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: 1. :rIn the standard max1mally supersymmetrlc N = 4 Yang-Mllls theory [1], both'(
the self- dual (1 0) as: ‘well as the ant1 self-dual (0 1) parts of the Yang—Mrlls ﬁeld*
f",‘strength are contalned in the: same supermultlplet Th1s is not the case in lower N

- 'ﬁtheorres where these two halves of the ﬁeld strength llve in separate 1rreduc1ble rep—":' c

resentatrons of the supersymmetry algebra which, although con_]ugate in Mrnkowskr,, 5

?‘space, are 1ndependent in, spaces havrng other s1gnatures Th1s means that purel? S

- 'super; Yang MlllS theorles with N < 3 admrt super self dual restrrctlon 1 e. systems e

. 'of equat1ons wlnch 1nclude the Yang'Mllls self- duallty cond1tron Jsp = 0 whrch are

il 1nvar1ant under the N- extended super’ Polncare algebra, and whlch 1mply the full set"b o

S of super Yang Mrlls equatlons The standard N =4~ theory does not admit siich™ =

ey \’("'»a super self- dual restr1ctlon However there‘does exrst a rather remarkable N. -—4 TR

‘-’”’(i 2 '_supersymmetrrc extensron of the self- duahty condltlon [2] whrch was 1nsp1red by ot .

- string theory. [3] Thrs self-dual theory is 1ndependent of the standard max1mally .

- ,latter theory not 1mplled but the spectrum of ﬁelds differs. The N —-“4 self dual;

A potent1al In standard Yang-M1lls theory, PN SRR S
e w e e

0o + & aﬂfag_ Ja £
the conserved vector current Jaﬂ provrdes aII consrstent spln 1 coupl1ngs [4] In.
: the absence of any gauge 1nvar1ances beyond the: Yang-Mllls one, massless super

Yang-Mrlls mult1plets contaln with the exceptlon of the gauge potential Aaﬂ, only .
©y- 7 fields transformrng accordrng to the e1ther the (s 0) or the (o, s) representations of |

S L(N ) automorphlsm group of the N- extended supersymmetry algebra The super ‘

ETRIER

’ supersymmetrrc Yang-Mllls theory 1 Not only are the equatlons of motlon of the

i "theory contains an'additional sp1n 1 ﬁeld 1ndependent of the Yang—Mllls vector po—". v

:Qtentral It is remarkable that gauge 1nvar1ance allows such a coupllng to the Vector : B

~the rotatron group, and accordrng to skew-symmetrlc representatlons of the internal -
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‘ 'where V'vﬂ = 8 0 + Aw is the gauge—covarlant derrvatrve and we have scaled the

B gauge couplrng constant to one; all fields are gauge algebra valued and are therefore

' hnear in the coupllng constant They are ‘skew- symmetrlc in the internal sI(N)"'

' 1nd1ces ij=1.,

most economlcal descrrptlon of the degrees of freedom, for 1nstance there is only,:,_
“one scalar\for N=2; VV., = e.,W orfor N:i=3, three scalars, VV,, = e.,kW and .

:fone (0, 2) SplIlOI‘, x,,ka = €ikXan- However, thrs notatron, 'whlch we use throughout e

thls paper, has the advantage of belng N 1ndependent

ot

The equatlons (16) 1mply the full equatlons of motlon of the standard super Yang- '.:'A\ ‘;‘ Y
- Mills theor1es [1] They also dlsplay an 1nterest1ng nested structure [5] the fields -
«M’,, wh1ch ex1st for N > 2 do not occur 1n the. N < 2 self duallty equatrons y and>

<the ﬁelds Xijka whrch appear when N 3 do not occur 1n the lower N equatlons of L :

"motion . ThlS nested structure ‘which led us prev1ously to call thls system a self dual

. matreoshka, is crucla.l for our present CllSCuSSlOn For in fact the matreoshka is even-

- larger because of the follow1ng

Sy
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: If we allow the mternal mdzces to range over four values, ,J,k __;1

: equatzons (16') zmply that the followzng vector current is covarzantly conserved

) quzaa = {’\(mv XJkl]ﬂ} lW[mVaaWkl]l 1 S
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fThlS current affords the enhancement of the N =3 multlplet to an N = 4 one by ~

; the addrtron of a sp1n 1 ﬁeld g”k,aﬂ sat1sfy1ng the equatlon of motron =i

ﬂvaﬁgukla'y

-

'all the prev1ous equatrons of motlon (16) remarnlng 1ntact Th1s is precrsely the . g

N'= 4 self: dual theory presented by Slegel The Lorentz-covarlant functlonal

2All our (skew-)symmetnsahons are wrth werght one. For mstance, [,\[m, 4] k]] = [,\,u, W, k] +

a [Jﬂ'Whl‘l‘['\ku’Wul P T e el T IR D sz‘.*'-*,,,‘

., IV, which. we always write as subscrlpts 2. This is not always the: o

4th E

J:,kla;, 3 (18) N

s The gauge covarrant conservatlon of Iuklmm5 1mph

‘is an sl(i) smglet and provrdes an’ actlon S = e" '5',,;,, for the N =4 theorv [2]

The two ‘conserved vector currents from the equatlons of motron of the l\\o spm e

ﬁelds Aaa and goﬂ, are mamfestly 1ndependent
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Conservatlon of the latter ie. that ’
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tlon of the former can be mterpreted as a consequernce of the global gauge— 1n\ arlancef

of the pure Yang MlllS functlonal when the self- duallt) condltlons are satisfied.

The ﬁcld equatlons (186, 18) w1th mternal mdrccs now tal\en to range over ﬁ\e ‘

values s1mllarly 1mply the covarlant constancv of anN.=35 current

g Ji]klmaaﬁ
\
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A affordmg the enhancement of the system (16 18) b) thc spm f—l equat |on
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covarlant d1vergence~free spm vcctor current

- 2 o af S R
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ln turn an N = 6 spm 2 ﬁeld camn. be mtroduced wrth eqllalloll of motmn e e

va,c

:]klmna'yb'q "='; { '“7¢]klmn]76n}+ ﬁl\l'Jk(’ané\l"mlW)}

: f + [Vﬂ('Y Wl'J ) gklmn]ﬁn)] 6 [‘Vl'J 7 vﬂ('Tqun 61])]

: system nestles w1th1n the N- cxt( nded system compl(l( ly intact, and prov ides a (()n— ’

: v;‘lserved source current for a new sprn L———l ﬁeld of dlm( nsion —— llns 18 a “furtlie r:v

unconventlonal f(‘ature of, tllese self dnal th(‘ones\ T h( dimensions of our fl( “lds de-

L 'drm(‘nsmn 1 and all fermions have dlm(‘nslon —.—' Itis t(mptmg to sp((ulal( on.
the slgmh(‘ance of the mhmte number of local conse Tved ¢ curr( nts in. tll( lnhnn( N
lumt of a theory w1th mﬁmlely many spms remnncent of strmg theories.. . e

- L T R
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cs the existence of a non-gauge-

: ::(20)" ¥

T corresponds to the global gauge—myarlance of the functlonal (19) w hereas conserva- - .

"lW[m n(a\um]a)l (21) :
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‘ Agam the nght hand s1de is a covanantly cons(r\ed current. llns patt( m’ contm- :

ER fues and it actually contmnes ad mfmztum ess(‘ntlally be ccause the (N - l) exte nd( d

A ,'pend Imearly on “the spm, whereas in’ conwntlonal field. tll(‘on(s all l)osons have . ¢



The hlgher spln vector conserved currents J,l inadi by ). may be obtamed from s

‘the vector currents (17) by performlng supersymmetry transformatlons They there-"

fore" also essent]ally owe “their existence, to the gauge‘mvarlant functlonals S,,kl,‘ EESO

which are extremised by" solutlons of the equations of motion even for No>o4 40" :
sp]te of the fact that hrgher spln ﬁelds mamfestly do not contrlbute to them The o ,'
' supersymmetry transformatrons of the N =6 equatlons are glven by/
_,.'6,4 e - —nﬁ/\m ‘ R
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+7’ ( :Jklmaﬁ’y + C"/(u( [W[J Xklm]ﬂ)l . l[VV{Jky le],ﬁ)])) (24) "}v“.

[Vﬂ(ﬂgklmn]ﬁ'y) +’1 Ct]klmnaﬂ'y& 71(0( lWL; gklm,.]g.,)l
lW[ka glmn]tﬁ"{)] + S[thkﬁ’ len]'y)l) ; |
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: These are most convenrently obtamed from the superspace formulatlon of these

theorles, where superﬁeld versrons of the functlonals Siikl ex1st generahslng thef'j

L Ry T

S lc""e""’TJHM o5 = 0) conserved tensors, correspondlng to th1s number of 1nvar1ant -

1

functronals S._.,H FRCHE x SR SR

- thijlyclu&.pZ:i 'tf Tr {9.Jk1aafaﬂ + Vaﬁ’\(tﬂXJklla - ’\[IavﬁaXJkr]ﬂ e

Sl A[.avm.x,k,w — $VesdigXip o)
o ST ——v(aam.,vmwkq+ W[.,vwvm,w,,q
, i :’, f\ : : "+ fﬁafﬁa{’\[n ’\J"I}WH])

In fact there exrst three second rank conserved tensors,

1

T,(Jl,‘),w ‘;5 . =4 Tr (g.Jklaﬂfaﬂ = V\[mVﬁaXJkl]p f' v ﬂaW[.,VangI]) |
' Tr ( ’\[rﬂvuaXJkt]a - 'Vaa’\['ﬁXJkr]a + Vaa/\[lﬁXJkl]a . . .
e IWa) L ;’ ey o
= T 3(W(«:VuavaaWHl - VaanuVaaWkr} : : i

o +2VgaW[.,VaﬁWu] - eﬁafpa{’\[n /\n}Wk!})
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of wh1ch the sum. (26) is the unlque traceless hnear comblnatlon (The Tr in these ‘(?

| expressrons denotes of course the gauge algebra trace) These gauge—lnvarrant ten-

sors have conserved superpartners The lower rank conserved sprn-—tensors are ‘

;;: Tr (2fc,;,)<,,,m : an,\[,,,w,k]+,\[,ﬁvmw,,,]
f,—QA[,quaWJk]) L

N=14. superspace actions {2 6] Our arbltrarrly\extended ‘self- duallty equatrons : (1) : ‘ i
: . T 4/\“, ‘—A ~—4‘ L,,V W,,,
: may be compactly expressed 1n terms of the chlral superspace curvature constralnts“i (s '-""""“"'ﬁ : r ( g’“’"aﬁ nglmlmﬂ Xiljkd bt ]
{V V ﬁ} ‘ gf 5 i o2 ‘ ) e iy +6VapWL1Xklm]a f—SCQﬂW[_,[/\kQ,Wlm]]) .
Gy J hant ! U\ Ty . S i 2 .
[Vtaavﬂﬂ] = fplo ‘ '~7(2_5) cl T.(Jk)zmaa,a = Tr (VaaW[JXklm]p vakatm]a 2VaaWbXHmla
) [Vua,vﬂﬁ] aﬁf“ﬂ 5 : BB SR ERR S i +2€aﬁW[J[/\ka, I"/Irn]]) S 8
.where Vm =2 + Am, : VM, = + AM, are chlral superspace gauge—covarlant RO o '.(J.::)Ima".jﬁ o ‘?Tr (Vaax,bkﬂWlml X;Dkﬁvuavvlm] + 2X.[_,kavapl'vlm]

dcnvatxves We shall present a proof nf the equrvalence of these constramts to the“

_ equatlons of motxon (16 18 22 23) ina separate publlcatlon

. X o 2
SRR

. 2 For N =0 self duahty the stress tensor vanlshes 1dentxcally

AT [ENRRARY r
R e e Tauﬁﬂ".Tr fuafoﬁ— 0.0t :
Fhls remams true for all supersymmetrlsatlons up to N 3 However, the ap-";_,
resurrects the stress ten-

: pearance of the lnvarrant functlonal (19) for N

NY B :
sor. Ior N > 4 in fact there ex1st (4) second rank traceless (r e. satrsfymg .

LR -
B - - . T N A . . .,n‘\

o "', Tt]klaa = §

> +2€uﬂW[_,[/\kcn Wlm]l) T <
e T (3 /\mxjkh 4 /\[,c.xm.a + zvm,W[,qu = 2W[,vm.Wku)

, i'All these tensors satlsfy the conservatlon law

£ aaaT' rnaa, =0 , « - \

o 1n v1rtue of the equatlons of motron, and they may be used to. couple these self dual

gauge theorles to gravrty a.nd supergravrty




3 ! The free (but mass1ve) ~versions of the h1gher spin equatlons (18 22 23)
- were c0ns1dered a long time ago- by. D1rac [7] and by. Fierz [8]; and the problems of
consrstently couphng such fields to an external electromagnet1c field were drscussed

In the zero rest mass llm1t correspondlng to the zero coupl1ng l1m1t of our equatlons

aa fax i : 0 (29)

,AV'

. there is no problem in consrstently couphng an external self dual Yang-Mllls ﬁeld

‘,“ to such spinors (th1s of course requ1res the background space to have s1gnature (4 0)

“or (2 2)). The replacement of Gaa in (29) by the gauge—covar1ant der1vat1ve requrres

“.the satlsfactlon of precrsely~the self- dualrty equatlon fs =20 for consrstency Such

' a couplmg of a zero rest—mass spinor to'a self dual vector potent1al appears to

be the unique consxstent couplmg of the type wh1ch D1rac attempted to ﬁnd lf at

< non—zero source current J is present the further cons1stency cond1t10n for a mtnrmal

‘gauge couphng is’ the gauge—covanant constancy of the current: As we have seen '’

- 'supersymmetrrc self dual Yang MlllS theory automat1cally prov1des such conserved

currents In fact all our hlgher sp1n equatlons (18 22 23) have the general form

a ‘Ph ‘(23+2)01°2 G2y =.7

--‘(2s+2)0&2’ &zﬂ" w82

where the current on the r1ght is a functlonal of all ﬁelds of sp1n <s (1nclud1ng the 5 -

Yang-M]lls vector potent1al) Now d1ﬁerent1at1ng on the left

3""23"‘% i

i : _.__ G16g ‘Yﬂ R g L
(2s+2)0102 s = 26 a aptpu '(2,+z)0102 02.;‘

I clearly shows that the c0n51stency cond1t1on for the l1near equat10n (30) is' prec1sely

* the conservatron of the' current on the rrght s1nce pis symmetr1c in'its dotted sp1nor s

7 1nd1ces whereas €.is skew—symmetrxc ‘This i is analogous to the cons1stency requxre-
" ment i in conventlonal theor1es ‘For 1nstance, for zero mass vector ﬁelds cons1stency

vgof the equatlon 6“F[M = J 1mp11es 6"J =0in v1rtue of. the ant1symmetry of Fi,.

The zero rest-mass Drrac-Flerz equatlon (29) has also been studred by Penrose [9] G

—

who dlscussed the poss1ble geometrlcal s1gn1ﬁcance of the sp1n 2 case It rema1ns an
‘ 1ntru1gu1ng open questlon whether. any' relat10n ex1sts between our N = 6 theory
~and: his - con51deratrons We note, however that our Ni=

7 the unique supersymmetrlc theory in. wh1ch a sp1n 2 ﬁeld is coupled to-a vector 'J

. Afield, without requiring a sprn 2 coupl1ng as “well: for con51stency [10]: '1rad1t10nal ;

" theorems forbrddmg h1gher—sp1n coupllngs do not apply to our systems since these
"self-dual theor1es have’ only one coupl1ng constant (the Yang-M1lls one) and only
. one type of gauge—rnvanance (also the Yang-M]lls one) Even for N = 5 or N'< 6"
there is no further couphng constant and no addrtlonal gauge—lnvarlance ’lhe ﬁe]ds

;95 theory is’ probably L

o,

- wa{h
Nl gauge transformatlons and have d1mensxons —— and I3 rcspcctnely It is these high .

R

and Caﬁ'y6’ bemg gauge algebra \alued transform coyanantl\ under Yang \l]lls

"+ negative dimensionalitics whlch render it 1mp0551ble to write down act1on functlonals

: [1] L. Brlnl\ J C;cherk J Schwau Nucl Pllys B121 (19 )
Schvrk D Ollve Nucl I’lrys B122 (1977) 253.

for these hlghcr—spm fields.” We should néte, ho“ever that locally superwmmetnc

- verswns of our hrgher $pin theones are also posslble havmg spin’1, spin 2, ‘and spin 2

k gauge mvarlances as well as both Yang Mills and grantatlonal couplmg constants

We are currently 1nvest1gatmg such N> 8 self dual supergra\ltles .
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