clea!Iy shows that the consistency condition for the linear 'equation (30) is precisely. 

the' consery~tion' of the' current on the right; since cp is symmetri~ in it~ dotted 'spin or ' 

indices wh~reas.fjs skew.:.symmetric. This is analogous to-th~ consistenc/require- · 

ment in ~onventio~·a:1 theories.- For instance, for zerb mass veci~r fields, co~sistency 
. ; . .· . . . -/ . •' '· . ' . ' 

. of the equation ,8~' F[l'v] =;= /v implies {}v Jv = 0 in virtue of the anti symmetry of F~'v· · 

The zero rest~mass Di~ac-Fier~ equatioh (29) has also been studied bJPe~rose [9] 

who discussed th~ po~sible geometrical significance of the spin 2 case: It'remains an 

intruig'uing open question whether a~;~~elation exists between our N = 6 theory. 

and his ~o~~i~erations: We note, 'howev~r, that ou.r N '.= 5· theory .is probably' 

. the unique super~ymrhetric theory in .which' a spin ~ field is CO\!p}ed to ·a 'vector 

field, without requiring a spin 2 coupling as well for consistency [10]: Traditional 

theorems forbidding highei-spin couplings d~ not ~pply to our systems since th~se 
. self-dual theories 'have only one ~ouplirig constailt (the Yan&~Mills ~n~) and ~nly 

one type of-ga~ge_:invari~nce (also 'th~ Yari'g-Mills o~ej. · Eve'nfor N ~ 5 . or. N"~ 6 

there is no further coupling constant and 'no additional gauge-invarianc~. 1'he fields . . . 

\. 

..... 

\ 

( 
';;.. 

. 1/J;,o.:, and c"';"'6, being gauge algebravalued," trarisform c~variantiy under Yang-:\1ills 
· · ga~ge transformations and have dimensions_:_~ a~d _::3respectively. It is these high 

. .. ' . '' . \ . 
negative dimensionalities which render it impossible to write dmvn action functionals 

for these higher-spin fields. We should .note,h~wever. that locally supersymmetric 
) . ' . .. 

versions of our ~igher spin theories are also possible, having spin 1, spin ~;and spin 2 

gauge--invariances, ~s well as both Yang-Mills and gravitational coupling constants. 
·We; are currently inve&tigatingsuch N ~8- ~elf-dual supergravi.ties .. _ . 

I. 
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