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1 Introductron

calculat:ons up to- the three-loop level in the lea.dmg loganthmlc approxlmatlon

and up to the two—loop level in the next—to—lea.dlng logarithmic approximation’ are ;
; requlred to get the theoretical accuracy better then 0. 5%. For the case of small-
ABS). that task was fulfilled (3] But ‘the calculations
- 'of RC to large—angle Bhabha scattermg are conslderably dxfferent from the ones

- to SABS.: : S :

" angle Bhabha scattering (S

: The LABS process and

“the accuracy of the luminos

~ ‘the subject, con31der1ng the

; i

the ﬁrst order electroweak and QED correctlons to'it . C
" 'were deeply studied in the hterature (see [4] and references ‘therein). Nevertheless L
. ity measurement is limited now by the accuracy of the -
. theoretical descrlptxon of the radlatwe correctlons Only few of 0(a?) RC were o
. calculated earlier. In our recent paper [5] we started the systematic mvestlgatlon of .-
hard pair productlon in large-angle Bhabha scattering. o
"This paper is devoted to- the calculatlons of the QED 0(a?) RC, to the large—

angle ‘Bhabha scattering connected with the productlon of a virtual or a soft ete”

paxr “We work within the loga.nthxmc a.ccuracy ‘and drop all the terms ‘of the order * -
& a? which are not reinforced by the large logarithm L = In(e?/m?) (ei is the beam -
" energy in the center—-of-—mass (CM) ‘reference frame). In this paper we ‘consider .
only the contr:butlon of e+e ‘paris. . The' contributions due to muon pairs and: e
~other. ones are less ‘then. the latter (they contam only the terms of the ﬁrst order o
1n L), they will be considered sepa.rately R e

“The general expression for the cross—sectlon w1th the correctlons under consld-
erat:on could be presented in the form PO R A ' :

;soft photon emxssxon, 6hmd_ from ha.rd photon em1ss1on, and 5S fg = from soft =

pair product:on

‘The paper is: orgamzed as follows in the ‘second pa.rt 'we conslder v1rtual cor-" -
rectlons, the third part is devoted to the contribution of the soft photon emission
accompamed by the vacuum pola.rlzatlon of the v1rtua1 photon; in the fourth part’

- we consxder ha.rd photon emlsswn (a.lso w1th vacuum pola.rlzatlon correctxon of the
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: where dao is the Born cross-—sectlon, & a.rlse from v1rtua1 correctlons, 6'r ft — from

1

‘ Due to the h:gh development of the modern expenmenta.l techmque lngher order‘ ’
radiative corrections (RC) are of great intérest. This paper presents the a.na.lytlcal s
. calculations of a certain class of RC in. the next—to—leadmg approxxmatlon to. the,'
RO large—a.ngle Bhabha scattermg (LABS) process. - U e
. The Bhabha scattering ‘process is used at electron—posxtron colhders for lunu o
e nosxty measurements Small scattenng angles kmemat:cs is used for lngh—energy o

" colliders such as LEP I [1]. For the case of the colliders of moderately ‘Thigh energies,”.

~suchas @, c—7 facilities, large scattering angles are more convenient [2]. The RC -~



i v1rtua.1 photon propagator) in the ﬁfth part the contrlbutlon of soft palr produc—' fE

tion is calciilated; in the conclusion Wwe sum the dlﬂ'erent contrlbutlons and discuss

" the results. Some useful but cumbersome expressmns and 1ntegrals are glven in "

f,theAppendlxeS G T I e e
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. 72 Vlrtual Correctrons

: -The Feynma.n dxagrams descrlblng the O(az) order RC\to LABS process RN

o0 e+ ) (z) 1

whlch conta.ln a;vacuum polarlzatlon bubble could be d1v1ded into seven classes Inf‘ B
i Flg 1’ one can see some representatlves of the dxagrams from dlffcrent classes (any,'« sl
multlphcatlon of dlagrams has to’ be con31dered as a multlpllcatlon of a dlagram‘,—l .

’ by a con_]ugated one)

Flgure 1 Representatlves of Feynman dlagrams for v1rtua.l palr productlon

: The ﬁrst ﬁve contrlbutlons 61 5 could be wrltten down usxng the known expres- (
e sions ‘of vacuum pola.rlzatlon operators and’ vertex functlons (only: the Dirac form '
l"factor is relevant the. contribution of the' Paull one’is proportlona.l to, m? /62) In
-.the scatterlng channel one has for, the vacuum pola.rlzatlon operators I'Iu (for a
jj_one——loop bubble) a.nd Hg, (for a two—loop bubble) : N

7 Hzt =,—lg + 0(1), l, = ln (m2) ;o ‘ (3)

e/

o f'and for the vertex functlons Fu (for a one——loop vertex correctlon) and Fm (for the 'f‘
two—loop vertex correctxon whlch 1ncludes a vacuum pola.rlzatlon 1nser..10n (see ‘

. - et 2 - |
Fu '—( 1)(1A+1) lz l 12, l,\ ln(mc> o
12— S L By 4 :

- t'—__:, ——2P191, “ 3 = 2p1p2, . u — __,2p1q2, '—t g _.mzc,r ;
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‘ th\ = ——13

/\ is’ a.n auxrlla.ry pa.ra.meter — the photon mass ‘ Slmlla.r expressnon could be




written for the_ 'aririihjlatiori' channel ,usiug thesubstitution::_: =

- T,'=‘ Leir, L= (

After a. 51mple algebra one obta.ms vuthm the logarlthrmc accuracy
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Con51der now: the_ V1rtual correctlons of the s1xth class “thé ones due to the L L
. 1nterference of the Born amphtude corrected by a vacuum polarlzatlon insertion . tion
“with the’ box a.mphtude Calculatmg the loop mtegrals over the box virtual mo- R
" mentum k one has to, cons1der the scalar; vector and tensor ones:. For example we i
. present here the mtegrals [6] for scattermg channel box dlagram w1th uncrossed SR
: photon hnes (see ﬁg 1(6)) r s G S 20 LT

b Ty T =
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/z7r2 (lc2 /\2 +10)((q = k)2 /\2 +10)
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q Pl Pz—‘h, ='(P2 Pl),“j

P = —(px.+ pz)

o The exphclt expressmns for the coefﬁcxents b b7 are glven in Appendlx A.;
After some a.lgebra.lc work w1th traces one gets: . LT

7 ;}6“, [z( : +1) ] Re(1+P(s t)){—(l—P(s u))fl(s t)— () I

L (fz(s 0 +}3(u t))}

" i ; [2( +1 +1)/] {s + o <I>,+t2:“2” &+ z—uzcb,} -,: t(v6’)k

2 311
13+ 12+1,(’r ) e T

8y 08 T3 9, ( 2x? _ﬂl)

o V=_}:,§l,’(l, 3)’*'"1 +altb(- - e
(I?,¢"=;‘"‘Re IL.-I'H +H1tnls+2(nlt+nls)(Flt +F1;)+H2t+ Hz;"l‘ e
B G ESE [3(1 HLy =5 +lt)]h —(13+13)

b3A A + b4P P + bS(quo + Aaqp) + bﬁqpqa + b7gpo7 7 i

/ fl(‘i t) =>A:f.__5(s +‘u2)[b bl] +232t[ b2+ bs +b6] +
S o+ 7-(2“ +u’)[ bs+b4] +2(4.5 +u2)b-,, ,
fz(s t)

f;;(u t)

2(5[1, b1+ b;,——bd b,), e :

.H

/ 2(11[ b+ bl = —ba ""—174] + ‘)t[ bz + bs + be] + 857),

b bf—— P(s u)b b H;,: (I +z7r)

.:;The mtroduced mtcrchange operators P(s t) and P(.s u) act in the followmg way:
Lore j;ﬁp(s (.t u; LiloL) = f(t 5,5 1,,1,,1 ), )

‘ ,‘ f—*' P(g U)f(S,t,u,l,,lg,l ) f(u t,s; lu,l,,l ) G TR

COIISldCI‘ now thc corre(‘tlons of thc scvcnth class In the calculatlons we use:"
L the substltutlon suggested by J Schwmger for- thc photon propagator (thh 4«'.1
G 'momentum k) correctcd by onc loop vacuum polarlzatlon msertlon S e

) 1 o e
e M= (10)
o i 00

: \, ;;;‘;;; The mterfcrence of The 8 box dlagrams w1th the Bom ones glves the followmg;»

: contrlbutlon to the summed over spln states matrlx element square S )

o .:1; S s i 1 {(é A]) 1 + e _"‘- \
S (k2 '\2+10)((k+¢1)2 M)ANL  ds/amay - f o
j(:._—\ 42) }},'@ ‘11—(1‘74“1!)2 m +’0 f‘

ala3

f’;_‘f(k — @)? = mI4i0,

(la—(k"l'l’z)z—m +10 ,

L So= —Tr 'y,,(q. + k)'yum‘nqx ‘—-]Tr ’Yu( ‘h + k)‘rypz‘nqz

= 2(‘1‘ + ’”)( ‘12 + k)s + 2 Tr ‘11( ‘12 + k)l’l‘]z(fh + L)Pz, f
CSe=ag Tr 'n.(q: + k)vupmqn ——]Tr 714( pz - 1»)’7»‘12‘7)\1’2

“;‘é.l'-;f.'-i-='7§"(qn+1~)(—m—l)u i2 Tr qn(—Pz—l)pnpz(Qx+’~)Q2,

b . - SRR R SR " S .
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‘A= ;—Tr qnu(th + k) /uPl’YAPz‘Yu( 42 + k)‘h‘]z‘h —W‘f/' e

= _8 4Tr pz(q1 + k)‘]sz( 42 4 k)‘h L . ~\ ;._~ os

A = ._T‘\‘h“fu(ql +k)‘7.,p1 mpz'm(—pz = k)‘ruqm = :
We used the 1dent1ty : -

+2 4Tr 0102b10261b2

Further some scalar, vector and tensor 1ntegrals calculated thhxn the lo'ra.rlth-
mic accuracy are necessary We use the notatxons s [ ' RN : £

S dvev)

d“klk kk

s I(aba;az), I,,, I,,a =

l—vzv z7r2 i aba;ag . S
du¢(u)j PE1 Savb(w) (% 1 o
I(aba )_ 1 —v2 ' z7r2 abag \ I(balag) o 1 —U2 z7r2 ba1a2“’v:ﬂ LT
e I -—O‘(PZp‘ Plp)+ﬂqp, e ——-[ I(abalag) 2I(aba2)+I(ba1a2)],
: = -—[(t = u)I(abalag) + sI(balag) + 2tI(aba2)],\‘ a= k2 : ,\2 ;
b= <k+q>2 Car= (b af -l G = (-l Zmd,
Lo = fogpo + fl(‘hpqla + 412p¢12«r) + faqua + f4(91p¢ha + qu‘ha) + O
+f5(‘19(92a ‘ha) + qa(‘hp T qlﬂ)) s

In Appendxx B we nge an example_of calculatlons and the llSt of scala.r 1nte-

grals. It appears that only two tensor coefﬁcxents, namely fo and fy, are relevant »

- They" contain only the first power of the large logarxthm Inflared pa.ra.meter A 1s :
contaxned only in I(abalag) o e : : S
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3 The Soft Photon Emlssmn g ‘; BRI
To ehmxnate the dependence on the photon mass /\ we ha.ve to consxder also the
. vacuum pola.rxzatlon corrected cross—sectlon of the add1t10na.1 soft photon em1ss1on

s e

Crwein angles satlsfylng the- followmg condltlons

Cwdat ey

f The correctxon could bel obtmned us1ng the standard techmque [9] of the soft
- radxatlon accountlng - R

o Z1e t2 S t":;" o E
[2( + + 1) ] R,e [s + u? Hlt\ft' + u’ Hls + ey (16)
+ | (H1,+Hlt)]{4(1nd zx)(z +1t—l —1)+12+l2 -

cos 0,’

iIn order to cancel the a.ux1lla.ry pa.ra.meter d we ha.ve to cons1der also the ca.se,i,
,of hard photon (thh the energy w > de) emission. Our method of ca.lcula.tlons -
:»here cons1sts in‘a spllttxng of the total klnematlcal reglon of the emltted photon
,1nto two ones: the: collinear’ one, when the photon is emitted w1th1n a small cone -
g in respect to one cha.rged partlcle and-the seml-colhnear one, when the photoni’—'
" moves outs1de of any such a cone Then we show exphc1tly that the small a.ux1ha.ry :
pa.ra.meter 65, describing’ that cones, cancels in the sum of the contributions of bothf
l«regxons The procedure allows us to extract exphc1tly the radlatlve correctlons to/
, ',.the process under cons1derat10ns of the orders O(asz) and O(azL).:‘f e

Cons1der a.t ﬁrst the ca.se, when the photon moves 1n respect to the dlrectlons of
the cha.rged pa.rt1cles (as of the initial ¢ ones as well ‘as, of the ﬁnal ones) with the; :

kpl 2 > 0(), kql 2 > 00 ; "; . (17)

X

“In th1s case the matnx element of ther process is not smgular and the contrlbutlon :

of tlns reglon m the O(a) order does not conta.ln the la.rge loga.rlthm In the‘




'photon emission [9). by the factor 2°‘L/ (37r), Commg from the vacuum polarlzatlonv")," ‘

msertlon 1nto the v1rtua1 photon S '_f L S e
‘ e d"’qld qzd ! i T e
- = —qy—=k), - (18)" -
- 4%emi-coll oo dsm? 37r q799k0. - WB& (P1 +p2 ql, : ,q? - b ( )
w et s‘ = Ly LI
S pkpek L qk ak pk q1k sz a:k ka thk zk_qlk: LER
BH— ssl(s +32)+tt1(t +t2)+uu1(u +uf) g R T
_ Cvssybty : »
’ s= 2P1P27 X t - _2171‘11, . U = -"2P1Q2, P,z ? q.z =,
Y= 2‘11‘12, T ,,#‘-2P242, *_ ul “‘;‘—2pqu —

- The contrlbutlon is to be 1ntegrated over the phase volume of the ﬁnal partlcles s

b fulfilled. iRl

- = )

4. 2 The Collmear Klnematlcs of Hard Photon Emrssron

i The contrlbutlon of the colllnear klnematlcs of a photon emlssmn is d1v1ded natu- b

- rally into four ones in the’ correspondence to. the cases of the photon motlon in the

- four directions of the cha.rged particles:’ 1) k Py 2) k p,, 3) k ql 4) k q2

So, we wrlte the dn‘ferentla.l cross—sectlon in the form

dacoll
dy, dc

d0'1 + dO’g + d0'3 + d0'4
Tdyde.

" where - yl = q1 /e is the energy fractlon of the scattered electron, e = - “cos 0_ ) o
“ 8- =pra, is the electron scattering’ angle in the center-of-mass reference frame ;
of the initial pa.rtlcles, subscnpts in 0; denote correspondent kxnematxcal reglons e

o For the ﬁrst reglon we get. .

da,<~ ,ayll

fiyldCf, : Sz(l —"t)(2 n(l- -))[

o T 4+(2 yl(l—c_)) e \
_ [H (yl(l—c D) + str4l(lyl(1 -)) +‘A |

e
R B ) -3=m) "
;h‘: =1 (2y1(1’— c_)(1_z}€ ) : ,

z)Z)Lo S 2(1 - z)] -

(1+(1

2 R 2
m - me-

- 20 f.iln) Nt e
z‘;/_“2—_'y1‘_(1—-‘c_)?;’- L° _\n m.) . Ml R
2 . - N - 8 ,

S =ln(——“—“—4€(1 - I«,),‘ .

; ‘a:A is ‘the"energy fraction of theeyrnxtted:“photon The energy fractxon and the )

i scatterlng angle of the posxtron in thlb kxnematxcal regxon take the followmg forms
1 , e L

9. ) CoE ]_+(]_—yl)2+yl(2 y‘)c S _’ f S e o
i ST Sy Cy = —I —YC_, " 21
R e CZmwlioe) 0 MR W s )
C+: COS(PI’JZ) \/1‘_C+— v e

B ' : : : s 5 o ,

\\ Let us see that in the sum: of the ahove contrlbutxon w1th the one of the semi-
Ll collinear region in the case when the photon is emitted “close to the ‘cone of the-

-angle 6 around the initial electron beam direction the terms of the order — L Ing3

,w1ll dlsappear Really, the lower lxmlt of photon polar angle mtegratlon gnes B
2'rk

dc

W’ ' W = da: ln

kllpl 1= 92/2

e

R ”The second multlpher in the exprcssxon for the semi- colllnear reglon turns out tO\
‘:'f_ftjbe here R SR e g

- _7: yl(l—c_)

We need also to rearrange the phase \olumc

f‘lj"(t»

& ‘hd ‘h - 27ry1dy,dc_ Lo
ST 54y (1= )+ p = S STChCe 20)
B ”/Q?‘h; ( l( i ) pz’ yth q2) O‘yl(l—c ) ( )

= AAfter these modlﬁcatlons 1t is easy to see that the terms - Lln 02 Ain, the colllnear
: .,;'" ’ and semi-collinear contrlhutlons differ only hy sxgns et :
. The contrlbutlon of the second colllnear regxon has the form

o LA ayl ‘
T e Ry

[H At (ol c‘.)) +- H,, 41(1,,1(1-‘0 Digs

: (y1(1~c )z . : i
+ (2 yn(l—c-)) ]——e(n n,’,)(fv:(l—v ))] :

[(1 + (1 I)Z)Lo - 2(1 = I)] e ("5)

: n(I=c) Vi

. We put here also the expressmns for the photon and posntron energy fractlons and o
B for the: pos1tron scatterlng a.ngle B R S L e '

f”,li;f;”:‘ 1- = (e 1 +(1 —yn)2 —y1(2 kyl)c

Y2 =
2= y1(1+C ) J"2'~ S 27l de)
a:—ylc_ v B T

(26)




Aga.ln one can be convmced in the cancellatlon of Lln 93 m the sum W1th“ Lhe S

relevant term of the seml—colhnear ‘contribution.”

The contnbutlon of the thud co]lmear reglon and the parameters of the scat- e

tered p051tron are:

R 4

7 o das __ l' a3v3:]l N 1+(1 :c) - e
 dgde. T *osx(1 _r)[ 1= (L0+2ln(1—:c))—2] ,T |
Ll 4+(1+c_)2 (1—-c_)2+(1+c_)2
— 2___—.———-—
.: B 5 : '»i':' e(ntn ) c- , “, :v']'n 1 37"(.1 g \4 3 )IZT) 'l'
L= w;,lnv(‘j,j,), ’yz Z1, —= y y=—e

e

: Flnally, the in the fourth colhnear reglon the energ;y fractlon of the scattered_

electron 1s unlty and the ﬁnal partlcles move back to. back as well as in the thlrd’ 5:_"’7 L i "':;'M

: reglon The correspondent contrlbutlon reads '__.-;

g dox o ra¥(1- yx) 5 1+(1 x) S _?viff--'
,:,,,dyldc_} ) 2sz(i=z) d [, - (L°+2h‘(1'r))
S e (1 +c_)2 o (1—c )2+(1+c_)2

[“ e
i —,;—e(IIJI )(_1+_C)__] 1_

Agaxn one can see the cancellatlon of the dependence on the aux1hary parameter N
8y in the sum of' the th1rd and the fourth colllnear reglon contrlbutlons w1th the Lhu
. semi-collinear ones y ' » , , e -
.So, the total contrlbutlon to the LABS process dlfferentlal cross—sectlon due to

,./'. .

.a hard photon emlsslon w1th vacuum polarlzatlon correctlon of the Hrtual photon
- propagator reads B S S S
, : e
) +

S L Ny
: e el ( dUo %semi-coll” do Ieoll
har d dyl dc.. dyde- dy; dc.

The auxxhary parameter d cancels in the above sum.

P ,.\\ .

' 5 Soft Palr Productlon

Here we conslder the process

_\

)+ e+(m) e (ql) + e+(¢12) +e (p_) + e+(p+), A

- (27) -

i ";;"twhcrc [ (p_. ) -{« e+(p+) is the created soft. pair. It glves to the cross-sectxon
lan 1mp01tant ‘contribution conta.mmg cubic in’the large loganthm terms.  The -
o "max1mum energy of the soft palr is taken as DE it i is assumed to be large compared
v w1th the electron mass: . : ey s

i B 2mc < Da—s AT B (31)

- The contrlbutlons contalnmg L3 w1ll cancel with the terms due to v1rtual correc-
. tions and the dependence on the au)uhary parameter.D will dlsappear in'the sum
. -with the contnbut1on of the hard (w1th the energy of paxr components larger then

DE) pair emission. » :
. Recently the contrlbutlon of the soft pairs productxon was ca.lculated m two
_f'hmltmg cases: for the process et e~ annihilation into hadrons [7] and for the case of
- small angle Bhabha scattermg [8] Here we carry out the calculatxons for arb:trary

: scattermg ‘angles. L :

v ‘ Due to the’ sma.llness of the energy of the palr components the matrix element
M of a ha.rd process W1th the charged particles with momenta p1,°q1, accompa.med

t: subprocess Mo w1thout pa.lr productlon in the way b

k p+ +p—,

M MO U(P+)7#“(P—) Jm (32)

The clas51c [9 10] accompamed rad1atlon current could be put in the form
| A - :_ - 'Plﬂl'—‘v : A' - ql# ' : P;! k‘ : ”‘;h,. N j
p,‘k,‘-l— -‘ik2 q k-—,— k—-lk2 q k+ 1k2 (33)

: ",,‘element modulus over the palr components momenta, we obtaln e

e k2 :
S Z ‘”CP+)'Y#“(P )—=4(P+P- ffP+P- *3‘ gw)’ ‘
o spin ST T A -
: L B S i
ok / .—Eoi?&‘&“(p +p-,— k)(P+P_ +P+P— -"" g,..,) = '1'
U .\\ p+p— S : ; N g

:At ﬁrst we parametrlze the phase volume of the palr xnomentum as S ;7

d“k dko(k) d—k dOk 3dk2\/k2 k%rdck ; -

k2 compared to the energles of its .

Neglectmg the mvanant mass of the pa.lr

. components and oxmttmg the terms of order m2 / (p;k)2 (this mmphﬁcatxons does

by soft pair emission, could be expressed through the matrix element of the hard -

' Perforxmng the covarlant 1ntegrat10n of the summed over spm states matrlx



f Wlthm the logarxthmlc accuracy we obta.m L

e

;,‘ k'.not v1olate the logarlthmlcal accuracy that we keep here) we perform the angular :
' "vmtegratxon i s ;; B ~—;~ T e T
dOk 2p1q1 i de 2p1q1 2

= me)
27" 2Plk2€llk -/ /462(k0—-k—n—ck)2 T ( ) >

2P1¢11/1 d:z:‘
2e? kZ—(k)Z( )2

r-\
. SL
—
LN

II

jf 1—-4:1:(1—:1:)2, '

‘ Integratmg ﬁrstly over t we omlt terms of the order’ N 2 Then we mtroduce /T‘fy "
,vanable z=oly and spht the mtegratlon usmg the pa.rameter n (1 =1 —~N 1)

”daSP o {/ “; ;
da'o ‘37r2 N \/:1:(:1:+N l(z—z 1) ;
+lnN+2ln2+ln:z:+2ln(\:
Ly ,,
Mg 1 —
V4In —(====z) 1=

g fff/anmlulatlon channcl (c —-‘—1 = 1) [7]

r f In thxs way one gets

-o. where i

f’—ivThe ﬁnal expressxon reads WS " T
L D—— 4 D— N
P “6’12{3L +L (2ln 5)+L[ ln B ( 0)
% o 56 1'+ ‘ ‘
N 252(1',— c) - -
3 - ]:,, : : (41)‘5

meg gcneral cxpresmon 40 we rcproducc the results obtamed earher in_th thc

/
-

{ (p+2lnD)3——(p+2lnD)2 T

i +4(p + 2lnD)(—— = ——)} ln( ) '5 g :; e
and in the small angle scattermg channel (c - 1) [8] z

dUSp et 2'

Tl { (L+2lnD) ——(L+2lnD)

X 1 2 2
+4(L + 2ln D)(—_-— —) ln(

o To obtam the total contrxbutxon of the soft palr product:on we ha\e to mult:pl\
hy factor 2 (to.account the pair emission from the’ positron lme) and to add the

<t~ and u—channel contrlbutxons, wluch ‘could be obtamcd by sxmple subshtutlons ,
R e : L

{ 13+12(21 D——)+l(4ln D—'-—lnD+A)+ .(44)’f

% ~,7!+g;—13 + 12(21 D = —) + 1,(4111 D- —lnD + .4,)— ,; :

0 ‘.;43‘. 12(2.nD— -) —1,,(41n D- ——1,,D+.4 )} ';

d el
— —=q? _‘;Ag‘;sg—ﬁ—?ﬂr +2L2( )

Tt
i’:‘f‘", =9 Ei" +2L”( 4
: BRI * '




6 Conclus1ons e £
. _The tota.l sum of the - con51dered corrcctlons does not contaln parameter /\ and o
- cubxc in’ large logarlthm terms It reads - OISR ; : i

i S

dar : dao—1+( ) (6+ hard) “ (46) o
6 f:‘ffl[ llnd—-—lncl+—1ncl1n(—)+—ln D+1nD( 1,1( )+ 2l
T 9;) e §L_ ( )+ Lz( c.)t_ + (A +At A )—;

ol —~lndln(—)(1 3 +, ) (4 + 7 + 5 + 9) + H(c)] s
“‘where H (c) is'a functlon of the scatterlng angle 1ts a.na.lytlcal expressxon and the\_\,vjf.‘iz"‘ :
'_"'table of values in several points are presented in” Appendlx C.H (c):as could be -
. seen from /Table 1 s not small: That convinces us.in the 1mportance of the non— o
- leadmg terms. Para.meters d'and-D w1ll cancel in the sum-with the contrlbutxonsr
_ due to the em1ss10n of a hard. photon 6" d and a hard pa1r [5] It is remarkable
Sy fithat the qublc 1n large logarlthm terms cancel '
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Appendlx A .

Here we’ present the quantltles b" Wthh enter the 1ntegra.l over the v1rtua.l 4—
momentum in box dlagrams (see eq (7)) e -

B

( l(lt—l)+; +\p)

' b= ~1 (lt—2lA), by

LS,

" v‘-——((t - s)b1 + 4(‘1’1 - —l,) - él-’)’
by = b= i+ 20— 1)~ v
b=

v =

ot : I(F:l’balayz)‘

L ‘= B /\2+10 b—(q+k)2 1M2+10 M=

i In each reglon the 1ntegratlon over z could be carrled out exp11c1tly

Appendlx B

We present here the 1ntegrals for the box dlagrams w1th a vacuum polarlzatlon :
‘-,' insertion in one photon propagator ConSIder ﬁr‘st the sca.lar 1ntegra.l w1th four -

denomlnators S T T e T

St v P

l—v2 m’ abaraz I e RIS
1= v2! !

a‘;f_—; (k+q)2—m +10, az—(k—qz)’—m +zO @ =7} =mi

VVe _]01!1 the denomlnators usmg the known Feynman trlck a.nd transform the tota.l :

denomlnator to the form R T L T e i
z[y(:z:al + (1 ~ :z:)az) +. b(l - y)] + a(l = z) = (k - zP ) —in (B 2) .
[zsz?z(l—y)(t—M2)+(1—Z)/\’], B —yP —(l—y)q, S

P = -’13‘12 =@ —-‘l?)‘h, aq _’¢11 P15 t=‘12 Lot T

Performxng the 1ntegratxon over the loop momentum we obta.ln . I" -
o I(abq'lg,,);.f_ / 2de /ydy /d ¢( ) e

tzzpz‘z(lny)(t—M%(l zWizOl* e
2P2+(1—y)t Pl=m; —r(l—-":)S »'"'ﬁ.n

ll : -'l

: - To extract the 1nfrared smgulanty it is convenlent ‘to spht ‘the 1ntegratlon over y
i 1nto two parts usmg the aux111ary para,meter ar ((/\/m,,)2 -0 - 1) -

I(abalag)—Il(o<y<1——a)+Iz(1-—a<y<1) ) (B4)_ﬁ

v

o) G 1 ay(Ply M’) _
I(“”“laz) 0/1—v2/P2(i——'M’){ / VP -pM

: 1' 2(t__M2)2 oo =

- /<t2+1>3,»n<t+ tm}_ @




1 dv¢(v) l ( _’
(1—v2)(t—M’) mg.
B 1 g 1. s -
dz 2~ fdzy P2
[E==2L /-—Zln/—v”;\: e
! :AO»V,: ¥ 2 e 0. .7 me 3 ‘ K4
; . ” dI 2 PI _ 2 = P - = B "; B
CoodEt e SR Sl e
: The rema.mlng 1ntegral over v could be calculated by sphttlng of the 1nterval
0<v<1—al, L 1—01<v<1—tal (B7)

N \. ~‘,;_‘.~’

; : Now the mtegral reads 8 _~

dv¢(v) '.'/dy g
(1—v2)(t—M'-’)/ / 2P2+(1—y)M2

e |

w ] / v dy[y’P’ +a- y)sz ,

: 1 S (1 —v

d d
/ :z:/y y 2P2(1 v)+2m2(1

N For the ﬁrst 1ntegral w1th1n the logarlthmlc accuracy we get

;/ﬁ?j)—z_

1210y

> The second 1ntegral after a 51mple lntegratlon over v turns to

cE P2 2 dz ‘;2‘7? £
J; =-7 ; ( L___) ( 01) i
: f"2 B St -/ -/ 2(1 = y) 12t P2 ln 2m‘2i -

jf——,‘t;——-—e[s(l +lnal——ln2) —l ]
The total result for the consxdered scala.r 1ntegral reads o o Z '.;,,'
' 10, 28 0

T 1 T
I(abalaz) = :—S—t—e{—glaﬂ- P1,+z 12 3 z,_ ko

. 6

)

- slmllar way the followxng result

G dv(v) ROy

s e / T=v% /dz /dz /y dy /dz WP~ -yt =M -
T :;_‘_,Mul 1ply1ng thls vector
.7 equations:. . oo .

e .-k/Where quantlty I has the form ;';,\ .

For the scalar mtegral w1th three denommators b a1 and az. one obtalns na .-

/dvé(v) | _l_.. =

I(balaz) = 1-v2. 7;2 balaz 7 =
e Gi-p |
. ”"Lfﬁ?*ft /l—v’/ /Tl—wvﬂ+yM2 ml”'

E Agaln sphttmg the- mtegratmn over v one can sxmphfy calculatlons \Ve glve here -

the results for two relevant 1ntegrals thh three denomlnators

I(balag) e gg—e{ﬁl::] 512 +1 (— T’—) + (const)} (B13)"
11, [
< S I(abal) = "31t— { l »6!2+ 3 l, (const)} | ';j,‘ o ,/j,
The remalnlng needed mtegrals w1th three denommators could be obtamcd by the :
follow1ng substltutlons B N T R e T DI I TN '
 I(abaz) _I(aba3) = I(aba,), : I(balag)_I(balaz)(l —lu, s—u) (B 14)
C0n31der now a vector mtegral w1th four denomlnators In the same. manner
.as above we. put it 1n the form N e o
S dv¢(u) ) ST " 0‘ i
I (abalag) : 1 — 1)2 , z7r2 abalaz - a(pz px) +5(P1 n 'h) (B 15)

equatron by ql ‘or by p2 we obtaln the systcm of llnear B
a(t = u.) g I(abag) i I(balaz) el
as + Bt=1I+ I(abaz) ' ’_-'(B'lﬁ)

s

W) | { 5 vy L e
I / 1— v2 P2ln ( ) +/ 2P"’ + (1,—- y)]\/vf_2 i' ‘ (Bl‘)
: ;The ﬁnal answer for the coefﬁcwnts reads o :’ : e l_ = T
1 ~— '"J“f,tg;fg_ywx:;
“(1. = { I 2[((11)02) + I(balag)] ) rf ._’ L ) F,v ; (B.18)

Z A———[(u—t)I—'sI(balaz)—2tI(aba2)]

: I=§:5Rc{ l[ l"’ I,+——]—-—~3+ T’+l( T -———)+(9(const)}



Let us, ﬁnally, consxder the teusor lntegral e

dvé’v) d"'k kk

s S perry _mam—a f°g

+f1(<1141 + 4242) +a S

+ fsq ¢+ f4(¢11¢12 +. 4241 ) + fs(q”(th -4 ) +q7 (‘12 - ql)) (B 19)

Fortunately w1th1n the logarlthmlc accuracy one: can. present the square of the B
matrlx element in the form; where’ only coefﬁclents fo and f4 enter Uslng the g

procedure descrlbed a.bove we obtaln s

_1 i dv¢(v)

‘dz ( EE

| "vfo« ! B /Zdz/ydy/Z(y2P2+(1—y)t) -(1 T,y)(t—Mz)w .

;‘ (B 20)

zy dz

////(M <><>1<>

dide

/// ‘z:J”'z(rf— z){ + (1 5 y)(l - z)

better to use the followmg expresslons

II«

| M(£) -

SrESEe ey [zy z(l - z)e +1-y- z)P
These quantltles are convement for numerlca.l 1ntegratlon for f > 0 for f < 0 it'is’

Tl et

Jaseone et

§ \ o

—\’1+41)’ ne %r, :

A[ *: “1,

f(z) %*3(1;\%. 1

£+ A
_é‘_

¢(I 6)

case: - o

- T N : ~

2‘5* She
i
Tk \n( *3

‘We did not manage to perform this. 1ntegratlon ana.lytlca.lly, except the lumtlng \ ‘

;m-aﬁ.;;:'; (o

1+ 1-{-4.1:) -

A f _4£z>0'“"

; 57(:1'3.2'}‘4), S

: T he cxpres<=1on for Ml(ﬁ) has the followmg form =

ST

Ml(s) % / f(z)w(x f)dz, €<o, - . @)

o NF’ RSO

R A

Appendlx C v e

&

We present here the exp11c1t express1on for functlon H (c) enterlng eq (46)

;o o o
(1+ + ) {3t3f4p 3t3f4up_;

L ;"“ 3 Lo g3
_3t2f0up 3 tzf i 3 2th
a8t v’f7s).f+;*l‘2’(' 119+ Tt
k JotN 12t 0 12s

ll~

e H(C) hOup + '3 3h4up
e BT 10t 125 ,
s 38T 18

. f4,, Ml( ), ho,, = M( ) 114,,_1141( ) ‘
**pr— M%), fm M:( ),f_ ho.m = M( ) hm = Ml( ), _)‘ iy
L1t wl ite e
s a2t g—2’ . 1+c N SR

: : lst/“—‘ln(—-2‘~), . ln( ) ‘ V

G lC oo S T i,v ;

1 B R R ) L S ‘ '

Functlons A’I and Mx are gWen in Appendlx B For an 1llustrat10n 1n Table 1 ‘we B
glve functlon H (c) for dlfferent c values oy : e e

’M( )z

‘":n,l,ﬁ'

[

Ta.ble 1 H(c) as a functxon of c. 'j': L S

e T-08T—06]-04]=02] 00 02 0206 08 =
C[HE 139127 |-122[-12.2 | -125 | -13.0 | -13.7 | 147 | 171
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