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1 - Introd tiction 
·'··-,., 

-~ Inve~tigation of the ·quark interaction_ at large distances is out
side. the QCD perturbation theory. Usually, in this field- the lattic~ 
simulations and string models are· used. · _ _ __ --

Calculation of t_he quark~{nteraction in the framework of, string. 
models has rather long history (see, for example, papers [1] ::_ [9] and 
references therein)~ In all these inve~tigations without. exception, -
only·thestatic interquark p'9tential has been considered.· It implies _ 
that th_e_ -quarks are assumed to be 'infinitely heavy. Obviously, _this 
pote-ntial, by definition, does riot depend oil the quarkmass. As- _ 
sumpt-ion- about infinitely heavy quarks is :rather crude at least for u · 
and d quarks with niass'esabout 140 MeV that is .. significantlyless -
than the characteristic' hadronic ~ass scale rv -1• Ge V~ It is dear, that
in a general_· case . the iilterqtiark potential_ should depend on quark_· 
masses.' Boththe g{meral approach to this problem in the framework 

· of QCD [10]-aiid ·the numerical ~alculations of the lighta:nd heavy · . 
meson spectrain pote~tial models [11]-:- [13] t~stify tothis. Cert;u_tily, -

-iri this. case ~ne sllOuld say not' about the static potential generated, 
fo~ example, by arelativistic string-connecting quarks but simply 

-_ about• the, interaction potential-between quarks liaving ~ite.-mass 
rather than infinite one. - · · · 

· , The aim of the present paper is an attempt to extend the standard 
.. a:pproachto calculation of the inten]uarkpotential in the fra~ework 

of the_string models [1], [5] '"": [9] to the case ·or the finite quark 
-- -- . ,_ - - . - . 

• mass. It turns out'that this programcan berealized. To this end, 
the botindaryconditi{>ns in:.:the string model in qu~stion shoulq be
modified arid a new reriormalizatio:ri ·procedure should be developed. 
· In a pTo~9~ed approach, a correction to the. string- potential due to -

at~ ~"."t~ ~ .. ,.,. ;~ · ,.,.::.._;~,' · 
______ • tr~~ .. 1:) .•• _tt.+.,~z,.n Ba~'_".lJ• f 
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the finite quark rri.asse_s is calculat~d:both in the Nambii-Goto string.· 
model <md in the Polyakoy-Kleinert · dgid string model. · 

In the Nambu...:.Goto string with~assive ends the quark pot~ntial · -
is calculated first in one-loop approximation of perturbation theory 
for arbitrary dimension of the spac~time D and tllen via ~ariationp,l , 
estimation in the limit (D -·2) _.,-too. As knows, th~static quark p~
tential generated by·Nambu-Goto string in one-loop approximation . 
is compiled by two terms, linearly·fising confinement potential and. 
universal Luscher 1/ R-term [14]. When the endsof the.NambU:-Goto · 
string' are loaded by poinFlike masses (quarks) then the potential, ' 
in addition to terms mentionedabove, acquires correction dependent 
on quark mllils m an4the distance between quarki, R. In fact, Rand 
m are involved in potential correction in the form of a dimensionless 
pa;ameter q_ ... (MofT/1,)M0 R,. where. MJ-j~ £he string·.tension. ·As 
a result; in the correction obtained the .Ii~it of small quark rriass 
(Mo/m:.,-t oo), is equivalent to t,he large:R limit' (M0 R :--+ oo), and 
the limit of hea{ry quarks (M0fm .~· 0) is the same as the smallR 
limit. At_large .R (or ·at small in) the correc~ion to the quark po~· .. · 
tential reduces to th~ constant· determined by m. arid MJ plus terms 

· of order a,;,· R-:-2 and _higher.· Thus, }n. the framework·. of the per~ur
bative calculation, the universal .Luscher 1/ R-'-'term is preserved in 
the N cimbli-Got~ string' with:massi~e ends too. At-sm~lL R (or .in 
the case of heavy· qmtrks ·at stdng end~) the mass quarkc.orrection 
to thepot~ntial, as· one would expect, vanishe~. In ~ur calCulation, 
this' is a direct consequence~£ the renormalizatioriprbcedure. It is 
important that the ~ubtniction. proced~re us-ed for this aim p;oves 
to be 11nique. - .. ··· .. '_ ,- .. . . . . 

Variatio~al <_::aleulation: of the p'otentialgeneratedby the Nambu::.: 
Goto string with mas~ive ends in the limit ([) .~ 2) - 6o .results 
in the radical expression (see Eq. (flO)). Quark mass contribution 
to it. can be interpreted as a substitution .of the critical distance 

2 .. . . . • - ' ' .• ,. . . . ' . . ' 
Rc = ·1r(D - 2)/12MJ from ·the Nainbu-Goto_string with fixed 
ends by q~antity R2( in,R) dependent ~n qmirk ma8sm anddist~nce 
R. As a results the radicalformula.{4.10) has sen~e not onlya~ 
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R > · Rc, as in the ca_seofthe Nambu-Goto string with fix-~d ends, 
but also at R~ff < R < Rc where R~ff is an effective cfiti~al distance 
determined by conditionV(R~ff) · 0. Thus, R~f_!. turns out to. be 

dep-endent on quark m~ssm and when m ~ 0, R~ff(171) decreases. · 
.. In the .rigid string ~odel with massive end~ the interquarkpoteil
tia;l is· calculated in one~ loop ~pproximation.~ When~ confining to· the 
qu~d~atic appr()ximation in the string action in this model, the_dy
nami~al variables (string P..9~!tion vector) can be pr~sented as a sum 
of t~oterms; u(t, r) = u 1(t, r) +u2(t, r), where u 1(t, r) is a solution 
/ . . '• . ' . ' . . 

·to .the Nambu-,Goto string with ~assive ends and u2(t, r) is addi- . 
tional VRriable caused by the curvature in the Polfakov-Kleinert ac.:.: 
tion. It is rernarkable thatqua~kmasses only affect on u1(t;r). This 

. esse~itially sirriplifies the problem under consideration and enable~ us 
tousedirectJy.the results for. potential de~ived in the Nambu-:-Goto 
string ~ith_massive ·ends.· In one-loop approximation, the variables 
ti1(t, r) and u2(t1 r) give additiv~.c.ontribution to theinterquarkpo.: 
tential generated by rigid ~tring.' !tis 'true both. in the case of the. 
fixedstdng end_s an'd forjhe. ~igid ~tring :with· ~assive. ends .. As. 
'a.result, the massquark co_rrection to the one...:loop potential gener.: 
a ted by rigi~ string isredu~_edto the mo¥fication of the contribution 
from the var~able u 1 ( t, r): the one-loop pot.ential iri the ;N:ambu-Goto .. 
string with massive ends calculated .. before 'should be used here. 

--- In all these calculations· we ar~ dealing· with ·an infl~ite . sum of 
· all eigenfrequencies of the Na:mbu-'-Goto string with massive ends.:· 
It substitu~es the well know su~ over alli'llteger frequen~i~sin the 
Na:mbu-Goto string :with fixed or free. ends: (i/2) E~:::Oi n = -1/24. 

. - Fi>r obtaining alinite value of this ~ew sum; a mode-by~mode sub
tra~tion procedure i~ prdposed: each initial eigenfrequency is sub.,. 
tracted by the corresponding frequency of the same string wi~h !JiaS:.. 
sive ends taking. the limit R - 0. This prescription t~rns out to be 
c~mpletely .unique. By making use ofthe_argument prinCipleJheo-. 
.re~; we present this regularized sum in a form of the integral. Nu.: 
merical calculation. ofthe ·subtracted sum over string eigenfrequencies • 
directly and u~ing for this purpos~ the integral representation give 
'- . . . - ' . ' -

., ( 3 
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the sanie result: ' ,'::__' 
. The layout ofthe·paper'is as follo~s: InSectio~ 2 the_ quadratic ap

proximation for the Na:mbu'-Gotostring model with massive endsis 
developed. Upon linearization-o(the equations of inotion a~d b~mnd
ary conditions, the general solution to themjs ob'tained~- The eige~
frequencies. of the string' oscillation$ are 'determined. by a transcen
dental equation.' Then the cq,nonicalquaritization is shortly outlined. 

· InSection3, the interquark potential gene~atedby the' Nambu-:Goto . 
string with massive ends is. calculat~9- in one-loop approximation of 
the perturbation theory:-- In order to remove the divergence, a new -
subtraction proced~re was propo~ed.~-Iri ·section· 4, inteniuark po- . 
tential, generated'bythe,Nambu::-Goto ·string .·with massive ends; is 

· calculated by making use of a variational estimation of the June-· 
ti.onal integral in the limit when (D ....c 2)-.,-:; ~· In Section 5; the 
rigid s£ri~g model with massive ends is treated. By making ~usc of a · 
quadratic approximation for the Polyakov-Kleinert action; the l,in~ 

· ear equations of motion itnd boundary, conditions are derived .. Then:_ 
canonical quantization of- this -model·· is· developed.' Arid • finally,- in
terq~ark poten:tial generated ·ir,i this sti:-ing model _is calculated in 
one-Joop ap-proximation. hi' Conclusion·(~ection '6) the obtained_ 
results are slwrtly discussed arid,po~sible ~xtension of them are pro.:-~ 
posed. Some mathematical· details of calculation :are presented in 
Appendices A_.and B. · ' · · · · 

'2 . N~mbu-,--Got~ -string· w~th. ~assive 
ends 

·,1 

/--

The ·action 9fthe Nambu-Got~.string-~ith point-iike. masses at
tac~ed to its_ ends is written in thefollowi'ng way.[15]' ' 

' 
,_· . . .. .{ ' 2 ·' . d .. 
. -S ·• -c-~Mg~/Jd~ ~· Emaj, ~s~,:· :• -(2:1)_ 

·- - . E ·---·"" -.~~~ . · .. Ca , -

' 4 
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where d~ is infinitesimai area of the stringworld surface,' c~- (a = 
1, 2} are the world trajectories of the string massive. ends ·a~d MJ is 
th'e string tension with .the dimension of-the mass squared (n _:__ c . 
1).; . . 

For· our calculation · it will be·. convenient to. use the· Gauss 
- -

param~trization of the string world surface: · -' 
. ; ~ 

\ il(C) ~ (t . l(t ) D-2(t' .))·-X c., -:- ,r,x ,r , ... ,x ,r -

= _(~i; ~(ii1),- i-:- 0, l. . (2.2) 

.Thevector. field u1( t, r), 'j = 1, ... , p - 2 corresponds to D ...;:.. 2 trans-
- t verse_. componetits ~f xl'' ~hile the (' -·(t, r) are the coordinates 

ori the string world sheet. The infinitesil1lal' area d~ is given by
,d~ · = d(dr vg, \Vhere gis th~ determinant ~f the induced metric on 
the world s~rfri.ce of the string, 9iJ. = .aixP.8ixp·, The ·'metric of the. 
D~di:r:_nensio?alspace-tirrie has the signature ( +, --:-"' ... ,-). · . . 
· In this parametrization, the induced ni~tric 9ii in the quadratic. 

. appro?Cirnation· has}he following :components.· 

9ij ~.·Oij- UiUj, "(2.3) 
. . . . 

- . . D 2 . · · · · · . .· · 
. where uu = bj=~ u3u3 • From.Eq. _(2.3) we obtain 

·'· 

-. ' . ' . 
i. . ;__1 . . 2. ·. 

g 3 = 9' [(1-uk)Dij + UiUj], 

. ~ g = det(gij)-~ l/- uL 

(here·Uo = 8uj8{ , u; U1 _: 8uf8r , . u')~ 
dsa, a = 1;2, take. thtdorm: . 

dsa ~[~- ~u2 (t, ra)}dl · 

(2.4) 

(2;5) 

The line elements 

(2.6). 

Afternegle~ting._unirriportant constants, the action (2:1) becomes 

.· t2 · R · · ·_· 

S ~ .- MJ (t2 - ti)R + ~6 jdtjdr-[u2(t, ~)- u'2(t, r)]+' 
t, 0 
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"'maj'- d ·2( ).· R +b2 t~t,ra ,_ r! = 0, · r 2 = . 
- ~=l' ' tl' . 

(2.7) 

The 'laJ,t ~wo--terms in Eq .. (~. '(); import~nt for ~eriving cl.yriamical 
equatio~s, can b~_rewritten as follows -

t2- . R - ' ' . 

. s.~- ~6 Jdtjdr [~;(t,r)c(r)- u'2(t, r.)]' (2.8) 

- tl 0 ' 

~where c(~) lsthe mass-d~Iisity distribution al~ng the_string 

-· ·. _,. ·· .. m.·· - . . . . - -· ... 
_ c(r) .... 1+ MJ [8(r)+ ~(Ji -:-·· r)] . _., · ·· ·· · (2.9) 

For'semplicity.we' assume th~t t_hest~ng-~nds are loaded with equal 

masses, m1 = n;t2 = m. . .. . . , 
~- Equations ofm~tion and bo-undary _conditions can be deduced frc>m-

. (2.7)or.(2.8).by relations ' /'-' . . . ·- ·-

and 

- ·-

- a(aL~tr)- +~(a. 'Lst~)· .. . O, 
8t .. au . . ar ' au' ' ; 

' . 
·. . · ·aaL." . . . . -aLstr --(_:_ 1 )a:__~ = 0, -a= 1, 2; ra _:_ O,R. 
a I at au . -·. . .... -U _ a ... 

(2.10) 

(2_,.11) _. 

Lstr is th~string Lagrangian density and La, a · 1,_2 are the La
grangiansof the massive ends of the string in Eq. ( 2. 7). Equations 
of motion are given by ' ' -

Du=O, (2.12) 

· - wher~. D =c a2 fat 2 - a2 f ar2 , -whiie~· for boundary conditions we 

find [16] 
mii = MJu', 

mii = _:_Jvi?u' 
- .- 0 ' 

-··s·-

r -_0, 

·r = R. 

(2:13) 

:(2;14) .. 

I. 

' 

. ' 
~ ; 

Equ~tion. (2. l2). admits the following soluti~ns:·-
-- :j 

. I _'.- . . ., 

u~ ( t,r) "' o:J e~p[i(w/ R)t] u(r) , j = 1, 2, ... , D- 2, (2.15) 

in which the string length R.has been introduced in order that w. be 
dimensionless. By substituting (2:·15) into (2.12), (2:1~) and (2.14) 
one obtains . - . · 

2 - ; 

·. · _u"(r) T.~2 ri(r} 0, 

\ .,. -
1
w2 u(O) . -qR ~'(0), 

. . . 

w 2_u(R) qRu'.(R), 

-where q is a dimeil.sionless parameter_ 
... • '" ,_ 't < '• I ' 

M 2R 0 q.= -. -.-, . 
m 

(2.16) 

(2:17) 

. (2:~8) 

(2.19) 
J' :-_ 

.. The .diff~rential ·equations (2.16)~(2.18) are linear, therefore--each 
;. c~mponent of the transverse: ~scillation . of' the.· string ~atisfies the 

'same equations; :.Hence,- wecan ~rite the. general solution. as a su-
perp9sition of plk.ne wave ~oluticms . . 

, 

.\' ' . '. ,. 

. >.,.·· . '·, ) .·. . .': "' ! ; i 

u~(t,r) .·· if!I:>~~pf~i(wn/R)t]o:~ ~n(r), j =l, ... ,D :-?, 
., . ' . !V.LO . : . . . Wn . ' . , . . . 
• , • 1 - n;fO ~ .. . 

' '' ' ' ' - ' . ' ' ' ' . (2.20) 
where the 'amplitudes o:~ (Fourier coefficients) obey the usual rule 

. of· 'complex conj~gation,. O:n = o:~n, in . order th~t .·~~' be real. -The 
eige~functi~ns Un (r) iri '(2~20) are defined by 

' • • • <. 

( ) 
, N. [ ·' ,(· .r '), ' . :wn . ( ·. r )] 

Un r = . n cos Wn R - q Sill Wn R .· ' (2.21) 

where Nn are normalization 'c~nstants and ~he ·eigenfrequencies Wn 

. are .the roots of the transcendental equation 
I . 

-~-" 

I; 

tanw· = .2qw 
w2--:- q~: 

7 .. 

. '(2.22) 
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On the w-axis·thes~ rootsare pl~ced;symm~tri~ally~ arou~:H~ ze~o. 
Hence ~hey can be numbered in the following ~ay_ wo : 0, W.:..n = · 
-wn, n , 1, 2,.. .. Therefm:~ i~ will be suffic,ient to consider only· 
the p<;>sitive roots. The eige:rifun~tim~. un(r) obey the orthogonality 

_ conditions 'with the weight function c-(r) [17] .. · · . · · · · 

R . 

jdr~un(~)·u~(r)c-(r).' ril5n~'. (2.23) 

0 ' ' ' 

w}:lil~ the functions u~ (~) s_atisfy the usua~. orthogonality conditions : 

. R. 

.. Jdru~(r) u:n(~) 
0 -.·' ', ·_·. j 

2' w . 
- _ ___!!./) R .nm, 

I ' 
\ .. ' 

(2.24) 

· ~h~re the eigenfrequencie~.wn aresolutions of~Eq. (2.22). . 
The density of the. canonicah~ol?entum pi ( t; 'r) is d~fined. in stan-

dardway _ . ,· _
1

: •• • . :.· > . · .. ' ·,· · ': .. : __ ·. '-; 

• ·· · · · · OLtot · 2 · · . · ·. · 
. ·- pl~t,r) = oui ~=.M0 u1(t,r)c_(r):,' . c. (2.2f?) 

in which Ltot is/the Lag~angian density_ in a'ction (2.8); _From (2.25) 
the totalmomentum of the string is given by · . . . ' . 

R· . ,. 

P!(t), .. !d: pi(t,;) . . (2.26)' 
0 ' 

Obviously, in the problem und~rconsideratio:O:, ~ecanput' pi_=O. 
The canonicalHamiltonia:O: is defined' by.· . . .·· ·.·.• . 

- . , I 

• R " . · . . ; 

'·H = ja:[p(t,r)u(t,r)--·L:t] 
0 -

R -; ··. i . . . • 

=· ~J jdr [~2 (t, r )~(z:) + u'2(t, r)], , 
'\ 

(2,27) 

0 
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In te_rms of the amplitudes U'nj .if reads 
I 

. '· oo'D-2·\·. · · ··· } 

· H .· ~-·"""'""" (ixf ai+ + ~+ ai) . .. · R-bb- n n n n, 
. n=l~j=l . - . 1 

(2.28) 

. When we quantize,~ ui ( t, r) ar~.'d. its conjugate momentum pi ( t, r ). ' 
-·. become.operatm:s with canonic~l·commutation relations 

_ [ui(t::r),pl(t,r')] = il5iil5(r--r'),. (2.29) 

. ' ., . ' .·• ~ -
Thisimpliesthat the Fouriercoefficients become operators and·s?-t-
·isfythe ·relations . · · 

[a~, aim] = Wnl5ij l5n+m,O, (2.30) 

·t,J = 1,, .. ;D- 2, n,m ~- ±1,±2,:/ ... 
' ' ' 

The creation and ~nnihilation operators, respectively a~ and a~, 
in Fock space are introdu~ed in. usual way. ' .... ·. 

·.·- ~ •' .... ... ' ( . 
: J- -~ J . an- y_Wnan, ai + "=_..,.. IW ai+ · 

n. · .V""'n n ' 

' : i ' j+ /_:_ ij' ' ' : - . . . , [a 11 ,am·J-l5 l5nm, n,m-1,2, ... , 

~nd ·through.th~m: the.· Hamiltonian _(2.28) -takes.the·form 
. \ . . . . . . I' ·. .· , 

oo D-2 · . · , 6o 
. ' ' ' 1 E' 25. ' . .· ' D - 2 1 2:.' I H.:_- ·.·· (.<Ja1+a1+--- w. 

I R . . . 11 n .. n . 2 - R . n 
, . n=l j=l · · '· n=l 

Thelast .. term in (2.33) is th_~ ~~mal Casin;ir energy [18, 19]. 

(2.31). 

(2:3~)' 

(2.33) 

\ 

.l " r , ' . . . . -- . ·. - ·. . . - .. : , . . 

3 One-loop potential generated by . 
N ambu-Goto string with massive 

.· ·' • • I 

•ends 

In this section we shall ·investigate of thd lnte~quark, potential 
' :arising from,the action(2.1), via.t!!e perturbation calculation. ·For 

9 
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thi~ purpose the Eticlidean: ~ersion of the mod~l u'nder consideration· 
should be treated. · ·. ' . . . . · · 

Up to the s~cond order in'u th~ stringaction (2.1) in Euclidean 
space is given by (t1 = 0, t2 •· T)' .. ·. · 

. ·r· ·R ·. • ·_, • . . .. 
2 

.· t:i . .. 

S E = MJ j dtjdr [1-1- ~ua',ti] t. s ~; Jdt U2 ~ t, r .) , (3.1) 
0 .·· 0 I •» • ; . , ., !1. , ·; 

·' 
r1:=,0, r2.~ R,·· 

where.82 · .. _82/8t2 +fP/f!r2 ~ It g~nerates one:c-loop Feynman dia- ·. 
gram~ in perturbation· theory. The potential V(R) betwee1l massive, ... 
quark separated by. a distan~e R is. defined in.terms. of functional . 
int~grai·as follbws [20, 21]: · ·· ·. · · · · 0 

, 

. . - . .· .. ·. . . 

· ... . '...:rv(R)_ --.<!·· ·[D ']· ..:.s~(u] .. 0 T ·.· · · e .o. . .- o· u e .. . , . " . -t oo. 
: ;_ ·_, . "-':.. :0 .. · ; . . ' . 

\ 

·0~2) 

\ •'' 

From actidn (3.1), afterJunctiomil int~gration, the interquark poten~ 
tial reads· c · .• _,· 

• . . I '· [ T ' R ., . .·· . .-' . -~ '. . \ ~ . . '] .I' ' ' • . '', ' 

. . . . 1 .· . . 2 . D 2 · _1 . . . . , 
Y(R)::: hm.T_ lat•I_drM0 +~--_-_·_Trln ___ c_._· .: \ .. (3.3) 

. . T -:-+00 J ' I' ' 2 . . . ' ' '' . . o. > • 0 ' ' .. ·· • ' . . '! 

\ • _,r• • -. • '' • • -~ • 

In Eq: (3,3) c-1 = 8 2 is the operator. generated by the'quadratic'. -
part of the action S E ~nd G is the Euclidean :Green function 

r ·· · .. , : . . . · ' i. . ·, · 

82 G(x, x~} 1 b(x; x'). . , . ..(3.4) 
, . • :' , I . : .... 

In .the momentum space this function is written as. 

. 1 
G{k?, kn) 

0 
=. 'kfi+ k~ '0 ~-

-~ 

(3.5) 
. ' - . . 

where kn are admissfblevalue·s of the wave.'vector for the field u( t, r ); 
determined by the boundary conditions (2.13) and (2:14) . 

Wn o 

kn = R. · 

1~ 

..._. 
. (3.6) 'o 

I . 

As oefore wn are the roots of freque~cy equation (2~22) .. By using · 
· the definition of the Tr in the momentum space. · · 

~ , • ' . "" . I 

+oo 

. w= ko, .(3.7) Tr .. < T~~~L:··, 

I 
/ ~oo .· . n . . 

' ·. · .• - .· .. ' -. \ ..... . ' -' ,- - . - ',- ( . 
. where· the surri is spread over all the discrete values ofthe component· 

. • \ kn, we c~n present the functionaltrace in Eq. (3.3) in the1 following 

.• 

way· _/ 

..+oo , 

.T. 1 'G'-1 T L. Jdwl .·(. 2 . -. ·k2) · r n ·= · . - n w +. n •· • . . . 27r '• . 
. .·. . .· .... · .· n, -oo . / . . "-

(3.8) 
I • 

' 
In the·analytical regularizati~n th~ ~-integrati~Ii dui be pe~formed 

·by/the formula [6] - . . ·., · . · _, - . 
., 

+oo /-- i - ·:/ , . --, 

Jdw \ 2 2 . ·rq· 
· · - ln(w 0 +a) . · va2_ • 

27r . ' . . 0 

(3.9} .. 
·'"'I 

i,. 

.' 

'~ .' ,-oo 

It follows \ha~, ~P to the ~rie~loop level the~iriterq~ark potential 
(3.3) is gi~e~ by. , ,! · · · ' . . ·, .- · 

·.. D-,-2-· . 
V(R) -~ MJR + .T v(q), · . (3.10) 

In which' ... 
. 1 00 

~(q)~··. 2 L w~(q)' · 
. . . · ·. n=1 , 

·._ .. (3::n) 

. a'nd wn(q) are.the roots of Eq. (2.22). · ,, , ._ 
The sum In (3.11) diverges [18, 19] so that it is U:ecessary to develop 

a. subtractiop. procedure physically acceptable. in order to. get the 
. ren.ormalized funttion vren(q) in a unique way. We. propos~ here a 
mode-by-mode S\lbtraction procedure. To this end we consider the 
'asymptotic.~£ ~igen_frequencies wn(q) for l~ge n but fixed q t22] 

~ .·· . . . 2q . ( q)' (2qf 0 
/ • 

wn~q) "'.n 1r + - -:-" 1 + -
6

·. -( )3 +O(n-5
); n-:--+ oo. (3.12) 

. . . n1r . . n1r •. 
- ' '- . '· 
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' " ~ 

The. div~rgence of the.sum (ill) is due to the first'two':terms in. 
(3.12). At th~ sarrie time we consider the asymp~otic form,s of Eq. · 
(2.22) at q ~ 0 ·. · · .· .. · , . ' 

. - - . 2q . . 
tanw = -=-, (3.13) 

W, 

and at q --4 oo 
'q 

cotw = ~:2w. ' : (3.14)· 

The asymptotic of the roots of these equations for large n and fixed 
q are given, respectively, by · . , . . . . ' 

< : i ·,, 
.. _. ' -'c ' -, f j J 1 • •, 

-c). . . 2q .·. ( .. · 2q) (2q)2 · .• · .. c ~5).:. .. . 
wq rvn1f+.--.· ·1·+ .. -3.'• ·-(.')3.·+0n .. ' .n.-_cXJ, /:· " · : · n1r · · n1r · , . · • 

' ' . ·. ' . ' (3.15) 
• . \ 

and 

- ' .. .· . . . q . q~ . . . -5 . : ·. i ' : ' . . 

w(q) "" n 1r ,+. - + 3 3 + O(n ) , n-:--+ oo ., (3;16) 
,n , 2n?r · 24 n 1r . · . ' · · · 

; . ' ' ·' •' '. -\ . 

Thus we see that-in order to remove thedivergencies in,smn (3.11} 
we'Iflustsubstitute w~ by Wn- Wn. The'root~'ofEq.(3.:14) cannot be, 
used for this }mrp?se 'in view of their asymptotic (3.16). Th~refore·. 
the subtraction procedure proposed here is unique. · .. · . · · '· · . . . 

, . . r, , . , \ 1 •• • , , 

In tenus of the function .v(q) tlie proposedre:riorinaliza~ion proce- •- .· 
dure is defined in· the· following way , '. ·\ · · ,. .. 

,!, ; 

vren(q) ' v(q) --lim v(q) + Vo; · 
. . . ' q--+0 . 

(3.17) 

' ' ' 

The symbol limq'...::0 v(q) ·means that we must take the asymptotic' 
· expression of the function v ( q). Analogous renor~~lization . scheme 
is ;used by calculating. the. Casimir energy in. some field riwdels. with 
special boundary conditions .. We,have introduced her~ a constant Vo I 

in order to s~tisfy the requirement that at m = oo Eq. (3.17) must 
give'vre~( q) for stri~g with fixed, end~, i.e. ': . ' .• ' 

v~en(q) . \ v(q) _:_ lim 'IJ(q) + v(q)lm~oo · 
: \ :q-::-0 ' .' ''·· . 

(3:18) 
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·.'. '( / > • • ..-}' 

. ·. The frequencies of the string with fixed ends. are 
J ,' ', ·'. • ' - " ' - ·~. 

Wn = n 7r. (3.19) 

Therefore the l~t terms in (3.18) is defined: by I 

\. 

7r ~ .· 
vo . v(q)lm=oo = 2 b n · · .. 

.. n=l ·-

(3.20) 

·This sum can be renormaliz~d,by mak.ing use of the Rie~an'u ·zeta
· function ((s) = 2:~=1. n-:-6

: .· ·· · · ' 

. 00. 

'\' 
v(q)l~~~-' -~ L n 

.• . l n=l 

. (3.21). 
1[. 

i((~l) _:_ -:-24 

The. fi~al e~pre.ssion for· tP,e renormali~ed function .vren( q t!s. giv~n by,. 
' I ' ., .. • '. • •"! • .r ' I • "- > 

/. l
'oo, . " 

ren ( ) .. ' 7r . . ~ '[, . ( ') - ·c ) ] :, 
, V. q , ~ 24 f. 2 b W,n q - ~n q ·, . 

· n=l · ·· 

. (3.22) 
·< <· . 
. ThisJun~tion:has beell. .. ~~l~ulat~d nu~~rically: As sh~wnin Fig. 

. .1, '~ren(q)' is a monotone increasi~g f~nction of the 'dimensionless 
· parameter'q. · · · : ·. · . . . . 
. The interquark. potential (3.,10) .in ter~s of ,the function. vre_n(q) 

reads \\ . ' ·' · · · n....:.2~. , 
• ,V(R) = MJR+ ~vr~n(q). · (~.23) 

. ' • ' ' .·' . ' ' ' . 1. . ' 

Equation (3.23) shows tliat the potential generated by string with 
·massive ends depends on the, quarks masses through the ·dimension
less parameter q · MJRfm. Taking into account this fact we can 
giv~ here a:. ve;y dear phy~ic~l meaning of the ;ubtraction procedure 

- proposed ~hove for obtaining renormalized. quantum correction to 
· the potenti~l~ (3.22). ·.The limit q --:+ 0 may be obtain~d by putting 
\ R --:t 0. _ The~fore,. vren(q) is determined as ~difference of v(q) in 

two points: r, = · R and r --:+ 0. In the same way, the potential. (3.2~) 

-./ 

1_3 



! 

'i 
",.' '' . ' ' ' ' ') ' ' ' 

,,.- .... I 
!·· 

is equal to the work that sho'uld be done for removing quarks con-:-: 
nected by string to .the distaric~ R, provided that at the beginnitig . 

• ' ' ' ' ' ' ' . ' l ~ 
they were very close<} to each other. , . , . . · 

Certainly, . this \en~rmalizatiorr · pr9cedure ·should. be foll~wed by 
substit~tion Jor MJ, the renormalized (physidl) val~e ·.of th~ stri!lg . 
tension. For simplicity we do not introduce new notations and will · 
keep this point in mind. · .· · ' · · .. ' ~. , · .. · . · . . . , 

Now!. we propose a· different way for' calculati~g the sum in Eq .. · 
(3.22). It utilize an analytical method that employes the following . 
integral for~ulafrom the complex an~lysis [23].' ', ', ' ' '. '' ., ' '' '' 

Let us consider a~ analyticalfunction j(z }-with ~eroes oforder n/c 
at .points z ~ ak and with poles of order PI at points z 'b1'.in a.'~ 
region bounded. by a contour C. Fr~rri Cau~hy's theorem' it follows 

' ' ' ;· ' .. . '~ ' 

that ' , 

1 . •, !' ( z) ' 1'' '' • ' ' ', ' ' ' ' : ' ' ~ 

-. fdz·.·z·-.f( ) .= -2 ·. ·f.d. zz [ln.· f .. (z)]'·.=.~ .. . · nkak ,-;-: "'.p.1.b1 . 27rZ' · I· Z .. 7rZ ·. · · . ·. L...t' · 6 
c· ;.: .. ; .. l. :c-··· . . .. · , ..... ·. k .. , ,. , r '·'· , I , 

,· ' ' '' ' .· '. ' ' ' ' ' ' ' ' ,. '' . (3.24) 
. In .order to obtai~:\· the r~·!lorm.'alized func,tion .v':Jri(~) through · 

Eq: (3.24), one' has to choose an ~ppropriate e~pression for the func- · 
tion f(z):·Equ·atio~· (3.1.8) iinpliesthat j(z)~hould be'takenin the 

. ' , . ~ , . • ; I : . • . . ' ' 

following form ·~ · · · · , · . . 

.
1

(. ··)•· _.~~-q2 _l,2qwcotw '. ·· 
W -

2 
. . SinW. 

· I · w - 2 q w cot w · . · · 
' ' ' •:• 

\'' .. ' 

.. 
the numerator is ill fa~t' Eq. (~;22). arid the' denominator is the 
equationin\the li~it q-+ 0 (Eq. (3.13))~ Th~ multiplier sinw 

i~troduc~d to talw into account ~he frequencies (3,19). . 
When applying the formula (3.24) t~nominator, d~nominator ari.d 

'ersinw in (3.25) separately with the counter C encircling the 
positive semiaxis in thecompiex planew~ t!Ie cont~ibution ofthe. 

into (3.24) is obviously absent.· Now we deform,the contourC . 
that it transforms into the imaginary axis on 'the complex plane. 

integrating by. part~,· t~c final expression for th~ renormalized 
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function vren(q) becomes (Appendix A) 
/ ' -

Vren(q) . . ~~ + J(q)', 
' ' ' 

'(3.26) 

where· 
'· 

J(q) • 2~ }yin [1-i- (yfq)' + 2~yfq)coth yl 

/. 

(3.27) 

0 I 

The/integ;al I(q) has been calculated numerically for differ{m.t valu~s 
of the parameter q. ·The results 9btained for vre~(q) by making use 
of (3.22) a~d (3.26), (3.27) a:~e certainly the same, (see Fig.· 1). 

Finally we analyze the asymptotic expansion of thepotenti~l V(R) 
'in:the limit q ---+ oo or R~-+ oo} ·In this. region the renormalized 

· function 1;re;(q),:Eq: (3.26), is give~ bi.(seeAppendix B) 
~ '· ·-- . . .. . ' . 

ren.( ·)· , 1r ln 2'': . 1 . · .· · .. ·. MJ R . . . ( ) 
v q -~.-- +-q + -.-, 'q =.-. -, .q-+ 00. 3.28. 

. ~· . ··. · .. 24 .7r . · · 21rq m · 

·At la~geR theinterquark pote~tia1(3.23)J:anbe written up toseco'ud 
order in 1/ R a.S-foll?ws ·. . · -, · . 

' ' . \ ' ·' •. ' .· ' 

·V(R··.) · M. .. 2 R· . (D-'2).1n2_.MJ~ 1r(D-2) 1 · 
.· .· ~- 0 + . .-- . -+ 

··. . . . · · 1r .· .· .m · , 24 R · 

·' ·· ' ·. ·n·..;_ 2 'm . ·r·.;. - .:..
4 

.· . . 

+ ~ M6 R 2 + 9(R. ) , ·. R-+ .0::· . .. (3.29) 

.• The first terms i~ (3.29) is th~ ~sual·lin~~riy ~ising te~ M6 R 
(confining p'Ote~tial). The ~econd term is a constant dependent on 
~he quark mass: The third t.erm is the .universal Luscher 1/ R-term 
-and the last· one' is a correction to the_ str!ng potential due. to the 
finite quark mass. · · 

- ~? ::--

/·· ·\ 

i 
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Vren(q) 

1.8 

1.3 
-~ 

0.8 

0.0 

Fig. 1. ·Renormalized sum ove~ the n~tural frequencie~ ~f the string 
wi_th massive ends, vren ( q), ·calculated by making use· of the· definition 
(3.22) and the integralrepresentation(3.26), (3.27). Theres~lts·are; 
certainly, ·the saine. . . . ' ' 
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-4 . Variational- estimation of the stri4g 
·potential · . c · .. 

In preceding Section ·tiie· string potential·has been calculate4.by 
·using- the perturbative theory for an arbitrary dimension. of space
time o: Otherwi~e thi~ potential can be derived in the limit D "--+ oo 

. . . .· .. . -, . . .. 

by making use of the variational· estimation of the :functional inte-
gnil [1], [4]-[9]. . . 

Let us turn to the initial 'equation (J.2) determining the st'ring 
· potential . 

· _ e-TV(R~ = J~~~]e-SB(u]' T "--+ oo ,· (4.1) 

where. S E ·is the EuClidean. action 

. T. .. n·~ . . . . 

. ~i = MJ jdt Jd~~Vdet(8ii + 8iu8ju),+ 
·. 0 .. o . . ; 

·. . . T .... . . 

+·EmajdtJI+u2(t,ra),·· r 1 .·o: r2 _R. ·(4.2) 
. · a=l . 0 · .. . · - . : 

.The 1/(D - ~)'-e~·pansimt ·is carried out in stand~d ·way [1]; . Le~. 
us introduce the composite field U{j for 8iu 8iu and constrain Uij · · · 

8iu 8iu through the Lagrange multiplier aii. By using the exponen
tial parametrization.of the 8;.:fundion, with the understanding that 

· the (yii fu~ctional integrals. ·:run from -ioo to +ioo, and calculating 
the u-functio11al integral, Eq: (4.1)becomes / ' 

. e-TV(~) . . J [Da] [Du] e-SE[a:ul; • T 7 ~' 
..... _ 

' (4.3) 

'where . 

T R 

. SE = _MJ jai jdr 
0 0 

[ ·\/det(8· · + ~--)•- ~ aii u· ·] +-
. , I], · I] .. 2· . IJ · 

, ...... 
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'-, D~2·-. -- .. -... 
. ~ ~Tdn(-:8ia13 8i)· 

. ~' - . ·. (4:'4) 

The boundary terms in '(4:2) should be_ b.ken in!_o a~courit und~i-. 
finding. th~ eigenvalues ofthe di~erenti.al operator)-:-' ai a~iai in. ( 4.4) .. 
The 1/(D·~ 2)-expansion is generated by expanding the action (1.4) 
around its stationary point .. We shall assume that:at the station-

. ary point aii'and (Jjj are aiagon~l. matrices, & ~~d a-r~spectively;~ 
independent on t a_nd r · [1]._ From-Eqs. (3.6), (3. 7) -and (3.9)- we 
obtai~ . - · · 

. .. . -·+oo . . . . . . . . : 

_-: Trln( _:a:aiia.) - T L:j dw ln(a00~2 + a 11 k2 ) = 
. . . . I : J . , • ' . n -oo 27f . :- . ~ .· ·. , : ~ : . 

,.....--·· 

· · -2T -{;IU. 
" . , =Rv-;;oov(q), ·-~, .,_ .. -(4:5t .. 

where v(q) is defined by (3.11). Now, action (4;4)can be rewritten· 
• -·- .1_ ·' - '"' • • ' •• • •• • ., 

as 

SE.· MJRr.[J1 +'CT0VL~CTr~.E(~0CT0+a1 CT~j]-.+. 
. . : ... · . ·.' . ' . 2 ,· ·' ' . : . 

+.(~~2)~#Jv(k), .. . . . (4.6) 

•; 

. / 

with ();li ... < ci, ;;ii. cri, i·=·O, { Equ~ting to-zero the_variado:ris bf . 
the acti~n-(4.6) with ~~Spect toCT0,.-CTi, a 0,'a1 arid sol~ing the'corr~- . 
sponding set' of algebrai~ equations 'allow us to find the station8:ry' ' 
points 

r 1 
ao::__Vt.:...2>.,. al_ Vl::-:--2>.'_·-

, -~· 

- ,, 
CTo-= A . ' ~ =-->. , .. -,,··· 

where the dimensionlesi.functi~~ >.(q) is defined by : ·. 
. ' ~ ·--. ~- " " ·- - -. ~~ - .. · ..! 

-_ - · D . 2 . ·. -
~ >.(q) = - MJ-R2.vr,en(q). 

·: 

-18 

(4.7) 

·.· (4.8). 

(4.9)-

1., 

~-

:1 

'\ 
,i·. 

I 

•)~' 
-~ 

T 
~~ 

'., 

Here we have used the renormalized function v(q) from Eq. (3.22) .. 
·_ Putting (4.7) and'( 4.8) into (4:6) yields the. string· potential to 

leading order.in 1/(D- 2): · · , 

·· R 2 
·(·· - -24 . ·)· :. 1 ;=-.-c 1 ~ -I(q)_ ., 

... _ R2- -_ -7r . .. . 

.-

(4,Hl) 

where R~ = i(D- 2)/12MJ' and I(q) ~~defined in-Eq. (3.27). The 
. quark mass contribution in this formula can be interpreted as a sub
' stitution of R~ from the. Nambu-Goto string with fixed endsby func~. 
tion R2(m, R) dependent on quark mass m ~nd distance R:. 
' -~. ' . - ..... 

- ' 

fl'(m,JJ).cc R; [r ~- .. ~I ( M!R)] . ('!_.11) 

" 

_ 'l;'his re~mlts in an extensi~n of the applic~bility of Eq. ( 4.~0).to R < 
Rc. More p~ecisely, forrr_ml~ (4.10) has·sense n~t only fof R _> .Rc~ 

-that takes place for the string_ with fixed-ends; but also in the region 

R~ft· < ,R < Be; ~ '(4.12). 

· ~here R~ll_is · ~efi!led ·by -equation 

.... _._ ~- f!~(~,R~11t .. (R~1'-) 2 • (4.13} 

At R ·. R~f i t~~ interqu~rk'potential (4:io) :va~ishe~. Now critical -
. distance R~~r is det~rniined by tlie quark-' mass~ and when m .-:-+ 

0 Relf ( m) al~o decreases. ,".In, Fig. i the dimensionless-potential 
V(R:)/Mo <is_ a function of the dimensionless distance -p - 'M0 Rc-is 

- plotted for different values of the ratio J.L = Mofm. 
·At -:-the end of~his Section we present an asymptotic expression 

for the interquark potenti~ ( 4:10) at -R -~ oo. The asymptotic ex~ 
pres-sion-for function 1(q) when q----+ oo, (orR --+'oo)~'is given by 
(B.5) . . . - _ · / _ - . - -

' . ' 2 , : _ In 2 M 0 R 1 · m_-- _ . . . 
I(q) ~ --.---. + ---, R_----+ oo. - (4.14)-
. ·. 1r · m - .. ·21r MJ R ·- - · 
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Fig. 2:, Dimensionless interquark potential,V(R)/Mo calculated' 
through. Eq. (4.10) for different values ofratio-JL = Mofm: -The 
Alvarez' result [1] for the Nambu_.:.Goto string.with fixed .ends is ob-

. · ta}ne<fat p., 0. . - . . '· 

( 

- ·20.· 
"<· ' 

·-
:::.---

Taking into a~count (4:14), Wf1 obtai11 

. V(R) "'MJ R+ (~-- 2) ln2 M(f-
. . . - - 7f'' --. m· 

. -"" (D -. 2). [1 +-12 (D ~7i~) (ln2)
2 ::~] + 

. · D --2 m [ .·· -· 1r(D -:- 2) In 2 MJJ ·. -~ . . . . 
-+ 21r R 2 MJ 1 t 12, _m2 . + O(R )' ~ ~.00 • · 

' . . - . - - ' ( 4.15) 

The illterquark potential calculated via variational_approach, __ at'· 
large values of -Ii has some additional t~rms as compared with the·· 
potential, (3:·29}; obtained by.pcrturbative method. In 'pa~ti~ul~r, it 
turns <?.Ut that the.Liischer 1/ R-term- , . 

-----::,~ "\ 

1r(D ~ 2). 
24R 

. should be now substituted. by .. 
' . ' ~ ' ' 

·' 

(4~16) 

•' ,· . • · ... ' . ' 2 2 
1r (D -. 2). [. · . 12 (D - 2)(ln 2) ._Mo __ J . ·--.- ____ (4 17) 

24 R 1 + L 7f3 . . m 2 . • .. --- • 
·- ··- ' . '. 

5 .. · Quark mass cqrrections to the rigid 
. string p()tential ' . . ' 

In this .Section we c~l~ulatc the ma.Ss quark· c~rrections to . the · 
·_ one:-:-loop interqu~rk potential in the framework a.t the rigid string 
model [5, 24}. _As known, this m~defcan_b~ treated as· an effective 
one taking into account the finite thickness of gluonic tube [25)-[27). 
The basic aim of this calculation .is to show the pri~cipal applical]flity 
of the proposed niethod to the rigid string model with massive ends.' 
Variational estimation of the interquark potential iri the framework 

· ofthis inodel will be published elsewhere., 
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...... . " '... '· . . 
The Polyakov:-Kleinert action· for rigid string with_ :gtassive· ends 

h-;, the form - ·.. · · · ' · · · ·/ · · - · · 

. '. ' . 2 . 

S.= -MJlfdEFi[ I~ ;~;t.x"Ax,].-,- "f:m·ids., 
. . (5.1) 

where the new parameters rs and g:' are, respe<j;ively, the radius of~ 
gluonic tube and a dimensionless constant; -~ is the Laplace- Bel-
trami. operator for "the.~nduced rhetfic'gii · 

·.. · 1 · a · (. ·. · .. · ~·. a · ). · · 
~=-- · .. IJ · '~ a~i vc:gt a~i ·,: 

In the Gauss parametrization (2.2), ·the O'pefator· (5:2), 
second order in u, canbewrittenas. . 

'· ~~------- l 

·~ti :... 9 +~o(u2h 
.·, -c 

,, 
Now ·action (5:i )_reads 

(5.2r 

'· .•' .. 
up .to the 

.. -~5~3) 

· .. "'· ·,; t2 .. R '. ,· · .\ : . . .. · .. 

s·~ . ..:::.u·2···".·Jd.t}.dr '[i·~ ~u2. + .!.~·2"+ ar2(,Du.)2
] - .. 

·, 0 . . 2 . . 2 :-·. 2 s . . -
. . t, . 0.. . . . ' . - ·. 

2' . , .. t2 . . '·' I. 

. - L ·~a ·jd£u}(t, ;a), r1 _: 0, . r2 = R·.'> (5A) . · 
. a=l · t, 

The equations of motion and bo~nda:ry conditions: for the action 
( 5 A) ~re . · . · . . . , . .::_ 

(1.+ ar;D)Du =·0,' (5.5) 
. , . . 

':(5.6). 
'. (l+ ar;D)~1 = ;;2 ii, r . .. 0,' 

0 . '., { 

(5.7) (1 + ar; D)u1 
.. 

m 
- M2ii,. r ..:.__ R 0 , 

'• 

Du=O, -r~. O,R; (5.8}. 

-.... 
22 

' --·-

i 

''•,._. ,L 

/. -~· 

. ' \ ,. 

( m1 ---: .. m2 . = m ). The Lagrari.gia~ in the action (5.4) depends on the . 
. · first· and the 'second derivatives of the --~tring coordinates·; therefore . 

the number of obtained boundary ~6nditio~s is twice compared with 
· the Nambu-Goto string. · 

' 

. The bound~ryvalue problem (5.5}:-(5.8) reduces to th~ two inde
pendent ·boundary problems. Irideed.equations of motion are given · 
by,product ofcommuting diff~rential operators (1 + ar; D) and D.· 

" • I . . , 

Hence, the general solu.tion to this e(]_'uations can be represented as 
a sum of two terms . f, ' 

l 

where· 
~..·· . 

arid' 
" .. 

: : i 

i 
) 

'i' 
' . 

u(t, r) = u1(t, r)" + u2(t, r)', 

Dui = 0,-
, ' : 

1 ;m ... 
0 ·ul =- M2 Ut, .ri=· ,. 

0 

m· ..... . 
. . , I _ +-~2 ll1., 
'·ul -· Mo " 

/ "R . 
r = ... ,·, 

i, 2 . ; .. :, . 
· (1+ ar5 D) n2 .. 0, 

. u2(t,O) ~ · ~;(t,R) = 0. 1 1 

' I 

(5.9)' 

(5.10) 

,· (5.11) ' 

(5'.12) 

(5.13) . 

(5.14) 

. I~ this case, u 1 (t; r )is the s~lu'tion for :theN amb~-Goto' string with · 
massive ends that we have'am1lyzed in Section 2. The 'string rigidity 
is .taken irito a:~c()unt py functionu2(t, r ) .. The :general sohition. to 
Eq. (5.13) obeying (5.14) ~an.be presented as'.' ' .· ' ' '' . I .. · •. 

·:· ·'I . . .. , • . . ' , . . ' . 
!'-l 

'• . ' . . 102 . '[ v '] 4-i ,. j . • V L. • n .' fJn . · · • · · · 
,u2(t,r) = z u-·L. 'exp zRt ·-.vn(r),. J = 1,2, .. ·.,D-2 .. 

· I . .LVJ:O ' Vn·· 
· · .n¥0 

I 
1 ; ' (5.15) 

The eigenfunctions Vn(~) are giv;n by ,,.... 

'() · N' ·' r 2 Vn r. -:- ·-.:._ V~n -:-' n Sill n7r R , . n = l, , .· .. , (5.16). 

' 
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, .. 
(',, 

;'. 

I ' ~ , ., '.. " , , '. '·, . , , . ' •. •, ... 

where fV~ are normalization constants. ·For the natural frequencies,. 
Vn, in (5.15) we-have . 

.. 
R2 

:Vn = ~ v_:_n,=. 1/(7rn)2 + -2 '. 
· ar

6 

n = 1,2, .... (5',17) •. 
/ 

·I 

The amplitudes !3~ satisfy the usual ~elations of complex conjugat!on 
/3~ -:- f3-'-n' n = 1, 2,... . . . ·' · · 

The Hamiltonian formulation of the model under consideration is 
d~veloped in the following way. Acc~~ding to_ Ostrogradskii [28, 29] 
the canonical" variables a~e defi~ed by ' r-- . 

.. i{ ~- ui, · ~ .. vA, (5:1~) 

· · _;_ fJL~at' , : ' · · · aLtat· . · · · , 
Pi-~: -a·. -~,·~=-a··· , _.J = 1,2, ... ,n-.2, (5.19) 

uJ · . . uJ ·. · · 

' where LtotiS the~agr~ngic;t~ density iri acti()Il c(4} ' ., 
' ' ' ~ • ' . i ' . 

I·.'.·' ' ; M2 ' ' ' .. , ',' ' •. 
'L ..... . o [··c) ·2. '2 . 2c )2]· . ·c5··2o·) tot= 2 c r u . -:- u - a r s D u ·. . . . : 

' ' . ' - ·• 

Putting Ltat and (5.9) into (5.18), (5.19}and taking i~to account 
: Eqs. (5.10) and (5.13) one ~bta:ins , · ·· ' ·· · .. ·· 

, • • " • i -·' 

ql = lli +' ll2 '; q2 ·~··· lli' +~ ll2: ' (5.21) 
. ! . " . "~. .· . . r - . , . : • .# • , • • • ·_ • ~-. 

' ' ' 2 ; 2 ' . ' ' ' 2 :- 2 ' ' 2 ,' ' . ' ' 
PI =rM0 [c(r)+ar

8
D]u, P2 =-ar8 M0 Du=M0 u2. (5.22) 

' . • 'J . ,. " •• ,. ' • ' , ' •• ' '" 

The canonical Hainilto~ian is defin~d by , 
'\ 

'R 

. H: ~ Jdr ~plqi + piq2 ~-'--'Liat],_ · .• (5.23) · 
0 . . ' 

In. t~r:ins of ·lfou~ier .amplitudes it becomes. 

' · · · oo· n--2 · · · . -·· ·· : - o6 n-2 1 . . · 

\ H = 2~ L ?:(~n;~;;~at;an;).:-_2~ L.?=.(rJ~;f3f;+f3~f3n;). 
. n=l J=l . \ n=l J=l · . 

(5.24) 

24 

) 

,-: 

,'! 

. j .-:. . ..... ! 

" 

1. ' ' ' . '' 
· The quantumtheoryis based on the cap,onical commutation rel<i.-. 

tions ' . ' .· , ' . · 
1 

[u~(t,r), Pi(t,.r')] = i~abDij. b(r.-: ;l),· (5.25) 

a= 1,2·; i,j.= 1,2, ... ,D-2 . ' ., , 
or in terms of the 'Fourier amplitudes· 

'1 .. :\' 

[a~, aim] -·. Wn oij Dn+m,O'' [{3~, {3~] = Vri oij Dn+m,O' c5.26) 

. . n,m = ±1,±~, .... 
By· introducing in standard way the annihilation and creation op-· . 

·'· .... , , :· ! . •. . I . 
era tors .... · · .. ,· · 1 . . · 

~i ;, : (w ')-::-1/2 ci . . ~i+ = (w )-:1/2 Qi+ . 
. n , n ' n ' ·· . n n . '· n. ' 
li ~ (v ). - 1/ 2 ai. zj+ = c' v ·)~ 112 ai+,. (5 27) n. .n /Jn' .: n · · n .' /Jn ' . • 

n .:__ 1, 2, ... , . , i,j, = 1, 2, ... ,D- 2, ·, ' 

.the .Hamilto~ian operat~r· (5.24·) a~qvires. ~h~ foll~~-i~g form 
. ' I ' • • . ' 

H= 
l oo D-2 .. •. . , :. 1 oo ·, , D-2 , . 

R LWn L a~+a~-R L Vn·L ~+IJ,,+_ 
n'=l' j=L n=l . . j=l · · 

;'I 

~ D .:_ 2 ·.·(·· oo . • . . . > oo ) . 

<'· + ~ I;wn·- :Lvn ·-·. 
. n=1 . · :- n=l · · 

(5:28) 

The last\~o terms ill. (5.2~) define' the Casimirem!~gy in the model 
u~der consideration [30].' It is important tonote. that the second os-

, cillation mod!:!-witlifrequencies vn, responsiblefor the string rigidity, 
. '· · gives a negative contribution to the energy as compared with the 

oscillationof the fi.r·st. mode witli frequend~s Wn· This is also true for 
.the' Casimir energy (see the last t~o terms· in (5.28}). )t is a direct 
consequence of the classical expression .for the total energY in the . 

i rigid string model (5.24). We point out.that this defect istypical in 
all· the the~ries with higher de,rivatives. To remove it, certainly in· 
formal way only, the quant~m states with negative norm are used· . 

.. ·sonietim~s [~2, · 33] . . : · · · 

25. 
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' -,.t 

. Now ~e calcl)late the rigid string potential in one-loop approxima-' · 
tion. Again we shalltre~t theEuclidean versi~n ofthe model under· 
consideration. ' 

The interquark po.tential is gi~en by Eq. (3.2) with the· Euclidean 
action ( t1 . 0, t2 = T) ' . 

. - · T R 

'sE ~· MJ-jdt ]4r 
. - O· 0 

,_,. ' ' f 

[~ + ~ u(i + ca;a2
) ~2 ~] 

/ ,, 

' (5.29)-

,· ' < ., ', • • •• 

As in sectio~. 4, theboundary terms in action (5.4)will ~e taken 
into account' by finding· the proper eigenvalues of the corresponding 
differential operator: 

1 
. · · • . . . ~ .·• . · 

After~ ~urictional integration, the potenti~l,takes the 'form 
/ 

i-, . . ' 

~(R) - lim .!_ ·[·JJ'dt.JR dr:~J + D-
2 ~rl:G. -. 1J , 

• . T --tOO T .. . . . . . . . 2 . ' ' . 
- · o· o· · ·. l ·· · · · :,. . ·" · 

(5.30) .. ·.·.· 

• I· 

• • • 'j • -. /' • 

wher~ the operatorG-} = -(1: +a r~ 82) 8 2 correspond~ to the inverse' 
of th~ Euclideah ,Green func;tio'b. , · ·. · · ' · · ; ·· ··: \ . ·' . · / 

.·. ·· .. ( . : 2 a' 2) a2 c.(. ·. ,.,) )_·(. '') .. 1 + ar
5

. , . x,x = o x,x .. 
. '"" .,. . ' - .. : ' 

~ I . 

(5.31)' 

·.·,.· 

.TrlnG-1 = Trln82 + Trln(1.+ ar~82) ~ 
' +oo . . , · .. ·, . +oo: . . 

= T 2J- j ~; ~n(w2 + kg) 2) + T 2J- f~; In [1+ a r; ( w
2 +k~')')]. 

. -oo . ,--"' . ,. _ "- , . ~ ~~ _ -()() j , • <: _ _ . _ . 
. . . . . . . . . . . .. . .. ·. . . ~· . ·. (5,.32) 

k~1 ) ~re the admis'sable·v~lues ~f the ~~ve'v~ctor for.the field ui{t;r) 
· determined by the.boundary. conditions (5.11) and (5.12), k~1 ) · .· · ' 

wn/ I?,,. n = 1; 2, .. ;, and k~2) ar~ the· idmissable value(of the wave 
vector for t~e field~2(t, r) deter~incd by boundary conditions (5.14}, 

. . - - ··, . ._ 

.\ 

/' 

.i 

1/ 

. · k~2) .. v~j R; n :- l, 2; ..... By usin~ the analytical r~gularization; 
.formula (3:9}, Eq. (5.32)·'canbereduced to 

: "· .- . . ·, ' ' 

. 2T · ·. T . oo 
T.rlnG-1 ·=·-v(·q·) + -?r~ Jri2 +·cr·, ·· ·.. R. I R ·~ .·· : : 
. .· ·· • .. .. . . n=1· · . . 

(5.33) 

wherethe dimensionl~ss p~rameter E is defined by 
. ·. . .a 2.(r.s)2 . 

E ·= - 1r. · - ,· 
'·. 2 R . · 

.· ' •\ . 
: (5.34) 

and the, function v(q) is given in (3.11). Now ~he inte!quark potential 
(5.30) assumes the form . . · . 

-·.V(}l)··. J\fJ R +~; 2 
[v(q) -vii~ v'n2+:-'].:, 

. • •.. 1 .. ·· . .. • ·: , ... n-1 . . . . 

(5:35) 

) .·In Eq, (5 .. 35)·.the.second·mode ~f oscfllation:.gives a.ptisitive ~ontri
bution. to .the eri.ergj. 'Af'J was· mentio~1ed above, itme~ns 'that the 
formalism, applie'd here, ;effectively us'es for excitatidn ~f the ~econd 
mode qu~ntu~ states/with negativenor~.: 1 

· .. ·•· ·.. . . .· . 

.:To n~rr10v~.tlie divergences)n.Eq. (5.35) .one~as t'o use a s.ubtrac~. 
. tioll.pr~ced~e; The fmiction,v(q) has been reno.rmallzedin Sectio·n 3 
(Eqs; (3:~2) and (3.26)). Now .we renorrnaJizeonly'the last ~urn in 

. '(5.35}. It can be rewritten in the. following way •. 

. ' . . . i . oo . . ~ . . : . ~ ( +oo . , . . . • j . . 1 .) 
w(E) •. ·,-. L yln!l +. cl :·· - · · L Jn2 + €:-"1 ~· .-.. 

, . 2. · .. · .4 . . . ~ 
"" ~ '· n=l ' · ., n=-oo ', , · , ~.·~· 

. . , . . (5.36) 

where the last term remove~ the term ~ith n = 0 in the sum:· The 
renorm'alized function wren(E) is obt~i~~d from equation (5.36) -by 
·subtracting its value for infinite string [6] 

\ < \ 

Wren(€) .. w(E) - lim' w(E) -
· R-->oo· · .· . 

, f 
~ .(•·-~-• :...•.·j+:n)· ·• .. J· . -

n- oo.. . 1 
. .-00 

(5.37) 
1 

- 4v'f. 
·l 
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·., r .· , . . .· . - .. ·-~ , . . :; . . ... 

Equation (5.37) can be expi:essedin terms ()f the function .(30] 
. )· . - ,: ' . ' 

. ( +oo ) . ( .. . 1 +oo . . •· Vx oo 1 . 
S(x) =- L- jdn :Vn2 +x = --. ·E-I<1{27rnvfx), 2 . . 7f.. n ·. 

n=-oo · - n=l · , -oo 
' " ·. . (5.38) 

. where I< 1 (z) is the1 .modified Bessel function . (34] .. This representa
tiop. for S(x) is convenient for investigating its behaviour at large x, 
because the modified .Bessel f~ncti({n decays ·exponentially (34]. For 
small x. another representati,on of the £miction S ( x) \Vas proposed (6], 

. By using the definition ofthefunction S(x), Eq. (5.37)becomes· . 
'. • ' > 

· . re~(-.) ,.:_ 1 S(··· ... )·• -· 11_· .. 
W E -- E - -_- • 

. •" '• 2 ' " ' . 4y'E 
! ( ' ., ,. ·\ ·. .. ; .' \_ .• --~ "· ' ./ : ... : \. ' j / 

Finally one.,. loop calculation of the inter quark potenti(l.l gives 
' '" . ' ,• '/ ' 

,. 
(5.39)' 

> 

· V(R) . ~J R 'i- L> ~ •2[v" .. (qf~ ~::re· .'0.· 2~ f ~ Krc;._)] ' 
', 1 • ' '- • _, ._. .n=l· ,¥ • .-- _ 

. . . . . . . . . . (5AO)- . 
whi~h depends on/the quar~ mas~ ~d string rjgidity tllr~ugh/'the 
dimensionless parameters q and E, respectively. .. . . ' · .. 

In ~he ~Y'mptotic limi(-R ~ ob, the st~ing potential (5.40) as-
. . sumes the followi~g form. 

V(R_·). ,;._ M 2 R . . ·.(D.- 2) ·(, .l.n2M{ _ 1r(D -2) 
0 + · . . ' 24R . . . 7f .· m 

. I ;· ~ • 

'1 • I) 
2v'2a?:~ + 

" iJ ~ 2 ~ 1' " ( . )·fJ£' ; ·1~ '. ·[. " lnR' I·~ ]. ·"• .R. ' ' + -· --. - ·-·-::.... D-2 · --· · -- exp -'-2v2 yo:r5 , -~ _oo. \ 
27f MJ R2 . : 7[0:T5 -/R · · . . · · . ·. 

' . ·," ~- " (5.41)' 

The first :term in the-~ight:hand:~ide ·of (5.41) ·is. linearly tis-' . 
ing potenti<!-1, MJR; thi'seco~p. t~r~ is· a ·constant\ determined by . 
quarkmass m, string tensionMJ and coupling.constant· v'Qrs in 
the rigid stl:-ing _modei action (5.i ); the thirdterni is the universal 
Luscher 1/ R-:term, the fourth .term is the. mass quark correction, 

" / -
28 

~ : ' ' ·• 
i ,· ·r. 'I . ) " 

(D ;__ 2)m/27rMJ R 2 . Th~1~t term in (5A1) vanishes expo~~ntially 
when R---+ 6o. For different,'values of the parameters Mo, m; o: and 
rs th'9 tot'al c~nstant term in.(5.41) may; in ptincipl~, charigesign. 

6 c'onclusion 

In· this _paper we· have developed a con~i.stent method f~~ calcu-
. . . ' , ·-- I . r . . ·. 

lating the interquark potential generated by relativistic string with 
point:C.like' masses (spinless quarks) at its ends. The ~btained results 
in!iicate. that th~ correction to the. potential due to the finite quark 

.· I . . . . 

masses turns. out to be considerable near the critical (or deconfine- ' 
ment) distance. _:When the qu~ik mass m decreases the copfribution 
of this correction rises. ,However; ·the formula obtained carinot be 
obviously used at very small rri. The p~int 'is that all our c~rrections . ., " " ' . "' '/'" " ' ' " . . ' ,". 

are.based ori the-linearized dynamical equ~tionsin.th<:; string theory. 
whi~h are, ,in some ~ense, equivalent to the nonrelativistic. approxi-

\ ·' mation in>thc initial string:action [16, 30]~ At.small m, when large 
· · 'velocitiek of the string ends are important1, nonrel~dvistic approxi-' 

. ~ ' . I . ! ' J . I 

mation is, certainly not applic:able: . ·' 
· · The extension of the proposed' method for.investigatingthe model 
of the relativistic string with massive.,. ends at finite temperature· is 
of u~doubted interesL ' . 
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APPENDIX A: COUNTER INTEGRAL. REPRESEN.:. 
·. TATION. FOR THE SUM 6F THE STRING EHiENFRE-

QUENClliS , 

-·' 
' . ' ' ' . . ' ' i 

Here we calculate the surri (3.20) by making use of the counter ill-:-
tegral (3.24). _Putting in (3.24) f(z) = sin,w and deforming· counter, 

· c·as was explained in Secti~n 3, we obtain ' ' . . 
' ~ ' 

. I 
, , .: ·. -· oo -; _· ·,-+·oo ~ - ... ;.: -~ 

. ', 7r' . . . ' -1 ',j' ' . ' J. = 2 I: n.= ·-2 :~ ivy'cothy. 
' . ~=1 ·_ ' ' . 7r :0:. ' '• . ' ' '' 

(A.i,) 

The integral (A.l) di~~rg~s at the ~pper limit. _To regularize it ":'e 
_·introduce into the integrand the cutting-multiplier ~-(Y, E >0. After· 
'·doing the integ~a(wetake the llmit E -~ Q · ,, 

I 1 ' ' . . ·' ,' . 1" J Jren · .:_ ___ liD· £, 

' . ' 27r {-+0 
(A.2). 

where .--.. \._, '\_ 

·_ . . }
00 

.: , . . . . ' . . .. ·[1 1 (. E) _, 1 ] 
J{ :: ,dy)l e-cy_coth y :;:: f(~) 2 (_ ~' 2 ·~- €2 

·, < 0 · .. -'· ' . ' . . 

' , (A.3)-_ 

and ((z, q) is the Hurwitz zeta-fun~tion [34] 
' ' .. . ' . '~ ' . . " ' 

/ 

I ' 00 1 

, ((z;q) =-~'(n+q)z_:., (A.~). 

. Substituting ( A.3) into (A.2) w~ obtain· · 
; 

\. 

re~ =\-~+lim .[_:_2'1. ·_2] 
. • . -- 24 . £-+0 -- 'IrE 

· \(A~5) 

I 

30'_-

'i '/- -~--

.~· -

The p'~le in (A.5)shouldbearopped as it is U:sually done in analytiCal 
regularization. ·Hence _ _ - · 

'7r .. ---: _ Jren =· __ . , (A.6) 
24_ - ·• 

: Applica~ion of (3;24) to the fraction in (3.25) ·alone -results, after 
deforming the counter 6 and integrating-by parts, jn .(3.27} without 
a!-lY divergences. . · · - ' 

, - APPENDIX B: ASYMPTOTIC EXPANSION OF THE ' . . - . . . 

INTE~RAL I(q) . .-' 

·in-this appe~dix th~ asymptotic ';xpansion for q ~-ClO-ofthe fm~c
tionl(q) _entered in vren(q) willbe obtained: In terms ofthe variable 

1 ·. - ,' . - . --
X = q-: y, Eq. (3,27) reads 

- ' • 00 . ' - - . . :. 

.. _·I(q)=·
2
q -·j_-· dx ln_(L+ 

2 
. • 

2
'1 . h ··)- _. -- • (B.1). 

· • · , 1r _ ·. _ x + x cot qx · 
' ' - 0' .- - . '· . . . 

.. Let:us divide~the range of,integration;into two ~-egio:ris; (0, 1/q) U 

[1/Q, <?C), with q---+ oo. The integral in (B.1) can bewritten as· 

- 1/q - . ·. - . 

q J' '(. .• 1. '-) I q =-.. dx ln 1 + . · + 
(_) 27r , · . · x2 + .2x cothqx -~ 

0 . . -..... 

q .• J<:JO. ' .- '· ( . ' ' - ' :-' 1 . ,'')' +-· . · dx ln. 1 + . -
. 27r .. ·· · _ x2 + 2x coth qx __ · 

' 1/q ' - • . .· ' . -

: -. q . . q . - . -
' . '= 27r_l1(q)+ 27rJ2(q).... (B.2) 

l<or x E (0, 1/q)wecansubstitutecothqx by (qx)-1 and the integral __ 
_ J1(q) ii1 (B.2) gives · · 

J;(q) ~J~xln(l + ·,, }2/q) 
. .. 0 

31' 

- 1' q' '.,, 1 
I'V -ln- +--2 • 
- 2 ' q ,. q_ , .. 

r 

(B.3) 
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/'· 

•.. · 

When x·E (1/q,oo) the function cothq;; can be appr~xima:te by 1, 
so that theintegr~l J2(q) iri '(R2)as'sumesthe following form 

- - . . i . . 

00 . . ' . . 

J2(q)~J.dxln.(l·_~- ·
2

J 
2 

):~·21n2·:...:.!.1~_-2q... (B.4) 
· . · . X. +' X '· · · . q · · . 
1/q . . .. . . ' . 

. 
Putting Eqs. (R3) and (B.4) intC? (~.2) yields · 

. . · . · --~in2'. ·: 1 ·.. -. 
_ I(q) r-.1 --:;-:_? + 

2
7f q, ?q ·-:: oo, . (B.5}. 
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flpHHHMaeTCR no)lnHCKa Ha nperipHHTbl, C006I 
R.IiepHbiX Hccne.nouaimn H «KpatKHe coo6rueHHR C 

YcnHouneHa · cnehyrom<Ur cTOHMOCTb no.nnm 
OIUIH, BKniO'IaR nepecbmKy, _JIO OT.llenbHbiM TeMaT 

· HH)leKc· TeMaTHKa 

·. 1. 3KcnepHMeHTaTibHaR tPli3HKa Bb!COKHX 3Hepflil 

2. TeopeTH'IecKaa ¢H3HKa BhicoK.Hx ::JHepmii · 

3. 3K:cnepHMeHTanbHaR HeHTpOHHaR tPH3HKa 

4. TeopeTH'!ecKaR tlJH3HKa HH3KHX ::JHepmii · 

- 5. MateMaTHKa~\ 

6 . ..sJ.nepHaR cneKTpOCKOnHR li pa,nHOXHMHR 

7. !l>H3HKa TRJKenbiX .HOHOB · 

· · 8. · KpHoreHHKa '· - · 

9: YckopHTenH ~ 

, 10. ABTOMaTH3aUHR o6pa6oTicH ::JKcnepHMeHTanbHb 

11. Bbi'IHCnHTeiibHaR MaTeMaTHKa H TeXHHKa. · 

12. XHMHR. . . I 

13 .. TexmiKa ¢H3H'IecKoro ::JKcnepHMeHTa 

, .' . 14. Hccne.nosaHHR. TBep.nhlx Ten ·H JKli.llKOcteii Mep 

15. ~KcnepHMeHTanbHaR. tPH3llKa R)lepHbiX peaKUHi 
. . 

npH HH3KHX 3HeprHRX : 

16 . .[(OJHMeTpHR H tPH3HKa3amHTbl 

17. TeopHR KOH)lCHCHpOBaHHOfO COCTORHHR 

18. HcnonbJO~aHHe peJy.ribTaToB 

. li MCTO)lOB tPYH.llaMeHTanbHbiX tPH3H'ICCKHX HCC 

B CMC:lKHbiX o6naCTRX Ha)'KH H TeXHHKH 

_·19. EHo¢H3HKa . 

«KpaTKHe coo6rueHHR OlUIH» (5-6 BhmycKoJ 

flo)lmiCKa MOJKeT 6b!Tb OcpopMJieHa C mo6orc 
, OpraHinauHRM H nHuaM., JaHHTepecoaaHHbit. 

cne.nyeT nepeBeCTH (HnH OTnpaBHTb no nO'!Te) He< 
cqe'f 000608905 .[(y6HeHcKorc) · tPHnHana MMKE, 
n!HH)l. ~41980 M!l>O 211844; )'KaJaa: «3a l!o.nnHc 

· Bo HJ6eJKaHHe He.nopa3yt.ieHHH Heo6xo.nui.fo : 
:'npoH3Be)leHHOH onnaTe H BepHYTb «KapTO'IKY nom 
H · Ha3BaHHR · TeMaTH'IeCKHX KaTeropHH, Ha KOTOp 

.. impecy: · · · • · 
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