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1 ·.Introduction 
Due to tbe high development of th~ modern experimental technique higher order. 
radiativ~ C9rrections (RC) are of great interest. This_ paper presents the analytiCal', 
calculations ofa certain class of RC in the next-to-leading approximation to.the 
large-angle Bhabha scattering· (LABS) process. . . 

· . .The Bhabha scatt~ring'process is' used at electron-positron eollidersfor lumi­
nosity measurements. Small scattering angles kinematics is used for high-energy •. 

·/. colliders such asLEP I [1]~ For the ease of the collidersofmoderatelyhighenergies, · . 
. such as ~. c~ T facilities, large scattering angle8 are more con~enient (2]. The RC · '· 

calculations up to. the. three-loop level in the leading logarithmic approximation 
and up to the two-:-loop level in the next-:-to-leading logarithllrlc approximation are 

. required to get the theoretical accuracy better then o:s%, For the' case of small..:.. 
angle. Bhabha scatt~ring (SABS).Ui.at task was fulfille"d [3]. But the calculations' 
'of RC to large-arigle Bhabha scattering'ar~ considerably differeiit from the 'ones 
to SABS.. .· I ' . ·:· ' · ' . '· i 

i · The LABS, p~6cess and th~ first 'order electro~ea:k and QED corrections to it . 
were deeply studied in the' literature (see [4} and references.therein). Nevertheless 

'the accuracy of the luminosity measureme~t is limited riow by the accuracy of th~ 
theoretical description of the radiative corrections., Only few of O(a

2
) RC we~e 

calculated e~rlier. In our recent paper [5] we ~tarted the systematic investigation of 
the subject, considering the hard pair production in largy-angle Bhabha scattering. 

• i,' . ,This paper is devote~ to the calculati~ns of the QED O(a
2

) RC. to the large­
angle Bhabha scattering-connected with the production of a virtual or a soft e+e-

. pair .. We work within the logarithffiic accuracy and drop allthe terms ofthe order 
· a 2 which are not reinforced by the l~rge_logarithm L .= ln(t:2/m~) (t: is the beam 
.. energy. in the c~nter-of-mass (CM) reference frame)< In this paper ;we consider · 

only the contribution of e+e- paris. :.The contributions due,to muon pairs and 
~th~r o~es are le~~ 1then thelatt~r (they corit~in only, the term~ ~f the first order 
in L), they will be considered ~eparately. · · , , · ·. , · ' . · · 

The general expression for the cross:-section with the_ corrections under consid- _ 
' eration could be presented in .the form: . . ' ' 

' . '. 
(1) 

du= du~{ l+{;Y [ts; +~oft +'bhard+8~~£i)}; 
' . ., ·, .. I· ... t-1. ·, , . ' . . . . . I \• . 

where ~u0 is th~ Bo~ ~ross-section, 8; arise from virtual corrections,· ~oft :-from 

. soft photon emissio~~ Chard - fro~ hard photon emission, and S~~ft - from s<_>ft 
pair production. · . . . . . . . I · · . · · · . .. 

The paper is·organized ~follows: in the second part 'we· consider virtual cor­
r~ctions; the. third part is devoted to the contribution ~f the soft photon emission 
accompani~d by the vacuum polarization of the virtual photon; in the fourth pai:t' 
~e consider hard photo'n emission (also ~ith vacuum polarization correcti~n of the 
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virtual photon propagator); in the fifth part the contribution ~fsoft'~~ir produc~ 
tion is calculated; in. the conclusion we sum the different contributions and discuss 
the results. Some useful but cumbe;some expressions and i~tegrals ;;i:e givenin 

· the App~ndixes. ; · . · · · · • ·. . · · 

2,. Vh~tual Corre~~ions 

The Fesnman diag~ams describing the p(a2
) order RC\to LABS process 

· e~(PI)+ _'e+(;~) -:- e:_(qt) + e+(qz), 
I •. • . ' 

.. ~~": .. ...._· 

' 
• . (2) ' 

' •, 

which cont~~·a vacuum pola:riz~ti6n b~bble could be divided into' sev~n ci~s~es. In 
Fig: 1' on~ can ~~e som:e representliti;es of the diagra.rrls f;om differe~t'~hisses (any. 
multiplication of diagrams ha~·to be corisidered <!;Sa 'muitiplication o(it diagram 
by a conjugated one). ... . . ' .. ' . .. . .. ' ·' . . . 
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, Figure 1: 'Repres.enhi.~ives of Feynma:n, diagrains for vi~t~al pair production. 
r '• .• ~ • • " I -- ' 

. The first fi~e contribiltions.oi,s couldbe ~ritt~n down.using the known~xpres­
sions of.yacuum polarizatimi' openi.tors and vertex f'!.mctions ( orily the Dirac form ·• 
factoi is ~elevant: the contribution of the Pauli one is proportional to m~/e2) • .In ... - .. " - - ' . ~ ' ./ 

the scattering channel one has fo! the vacuum polarization operators Ilu (for 'a 
one:.-loop bubble) and II21 (for· a two-loop bubble):.·· · 

• 
'. 

. ·' 1 : 5'. 
. lilt = 3~1 - g' 

. . ' 1 . ' 
II2t ~:4lt -t>0(1),. 

.-~~ 

l ~ 1~··( -:) ,·. 
t me .. 

(3) 

·. and for the ·vertex functions Fu (for a one-loop vertex correction) and F21 (for the 
two-loop·vertex correction ,which includes ~vacuum polarization insertion (s~ 
fig. (5)): . . . . . . 

• . . . 2 ' '( ) . ·· . . · . l . 1 
2 

.. 1r · • . /A 
=. (lt -1)(1:>.. + 1)-'- -11 - -l + -, l>-. =In - , 

, : · . · .. .'.. . . · (4 
2 

. 4,
1 

')• 12 ' . . · me 
1 3 . 19 2 . . 7r 265 ' .. 

= --l + -l :.... -+ -· lt +0(1) 36 t 72 t 36 216 . ' 

/ Fu 

F2tl (4) 

. ' - . ,· . '· . 2 .) , =- ::c.2p1q1'7 • s == 2PIP2, · u =.--:-2ptq2,. -t_- s-:- m e• 
. '•, 

A. is an auXiliary paramete; - the photon mass. Similar expression could be:. 
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writt~n for the annihilation charinelusing the substitution:.: 

lt - f. = z.-:- i7r, z ·= ln (~--;) ." 
& - ' me 

(5) 

After a si~ple algebra one obtai~s within the logar~thrnic_accuracy: 

·[-(s t •. ) 2
]-

1
{s

2
+u

2 
•· t_

2
+u

2
_., _2u

2 
} = 2 .:..+-+1. . --<I>t+·--<I>--+-<1> t t .. . t 2 . . ' 2 . • t • ' 

i=l . . . . ' s ' . s s . 
<I>t = - 3IIii + 2II2t + 8IIuFu + 4F2t ,,;, • 

5 z=o; (6) 

-8 ·(· 8)_. - ·7 3 9 2 (1r2 
311) . 

-lt lt-- z, -. -l + -l_ + l_t --·-3 . 3 "··· 9 t 2 t .9·: . 27. ' 

3:-II1.-f 2Re II2.·+ 8Re n~;Ft:. + 4R~ F2. :;=. 

8"". '8. 7 9'·.-(27r2 -311)·' 
= -l (z_ ..:... -)z,•·,.... -1_3 + -12 + z --. -.. -- _ · 3 • • 3 " . . 9 •. 2 ·- • . ' 9 27 ' 
~ Re-_q~ +IIi;+ IIullt. + 2(IIu +IIts)(Fu + Ft~) +Ib +. II2. + 

+ 2(F~t-f !;.)..:...=:[~(1.+ lt)2 ~ 3: (z. +Zt)]z~ ~- ~(Z~.+ z;)-~ 
1 ( :_ ) 61( 2 2 io --(17 2 311)<' - ) 

-:: .. 6ltl~ lt + l, + 
36

_lt +~.) +g-lt~s + 36?1" ·-· 54 lt + [, • 

<I>. 

<I>.t 

Consider now the virtual corrections of the sixth class: . the ones due to th; 
interference of the B~rn ·amplitude' corrected by a. vacuum polarization· insertion 
with the- box amplitude; Calculating the lo~p integrals over the·.box virtual nlO·, 
mentum k one has to. consider thescalar, vector and tensoi o~es. For example we 
present here }he integrals [6]. for scattering chiuuieLhox ·diagram with uncrossed·. 
photon lines(see fig. 1(6)):. · · · -· ·· ··- · · ·. 

4 ' . k' 
b. · Jd k • .. · . 1, ku, pk; · · ,. ( ) 
'Jcr, Jpcr = · i1r2 (k 2 ::.... ..\2 +iO)((q- k)2 - . ..\2 + iO)- · 

7 
. . 1 . . 

((p1 + k)2 --m~ +iO)(( -p2+ k)2 '- m~ + iO)' · 
'Jcr = btf~cr +b2qcr/. 

· Jp; · = . b3~p~cr + b~PpPcr + bs(~pqcr +. ~crqp) + b6qpqcr + b79,Jcr, 
. .·. . . 1 .. . . 1 ·. . 

q, .= · q1- Pt = P2- q2, ~-= 2<:2.:- Pt), P = 2(Pt. + P2): : 
. . 

The-explicit expressions for the coefficients b- ~are given in Appendix A~ 
Aft~r ~orne algebraicwcirk with trac~~one gets .·· . . . 

' - ' "-_ ' -

o6 = [2(f~~+1rr
1

Re·(_~+P(s,t)){~lt<1-P(s,u))ft(s,tf;-. (8) 

· _·. II~··ci2(s·, t) ~-M~,t))}, · 
s . 

-- _/ 

4 

-,..--_· 

,· 
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1 
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I 
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,. 
'- / ' 

-~/-

~-.where 

,_· 

j ft(s, t) = 

+ 

2 2 . . / 2 . . •.. 

-s(s. + u )[b- bd + ~s tF-b2 + bs + b6J + 

~(2.-2 + u2)[-b3 + b~J + 2(4s~ +u2)b7, 4 .· . . . . . . .. 

~ _h(~,t) = 

.- f3(u,t) 

. . . 1 . 1 . : 
u 2(s[b- b1 + -~....: -b4]- b,;), •. ·· 
·' 2 . ;. - _4 1- 4 1 ~ . . - . ~ . .: ' • - • 
u (u[-b+ b1.- -~- -b4] + 2t[-b2 + bs + b6] + 8b1 ), 

. 2. ' 2 . ,, . . . . 
- ~: . . . ' 1' . . 5 
b, b; .·= P( s, u )b, b; II~. = -{l.s +i1r) -;~- , 

. . 3 . / 9 

The' intro.ducedinterchangeoperator~ P(s,t) andF(s, u) act in-~he f~llowi~g way: · 
\ t '. . • • . 

. P(s,t)f(s,t,u;/,,!t,lu) ,;;. f(t;s,-u;/,,f.,lu),· (9) 
; : . . P(s, u )f(s,'t: u; l.;z~, i~) _· ::::·· f(u, t; s; lu,lti f.). 

Consider now the' correcti<lilS of the seven til class. In the calcttlations ,;e use . 
the. sub;titution,~uggested by J;Schwinger for th~ photo~ propagator (with 4~ 

. momentum. k) corrected:by one.:. loop vacuum pola~ization insertion: . 

- . /."'·1. ·. · _ ~-·j·1,dv"(p(~) .. M
2

_·· 4m~ 
' k2 - ..\2 + iO 1r • 1- v 2 k2 - N/2 ' -': -: 1- v2 ' 

'· ' .. -_ .· < 2 l' ()_ ': .• 
/ ep(v) =- ~ -(1- v2)(2- v2

). 
3 3 . . 

(10). 

. ·' 
i 

, - ~- The-intederen~e~~rthe 8 box diagrams with the ~orn ones give~the foll~wit~g. 
'·. contributi6~;to th~ summed ~verspin states tfiatrix element.square:_...;. ·"' 

·- ,, ' -
.·. 't ' . . ' • . . 

.,z= --.,-2= -a42Bj_dv<P(v)(l+P(s,t))j~4k ..;_· 
. . . 1·- v2 . . . , z7r2 ' spi? - · o . · ' ·· · · 

(11)/ 

.-~ .. 

(k2 ~-~2 ·+~~)(~k + q)~- M:) {(~~- :;llt~2 + _ 
1 

(s2 A;") 1 ·}· ··< . · --~- 2 c 2 · :· · . • 
· + '-:-_,-:- ~ - , a1 = (k +qt) .- rn, +.zO,. ~ 
• .. t 4s a,a3 . . .•' ·. ' 

a'l = · (k- q2)2 ~ m; + iO, . AI= (k + P2?-·- m; +io; 

·. ·• S; -= ~T; /,(q, + k)'YvPt'YAtit -,4~r7,( -q2 + kY,.,p2)-~q2 = 
'; 

'. . -~- .·· . --1· - .·- •. > 
- 2(q1 + ~)( -q2 + k)s2 +.2 4Tr tit( -q2 '-tk)p,q2(q, + k)p2, . 

·,. 

S2 = •. ~Tr 'Yii(ti~+k)t.,;;,/Aq~ ·-4~r /,,(:_ij~ --·k)~vti27AP2 = 

.,-= 2(qt + k)(-J1-z-·~·)u2 ~ 2.~Tr ~~(-P:z--;::- i·)fi,P:z(ql + k}q2, 

---·<·-
. ~~-5 ./ 



-" 

:At .. ·:=: ~ Tr ij~,."( ij: + k hvPti>.P27v(-::ii2 + kh"ii~}';, ,; 
- -8-~Trz32(iit + k)q2z3t(~ijd- k)iit,. . . 

A2 · = '~TrAt'Y;(iit+ k)fv'z3t~t:P21"(-z3;_.::. k)~v~2/J._~ -
-::8u2( q1 + k )( -p2 -~ k ). " ·-

¥ - < ' _ ...... . ~ -/. 

'We used the identity:, ,. 

~Tr 1-~a~,Y;bil;.i~c -~1'; 1"ii2/vb~"("C2 = 8at'a2- b1b2- c1c2 ~- . (12) 4 - ·'. 4. . . --- . . ' . 
. 1 .. •.'>· 

+2 -Tr alc2bta2c1b2. . . 4 

Further some sca1ar, vector and tensor integ~als calcul~t~dwithin the logarith-
mic accura<.:y are·ne~essary. We use the notations: . ·. . . · • 

. . - ' . - -. 

. ' .. ' . •• -·: -.. 1 • ... . • 

I(aba1a
2
),Ip, Ipu ~~;dvrft(v)J• d4

k 1, kp; kPk"_ · 
. . . . - . 1 -v2 . - z7r2 b ,. o -. · . - . a a1a2 

. (13) . 

1 • . .. 4 .. .. . . . . •. l. . . ' .· 4 . -

I(aba2) =--J-.dv¢(v) j~ k ~, I(bala;)~ -jdv¢(v) j~ k _·_1_.' .· 
· 

0 
1.- v2 . _ m~ aba2• _ < . ·. .. · 

0 
_1- v2 

- m 2.:ba1a2 • 

. .· - . ' '1 ' ' ' -· . -:.- ' ' . 
lp = .a(p2;; - Ptp) + {Jqp, · a_:== -[-:-I( aba1a2) - 2I( aba2) + I(ba1a2)}1 -i . _ ._ , . ,- - , 2u · _ _ . ·.. - .. _ ·._ 

f3 ~ 
2
tu [(t '-'u)I(ab~1a2) +sl(ba1a2) +2tl((lb~2 )J,_ a= k

2
-:- ,\

2
, 

b = (k + q{- M2;·-- ~~- ='= (k +qi)2- m;;. d2 O::(k '-q2)2 --111;, · __ . 
fpu = fo9pu + /1 ( qlpqlu + q2pq2o') + /Jq~~~ f-J4(qlpq2u+ q2pqlu) + J-. 

+ fs( q;( q2u- qlu) + ~~(q2p -- q~p)).· · .. - . 

In Ap~endix B.~e give ari e~~m~le~of calculations-and.th~ .list ~(s~;u~r inte­
grals. It appears that o~ly two te~sor coefficients, namely'foand /4, are rel~vant~ . 
They contain only th~ firstpower ofth~ larg~ logarithm. Irifrared paiamete'i- ,\ is- . 
contained only_in J(abala2):. '· - . -

' '. . ' - .· . '. 1 - -{ 113 i i2 . : - 2 . 10 - . 28 ' . ·_ 
I(aba_1a2) =· --Re ·--l + -l 11 + l l - --l 11_- -l -. 3st - · 6 •. 2 • · · • 1 

· 3 . • . 9 : . -
: - 2 . •' ' 5 '- .-· . ' 

.:..._:· :~~~:- 2I•<~~- 3)~>. }·· 

(14) 

; 

' 
3 The Soft Photo·n.·Emission · 

T~ eliminate the dependenc; on the ph~ ton mass ,\ wehav~ to c~nsider also the 
vacuum polarization corrected cross-section of the additional soft .photon_emissiori 

../ 
6 

-

j'' ,. 

"'f ,:_ 
.'·; 

r_ 
~ ... / 

.r 
-I 

- -l 

l 

. --~--
,/ 

. 
of tl~e energy 

w<dt:, d _:_ 1. . (15) 

~he cor~e~tion could be 6btai~ed using the st~ndard .te~iqu~ [9} 'of the soft~ 
radiation accounting: '.-' .I .. · ' - · . · , · . · ·_ -. · , . _. . _ . . .. 

-·--1 

4 

.. . '.[·(.S. t '_) 2]-~._- .. [s2 +u2 :\· t2+u2 ·-·._: 
{jf . = 2 - + - + 1 - · Re --lilt + --. Ills + -::-. t s -· · t 2 ·.. .. s2 • . 

·c 

2- - ' ', • .. ' 

+ :t(Ilts +nlt)]{4(lnd~ 'l;,)(l. + lt ~ lu -1) +l; + z;­
·-... 2 • .2 2 . - '. -r:_ c - :. l.+c } 

lu _: 31r _ ~ 2~12(2.) + 2LI2{-2-) , 
,.· . .... ·X',- , -·--: 

e, "'~e·· . _ ._ ·. _
1

. ( )·. -. jdyln(1-=-y) _ · 
cos,,._. =,p1,q1,· · l2X =-. . .. -

- . . . . ~· . o-. : - y - . . 
. ' 

'; 

The·:H;;..rd-~Ph<:>ton Emission· ' 

(16) •· 

/ 

I~ 'mder. to .ca~cel the a~xiliafy parameter d .;,e have to consider, alsci the ca~e 
of hard .photon (with:,the energy w. > at:) e~ission: Our IT1eth~a ofcalclll.~tiou's 

. ~here consists iri aspFtting ofth~ total ki,nematical region ofthe einit-ted photon . 
. into two one~: the:collinear ~ne, when the photon is emitted within asm811 cone 

- in respe~t to one charged partide;. and the semi::.collinear one~ when the photon· . 
.moves ~utside of any such a cone, Then we show explicitly that the small auxiliary 
parameter 80, describing that cones, cancels in the sum of the C()ntribution~ of both 
regions: The procedure all~ws us toextracf ~xplicitly the radiative corrections to_ 
tlie process· ull:der consid~rations of the orders 0(~2 L2

) and· 0( a:2 L ): . . 

4.1 The Semi-Collinear Kinematics of Hard.-Ph~to~ Emis;.' 
SIOn. ,.· --1. 

Consider at flrst the case,-~hen the phot6~ mov~s in respect t~ the directions of 
the:·charged.particles (a~ of the initial (>r{es, aS w~llasof the fin~ 'ones) with the 
angles satisfying the following con?itions: · ~: · . · · · · _ ·.. · 

kp~,; > Bo, · k<h",2 >'.Bo. (17) . 

In this case the matrix el~m~nt _of the·pro~ess is• not singular and. th~ contrih.!!._tion 
of this region in the-=q(a:) order does not contain the large logarithm. In the 
next ~rder iri a we can just write down the contribution in the 'next-to:-leading 

: appi-t;>xi~ation multiplying the well knoWn differential ~ross-section of a single hard· 
~ ->j-' : \ --. 

7, 
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\. 

' 
' .. -

photon emission [9] .by the factor'2aL/(37r), coming from the vacu~m polarization 
insertion into·the virtual photon: · · ·. _ . 

_· /- ~- a3 • a d3qld3q2d;k .. 4. ·_ . . . . .• ' ·. . 

du-r · 11· = --2 -
3 

L-_-0-o---ko WB6 (Pt+P2-ql-q2-k), ·{18) 
semt-co · 4s7r 1r . .. q1 q2 • . • - - • 

/ . -~~ s ,· . . St . . . t. . tl ~ . u . Ut .. . w = +-----.----+-.--+--; 
Ptk P2k q1k q2k Ptk q1k P2k q2k · Ptk qzk pik q1k. 

·B 
· sst(s2 +si}+ttt(r2 +'ti)+utit{it2 +ui) .. ·· 

s = ·2PtP2, 

St =· _ 2qlq2; 

SStttf ~~· 

.. t = -2plqh 

tl = -2p2q2, 

u = :..2ptq2, . \ 
' 2 2 . . 
P; =:= q; = 0 

~1 = -:-2p2ql. 
... . . .. - . / 

· .The conti:ibutiori is to be integrated over the·pha8e volume of the final particles, 
· which is defined by e~peri!fiental coriditi~ns;-i'neanwhile Eestrictions (17) should 

be fulfilled. . · . · 

4.2 . The Collinear Kine~atics-.of Hard·'Ph~ton -Emi~~ion 
The contribution of th~ collinear kinematics.ofa photone~ission is divid~d natu­
rally into four ones in the-correspondence to the cases ofthephoton.motion in the 
fo~r directions of the_ch~ged particles: l}.k..::.. p 17 2)k- p 2; 3)k._:'q1 4) k-: q 2. 
So, we write the differential cross-section in the form: 

.· - . ,- -- ' . .. -- -' ,... -
d 'Y ·.. . . . •• 

ucoll .=.du1 + du2 +du3 + du4, (19) 
dy1 de.., . dy1 de_ · 

where Y1 =: qrf c:~ is the energy. fraction of the scat.tered electron, c_ = cos (L , 
9_ = p-;c}1 is the electron scattering ·~gle in the center.:..of...::mass reference f~amt> 
of the initial particles; subscripts in u; · den~te correspondent kinematic~ regions. 

For the first· regio~ we get · . · 

du1 
dytdc_ 

lit, 

- . a3yl· . - . . .. . . 
- sx(l- x)(2- Yt(1- ~-))[(1 + {1 ~ x?)L,o ~ 2(1.-x)]:.. {20) 

[ 
4+ (2 {1 .. ')' )2 . .. . . .• . . rr2 - YI - c_ . . . . . . 

t, _· (y
1
(1--.:c_))2 +-II.,~lfYt{l-c_))2 + 

+ (.2- y1(L- c.:.)· )2] ._::-.:::_e(II ~ ). (2.-'- Yt(l- c_))
2
] 

-- ' ~ .· ft •• ( . , 
·.···· ·· Yt1-:-c-). 

-~ (1 ~ 3:{lt,- ~)r~ _II., ~.(1- ~{1;, --- ~--_.::... i~))-1: .. 
. . - . . . . 371" 3 - -~ 

lt: = ln(2Yt(1.::... c_)(1 =.:x)c:2). - . -'-. (4c:2(1-,-x)) · .. \ 
2 ·. , 1., -In .. 

.. me · _ .. · m~ , ' -~ 
2{1 )••. • -· 2 . 

x= -:~ (~) . 
- 2 ~ Yt(1- c_)' Lo =dn m;e -1, 

•...: 

8 

I 

I 

[ 

'!'_, 

1 . 

/· 
X is the. energy fraction of the emitted photon. The energy fraction . and. the 

; ~ scatt~ring angle of the positron in this kinematical region take the following forms: - . . . " . ~ ' . -

Y2 
q~ 1 + (1·- yt)2 + Yt(2--::- yt)c_ 

= -;- = . 2-: Yt(1 -c_) Y2C+5' -X- YIC-, 
' 

; :; 

(21) 

c+· = cos(pt~), · · ;Y2/1- ~~ == ;IJ1...:.c:_. 
. . . , 

. , ·· Lef us (>ee that in the sum of the above contrib~tion with the one of the semi­

. ..... collinear region in the case when the photon is eriiitted "clo~eto the ~cone ~f the 
·angle 90 around the initial electron beam direction the terms of the order - £ ln 95 
will disappear.· ReP:lly,-the ·lower limit of photon polar angle integration gives: 

2 k0
TV . ·· . '.-•-.lV -dx-In 82 : .. (22) f. d

3 k ., .;j> de_ ' · . 2 1 · 

7r kJI- 1 - c_ · · ·: x 0 
... ,.. _, .. · . . Plt-OU2.. .'. . ·. • .. 

f' ~ 

",, ... 

. . . . . . I ·: . 
The secon? mul!ipli_er in the expression for the .. semi.:.collinear region. turn~ out to\ 
be here: . · ~ · · · ' · · · ,_ .. 

·.B--t·~--2 (1_·~Yt(1-c.:.). ___ · ,2 ·. )2f+.(l-.1:)2 
· .. flp, ·. , 2 ; . ( 1 , ) . . . . , . · . Yt - c_ ._,1- x · 

(23) 

We need also to rearrange tlie ~hase volume: · 

. d d3q1d3~2 04 ( • .( ·. ·). .- :/ . )_ '2rr~Idytdc_ 
-X / 0 0 PI 1 - X ·+ P2 - ql -. q2 - ? . ( 1· . . . ) 

· .. qlq2 . . ·' · . · ·· -.-YI -:;(;-
(24)-

Aftertb~se niodificatioris,it iseasy to see 'that the terms'..:.. Ll~9~ in the collinear_ 
. arid serrii-collirwar c'o~tributions differ only by signs: " ' ' i - . • . ·. ' : 

The contribution'ofthe sec~nd collinear region has the form 
\ -~· ' - - "~ ' ,-. - . 

· · > . du2. • · . · ~3·y ' ~ 1 . 

dytdc_ .=. 'sx(1-: x)(2 _ Yt(l + c_)) [(1 + {1- x)~)Lo -'2(1.- x)]-, {25) . 

_ ·::_.-, [rr24+(2;-Yt{l-c ))2 · .. l ·. · .... _' 1 • -

• •• _:·· 1 . (y
1
(1-.c_))2" +:-Il•,4l{Yt(1_-c . .J?+ ; 

+_ • (; -'yi(l-. c_WJ- -·~(II n .· )(2 -: y;(l- ~-))2 ]· 
. .· . I •J. ( . 

·. · : · · · . · . · Y1 1 -: c_) ' 

II
1 

=,' (1 ~~-{z1 _ ~))-
1 ,. 

11 
=·ln(2Yt(L- c_)c;~)· · 

~ 371" . . 3 \ .. 2 .. 
·- me . 

We put he~e also the expressions for the. photon and positron energy fractions and 
fo~ th~ p~sitron scattering angle: . . · ~ · · · · · 

1-x-

Y2C+ 

Yt(1~-c-) 

2- YI(1+c_)' 
X- YtC_·: 

.. , 

......._.- " . 

1 + (1 - YI yi ..:_ y-;{2 -- yt)c_ . 
·y2 = . ( ) . , · · ·. . . 2 -y1 1 + c:-

(;26) 

_-, 
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.. 
Again one can be convinced 'in the cancellati~n of Lln8~ i~ the sum yviHi the 
relevant term of the semi-collinear contribution. ' 

The contribution of the thirdcolliu~ar region and-the parameters of th~ scat-
tered positron are: · · , 

d~3 = · dy1dc __ , 
. a

3
yi . [1 .f:(l-x)\L

0
+2ln(l--:x)}-2]- -

2sx(1-x) · 1_--;x . -. ·.· ... 

[n24.f-(1+~-)
2 -ll 2(1-c_)2+(1+c-t 

t (1 ' )2 + . . .4'. . ... 
-

- c_ -, - . . _ .. ~' 

· • . · _. (1 +c-?]. ·• ~ j - . :(·. · a .. '5 ... )'-1 
.-~(n,n.) l-::-:c- _ , , n.; 1-:- 37.~1.- 3 -:--z7r) . , 

(
4e

2
): 

1. = ln -~ ' 
"$ r' ' me 

y2 = 1, ' ·. 1 --: x =, y17 ~c+::::: -c_ ._ 

(2!) 

Finally, the in the fourth collinear region the ene~gy fractia'n of th~ scattered 
election is unity and the final' particles move back to back as well as ih the 'third 
region .. The corresponden(contribution recid~ · . · · .. -

- ~ du4··_ =: -j- aJ6{1-1/t)!iid~~[1+(l-l:)2(~o-~2lncl,~f))~-;L- .(28) 
dy1 de_ _. . 2sx( 1 -:- :C)_. · 1 -: x . .· ·. · , , - ~- · 

_ '[n;4+(1+c-fi. ·-i{ 2 (1...::c_)Z+.(l+c::._L- -.-_. ·· 
' I (1 . ·')2 + s . 4. . . . . - - -. . - c_ - .... . . . 

. . . {1 . ·)2 . .. . .. ·' . . ' . . -
- ... (ll n· ) + c_ ] .• 1 ,. ··:. . . . 

- ___ -e 1_ s 
1 

_ r._ .. , _ :- _x.= y2 , c+ = --:c-:-·· ----

'\ 

Again one'catr ~ee the. cancellation of the dependence 'on the auxiliary param~ter 
8

0 
in the sumo(the third and the fourth collinear region contributions with-the~ ·. · 

semi-c~lline~ onesf' .· . . - · _· __ . _ · - . _ . _ _ _ · -_ . -
So, the total contribution to the LABS process differentia1 cross:..section due to 

. a hard photon.eniissio~ with vac~um polarization correction ofthe virtua(photon' 
propagatorreads · · · - ·· ·- ·- . · -

·· . -: ·.·( ·d )-i[da"' • · da"' • ] · 67 '= ~ semt-coll + coli . . 
hard · dy1dc.;_ . dy1dc_ · dy1dc_ --· 

,. - - - • ' > • -~ 

(29) 

The auxiliary parameter d cancels in the-above sum •. • -
~ .,..-;~-- . ' ·. " . ·-- . . . - ' 

. < -- --....... /~ 

5 Soft Pair Production.-

Here we consider the process_ 

e-(pi) +- e+(P2) .::_- e-(qt)+ e+(q2) + e-(P-) -f- e+(p~), . >(30) 
. ~.)· 

-'l .I 

'J 

\' 

·i 
l 

·r~­
~~ 
s. 
!I,: 

"' :~ . -· 
-....;_·· 

where e-Cr-:) · +. e+(p+j' isthe=c~e3:ted s~'rt pair.· It gives to the cr~ss-section 
_ an important contribution ~ontaining cubic in the large logarithm terms. The 

·· maximu~ en~rgy of the soft pair is taken as De, itis assumed to be large compared · 
with the electron mass: -

. 2me <De-- t:. (31) 

The contributions containing L 3 :~ill cancel :With the terms due to virtual co~ec­
tions-and thedepende~ce on t'he iuxiJiary parameter:D will disappear inth~ sum: 
with the contribution of the hard (with the energy of pair components larger then 
De) pair- emis~ion. - · . - _ - _ · _ _ _ 

Recently the-contribution of th~ soft pairs production was calculatedin two 
limiting cases: fort he process e+ e- ·annihilation int~ hadro:ris [7] and for the case of 
small-angle Bhabhascattering [8]. Here we carry out the calculations for arbitrary 
scattering angles. _ . . 

Due to the smallnessofthe energy of the pair components the niatrix element 
M of a hru.-d process with the -charged particles with momenta Pb ·qh accompanied 
by'soft:pair emission, could be expressed through the matcix element' ofthe hard 
subprocess M~ ~i.thout pair production in -the way: - ·-
. . - . . . ···-· . 

~=-Mo4;;v(J?+)')'~<u(p_)J"'. k='p++P~. · 

. ' The_ cla~sic [9; rof~c~:Ol!lpanied radiation current could be put in the form: 

:.~/1'= 
~-+; .. qll' +~ 

Ptk + !p q·· k- lk2 . n..k- !p 2 . ·2 . ' 1:"~ 2 ' 

·q21' 
q2k + !p' 

2 

(32)· 

{33) 

- Performing. the covariant . integ~ation of the summed over spin states matrix 
eleiri~nt modulus_over the paircomponents momenta, we obtain: ,• ·' . 

> I . ' ' .. • . :· . 

-·· . '. . . _-- ... . < k2·. -L. ~_;(P+h~<u~p~)_:2~ 4(p+p~ + P_~P~ ~-2 g~''\ 
_sptn · 
'J' _· d3p+d3p~ ~~( . . . .k)( ,. v ~ :;, I'... fk2.; -) : 

- .. o o . u P~ +p..,:- P+P- + P+P-- 2 9j.v = 
- - P+P- - - .. -- . . . .· 

~
---

-. . 27r 2 2 - -- L . 
= (-3(k" + 2me) _ )(gl'v- ~2 kl'k,J · 

(34) I ' 

At· first we pa.rametrize tl~; phase' volume of thi!' pair ~omentum as 
. ·. . ' -... 

- .d4 k. ~ d,ko(k)'i'd-k-:--dOk =.I¢k2, Vk'5 ~ k:~dck .. ' - (35) 

Neglecting the invariant mas~ of the pair ~ k2 compared to the energie~ ofits 
~ components. and omitting the ternis of order m~ I (Pt k )2

. (this simplifications d~s 
-· . ~ . -. ~ - ' ··- . 

._, 

' ~·· 



! I 

~ ' .. ·,.:;. I 

_;.-·· 

not ~iolate the logarithmicalaccuracy that ~ekeep here) we pe~forrri th~ angular 
· integration: - _- _ · .. ' _ ·. · . . , ·" '_ _ ·. ' · . - _ · .·- . _ - ·. '· . 

-. 

'I 

-(n? 

· -> 1' 1 . · ; , · .. 

!dO" 2plql. ~--jdxj __ -de" 2PI_JI _ = 
_ 2!f ~p1k2q1k · 

0 
. _

1 
4c:2(k0 :- -k---n--:-:1:")2 · 

.··. ~1~· . - .. ·_ . - • I ~- . -- -·- :_.. 
' 2p1 q1 J . -- dx - - ~ ~ PI _·+' _ ( 1· :_ ) q1 . - ·-- - n - X , X , 

- · 2c:2 o k5 ::_ (k)2(ii)2 ~- c: -·- - c: 
- · . - ··'·J'1-c. . . . __ ,F 

·1- 4i:(1- x.)z2
, z ~ _ T' c.= cosB, .}.= P1q1: 

'(36). 

Integratiilg ove~ 'imxiii~ry va~iable :X we obtai~: -. . '.. ,, .-.. .. 

;=_k5c~Ly;, \ ·f'== U +: (l-;y)~2 f~[~~:Z- ~~n_y~+~ _ :·/(37) 

. . . . . ...,._1. :_ y.+ Jl+ y(z::_2 ~J)] · . . ; . 
+ ln 2 + ln( _ _ · . _ , _ ) . 

:... _,._ . 2 .. _·.· -

The result can be expressed as a ratio of the cross.,.-sections of the processes ,of 
ele~tron scattering in an~xternaUield with soft p~ir pmdtiction. to the Born bne: . 

·' . clasp-- . (r2 ·_.!Ndt 'dy· . j J . :.l: . . . ... ·' •c •. 

. da
0 

_= 3tr2'
0 
tly2(y+ 2t2) 1-=;yt;(1+y(;~~~-1)t.~ .~ (38) 

. -[2lnz;+_· 2i~2 -J~Y-f 2ln(-r=y +J1+ Y(~~2 -1)··] 
" . . . . .. ·. ' · ... 2 . . . . ) ' 
N -(Dc:)2 _ . ·. ,. , 
·--~ -1.-

,• m-

--

....... 

' . 
Integrating firstly over t we omit terms of the order N-2. Then we introd~ce 

variab!e X = a fy and split theint~gra:tion using the parameter 7J (T...:. 7J -:- N:- 1 ). 

·Within the logarithmic ?-ccuracy we _obtain: ·· 

, sp·· .. -·'1 . : . da a2 j • ·. . d .· -. . 

dao ~ 3~2 t,N Jx(x+N~:~z-:- ~))~~~ +2ln~ ~-lnx)[2lri~ + (39r 

+ln~ + 2ln2 + lnx + 2in{J1 - (Nx)-I_+ J1:HNx)-1(z-2 -l) 
1
· · 

. . '. 2' ') +. 
1 - / 

J
dx 5 -1 - - (1 + --1 -)2 -

+lnN -[(----x) 1-x+ln -x J}·· 
X ,3 3 7 ··-

'1 , X -·. ·... -· -' -· ., _> -.. 

\ 

·._·, / 

12 

·-

. ,._;""'"' 
/ ,. 

The final expression reads ~/ 

da6 P . 02 { 1 ' . . · ' 5_ ·. [ .. _ .. 
-. - ... = - 2 -L3 +L2

-" (2lnD --;) + L 4ln2 D-
da0 6;r 3 . 3 - · 

(40) 

'' 

_20 ./ 56_ 2 2 :(l+c)] ·.-·' } 
----lnD+-_ --?~" +2LI2 --. +0(1) , 
- 3_ • - 9. - 3 . . 2 - - . 

where 'rf 

···- -· _ l. · 2c:2 (1' __:c) _ . ~ -~. Jl~ c 
L- ~- . ffi2 1, - k -. , 2 . 

;. " e . . 

(41) 

Usirig generai expressi~n-'40 ~e· reproduce the results obtained earlier in th~ · 
.-annihilation channel (c = -1, z =1) [7] . . ·.. ·· ·-:-- 1· 

<~::L~~· =-~2{~<P +-2h~nl-:- ~<P+ 2lnp)
2 + (42) 

. . ' 14 7r2 } .. · . .'4c:2 . 
_+4(p+2lnD)(-g_-_fi), p=ln(

77
i 2); 

., . . . ~ '· c 
-.f. ~ ·" 

and in the small angle sca~teri.ng channel (c- 1) [8]: 

ddaspl ·. ~ 6o22_{· _3i(L+2.lnD}L~ ~(L·;_2in;);+ . . (43) . 
. a0 z<I . 1r - . 3 · · · 
.. ---·_·- (.L . 1- D)-(14 ;;_~)r .. .-1 :(c:2B2). (}. .. ·-

+4 + 2 n - -- . ; . L = n - , z - - - 0, L - 1. 
, . · - 9 . 12 r · · , -· _m~ . - · 2 · 

·' 
·:.. .· T~ obtain the .. total contribution ~f the s~ft pair production we lia\·e t~ I~mltiply 

by factor 2 (to account-the pair emission from the':positro~ line) amno add the' 
-·t- and u-channel contdb~tions, which could·be obtained by siniplcsub~tit.utions .. 

In this way_one gets: · · ' · · ' 

.. . 1{1. . '5· . ?O · .. ·, 
· {je+e- ·=· - -P+ l2(.2lnD....::. -) + l (4ln2 D- ::_ ln D +_ A)+ 

3 3 5 
• · '3 . 5 3 .· ·· 5 

13·· 2 ... ··5 ... 2- 20 . ' · .. 
~+ 3l1 +l~(2lnD- 3)+l1(4ln ~-_:3lnD+A1)-

- (44) 

- 1-3 2'• 5 .2 20 .. ·}.' 
·' -' -l -l (2.nD--)-l (4ln D--lnD+ 4.) 3- '? " . 3 . u : . 3 -< . u ' 

··where 

56 2-2 .. '56 2 2 .. · 1 + c 
A = -- -?r A,=-- -?r +2LI2(---) • 9 . 3 ' ... 9. '3 . . -2 ' (45) 

_ 56 2 2 · . : L- c . 
Au = 'g"' - 31r + 2LI2(-

2
-). 
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·., / 

·6 Conclusions 
' ._ 

.. The total sum of the considered corrections does not· contain .parameter >. arid 
cubic in large logarithm terms:: h rea:d~ :, 

da = dao-:-11+ ·(~) 2 

(8 +b;h·.• d)-,·.·.· , < '(46) 
1r .ar.. ,_. .· 

8 = 1.[· ~1.lnd- 64 1~li +~l~dl~(~) + ~ in2D +-Inn(~ In(!:)+' ~1~ ~~ · 
· 3 . 9 .. 3 .. -;-U 3 · · .. · . . 3 .U 3 · 
20 '. 17 · 4 . 1 - c · 4·;. L+ c . 31.1 1· . . : . < . 
-) + -1 •. :- -112(-.-) + -112(-.-. )"--.·+-(A.+ A1 - A,.)-

- 9 . 6 .3 .. ·.2. . ·. 3. . 2 . 27. ··. 3 ' . 
4 .. ..·· ( . t )' 2 . 2 . . t ·., . . . . c . ] . . 

- .-lndlp(~) 1+~:+.-- (4::_-t'7::_+5-'-.+9)+H(c) ,_.· 
3 . • -.t t .. S. , ! t 2 • t · ... S .· . , ·. . ·. , I • 

•. . : ·.• ~ " - .. • . /. . . . ,• . ' . '-"' . ~ . 

where H(c) is a function of thescattering <~;ngle, its anaJ.yticalexpn)ssion and. the 
table.of values iri several points are presented iii Appendix C. H(c)·as couldbe 
seen from Tabltd is not small.' That convinces u~ in the i'inportance of the non­
leading te~ms.'Parameters a·and·D wilL~anc~l in the. s'uin·with the co~tribution~ 
due to the emis~ion: of~ hard pnot~n Oha.rd and a hard pair [5]. It is remarkable'. 
that the qubic in large ,log~rithm terms. cancel. · , ' · 
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AppendiX: A.' 
•.. 

\ 
\ 

. '\.. 
'.' 

. -
H~re we present the quantities b; which enter. the intygral over. the virtu8.l 4-
m~mentum in boxdiagr~ms (see eq:(7)). . . . 

. . . : ' 

b· = 

b2 

b4 

bs = 

w, = 

. !i.(1,- 2i>.), · ·b1 ~ ·~~(~1.(1,:... 1.) + q,• ~wi};· 
~t ' . .· ;" .• . . l ~ s . -· . ' . : 1 . 4' . 
-(b -bi), · . b; ~.:...-(Ct-: s)bd:: 4(w,- -1,)- -i.); 
2···4·.,~· .. · .su·:.2. J. .·i- ~s.· 
b1 - -1~, . bs = ..::...-b1 + -('I!t - -1,)- -:--:-:1~, "" 
s-::~. '1 t~~~·· -{u · :1t~ -~ s_u· s 1 
--b1+ -b+ --1.- -('I!,--!,), ,· br = --bi+ -w,, · 

2u · 2 · tus u. .. t . .. ., ~ · .4 2 
~(27r2 ~i2) - ~ = i(2;~: . ~i2) ... 
t . 3 + 2 I 

1 5 S 3 +2 3 
· 

·,(A.1r 

. , 
' \_, 14: .' 

'\ 

:r / 

; 

f.-· 

·AppE;ndix B. ··' 

We.pre;enthere the integrals' for the box di-;;_grams .wi~ha vacu~ polarization· 
insertion in one photon· propagator. Consider fir'llt the scalar integral with four 

• · · dei-tominators: . 

I(aba1a2) 

1. . . . • . 

Jdvq)(v)jd4 k • .1: -. 
1- v2 · i1r2 aba1a2 ' o· - . . 

.· ·. . · · - . 4m2.• 

a = k2
- ,\

2 + iO, b = (q + k)2.-,M2+ iO, M
2 =1 _ ~~, 

(B.1) 

. 2 . 2 . . . . ... . 2 . 2·: . . 2 . . 2 - . 2. 
at =.· (k+qt) -m.+zO,. a2=_(k-:-q2) :-me+.zO, q; ;=p; =.m • ..-

We join the de~omiu'ators using the known Feynman trick and tr~sf6rm the total 
·denominator to the form:· · · . ·. · . · · 

z[y(xa1 + (1.~ x)a2) +,b(1- y)] +.a(1- z) = (k- zPy? -:-· (B.2) 
'-[z2 P;- z(1.-:-Y)(t- M 2

) + (1;- z),\2 ]~- ·· Py ~.YPx- (1- y)q, 

'Px = xq2- (1 _:_ x)ql> q = q1:...:. PI, .. t "=. q:. . . . .. 

· Perforirung the integration over ·the loop momentt~m ,;.e obtain: · 
• ~ . I ·' , , • • 

1 1 -f . 1 

·/ I(abat~2)" ·j· 2.d·J.d.}d jdvrp(v) ... · .. = · z z· y y x -- -• 
. · ""- . 1- v 2 ... 

· .. {B.~) 

p2 
y 

o · o o o· . · , 
[z 2P; --.:z(1- y)(t- M 2

) + (1 :: z),\2
- iOJ.-

2
·; 

· 2p. 2 c ) . . p2 2 · _. c· . · ) ·= . y .x + 1 - y t,. . . . x = m. - x 1 - x s. 

. To extract the infrared sing1llarity it is con~enienf t() split. the integra~ion over y 
in~o t~o parts using the auxiliary parameter~ ((>.jm.)2 -a :- 1): . 

· · I(aba1a2) =)~(o < y <: 1-a)+I2(1- ;<:y < 1) . 
. . - - ' . . . . . - . -~ .... - . . . ~ . 

. In each region the integration over z could be carried out explicitly: . 
. . ·- ' . . ·- _..... . . . .• -- . 

· I(aba1a2) 
= jld~(/>(v)~j·t·.·: ·dx. ·{--ln~-jt·· :d.y(P;i;-M2) 

0 
1-v2 '

0
P1(t-:-_M2 ) - a 

0 
y2P1::J-(1-y)M2 

1 a2(i~ M 2 ) 2 .·j"": dt · · .. ·•. ·-:--·-·· } 
2ln 4P;,\2· - :(t2+1)3/2ln(t+ ·t2+1}. 

·' . ~ . .' 0. . . . ·-

(B.4).: 

(B.5) 

F~rther inte~atio~-Zc;uldbe sirriplffled by. the. usage of the follo,;.ini relations:. 
- • ~ !. 

1
1 

.• 'dv'C/>(v) : · .. 1 · 5 
(1- v2)(t- M 2 ) =:= 3t(l1

- 3), 
. 0 .. . ... 

(B.6) 
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'• :·; ·/. 

) ' 
" . ...,,·. 

1 .' '' ~-. ' ' ' ' : ' ·j · dv,P(v) · (.-t +M2
-) 1 2 5 .. 1i

2 

.(1-,v2)(t-M2)1~. m~ ' <=-3/1t ~31t+(f), 
0 ' ' ' ' •' ' ' 

1 ' •.. / 1 '' ' - ' 

j 
dx 2- ·j dx - P2 1 - 1i

2 
·· • 

-· = ::--1;, ·- -ln -:'Z- = -c-_-(f':- - ), 
. p2 'S /' p2 m2 s- ·. 3 o· X ' --" 0 . X e 

1' ·- 2 ' ' 2 

f. dx. 2 Px . . 2 iJ · · 1i - - •. _ . 
. p2ln m2=-3t(l•~31.),, -1.=1.-zr.. 

. 0 x. e _ .· •.. _,. ·,-· , , 

The remaining integral over v.cot1ld be_,ca.Iculated _by splitting of th~,interval: 
· 0. < v < -~ ~ at, · . . 1 -. a 1 < v <;::; 1; -ta1 - m 2

• : • 
~ • ···-.· _ .......... c - • i • • • \ 0 

Now the-integral reads -...- · · · · 

(B.7) . 

1 ._-, .. /. 1' 1 •' ·,.· ' ·j dv,P(v) . · j· j .· . ydy ·:· · 
-o. (1~;'2)(t...:. M2) odx ~- y2 p; + (1- y)M2 =. 

' 1-a, · ·.·1 • ··, · • ··. • 

= 2.j cixjy dy[y2_P;+ (1 - y )M~J-,: 1 + ~ 3t , ' '' . , I .. _' -· · 

_ .. _, (B.8) 

j 

'·' 

, 0 , 0 ' , -

i - 1 /·_;-:-dv'· .. ··· 1
· ·

1
'' .· •. · (1~v)··--·::·.•·. · .. ·· 

+...:, ·j . ' ·Jd j d , •' . ' -··J + J , · . X y Y · 1 2 .. 
.3 1_.,.,:t(l-v)-~m~ 0 . 

0 
·· y2]';(1-v)+2~~(1-:y) · ·· 

Fo~ the first integral ~ithin the log~ithmic accuracy we g~t 
, . '. ,. 1 ~ - :: . '. , ' . . : '· . . . . . ,:, , ' - . : / ', ', . , 

. 1 -:- ' . . 1· . · 1 ·. · . . ·.[. 1 · . 1 · M 2]. · · . 
. :J1 =· =-- .j·av(-

1
-. + --:...:. 2 + v 2

) -'--
2 

1; + -1.ln.~ -=;= (B.9) ' 
. · 3t ~ - v .1 + v · . • . s · s m. · 

.. o_: . , ~ ·. .. . .. · ; . . 
1 '[ 1 2 ' . ~ ,· . 5 ' . 1 2 .1· 2 ; 

- --1 ( -lna1 + ln2--) + l (-In 2 + ~ ln a 1 .-. 3st . 2. • · ·. · .· · : . 3 • 2 · 2 ·. · · -
' ,. • ' , 1i2 . 28 ] , 
- ln2lna1 +·---) ; 

' 6 9, , '' _,· 

~-· 

The second integral after a si~ple irit~~ation over. v turns to · _ 
' , ', '' i . 1 , . , , . '-., , ' , 1 ' ' ', c ' ·: 

J . __ 1 j dx j_dy 1 (- ... _ a 1P;y
2 

). . 1 ·j_dx 1 2 (P;ai)' 
2 - - - - n 1 + = - ·- n .-- = · · st · P 2 . y ·. 2m2(1- y) · 12t P 2 . 2m2 

. _ 0 x 0 · -. e , . 
0 

x . - e =· .. , ' . , '. . .- ' I ., , , .' 2 , , . \ ' 1 [1 -. . •' 3 ~- ;_ 1i ] .. • 
- _-:- 651 -e 3(l.+lnui ~-;ln2) -1.3 ._, , : · (B:lO) 

The total result f~r the consid~red sc~ar integral l-eads·· 

' 1· , '{ 1iJ 1-2 ' - 2: '10-, '28-
~(aba1a2) = 3st :-:e ~61• + 21.11 +1.11 .... 3l.lt-:- g-1• ;-: 

·--2' ' ' ' ' ' ' 2 ·, '" ' 

~- 11 +Z.(/1 ...:..~)ln~;_+p(collst) }:_ 

·i,: 
16. 

._ 

(B.ll) 

'....:._. 

,/ 

·, 

::~_,' 
···. "• 

-. \ 
:. • - • ,:- . • i. - . . - : ; .-· 

For the scalarintegral with three denominators b, a 1 and a2 one obtains in a 
similar way'thefollowing result: ' 

' ' ' 

, .JI d~¢(~)1 d4k -1 ' 
I(ba1a2) , = .· --. -2 . -~ -b- = · · 1-u Z1i aia2 

0 " ' ' ·.:· . ' ' ', ' 
L · ·I -:I' 

-j dv¢(v)jcixj· _ dy(1- y) . 
ol- iJ2o 'o (1- y)2P1 + yM2 .· 

cs.12) 

· - Again; splitting the integration over·u one can simplify ~alculations. We 'give here. 
-the results for two relevant integrals withthree denominators: . ~ · 

· I(baia2) = 318 -cu~·-~i;+l.(29s+~
2~+-(eonst)}, _ (B.13)-

1. . 1 ~ '·,' 2 ' ' '". 
·. ,, , { '3 . ;) 2 1i ' ( } .. ' 
I(abai) ~- 31 -e 3/1 - 611 +3/1+- canst) . 

).- ' ,' . '", 

.The remaining needed i~tcgrals with three denominators could be obtained by the 
·following substitutions: · . ~ 

/(aba2)_::= I(aba3 )= I(ab~I), I(baid3) = l(baiai)(i.- lu,. s- u):_- (B.14) - ' ' 

'. ·{_a(t_::u)-'-f3t=I(aba2)-I(b~1 ~;) • 

'- as+ f3t =I+ I(aba2),-

wher~ quantity I has the form 
· .. · I . 1 · ' I ·. . 

-. ·j dv,P(v) j ·. { 1 1 'j· ·. ·y.dy · } I= --dx· . 
·. 

0 
1- v2 

0 
, P;ln(- 11f~-~)+ 0,.y2P;-+; (1- y)M2 . 

The final answer for the. coefficients re~ds: , . 
·1.'' ' , '._--·· .. . 

a. = .:_[-:::I...:. 2I(aba2) + I(baia:.i)], .. . 2u _ ~ · .. 
·.1. .. . . . . . 

f3 = -[(u-: t)I- si(baia2)- 2ti(aba2)], 
2tu · ~ . 

.(B.l6) 

(B.17) 

·. (B.18). 

I 
1 { - 1 2 . 5 • . 28 1-3 . 5 ~ - 8 2 28 ·. } -lRc ?[ [-'1_- -11· + -]_- -1 + -1 + 1 (-rr - -) + O(const) 

3s . :-:- ·' 2 .. 1 3 : • 9 , G •. G •- • 9 · ' 9. . • 
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/:._, 

/' ~~ .. -·. ~ 

~· ... 
Let us, fin~lly, _consider the t~usor iO:tegral .·, ' - . , .. · 

- , ··1-- . I ··\_ - ·-:, 4 --.. , . ' ' . . . ~ ,-· ' · .. : ·. 

~ jdv¢>(v);d k k;,kP _ up .· ·( p u· ·• p 'u) _· 
. Iup - .. -1. · 2 ~·-:-b--- fog +/1 qlql + q2q2 + . 

· . . . - v t1l" a a 1a2 · · · · ·· • ·. 
. ·o . , . . ·.. ·. . . , . . .. . .·. 

+ f3qPq".+ j4{q'{q~ +q~qf) +Js(qP(q~- qf)_+q"(q~- q'{)) . . (B.19) 

Fortunately within the: log~rithmic accuracy one can present the ~quare of the· 
matrix element in the forrn; whereonly coefficients.fo and f 4 ent~r. Using t.he 
proceduredescribed above we obtain ·. -~' .··.. . . . . · . · · 

1 ' , 1 , i . 1 ' . .. , ( ' ' · 1;· dvljb(v) j ·1 · '·j. · .·: . . . dx · . · · · - -- ·--- zdz 1 d 
fo - t.2 1-v2' .. · , y y z(y2P]+(1-'y)t)..:..·(1-'-y)(t-'-M2 )' 

0 ' 0 ·. 0 0. , • ' ,· 

, J4 •= 28fo. I , (" ,(R20f. I ' as 
One can see that;bothfo and f 4 enter h~ve ~rily thefirst power of large logarithm: .· · 

• ·- ' I"· . -· -. ~ - ·, . - • ~ • ' "". - • .. • '- •• 

fo ·~~) dvj J J(1 _;~)[zy~P;- (~Y _.d~)~~ ~xz);]+ 2m;{l ,- y) ·~ 
1-a- · ·..._ ;... ' ~- , 

= ~~Me:.), 
6t' . t. 

··. -: It. s · 
j4 :....· --M1( ~), u- I; 
, 3t2 :. t ' . 

', .·(B.21)·· -· 

where we defined .I 

111 
· ·~ zy dz dy dx · . ' . 

= / J fzy 2x(1 _:. a;)e + (1.,.. y)(1 -·z) ' 
0 0 0 ' , , . . . ' , ' 

M(~) (B.22). 

. -M1(0 

:111 -· .~·., , jjj z2 y3x(l -,- x) dz dy dx .. ·. 
= .· . · .··[zy2x(L- x)f+ (1 "- y)(l- i)J2: 

000 ' '. 

'· i 

• These quantities ~recon~enientfor ~umericai integrati~n fore). 0, fo~ (< Oit'is·· 
:better to use the.follo~ingex~ressions: · 

-~ I " ., _,..... _, 

M(e) = j.J(i)q,_(x,,O dx~: e < 0, \ ',, (B.i3) , 
0 ··, <.,} " .: ·. 
, ,• 1 ' ,. , 2 , , 2 

. -f(x) := '(1- )lnx+ hi(1+. ) 
· ' 1 + 4x · · · 1 + 4x · 1 + · 1 + 4x ' 

-([1, \2 .·· ,-(+-/1)]' ' ' -~ . 4J(x,e) = A -+ ·In.. , 11=e?-4ex>O. 
. . . u x . · .. 1:1 . -e _,. '1:1 . . . . . . .• 

We did not manage to pe~for~ this inteiration analytically, exceJ?t the liiniting ,. 
case: .« •• • , • ·.' • • ••• • "- ' • :- -

, , , 

, M(e)lel-oo ~· ~-eGln2( -{)~ ~2} (B.24) 

I 
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The expression for M1 (~) has the following f~rm: ! { 

~-~--
' 1 ._ . 

- j f(})~(x,()d;r,, 
0 . ' 

., 
, ·~ < 0, . · (B.25) MJ(O 

~ex,~) = ~2[: +2~+_4_ce~xo~~j·-:-~+-:-LS:·j]:\' 
. • 1:1 -~- 1:1 

' , '' --

Appendix C 
-. J . .- • . ' 

i 
\ 

We.present here th~'explicit. expression fo; function H (c) entering eq.'· ( 46)( 
' . ' . . ' . -

;-

' , ' (·. s' ' t) -l { u3 ... · s2~ .. ' ·. t 2 : , , , ; t~u ' ', 
H(c) = 1+t+'.; : 3t3!4p'+·3t3/4t;~~Js~ho~~+3s3h4~p~·<. -~C,I). 

. . ,, . . ·- ... \ ,- I , , 

s2 . u3 : u3 . · . u3 . i 2 ( 4t2 . lOt 125 . , 
3t2 foup, T.'. 3#2 fo~ - 3s2t hop : 3s3 h4P + 6 - s2 + 38' +:IS -:- ' 
. 2 ' , , . . . ' 2 . ' ' ' . '\. 2 . • 
~ 7s) . . [2 (- lls .2!_, ;c!__ _ll), z2 (-::__- ;5s ..: .· 

, t2.+3t'.+ st · 12{+12s+'s2 •'12 T.su · t 2 ··· ... 2t, ,.: 

·, 5t_·!:__'19)•··zt·· .. (2s2 .4s'-'{· 19) 
2.~ s2 ; 6 +_.~t~u t2 + t + .st·6 ·.·~. i'c' 

[·.·(·. ·17s2 · ,25~ .. ·.17t. ,.17). ··.1 .. ('· s· .. · ·£).}' ': 
· + st - 3t2 - Tf - ~ -. ~ + su :-- 6t - 6s - · 

. ·.;:.(1.~c.):· •. ' ·.·~(·1+c). ··21r2 '''. •. · _ .. 

2112 --.. .+ 2L12 --. ..c.: -, 
,· !'. 2 ...... 2' > 9 , \ 

''. J .; 

· . where >j 

- .. ', 

\ .·. ' ' . s . , . . s ·. . . '; 't '' . t , 
fop= M( -)1 f4p = M1(-),_ hop= M(:-), h4p := M1(-), 

't .• t . . s , . s 
(C:2) 

•, 

. , ' u ' . . u : , . t . . t 
foup =' M(..:.. ), f4up = M1(-), houp·= M( -:), h4up '= M1(-), · 
. ' ; ' t ', ,. . , ·' t' ; . . u' , : ~ tL . ' 

t, 1.-c· .u · 1+c t 1-c -----
s , 2 

'. 'I' '·. 2 : 
lst = ln(--), 
' . 1- c ,· 

s· = • 2 , " ~ ::= .-1 + c , 
•, 2 , 

lsu = InC--} "': 
· · 1 +c 

. . . . . . . . ' I . 

?"':' 

"Functimis M and M1 ,arc given in Appendix B. For an illustration in Table'1 we 
give functio~.H (c) f~r· different c values. · 1 : · ·. . · . · · ···· ·' . ·, . · 

I ~ 

'! 
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Ap6yJoB A.Ii. H Jlp. 
06pa30Balme BHpT)'allhllhiX H peallhllhl~. MSirKHX nap 
s npouecce pacce~HHll Ea6a ml. 6onhllme yrnht 

E2-95-421 

PaccMaTpHBaJOTCSI paJlHaUHOIIIIhte nonpaBKii K ·ce<JelllfJO ::meKTpmt-noJlnpouno­
. ro pacce)mwSI I?a6a ua 6oJthWHe yrnhl, CBSIJallllhte c o6paJosaJmeM BHpTyanhllhiX 

MSirKitx mip; B 0 (a.2)-nopS1JlKe Y'JiiThiBaJOTCSI nonpasKit 3a c4eT, nonS1pH3auim 
BaKyyMa,. conpoBO)I(Jlae!'.ibie ,nJ06hl~tlf JlPYDIMII OJl!IOneTneBhiMlf' BHPTYaJlhl;hiMlf no­
npasKaMH; BKllJO'liDl mnyqeuwe peanMJOro ¢oTona, a TaKJKe - nonpasKn Ja C<JeT 
pmicieHIISI peanhHhiX MSirK~IX nap·. npeJlCTasnellhl ananUTU'leCKHe B~lpaJKeiiUSI B Be-

JlymeM 11 HeBeJlymeM norapw¢MH<JeCKHX npH6nwJKelmSix. · 

Pa6oTa Bhmo~'ueua s Jla6opaTOpHH TeopeTH<JecKoii cpHJHKH HM.H.H.Eoro~J06o-
sa OlUUI. ' · 

flpenpHHT 06J.eJIHHCIIHOro HIICTIITyra .llllCpiiLIX 'JICcnCJIOBaHHii lly6Ha, 1995 

.' 

Arbuzov A.B. etal. . E2-95-4:Zl 
Virtual and Soft Real Pair Production in Large-Angle Bhabha Scattering 

The radiative <corrections due. to virtual· and real soft pair production in large­
angle electron-positron Bhabha-scattering are_ considered. We take into accoun1 
virtual corrections due to vacuum polarization accompanied by any other one-loor 
correction or by a real photon emission, , and . the production of real soft pairs 
The result in the leading and ~ext-to-leading logarithmic approximations is obtaine< 
analytically. _ 

The·· investigation has been performed at· the Bogoliubov Laborato~ 

of Theoretical }>hysics, JINR. 
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