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1 Introduction 
;, ,· 

The harmonic superspace .(H S) has been introduced inRefs[1, 2] for a 
consistent description of the :;upergravity, supersymmetric gauge and mat
ter theories with N = 2, D = 4 supersymmetry. The harmonic approach 
is a covariant version of the twistor methods and it. has been intensively· 
used for the construction of self-dual solutions in the ordina~y and super
symmetric Yang-Mills and gravity theories .[3, 4]. ·' , . 

We shall use the. standard ,notation SY M{f for super,symmetric gauge 
. theories with (D, N)-supersymmetry in the space-time dimensi()nD. 

It should be noted that the twistor-harmonic methods have been ap~ 
plied for the integrability interpretation of the non-self-dual theories SY M~ 
[5]-[11], SY Mt [12] and ·sYMf0 [13, i4]; howe~er, the corresponding har~ 
monic superspaces are very complicated. The simple harmonic SU(2)/U(1) 
formalism allows to construct· a general solution of the 3-dinii-msional SY M~ . 
equations [15]. . , . 

The notion of H S -integrability is connected 'with a reformulation of the 
SY M-equations as the conditions of zer~-harmollic:supe'r~eld' curvatuh~s 
constructed by means of the 'covariant' harmonic derivatives ;and the har
monized spinor or vector covariant derivatives .. Th~se :conuitiolls' can b'e 
interpreted as the covariant conserv<:ti6n of harmonic arialytidty [1].:_Th~ 
harmonic coordinates in the superfidd foim<:i1ism of HS~theories are the 
analogues of the auxiliary (sp~ctral) parameters. The final construction of 
H S-solutions can be reformulated in terms of the ordinary coordinates . 

. We propose the H S-integrability interpretation of the,supersymmetric 
N = 1, D = 6 gauge the~ry SY MJ connected via a dimensional ~eduction 
with the SY MJ-theory. The HS-formalism of SY MJ has been considered 
in .Refs[14, 16, 17] by analogy with' [1]. A review of the standard har
monic approach is presented.in Section 2. We call-this version of harmonic 
formalism a V -frame of the analytic b~sis, because it uses the analytic 
prepotential V++ [1] a8 a basic field.variable. Section 3 contains a new 
version of the harmonic formalism (A~ frame) using the nonanalytic har
monic connection A--. as an in'dep~ndent variable. It will be shown that . 
the SY MJ superfield ~onst~aint~ and equations of motion can be refor
mulated as an dynamical zero-curv:ature equation plus a linear solvable 
con~hairit ·in this frariie .. The H S-app~ciach_ produces al~o a~ infinite num
ber of conservation laws· and equati~i1~ for th~ B~~klund-tran'sformati.on 
matrix in SYMJ. Section 5 is devoted to the 'analysis of SY MJ-solutio~s 
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· in the V-frame for the gauge group SU(2). We use' a special 'harmonic 
representation ofthe SU(2)"prepotentialand the simplest harmonicga~gc 
[15]. This gauge simplifies a study of ·the spontaneous-breaking phase of 
SY MJ ~ The Acframe analysis of SU(2)-solutions is considered in Section 
6. 

In conClusion the HS-integrability of the SY Mi-theory is discussed 
briefly.· In particular, self-dual and anti-selfcdual' solutions and a duality 
transformation have the simple representations in the A-frame. We hope 
that the H $-integrability of SY Ml can help to understand the remarkablE 
quantum: properties of this theory [18]. · · 

2 Harmonie 'rormalis~ pf, SY.MJ 

Different versions of superfiyldformalism. produ{:e the manifestly su
persymmetric description of the off-shell SY MJ-theory [14, 17, 20, 21]. 
Consider N = J, D = 6 superspace M(6, 8) [20, 21] with the6 ,vector co
ordinates xa_b and 8 ,spinor coordinates Of ;where a, b ... are, the 4-spinor 

' ' < " ' ' ' ' ,_ '· - - ~ c • ., - • 

indices of the Lorentz group 8U*(4) ,r:v· 80(5; 1) and i, k .... arc the 
2~spinor indice~ of SU(2) group. :Let z :=' (xab; O't) be the short notation 
for. the coorciinates in this superspace. 

. The plaJ?;e spin or derivativ,es in M(6, 8), satisfy the basic relation 

{ D! l LJD' = if:kl aab ; 
·' ' ' 

(2.1) 

where aab = a I axab. We shall use the following qmibinations of the spinor 
derivatives [20] . . 

(D2)ab = (1/2)c:;k D~a D~) 

(D )iklm = (1/24)c:abcd D; Dk· Dl Dm 
4 a b., c d 

(2.2) 

(2.3) 

where parentheses denote a symmetrization of indices. Write the useful 
identities for these-quantities [20] 

D(n(D )iklm) = 0 
. a 4 l (D2)ab(D4)ikt~ = 0 {2.4) 

By analogy with the SY Ml-th~-ory [19] the superficld constraints' of 
SYMJ can be/written i~ the following form [20, 21]: ... 

• • • ! ' t < c' ' < 

{V'~, V'n + {V'!, V'D = o (2.5) 
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where \7~ =. D~ + A~( z) is the cova.riant spinpr. 4eri;vative ,and A~ is the 
spinor gauge superfield in.a central basis ( C B). 

The SY MJ superfield equation of motion has a dimension d.= -2 in 
units of length 

V'i l-Vak.+ V'kWai = 0 a · a (2.6) 

where wal is the covariant superfield~strength ~f ·sy MJ 
wak - (i/12)c:abcdc:: [V'k {V'j > V'l}]' - Jl b l c l d 

. ,. (2.7) 

The integrable superfield constraints (2;5) can be solved in the har
monic approach; and this solution generates a: covariant off-shell desCrip
tion of the SY MJ' theory. An integrability of the whole SYMJ~~ysterri 
including Eqs (2.5) and (2.6) will be discussed below. ·· ' ·• 

We shall use the standard notation for SU(2)/U(1) harmonics uf and 
the partial harmonic derivatives 

[a++, a--r= ao (2.8) 
.·.a++ uf, = 0,. a++ u7 = uf . . ' 

a-- u7 = 0 a--uf~ u7 
1 ' ' 1 

'''t, } ; 

where ao is the operator' cor·responding to U(1 )-chaqi;e q. These harmon-' 
ics and derivatives have simple representations in terms of the real U(1 )-
variable 'P and the complex spectrahiariable >. (see e.g.[1, 24]) .. 

ut .ut = -- . - -.A e . . 2.9 ( 
- ; + ) . 1 > .( >1 . \ )' '( -icp 0 ) 

u; ut , , ry(>.). >. 1 .. 0 :e'"': ( ) 

where ry(>.) = 'v'1 + >.>.. The convenient representation of the.harmonic 
derivatives has the following form: · 

a++ = e2j"'[ry2(>.)8,\ :.:_ (i/2)..\acp]. 

a--= - e-2i"'(ry2(>.)a,\ '+ (i/2)~acp], ao = -iacp 

.. '(2.10) 

(2.11) 
• :• • '-'· • > ,·: '· • • '._: •••• ••• .• 1" 

where corresponding partial derivatives are introduced. . ' . ' ·. 
Consider the himnonic ( twistor) tra~sforin fro in th~ ~ential basis·: of 

SY N[J to the .;.nalytic basis ( AB) ·. · · ·· ·· ·· · · ' · · · '· 

~tvi = ufh~i D; h 
1 a 1 a (2.12) 
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where h( z, u) is a bridge matrix satisfying the basic harmonic equation [1] 

(a+++ v++)h(z, u) = v++h = 0' (2.13) 

- Discuss briefly a terminology of the harmonic approach used in this 
paper. A notion of the basis ( C B or AB) includes the choice of the gauge 
group representation ( T-group or A~grmip [1]) and the complete set of 
relations between covariant derivatives.- We use also a;notion of the frame 
in· the analytic basis that means the choite of independent field variables 
and basic equations generating the C()mplete system of equations. 

; The analytic connection y++ with q = +2 (prepotential) determines 
the off-shell structure of SY MJ in the V-frame. It 'lives' in an analytic 
harmoni~ superspace with the coordinates ( =:= (x~b, B+) 

ab = xab + (i/4)(ea eb - eb ea) 
XA + - . + - . 

0~ = u'-tOf, ea =.ui e~ 
- - ' 

• (2.14) 

(2.15) 

The plane differential operators in the analytic coordinates ( (, 0':_) ·have 
the following form: - · 

.81+ =a+++. (i/2)0.f.O~aab,+O.f.8d" 
a-- = a:...- + (i/2)0~ eb a +.ea a-: 

A - - ab- - a 

n+ =a+= ajaea = u:'- D; a a - t a 

D - a- ·eb a - ni a = - a -.z - ab = U; a 

.- (2)6) 
(2.17) 

(2;18) 

(2.19) 

·Note that the AB-superfields can be described iri terms of the central 
·coordinates z, u, too. Write the useful relations and definitions for spinor 
derivatives: 

{ D;;, Dt } = iaab, (D2)ab :=· D~ Db)· 

''(D+)4 = u:f-u+u+u+(D )iklm = (1/24)c:"bcd n+,n+ D+ D+ 
s k lm 4 . a b c d 

(D+J)a = (1/6)c:abcd Dt Dt D;i 

(2.20) 

(2.21) 

(2.22) 

The V-system of equations in the'SY MJ~theory contains off~shell con
straints and an equation of ~~tion .• Th.e basic V-fr~me constraints are: 

1) Th~ h~rmonic zero-ctirv~tur'e (HZC) equati~n [14, 22] 

~ . ·[v++, v--] - ao = a1+ A-- - a_A-v++ + [V++, A--] = 0 (2.23) 
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\VhereA--((,,'0~,1!) is the_harmonic connection wit}Hj·= ·..:..2. Thehar~ 
monic connections can be expressed via the bridge matrix h but we ~treat 
the 11 ZC-equation a~ an ir{dependent ;basic equation. The general per
turbative and non-perturhative solutions of the'basic harmonic equations 
(2.13) and (2.23) have been di~cussedin Hefs[2,Tl. 15; 22]. 

2) The 'kinematic' \!-analyticity condition ( VZC-equation) [1] 

[vt. v++J = Dtv++ = o (2.2.!) 

3) The conventional spin or constraint [1·1, 22] 
: ~ ' 

[v-- v+] = v- = D- +A-= Ir- D+ 4--, a a a , a a a "", (2.25) 

Tl1is constraint' allows us to write the spin or conn~·ct ion A;;- in terms of the 
harmonic connection A--. . . , 

1) The initial C B-integrability condition is sol\'ed tri\'ially by the tran- · 
sition 'to AB [!] . ' - -- ·' 

utut {'\1~, vn = 0 .=} { Vt, Y't} = { Dt, Dt} = 9 
Secondary constraints foltow from the l;asic r.oi1st raint sJ )-·1) 

[v-- v-] = o 
' " ' :,' 

'{V;., '\lb"} = 0 
' ~ ' ' - ' .'-. i, 

{v+ v-}- -·"·{v- v+} ·=·o a' b T a' b . 

(2.26) 

(2.,27) 

(2.28) 

The V-frame SY M1: -equ~tion of I11otioi1 ha~, b'ce;J obt~ine~l in ,Hcf [l•l] . 
by the use of a corresponding norq)olyri<>mial action . . , , '; . : . ' . 

p++ = (1/4)Dd" W"+(\!)::::: (JJ+)''A--(\1 )= 0 '(2.29) 

A perturbative solution forA-.- has the following foi·m; 

. A--=-(V) =~-(-Itjdlij.:.d_u,~\f++(::,ui) ... V++(::,-,u,;) -_-, (2.30) 
.. . . _. ,~ . , .-_- ,, (u+ut)l .. (utu+), · 

where the ha~m~~Jic distrib.utions(ut~~t)_:l [2] a;e l!S(:d. Eq{2~2;)) is cqui\·~. 
alent to the analyticity con~itior1 011 the 11 /J~superfield-strength lW+(.l·').: 

_The harmonic distributions ha':e a simple complex rq)resent at i(m · 

1 (u{ 1~t) = c-i(<Pih'2)
1/(>. 1

) 1J(>.2
) 

).1 - \ . /\2 

r:· ,) 

(2.:H) 
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Using this representation, Eq(2.10) and. the known formula for complex 
distributions ' a 1 

a>.I >.1 ---.:. >.2 = 1rb(>.i - >.2) (2.32) 

one can reproduce the differential relation [2] 

ar 1 } +) = 8(l,-l)(UJ,U2) = 1fei(cpt-cp2)7J4(>.1)8(>.1- >.2) 
ul u2 , 

(2.33) 

The equation of motion simplifies in the normal Y-gauge [1] which is 
an analogue of the W Z-gauge of the simplest superfield theories 

VJ+ = (lj2)0~It~Aab(xA) + (0+ 3 )aui1/Jf(xA) + (0+) 4 u;u; Dik(xA) (2.34) 

(0+
3

)a ~ (1/6)cabcdO~O~O!, (0+)4 = (1/24)cabcdO~O~O~O! 

where A~b,·~'t ~ri'dDik are the component fields ~fa gauge supermultiplet. 
SY MJ-action in the normal gauge is the 4-th order polynomial 

S _ ~! d12 d d TrVJ+(z, ut) ... VJ+(z, un) 
N-:b. :. ,z Ut··· Un (·+ +)' ( + +) 

n=2 Ul U2 · · · Un UI 
(2.35) 

This action generates the 3-d order V-equation of motion equivalent to 
the component SY MJ equations of motion.' An analysis of the nonlinear 
equation (2.29) is a difficult problem even in the normal gauge. Thus, 
the v~frarrie' is useful for the solution ofthe off-shell constraints (2.5) <!-nd 
quantization [2] but is not very convenient for' the search of the classical 
solutions. 

The originai ~arks on harmonic superspaces'[1, 2] and Refs [14, 15] use 
the regular harmonicfunctions.V++ and h(z,u) treated as the convergent 
or formal harmonicseries. Regular harmonic functions f(u) correspond 
to globally defined 'functions on the sphere 5 2 , and. irregular functions 
can contain poles and• other singularities. The assumption' of regularity is 
natural for the perturbation theory (e.g. in the normal gauge) but it leads 
to unreasonable restrictions. on the ·nonperturbative solutions. We shall 
discuss· the irregular' bridge funCtions in· Section 3. 

\' 
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3 New harmonic frame for the··SYMJ 
equations of moti~n. 

Now we shall consider a new harmonic representation of the SY MJ equa
tions which allows to prove the H S-integrability of this theory and to sofve 
the equation with a dimension"d = -2. Only the complete sy_stem of co
variant equations in the analytic basis has an invariant meaning, however, 
one can change the choice of field variables and independent equations. A 
basic field variable of the V-frame is V++ = ha++ h-1 . It is clear that one 
can use other functions of the bridge h as thefield variables ofAB. 

Let us treat the harmonic connection A-- = ha-'--h.:.. 1 'as· a basic super
field of the classical SY MJ theory in the A-/iame. The completeA-syst~m 
of SY MJ-equations for covariant deriv~tives with d ~ -2 is identical to 
the corresponding V -system, however' we· change the interpretation, the 
basic set and the order of the dynamical equations and the auxiliary field 
structure of the harmonic formalism in the new frame. The HZG-equation 
(2.23) in this frame is treated as an integrable equation for the connection 
V++ (A--). A basic A~bridge equation' contains :the cbvariant d~ri'vative 
v--, and Eq(2.13) becomes a secondary equation: Harmoni~ eqtiationk 
with d = 0 do not guarantee .the conservation of analyticity. We shall pre
serve the standard transform between CB and AB (2.12), the basic AB 
constraints (2.23),(2.25) and (2.26) but treat analyticity in the A-frame as 
a new dynamic zero-curvature equation instead of the 'kinematic' analyt-
icity constraint of the V-frarrie (2.24). ,. .' 

. It should be underlined that the nonline~r in v++ equation (2.29) trans~ 
forms to a linear kinematic constraint of the ~ew A-frame: . · 

. {D+) 4A--(z; u) =0 . (3.1) 

Using a nil potency of ,D;I" we~can ~btain the 'followin~ general solutimt of 
this constr~int: . . . ' . . , " . 

A--(z,~) ~ D;tAa(-:a)(~,u),. (3.2) 

where Aa(-a) is the on-shell SY MJ prepotential. . . . 
Now the whole SY MJ-sys'tem reduces to the dynamic a~alyticity (zero

spinor-curvature) condition which we shall call AZC-equation 
' • ' ' ' 1 0 ,'·•c < ':" • " , • '• 

[v- v--] = D_· A--+ a--D+ A--- [D+ j(--' A--]= 0 
a' a a a ' ~ (3.3) 
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where the constraint (2.25) is used; .. :. 
This condition and the representation (3.2) generate a nonlinear equa-

. tion for the superfield Aa<-3 > • 

D- D+ Ab<-3> +a--D+ n+ Ab<-3>- [D+ D+Ab<-3> D+ Ae<-3>] = 0 (31) 
a b a b a b ' e '· 

This equation has the following gauge invariance: 

8Aa<-3J = Ra<-3JA + [A,Aa<-3>] + Dt Aab<-•> (3.5) 

.wherea general symmetrical spinor Aab<-•> and an analytic scalar A are 
the Lie-algebra valued superfield gauge parameters. The spinor derivative 
,of 8Aa<-3> produces the standard AB-gauge transformation 8A-- = v--A 

{D+ Ra<-3>} =a--a' A (3.6) 

.. ' 1 
· Ra<-3> = ea a--+ !_ea Ob ee a + -oa Ob a-- 4 - - - be 2 - - b (3.7) 

Let us consider a regular harmonic fu~ctions A a( -
3> ( z, u) and choose a 

normal A-gauge for the on-shell superfield A~:._ = D'd Aa<--3> 

. 1 . ·' .. 
A;v- = B~f3;((,u)+ 2()~0~aab((,u) + (0-3)a~a+((,u) (3.8) 

(o-3
) = D+(e-)4 = (1/6)c · eb oe od a a abed _ - _ 

where /3, a and ~ are the analytic fun~t~ons. Thi; gauge has a residual 
gauge in variance with restricted parameter~ B--A = 0 · 

8!3; =a; A+ ... , 8aab = aabA + ... (3.9) 

Note that ( 0_ )4 term vanishes due to the constraint (3.2). , 
The stiperfield A;v- contains a physical part A?- and an auxiliary~ field 

part H--. All auxiliary harmonic component fields vanish as a consequence 
of Eq(3.4) so the physical harmonic connection be 

A;;-:= (1/2)0~/J~[Aab + CabedO~u~~f] + (0-3 )a[u~~f +O~Fba] (3.10) 

where Aab(xA) and ~f(xA) are the vector and spinor fields and Fba(xA) is 
an independent field-strength. 
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Eq(3A) generates the usual connection between F,a and Aab and the 
component.:SY A1J ei:p1ations. Thus, the 'A-frame corresponds 'to the' firsF 
order component SYMJ formalism. It is evident that all frames of ABare 
equivalent on-shell and have identical component solutions for the physical 
fields. 

It should be undcrlinea that all alternative equh·alcnt form oft he.H S
integrability condition in the A-framecan be w:itten as a dynamical F ZC-
equation · ' 

[v~, v++J = JJ~ v++(A--) ~ o (3.11), 

where V++(A--) is a solution of Eq(2.2:3) . A pcrturbati\·c form of this 
solution is an analogue of the solution (2.30) hi It coni a ins the new harmonic 
distribution 

• satisfying the relation 

(1iju2) = ci(<PI_;<P2)7J(,\;) 7J(A2) 
>-1- X 2 

1 . ( 1 I)·., .. · 
U(- _ ) = 8- · (l1 1 :u2 ) 

: (ul u2 

( 3.12) 

(:3. 13) 

The third equivalent form of, the dynainiral .~1-franw equatioi1 ran be 
written :as 

[v++, v;] = v·~ =? [v.:+, [v~~. v~·ll = o (3.1-l) 

The bridge matrix hA ::::: h(A.,.-) of the A-frame is a solutimi ~f the 
following harmonic equation· 

v-- hA =(a--+ JJ~ A"(-J)) hA = o (:3.15) 

This equation on the, sphere SU('2)jl~(1) ist.he harmonic part of the linear_ 
problem for the 118-int~~grabl<; S'Y M{sysi.cm. A key point .of the harmonic 
approach is the integrability of the bridge lia'rliwl1ic equ<itimi. If \\'<~r(;strict 
ourselves by regular solutions for hA, then the consistency conditions .on 
the r'egular hanii'oiiic' connections appear [2:3, !5]. The explicit 'solutions 
for theSU(2) gauge group be <:onsidere<f in sections 5 and 6. 

Consider a typical example of the linear harmonic diff<;rential equal ion 
that arises in a1i analysis of-the bridge equatiini 

()++jHJ~ f 0 (u) =.c + c(ik)llfUt + ... 
l '~. 

,(:U6) 

wi1ere f 0 is a _regi1lar ha'r;IH~hic, fund.iim. l~>r c f 0 't:Iiis eqilat imt ha~ ,}() 
regular solution in terms of-the harmonic expansi-on. llmn~ver. Eq(:U<i) 

!) 
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~n the complex cocrdinatcs (2.9) has the integral solutioit with a simple 
complex pole kerneL The harmonic analogue of this integral representation 
IS 

p-:2l(u) =/ dulc<-2'0l(u,ul)f0 (ul) 

a++cc-2'0l(u, ul) = 8(0,0)(u, ul) = 1r1J4(>.)8(>.- ,\1) 

(3.17) 

(3.18) 

In contr~st to the stai1dard har~onic 'distributions [2] 0 - 2
•
0 > ( u, u 1 ) has 

not any illustrative harmonic expansion, hut it has the simple complex 
representation 

r;r-2,oJ(_\,>.1) = e-2i\o 1J~(>.) 
, . (>.-'AI) 

(3.19) 

· Thus, one can admit the appearance of isolated harmonic singularities 
in the bridge function and even in the harmonic connections. As a rule we 
shall use regular initial data and choose the 'gauge freedom to obtain the 
solutions with a minimal number of singularities. 

· The C B-gauge superfield does not depend on the harmonics 

, A~(z) = h- 1 D~h _:_ u+ih_-t (Dt A--) h (3.20) 

This superfield satisfies the relations a±± A~ ( z) = 0 and also the equations 
(2 .. 5) and (2.6) which are equ~valent'to the component SY MJ-equations. 

Thus, one can consider irregular harmonic superfields if the following 
general rule is used 1

: The physical component fields 'live' in the central 
basis. 

4 Conservation laws. and Backlund 
transformations in SYMJ 

The most attractive feature of integrable field theories is an infinite 
number of .conservation laws. The explicit con~truction of. the conserved 
quantities follows immediately from the zero-curvature representation and 
has a clear geometric interpretation in terms of the contour variables [28]. 
Analogous constructions arise also for the integrable SY M~ equation [10]. 

TbG /JS-integrable theories possess the specific properties. The corre
sponding zero-curvature equations. contain covariant spinor and harmonic 

•' .: .. ,. .' . ' ' ' . ' ' ' 

· 1 This rule for·the- harmonic method has been formulated by V:l.Ogievctsky 
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derivatives and mean a conservation of the analyticity in HS [1]. Now we 
shall try to show that ordinary conservation laws follow from.the dynamic 
harmonic-spinor analyticity equation of SY MJ-theory. Consider a vector 
covariant derivative in the A-frame 

"' - · {"'+ "'--} - a + ·n+ n+ A--. v ab - -z · v a , _v b - ab Z a b (4.1). 

The basic equation (3.4) generates the relation 

[v--, '\7 ab] = 0 (4.2) 

Let us choose a time vari~ble t = x12 

Vt = '\712 =at+ At2, A12(z,·u) ='iDt Dt A-- (1.3) 

It is evident that '\7 1 commutes on-shell with the covariant harmonic deriva- · 
tives (4.2); 

It should be stressed that the bridge is a natural harmonic analogue of 
the contour variables of .integrable theories in the zero'-curvature represen
tation . The transformation law of the bridge has the following form: 

DhA ,;.A((,u) hA- hA r(z) (4.1) 

where A and T are the gauge parameters in AB and c B, correspondingly. 
The covariant constancy of the bridge in·the all spinor and vector directions 
is a consistency condition for ·the dynamic analyticity equations (3.4) or 
(3.11), for i~stance · · . : ·· . ' ,,.. 

Vt h~ =at hA + A12 hA _; hA ~t(z) = 0. 

where At(z) is a time component of the gauge GB~superfield~ 
One can choose a special T-gauge for' the SYMJ-theory' 

At(z) = 0, atr(z) = 0 

(4.5f 

(4.6) 

The A-frame covariant derivative '\712 commutes with D{ and Dt. The 
simplest conserved quantities· in the r-gauge' can be constructed as ·A~ 
invariant functions of hA, for example · ··' · ': · · 

c++(z,u) = Tr(D{h~Dth~1 ), ate++= o (4:7). 
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It is not difficult to built the conserved quantities invariant under the 
. T- and A-gauge transformations 

pab(±±l = TrWa± Wb± 
' 

Oabpab(±±) = 0 

where wa± are components of the on-shell superfield-strength 

wa+ = (D+at A--:, wa- = v-- wa+ 
.; 

Y'ab wa± = 0, Y'ab wa± wb± = 0 

Note that the last equation is not valid off-shell. 

(1.8) 

(1.9) 

(1.10) 

The Backlund transformations (BT) play an important role for in
tegrable theories as transformations in the spaces of solutions. For the 
SDY M and SDSY M solutions these transformations have been consid
ered in Refs[29, 30]. We shall discuss BT in the HS-formalism of SYMJ. 

Let A-- and A.-- be two different solutions of the SY MJ-system (3.1). 
Consider the corresponding bridges. hA and h;.. Then the Backlund trans
formation between these solutions has.the following form: 

A.--= Dt Jia<-3l = B-1 A-- B + B-1 f)-- B (4.11) 

where the B-matrix can be written in terms of two bridges 

. . • . ' • -1 

B(A, A).= hA h;. (1.12) 

It is easy to derive the equations for the'matrix B in terms of the 
background solution A--, hA- Formally the new superfield variable Ji-
has an independent A transformation, and it is 'invariant' under the A
transformation of a backg~ound superfield. Eq( 4.11) can be treated as a 
harmonic equation forB in terms of the background. solution A--, hA and 
the second prepotential Jia<-3 l . The analyticity equations (3.4, 3.11) for 

· the second solution A.-- produce the following A-covariant equations 

v++(A).B: = o, v--(A) v--(A).B: = o (1.13) 

where ,B'd = D'd B B-1
. Validity of these equations is evident in the 

representation (4.12) 

h-;_1 .Bd hA = h-;_ 1 Dt hA- h-;_I Dt h;.= ut[A~(z)- A~(z)] ( 1.11) 
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' ' 
This representation i~ ccpti~~lJnt. t6 t hefollowi~g farm of the Bacldund 

t.ran~forination of the spirioi· CIJ gh:itgc superfi~ld: . , , · ' ' . 

A~(z) = 11:,(':) + ~~~· [;La: -1~~ \'--(A)!J:Jh.~ (il5). 

The equations for l3 are simplifi~d iti i he case of infinitesimal Backhmd 
transformations 13 = I+ 813 

,,1 

0 [] = nt V'~ nab 

The analyticity produces an additional rest rictiJn oil Bab. 

5 V -frame analysis of SU(2) solutions 
in the simplest harmonic gauge 

(4.16) 

The I I 8-int<;grabilit.~· inteq;rcl.aiion allows us to aiial)•zc the explicit 
constructions oL the SY }\,]<:-solutions by an~logy with the harmonic for
malism of SJJ}7 M [:J, ·I] or SYivf:¥ [15]. L<~t us go bac:k t<; tl{e'\'-fr~n~c 
and consider the case of the gauge groui) Sl!(2): We shall u'se a. harmonic 
representation of.thc general, Sll (2) prepotet~tia!J 15. :2-1, 25] ., ,: 

v++ = (lJ+2) bo((, u) + (l/0) [/+2l{(, ;1) + (U-2rv+•l((, !i) ,;, ' '(5J) 
' '! ' ' !. '' ',· : '\•, '-:,; \',. ';' ' ·, ',- "' ·-

where iP; b<+2l, [/+•l are arbiti·ary real·;malytic super'fields and (l"q) arc 
matrix generators of tlw Lie algebra Sl/(2)'in ~i liannonic represent~t ioi1 

(lj ±2)i . ± ±i ,· (l'O)i -. -H + + -i· 
k = llk 1/. '· . j k =. llk ll ll k 1l ' (5.2) 

An analogous rcpr~sentation °()f the prq>~tential was US<;d. as a SJ)eCial 
Ansat;, for instanton and monopol~~ solutions in the harmonic f~rmalisn1 
[26, 27]. . . . 

Consider the infinitesimal gauge transformations oft.l;e hannonic t:om
poncnt.s b<•l 

OlP:::::. a~+ N-:2> + 2A0 + 2/PA0 - 2!Jl+2 l N-21 

o!J<+2) =a++ Ao + N+2l + !Jl+4) N_:2) -bo~\t+2) 
, A . . 

Ofi+4l = a~+ A (+2'i + 21/t2) A <-+2) _ "2b<+4) A o 

I :l 

·. ( f>.:q 

. (5.:1) 
•' 

( 
r: ~) . '">.a 



·. / .. 

where A<•> are the real harmonic components of the analytic SU(2)-gauge 
matrix A. Remark that the. (O+)<comp~nent in (5 .. 5) contains\he term 
aab Aab(x) with a total derivative of vector function from A(t2 >. . . 

The simplest general gauge for SU(2)-prepotential is 

v++(b0 ,p) = (U+2
) b0 ((,u) +(U-2

) (0+) 4 p (5.6) 

where b0 is an arbitrary analytic function and p is a constant part. ofthe 
trace of the auxiliary scalar matrix fi~ld with d = -2 in b<+4 > that can be 
written as DiZ(x) = p + aab fab(xA)· The p =/= 0 solutions characterize the 
phase of the Sy MJ -theory with the spontaneous breaking of symmetry. 

Stress that this ( b0
, p )-gauge has the residual gauge invariance with 

J\{+ 2> = 0, ,A,0 = con.st and an arbitrary parameter N-2 >. The additional 
condition (a+.+) 5b0 = 0 fix the A~gauge. arid results in the vanishing of 
harmonic component~ with isospin T > 4 in b 0 [~5] 

b0(\tiklm, u) = (IJ4)iklm Viklm + 4(u+u..:.)ik(D4)/mn(i ~~n + (5.7) 

(60j'i)( u+ 2 u-2 )ijkr(D4)mn(iiy~~ + (100/9)( u+3 u-3
);

1 
.•. ;6(D4 r(i 1 ··-y~ .. ;6 )+ 

(50/9)(u+ 4 U-4
);

1 
••. ;

8
(D4)h:· V""is) 

where an analogue of the Mezinchesc~~p;epotential with d == 2 [31j'and 
the irreducible symmetrical combinations of har~onics (u+•u-•);1 ... ; 2 are 

' ' ' ' ,,.. 'i • ' q 

used. The analyticity of this representation follows from the identity (2.4) . 
. The phase of SY MJ and Sy MJ withp =;= 0 was considered in Refs[15, 

24, 25]. The IJZC~equation (2.23) has thefollowing solution in the (b0 ,0)-
gauge 

11--(b0 ,0) = (U+ 2
) a~-4>+ (U0

) a~-:~>+ (U-2
) a~o> 

\Vherc a~qJ arc harmonic-quadrature functions of the p~epotcntial b0 
" ' \ • • ' c • ' "' > • • ' ~ ~: ' 

(0)
ao -

b(z) 
I + b(z) ' 

b{z)= Jdul}(i; u) 

(-2J( ) J d (u-ut) 
a0 z, U = Ut ( + +) 

. : u u 1 • 

b0 (z, ut)- b(z) 
1 + b(z) 

(-4)( ) _ [I + b( )] [a-- (-2) _ (-2) <-2)l a 0 z, u - z a 0 a 0 a 0 

Note that this solution has a singular point b(z) =-I. 
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(5.8) 

(5.9) 

(5.10) 

(5.11) 

The classical action of SYMJ in the (b0 , 0)-gaugehas the following form 
[24, 25]: 

S(b) = /'d1~z[ln(l + b(z))- b(z)].". ·· (5.12) 

where b(z) = (D4)iklm Vikim(z) is a constrained potentiaL: .. 
The SY MJ-equation of motion in the (b0

, 0)-gauge has only one inde
pendent component 

. l ~ 

(5.13)' 

A spinor part of the ga~ge C B~~up~~fiel<l. ca~ be written i~ 'tei:~s; of 
the single superfield b(z) [25L · . · . · · · . 

[A~(z)]; = 1 , 
1u_, [o~D!b(z)- (1/2)otD~b(z)] .(5.14) 

Note that the SY MJ~constrairits (2.5) in this representation follow from 
the identity 

. (D2)abb(z) = 0 . (5.15) 

The harmonic equations (2.13) 'and (2.23) with the prepotential 
v++ (b0

, p) (5.6) can be integrated in I qtiadr<ttures. The integration proce
dure uses a nilpotency of the term p(0+)4. . . . . .. . ' • 

Eq(2.23} ha~i the followi~g harm'onic components i11 the (b0 , p)-ga:uge: 

o++a~-t) +'2(1 +'b0)a~'-2)- fJ}_!._b0 ~ 0 (5.16) 

a++a~-2 ) + (1 + b0)a~0)-;-. jp ::._ p((}+)4 a~~t) ~ q ''·' (5.17)' 
. - . . . 

a++a(o)p- 4p0~(()+3)a- 2p(0~)4a~-2) = 0. . (5.t8) . . ' 

Note that it is convenient to analyze harmonic equati~ns in. the central 
coordinates z, u. , · · · ' ' -.. 

Consider the harmonic e~uation for a~o) which follows from these equa
tions 

(8++)2a~0 ) = 2p(0+/[2 + b0
- a~o) -· b0a~0l] ·'(5.19) 

, f ~ •• ' 

. U.sirig (5.9) as a zero approximation one can obtain an. exact ~ol\ttion 
for a,~o) by .two iterations -~nd then the other, harmonic comp~nents can be 
calculated. · . . · · . . . ' : , . , 

1 
, ·;. . . . . 
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· , The classical action in the ( b0
, p )"gauge has the following. form: 

S(b~,p) = J d14 zdu b0 11 

dsa\0 l(sb
0
,p) {5.20) 

where s is an auxiliary parameter. 

6 The A-frame analysis of SU (2)-solutions 
'. 

Now we shall discuss properties of the SU{2)-solution in the alternative 
AAran;e. The first step of this approach is a solU:tion a'f harmonic eqitatioris 
in the representation {3.2) and then the dyna:inical analyticity equation 
should be used. · 

Consider the harmonic (Uq)-components of the AZC-equation {3.3) 

'D;: a(O) +a--D'd a(o) + 2D'd a< - 2) + 2a< -2) D'd a(O) --: 2a(O) Dt a< -
2r = 0 .. ( 6.1) 

n-a(-2) +a--n+ a(-2) + n+ a(-4 ) + a(-4 ) n+ a(O) - a(O) n+ a(-4
) ::':::: 0 ;;{6.2) 

. . a.. 1 a . a··~ . . '· a a 

D;;a<-4> +a--Dt a<-4 > + 2aH> Df a(.:.2>- 2a<-2> Dt a<-4> = 0 (6.3) 
I ' ' • • ' • I ; j 

. These equations are equivalent to the dynamical equationsDtb<ql(A) = 
0 for' the harmonic components of v++ {S.l)in.the Acfram.~. . . . ... 

The analyticity equations illJ.ply the following condition _ : 

\l++w+a = \7+-!;(D+ 3 t A--= 0 •. ( 6.4) 

producing the relations between harmonic components of w+a. Remark 
that the additio~al conditions D;t a<oJ = 0 or ( D+ 3 )a~(-2) = 0 correspond to 
pure gauge solutions of SY MJ. 

By analogy with {6.4) one can obtain the general relations between the 
harmoni~ compone~ts of Eq(3.1): ' ·· · · 

· {D+)4a<-:-4> = 0 <=> (D+)4a(o,-2J = 0 · (6.5) 

· The. on-shell dependence of the superfields a<qJ allow us to simplify the 
SY MJ-equations. . . 

·· Now the convenient 'hybrid' choic~'ofthefield variables will be consid
ered.'Leta<o>,a<-2>; b<+2l andb<Hl be the independent variables and b0 and 
a<-'-1>. be treated as the functions of these variables. We can use the gauge 
(5.6) and Eqs{5.16-5.18) in this frame, too. 
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Using Eq(5.17) one ~an obtairi the relation for .the uependent'fti.nttion 
of the hybrid frame 

b0 (A) = 
1 

[a++ a< -2> + a<o> _,. p(O )4 a< -•>] 
1 (0) p p . + . p 

- ap 
(6.6) 

.·. 
The analyticity condition Dtb0 (A) = 0 is a single dynamical equation 

in this approach. It should be ·stressed that this equation describe the 
general SU(2) solution. . .. 

Consider a solution of the harmonic bridge equation (3.15)for the case 
p=O 

hA = exp[(1/2)(U0 )ln(1- a~0')][1- (U+2 )a~-2 l] · · (6.7) 
' ,, '' 

This solution has only one singular point a~0 l = 1. More general solution 
can contain additional singularities. An arbitrariness in. the bridge solu
tion is connected with the gauge freedom of Eq(3.15). · Eq(6.7) produce a 
relation for a~-4 >. ' .. ' · · · · 

The polynomial form ofthe corresponding dynamical equation is 

(1' +a++ a~-2 ') Dt- a~O) + {1 _:. a~0') Dt a+~ a&-:-2
) = 0 

io>(z) ~ (D ) bAa;,(-~) a<_:2 ,(z ·~_)- n+ Aa<...:a>(z u.). 
o . 2 a . . r ',' • 0 ' .- a . ? , 

(6.8) 

{6.9) 

. Remark that this one-component equation is covariant under the resid-· 
ualgauge transformations of the (b0

, 0)-gauge. The consistency condition 
for this equation follows from the restriction (5.15) 

J 
·' ·.. [ (oJ .] . 

(D2)ab dub~(z, u) ;= (D2)al> l :0a(~l = 0 
·,-.. f , \ 0 I 

(6,10) 

One can try to solve these equations in superfields. or in components arid 
then use~ the b0-solution for the;toristruction ·-of the bridge 'to the' central 
basis. · ·· ·· . ·· · · · · · 

Thus, the SY MJ-system reduces to Eqs(5.13) or' {6.8) in the (b0 ; 0)
gauge~ - ~}lis reduct_i()n ~implifies siinificantly the ini~ial SY MJ~system 
and gives the hop~ to obtainJhe .. ex_2licit solutions of this problem; 

' " . ' - ·'J.' . . . • 
~ _! '-<I';;.;.... - ,.J_,.,_ ~~ ' • 

-1 
'~·· ~·.-~·: +- •.. ' _.•\' ,, ~. ·~ 

. Conclusion 

The harmoni<;-sup~rspace i~t'egrability' of S};..MJ-theory guar~ntees the 
analogous property of its N = 2, D = 4 subsystem SY Ml. Consider the. 
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representation (3.3) in the Euclidean version of SYi'vl~ · 
! ,, Q " ' • 

A--(z, u) = D! Aoc-3
) + Dt ;tc>HJ '(7.1) 

where two-component spinors are used. 
The case Ao(-3 J = 0 corresponds to the general self-dual solution of · 

SY.\1J 
W(A) = (IJ+)2 A,--'= O· (7.2) 

The self-dual prepotential J1<>c-J; s~tisfies also the nonlin'ear AZC-~quation 
(3.4) . 

.:\ote that SY MJ-equations in II S are covariant under the discrete 
transformation 

oo .._.. (ji> 
' ' 

Aa(-3) .._.. Ao(-3) (7.3) 

that is a residual form of the Lorentz trans[ormation in D ~ 6. This 
discrete transformation corresponds to the duality transformation between 
self-dual and anti-self-dual solutions. Specific features of SY M~-~olutions 
will be discussed elsewhere. · · · 

It seems natural that the effectiv~ quantum action of SY MJ [18] can be 
rewritten in terms of N = 2 superficlds . Note that the simplest harmonic 
gauge for the gauge group SU(3) contains analytic components b~ and 
b~+2 ) corresponding to the Cartan generators of SU(3) [24, 25]. Analogous 
harmonic gauges can be found for any gauge group. 

The integrable theorY SYM~ can be described iri the framework of 
SY MJ with the special hypermultiplet interactions [2]. An analogous con
struction exists for the integrable SY Ml-theory in terms of H SJ-superficlds. 
It seems natural to consider the A-frame liS-equations of more general in
ter?-ctil)g SYM-supergravity-matter systems. Any, H S-integrable system 
can be reduced to the dynamical analyticity conditions and some solvable 
linear constraints. This formulation may help to build the explicit classical 
solutions and to study quantum solutions .. 
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3ymmK E.M .. 
·) 

\ 

Ope.udaimeHHe HyneBOH KpHBIBHbl M~ ypaBHeHHH 
D = 6 cy~epC.HMMeTpHLIHoH KanH6poBOLIHoH TeopHH 
B rap~1011_H'leCKO~I cynepnpocTpaHCTBe 

PaccMaTimBaeTc~ SYM!-cH_cTeM·a ypaBHemtit ~raJ 

CTBe, Koropru'l BKniOLiaeT'cynepnoneBble cs~JH 11 ypas1 
rneH rneCTmtepHoH cynepCHMMeTpll'liiOH KanH6poBO'l 
MbH~ A-cpopMa aHMHTH'leCKOro 6~131lCa, 'noJBOfl~l{)ll 

SYM!-cHcTeMbl .un~ rapMOHHLiecKoi-i cs~JHOCTH A

B _:noM 6a3HCe. 3KBHBMeHTHO ycnOBHIO uyneBOH K 

KosapHaiinwMycoxpaHeiiHIO auanHTH'liiOCTH. Hcnon 
KMH6poBKY M~ KanH6pOBO'lHOH rpynnbi. SU (2), Mb 

HeHH~. renepHpyiOJ..UHe o6mee SYM!~perneime. KpaT. 
. ' '.. . 

rio;.ixo.u K auanJ.By mnerpHpyeMocm CHCTeM SYM-Sl 
Pa6oTa BbmonHe~a B Jla6opaTopHH TeopeTnLiecK< 

Ba OH5U1. . . 
npenpHHT QfueiiH!ieliHOfO HIICTHTyra liiiCpllhiX HCC. 

Zupnik B.M. . 
Zero-Curvature Representation for Harmonic-Supers 
of Motion in N = I, D = 6 Supersymmetric Gauge Tl 

· We 'consider the SYM! harmonic-superspace sys 

_supe~field wnstr;ints and equatio~s of~motion for 
supersymmetric gatige theory~ A special A-frame of 1 

where one equation for the harmonic ·connection· A
equation in this frame is equivalent to the zero-cur 
to the covariant conservation of analyticity. Using a· 
tion in the gauge. group'SU (2) we derive the sup< 

the general SYM! solution: An analogous approac~ 
for SYM-SG-matter systems in HS is discussed brief 

The~ investigation· has been · performed at 
of Theoretical Physics, JINR .. 
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