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1 Introduction· 

The large-angle Bhabha process is well suited forth~ determination of.the luminosity Cat. 
e+e- colliders of the intermediate energy range ,jS = 2e ~ 1GeV [1,2]. As far as 0.1% accuracy 
is needed in the determination,of c the corresponding requir~ment' .. . .. 

I~CTI ~ 10-
3 (1) 

on the Bhabha cross section theoretical description appears. t!.u is the unknown uncertainty 
in the cross section due to higher order radiative corrections. A great attention was paid 
to this process during the last d'ecades [3]. The Born cross section. with weak interacti~ri's 
taken into account as well as the radiative corrections'to it, iriduding the-emission or'a'sin'gle 
virtual photon, soft and hard real one, where. studied in detail [4].' Both contributions, the on~ 
reinforced by "the large logarithmic multiplier" L = ln(s/m2) (wher~ s;;, (p+ + p_)2 ~- 4c:2 

is thetotal center-of-mass (CM) energy square, m is the electron mass), and the one without 
L are to be kept in frames (1): aLj1r, aj1r. As for the corrections in the second order of the 
perturbation theory, they are necessary in the leading and next-to-leading approximations 
and take the following orders respectively: 

(~)2£2, 
7r 

(~)2L 
7r 

•(2) 

The total two-loop (~_(a/7r) 2 ) correction could be constructed:from: 1) the two-loop cor-
rections arising from the emission of two virtual photons; 2). the one-loop corrections to a 
single real (soft and hard) photon emission; 3) the ones arising from the emission of two real 
photons; 4) the virtual and real e+e- pair production. As for the corrections in third order 
of the perturbation theory, only the leading ones propo'rtional to (aL/yr)3 are to be taken 
into account. Their calculation can be performed bY. means of the electron structure functions 
method [4]. · · . · ... 

In this paper ~e consider the emission of t'Y? real hard photons: . 

e+(P+) + e-(P-)--> e+(q+) +e-(q.:.J"+'Y(kt) +7(k2). 
• < ' ~ 

(3) 

The relevant contribution to the "experimental" cross section has the following form 

crexp = j dae+e_, .. (4) 

where e+ and e_ are the experimental restrictions providing the simu"!taneous detection of 
both scattered electron and positron. At first that means that their ~iiergy .fni:ctions should 
be larger then a certain (small) quantity C:thfe, C:th is the energy thre~h~ld'of the detectors. 
The second condition restricts their angles in respect to' the beam axes, theyshould be larger 
then a certain finite value t/Jo ( t/Jo ~ 35° in the experimental ~~nditions accepted in [1])~ 

1r- 1/;o > ()_, ()+ > 1/Jo, ()±_ = q-;iJ_; '(5) 

where Of are the 'polar angles of tlie'scattered leptons in respect' to the beam,axes (p_). We 
accept the condition on the energy threshold ~f the cha~ged particles regi;tration: 

q~ > C:th• C:th ~c:. 

Octc st.r:~>lt>i-c£1\ m;:r:-.. rft I 
!U ~ \ f 1, ,.. ..-.r . • ...-i-'· a . ..,.}::~n •. u •. ut .. :!~:._:~·:):ld;'.~ 

¥ GHSJl~O l ';;;.;.J'if, 
·.~.. ~~~·....-..,c. 



Both. photons are assumed to be hard, thei~ minimal energy 

wmin =~c, ~~I, (6) 

could be considered as. the threshold of the photon registration. 
Themain (~ (aLj1r)2) 'contribution to the total crosssection(5) arises from the collinear 

region: when· both emitted phot~ns move within narrow cones along. the charged particle 
momenta (they may go along the same particle). So we will distinguish I6 kinematical regions: 

~ and ~ < 00 , ~ and bk; < Oo, 

~ ~ Oo ~I, a 'I b;· a, b = P-,P+,q-,q+. c 

(7) 

Th:e summed over spin st~tes mat~ix element module square in the regions (7) have the form of 
the Borri ones multiplied by the s~ called collinear factors. The contribution to the cross section 
of each region has also the form of 2 -> 2 Bhabh'a cross sections in the Born approximation 
multiplied by factors of th~ form 

,,, <I 

II ·' . .· c202 c202 
da~0 =da0;[a;(Xi>Y;)1n2

( m 2°) + b;(xi>y;)ln( m
2
°)], (8) 

where x; = w;/c, Yt = q~Jc, Y2 = q~/c are the energy fractions of the photons and of the 
scattered electron and positron. The dependence on the auxiliary parameter 0

0 
will be canceled 

in the sum of the contributions of the collinear and semi-collinear regions. The last region 
corresponds to the kinematics, when only one of the photons is emitted inside the narrow cone 
01 < Oo along one of the charged particle momenta and the secorid photon is emitted outside 
of any such a corie along charged parti~les (02 > 00 ): 

~c a 4c
2 

· • "' ( ) .da; = -ln(-
2 

)du0; k2 , 
.:· 7r m . (9) 

where duJ; has the known forrri. of the single hard hiems~trahlmi.g ~ross se~ti~n in. the Born 
approximation [5]. . . ·. 

We show below explicitly that the result of the integration over the single hard photon 
emission in eq. (9) in the kinematkal region o; > 00 ( o; is the emission angle of the second 
hard photon in respect to the direction of one of the four charged particles) has the following 
form 

j duJ;(k2 ) = -2ln(O~)a;(x,y)du~ + da•. {10) 

The collinear factors in the double bremsstrahlung process were firstly considered in papers 
of the CALKUL collaboration [6]. Unfortunately they have rather complicate form, which is 
less convenient for further .analytical integration in comparison with the expressions given 
b~low. Calculation of the collinear factors may be considered as a generalization of the quasi
real ~lectron method [7] for the case of a multiple bremsstrahlung. Another generalization is 
needed for the calculations of the cross section of the process e+e- -> e+e-e+e-. We will 
consider it in a separate paper. 

It is interesting to note that the collinear factors for the kinematical region of the two hard 
photons emission along the projectile and the scattered electron are found to be the same as 
for the electron-?roton scattering process considered by ·one .of us (N .P.M.) in paper [8]. 

2 

There are 40 tre~ level Feynman diagrams which describe the double bremsstrahlung pro
cess in e+ e- collisions. The expressio.n fo~ the differential' c~oss section iri terms of helicity 
amplitudes was computed about ten years ~g~J6,9]. It ha.S a very complic'ated form. We ricite 
that the contribution from the kinematical region in which the angles (in .the CM system) 
between any two final particles are large compared with m/chas the magnitude of the order 

• 2 2 2 ' 
a rom 10-36 .. 2 
--2-2-I"V em' 

-n: c 
(11) 

(r0 is the classical electron radius). So, the corresponding events will have poor statistics at the 
colliders with the luminosity C ~ 1031 - I032cm-2s-1. More p~obable are the cases of double 
bremsstrahlug imitating the processes e+e--> e+e- or e+e--> e+e-[. That corresponds•to 
the emission of one or two photons along charged particles momenta. 

2 Kinematics in the collinear region 

It is. convenient. to introduce in the collinear region new variables and transform . the phase 
volume of the final state in· the. following way (here and furth~r we will work in the CM , 
system): . . 

J Jd3q_d3q+d3kld3k2 4. . . ' 
df = 16 o o (2 )s 8 (TJtP- + T/2P+ - Atq- - >.2q. +) 

q_q+WtW2 7r , ·: 

m47r2 !1 Jl .
1

2,. d¢> 

1
., ·, .

1
za J 

= 4(21r)6 dx1 dx2x1x2 . 27r dz1 dz2 :dfq,·, 
.:l. .:l. • 0 0 0 ' ,·. 

J J d3q_d3q+'. 4 . . . .• 

dfq = 4q~q~(21r)28 (TJtP-, + ?2P+- >.~:-: ..- >.2q+)! . 

Zt,2 = (01,2C)2 
·m ' 

¢> =: kt-:;}{21.' 
Wit 

Xi=~, zo ~I, ~ = E:th 
c 

(I2) 

where 0; (i = ),2) is the polar angle of the i-photon emission in respect to the momentum 
of the charged particle which emitted the photon; TJ±, >.± depend ~n the specific emission 
kinematics, they are given in table 1. 

--- -· • 1 .................. >., for the diff, --------- ----- -------- -Ir k' f 
P-P- q_q_ P+P+ q+q+ P-P+ q_q+ p_q_ P+q+ P-q+. P+q-

T/1 y 1 I I I -xi I I-Xt' I I'--' Xt 1 
T/2 I I y I I- x2 1 . 1 1.-'-.Xi 1 . I -XI 
>.1 1 ~ 1 I 1 ~ 1+~ 1 I 1+~ 
>.2 I I 1 ;; I 

1-X? 
1 I+~ I+~ 1 

The columns of the t~ble co;respond to a certain choice ~f th~ kin'ematics iii the following 
way: P-P- means the emission of both photons along the. projectile electron, P+iJ- means 
that the first of the photo~s goes along th~ projectile positron a:nd 'the second .:___:along the 
scattered electro~ and so on. The contributions from 6 remaining kinematical regions (when 
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~the photon~ in the last 6 columns are hiterchanged) could b~ found by the simple substitution 
x1 ~ x2. We will use the momentum conservation law · 

1J1P- + f/2P+ = >.1q- + A2q+, (13) 

and the following relations coming from it: ' 

.f/1 -t f/2 = A1Y1 + A2Y2, A1Y1 sinO_= A2Y2 sinO+, 

f/1 - f/2 = A1Y1 cos 0_ + A2Y2 cos 0+, 0_ = q~_, 
- ' q~,2 

0+ = q+p_, Y1,2 = -. 
e: 

,One can find from eq. (13) (taking 1Ji, >.;, c =cos~- as the known quantities) that 

. 0 ' . 0 . 2f/1f/2 
Sill + = Sill - 2 2 ( 2 2) ' 

f/1 + f/2 + f/2 - 1'/t c 
2 ' 2 + 2 + ( 2 2) \ f/tf/2 ' ' ,'· . f/1 f/2 f/2 - 1'/t c 

A1Y1 = ' A2Y2 = ; ' 
f/1 + f/2 + (1'/2 -TJI)C 1'/t + f/2 + (TJ2- TJdC 

(14) 

(15) 

. Each contribution from 16 ones to the cross section of process (3) can be expressed in 
terms of the corresponding Born-like cross section multiplied by its collinear factor: 

dCTcoll = -
2
\ (~)

2 

x1x2 L I<(TJ, >.)di1o(TJ, >.)dxtdx2, 
. 4~ ' 

' (~.>.) 

(16) 

2a2 

-B(TJ,>.)dl(TJ,>.), 
s 

do-o(TJ, >.) 

dl;(TJ, >.) Jd3q_d3q+ 4 ' ' • ~ 
o o 8 (TJtP- + f/2P+- >.1q-- A2q+) 

q_q+ ' 
.4~1Jtf/2dc 

>.~>.~[c(TJ2 -TJ1) + 1'/t + f/2F' 

B(TJ,>.) (
s2+P+sl)'

2 
_ . 2 2 

' sl ' s = (TJ1P- + f/2P+) '= 4c f/11'/2 = SfJtf/2, 

. 2 · _ TJt (1 -c) • · _ - _ 
(TJ1P-->.1q-) =-s . ( ) , s+t+u='O, 

' 1'/t + f/2 + f/2 - f/1 c 
l 

zo zo 21r 

K(TJ,>.) = m
4 j dzt jdz2 j ~:~(TJ,>.), 

0 0, 0 

the sum over(TJ; >.)means the ·s~m over all16 collinear kinem~tical regigns and·the correspon
dent (TJ, >.) could be found from tabl~ L ·K;(TJ, >.) are listed below: 

· · 2 ' ' · " -Xt -x2 
K(P-P-) = ...-A(A1,A2,A,xt,x2), K(q_q_) = 2yA(Bt,B2,B,-,-), 

y ~ . y y 
2 ' -x1 -x2 

K(P+P+) = -A(Ct,C2,C,xt,x2), K(q+q+) = 2yA(Dr,D2,D, -, -), 
' y ' . . ' y y 

A(A A A ) _ yA2 yAt + 1 + y
2 

+ r~ + yr2 
1
' 2' 'Xt, x2' -' ~ A2 At - A2 A2 x1x2AtA2 AAtX1X2 

(17) 

+ r~ + yrt +2m2(y2 + rD +2m2(y2 + rD 
AA2x1x2 AA~x2 AA~x1 · ' 

4 

K(P:-P+) = 2KtK2, ' K(p_q+) = -2Ktl<3, 
K(q_qf-) = 2!{6/(7, K(p_q_) = -21<1f<s, 

, 9t 2m2 

11t =-A--+ -A2, 
tXtrt t 

, 91 2m2 

J\4 = -c-- + -c2 , 
tX!rt 1 

!(
2 

_ 92 2m2 --c. +-. 2x2r 2, C2·' 
.; . 2 

I<s = ~ 2m2 
B2x2t 1 - Jj2• 

2 

K(p+q-) = -2I<4I<s, 
K(p;q+) = -2/(4/(;, 

/(3= ~-2m2 
D2x2t2 D~ ' 

, 91 2m2 

1\6=-B --B2' 
tXt t 

, · 92 2m2 

117=-n --D2, 
2X2 2 

r 1 = 1'-xt, r2 = 1- xi, 

91=1+ri, 92=l+ri, 9J,=Yi+ti, 

94 = Yi + t~,- t1 = Y1 + x., t2 = Y2 + x2, 

y = 1- ~~- x2, 

. (18) 

y., y2 are the energy fractions of the scattered electron and positron defined in eq. ( 15). 
Expressions' (18) agree with the results of paper, [6] by exception a more simple form of 

K(q_q+)i as -for eq. (17) it has an evident advantage in comparison to the corresponding 
formulae given in paper [6]. Let us note that the remaining factors K(p, q) could be obtained 
from the ones given in cq. (18) using the relations of the following type. 

K(p_q_)(x!, x2, A., B2) = K(q_p_ )(x2, x1, lh, 111). ( 19) 

Note also that the terms of the kind 

m4 

B?Cf 
(20) 

do not give logarithmically reinforced contributions, WP will omit them below. The dt'nomi
nators of the propagators cntcringeqs. (17, 18) arc: 

A;= (p_- k;?- m 2
, 

B; = (q_ + k;)2 -m2
, 

C; = (-p+ + ki) 2
- m 2

, 

D; = (q+ + k;)2
- m 2

, 

A= (P-- k1 - k2)2 :.:..'m2, 

B = (q_ + kt + k2 )
2

- m 2
, 

C =(-p+ + kt + k2)2 - m 2, 

D = (q+ + k1 + k~) 2 -'-- m2
. 

(21) 

For the further integration it is useful to .rewrite the denominators in terms of the- photons 
energy fracti~ns x1,2 and their emission angles. In the case of the emission of-both photons 
along P- we would have 

A . 
2 = -x1(l + zl)- x2(! + z2) + x 1xz(z1 + z2) + 2.r 1 x2~ cos¢, (22) 
m 
A 
~ = -x;(l + z;), 
m 

where z; = (e:O;fm)Z, tjJ is the azimuthal angle between the planes containing· the spare vector. 
pairs (p_, kl) and (p_:, k2). In th~ same way one can obtain in tile case k1 , k;Jiq_: 

B X! ( . 2 ) . X2 ' ' ' 2 .)' . ~ . ; ). ' = ' 
· 2=-:-:-1+y1zl +.-(1+y1z2 +x1x2(zt+z2 +2x)X2yz1z2cos¢, . (23): 

m Yt Yt · 
. B;. Xi 2 ,· 

2 = -(1 + YtZ;). 
m Y1 

5 



f: ·-;-

·.· 
Then we perform the elementary azimuthal angle integration and the integration over z1 , z2 
within the logarithmical accuracy using the procedure suggested in pape~ (8]: 

zo zo 211' 

a= m4 j dz1 j dz2 j ~:a. (24) 

0 0 0 

The list of the relevant integrals is given in Appendix A. In this way one obtains the differential 
cross section in the collinear region: 

d _ a
4
L d

3
q+d

3
q_dx1dx2( ·+"' ){-1-(~(L I) 

CTc -
4 2 0 0 1 r1,2 2 2 

+ 2 9195 
7r S q+q- X1X2 yr1 

2 4 x2r~ 
+(y + r1) In-+ x1x2(Y- x1x2)- 2ri9sJlBP-P-6P-P

XJY 

· 1 1 ·
2 

· 4 x1 r~ 
+BP+P+CP+P+j + - 2(-

2
(£ + 2/ + 4Jny)9I95 + (y + rdln-

yr1 · X2Y 

+x1x2(y- x1x2)- 2r19d X (Bq_q_Cq_q_ + BHH6HH] 

[( 9192 91 92] < [( + BP-P+ 6P-P+ L + 21)- - 2- - 2- + Bq_H Uq_q+ L + 21 
. r1r2 r1 r2 -

( 9t92 9t .92] [ l +2ln rtr2))-- 2--2- + Bp_q_Cp_q_ + BP+q-6PH-
rtr2 rt r2 

[( ) 9t93 9t 93 l [ x L + 21 + 2lnyt ---2--2- + BP+H6P+H 
· rtyttt r1 Ytlt 

][( 
. ) 9194 9t 94 l} 

+BP-H6P-H L+21+2lny2 ---2--2- . 
r1y2t2 rt Y2t2 

(25) 

We used above symbol P1,2 for the interchange operator (Pt,d(xt, x2) = f(x2, xi) ). We used 
also the notations (see also eq. ( 18)): 

l=lnO~, gs=y2 +r~, (26) 

where 80 is the collinear parameter. Symbol ~p.q corresponds to the specific conservation law of 
the kinematical situation defi~ed by the 'pair p, q (~ee table ;1): ~.~ = 64(172P+ + '1tP.:_- )qq_

.\2q+)· Besides that, we imply-that the first photon is emitted along momentum p and the 
second- along momentum q (p, q = p_; P+• q:.., q+)· These c-functions could be accounted 
in the integration as that was done in the expression for d/(17, .\) (see eq. (16)). And, finally, 
we define 

B = .('T/2S + AJt + 1)2' 
p,q At t TJ2S 

t = (P- ::- q-)2
• (27) 

3 Contribution of the semi-collinear region 

We will suggest for definiteness that the photon with momentum k2 moves inside a narrow 
cone along the momentum direction of one of the charged particles, while the other photon 
moves in any direction outside such a cone along any charged particle. This choice allows us 

6 

1 
) 

1 
' '· 

to omit the statistical factor 1/2!. The quasireal electron method (7] may be used toobtain 
the cross section: 

dusc ~ d
3q_d3q+d3kt vd

3
k2 { K-p..:..8 14 32s7r4 · q~q~k~ k~ p_k2 P- -

(28) 

J::_P+ . K-q_ . J::_H : < } 
+ -k-6P+Rp+ + -k-Cq_Rq_ + -k-uHRH . 

P+ 2 q_ 2 q+ 2 ' 

We omitted in eq. (28) the terms of the kipd m2 /(p_k2 )
2, because their contribution does not 

contain the large logarithm L. The quantities entering eq. (28)are presented below: 

tl s s1 

--+--
ktP+ · ktP- k1q+ · klq-

(29) v 
kiP+· ktq+ ktP- · ktQ-

u1 u 
+ +-- . 

ktP+ · ktq- k1q+ · k1P-'- .. 

V is the known accompanying radiation factor. K-; are the single photon emission collinear 
fact~rs: . , . . . , 

K-p_ 

J::_H 

Quantities R; reads: 

Y" -~ 
1\,;P+- ' x2r2 

Yi + (Y2 + x2)2 

x2(Y2 + x2) 

K:-q_ = Y~ + (Yt + X2)
2 

X2(Yt + x2) ' 

Rp_ = R(sr2,tr2,ur2s1,t1,u1
], ~+ = R(sr2,t,u,s

1
,t

1
r2,u

1
r2], 

[ 
· tt 1 tt 1 1 ttl . . [ • t2 1 t2 . 1 t2 .. 1] 

Rq_ = R ~,t-,u,s -,t ,u- ;. RH = R s,t,u-,s -,t -,u , 
~ ~ ~ ~~~ .~ 

where function R has the form (10]: 

. (30) 

(31) 

R(s, t, u, s1
, t 1

, u 1
] = -

1
-[ss1(s2 + s12) +tt1(t2 + t

12
) + uu

1
(u

2
. + u

12
)], (32) 

ss1tt1 

S';"(P++P-)2,. s'=(q++Q-)2, t=(p_-q_)~. 
tl=(~+-q+)2, u=(p--q+)2, ul=(p+...-q-)2. 

And finally we defined 

Cp_ 

6P+ 

6q_ 

CH 

c54(p_r2 + P+ - Q+ - q_ - kt), 
·. C4(P- + P+i-2- q+- q_- ki), i:' 

4(. . • ' . Yt + X2 . . ) 
C P-+P+-q+-q------kt > 

. . . Yt . ·· 
4( Y2 + X2 .. ,. .' .) 

6 P-+P+-q+--. -q_·-kt. 
Y2 · 

(33) 

Performing the integration ~~er the angular variables of the collinear photo~· we obtaih' 

dusc- Q,4£ d3q_d3q+d3kt dxN {K-p_(Rp_6p_ + Rp+cP~]· 
- 16s1r4 q~q~k~ ·. · 

(34) 

1 ; . 1JC 11 6} +-!CHRq+C.J+ +- q_•o.q- q7 • 

. Y2 Yt 

7 



In 'order to see that the sum of cross sections (25) and (34) 

da'" = dcrcoll + j dOt(~~~). (35) 

does not depend on the auxiliary parameter 0~ it is convenient to represent the terms entering 
eq. (34) in the form: 

1 . ' 1 1 • . . . 
V R 8 - --v 8 + --v 8 + -v o '"P- P- - k . P-P- P-P- · k . P-P+ P-P+ k . p_q_ P-q-

tP- tP+ tq-
(36) 

+~vv-<+0P-<+ + [VRp_livJ:.; 
tq+ . ' 

1 
[V Rp_lip_Jf = v Rp_Op_- L :f-:Vp_q,Op_q., 

i tq. 
q; = p_, P+, q_, q+, 

and so 'on in the same way for the other terms from eq. (34). Integrating [V RLov-l' over the 
angular variables we may integrate over the whole phase volume for k1, i.e. we will obtain ·a 
finite contribution in the limit 00 -. 0. Using the explicit expressions for quantities 

vp,q, = (V Rp, ktqi)/k1q,-o, (37) 

which are listed in Appendix B, we can see the cancelation of terms L · l from eq. (25) with 
terms 

L-t_. -"' koqo J dOt -L .[, 
211" ktqi (38) 

which appear from 16 regions in the semi-collinear kinematics. 
Physical results are the sum of the obtained differential cross-section integrated in the 

experimentally accessible region · 

~ < Xt,X2 < 1, Oo < 0_, 0+ < 1r- Oo (39) 

with the contributions of virtual and real soft photon emission corrections. It should not 
· depend on~-
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Appendix A 

'Ye present here the list of integrals. (see eqs. (21- 24)): 

--- 2 

~ = -~~-d~Lo +In x2rt _ 1 + XtX2], 
A 2At XtX2r1 2 XtY y· 

8 

-- 2 -2-

_· _1_ = ~[~Lo +In x2rt] ~ = -~ 
AAt x1x2rt 2 . XtY ' AA~ x~x2r1 ' 

(40) 

--1-- L~ --1-- Lo 
-- = -, -- = ~--(Lo + 2lnyt), 
AtA2 XtX2 AtB2 ·YtXtX2 

Lo=lnzo=L+l, l=lnO~. 

The remaining integrals could be obtained using simple substitutions defined eqs. (21 - 24). 

Appendix B 

We put here the total list of quantities Vp,q, entering eq. (37): 

4(y2 + rD . 4(y2 + rD 
VP-P- = Bp_p_' VP+P+ = BP+P+' 

yx1r2 YXtr2 . 

4(1 + rD 4y(1 + rD 
Vq_q_ = Bq_q_, VHH = BHH• 

Xtrt Xtrt 

_ 4(y~ + (Y2 + x1)2) 
8 

_ 4(y~ + (Y2 + xt)2) 
8 VP+H- :I:_t(Y~-txt)· PH+: VP-H.- Xt(Y2+Xt) P-H> 

- 2 .• . . . . . 2 

v · = 4(yt +(!It+ Xt)~) B . v = 4(yf + (Yt + xt) ) B 
p~q- X!(Yt + Xt) P-•,.-• PH- Xt(Yt +xt) PH-• 

v _ 4(1 + rD B · v _ 4(1 + rD B .. 
9+9- - 9-9+' P+P- - P-P+' 

Xt • Xtrt 
(41) 

4(1 + rD 4(1 + rD · 
VP-P+ = Bq_H-, Vq_H = BP-P+' 

Xtrt Xt 

4(1+ rD '. 4(1 + rD 
Vq_p_ = Bp_q_, VHP+ = BP+H• 

Xtrt Xtrt 
4(1 + rD · 4(1 + rD 

VHP- = . BP-H> Vq_p+ = . BP+•-. 
Xtrt . Xtrt 
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