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· Nonrelativistic classical equations of motion of magnetic mo
ment in- inhomogeneous electromagnetic· field are well known.· A 
relativistic equation of m9tion for. a· polarization vector· of. a parti
cle moving in a homogenous electromagnetic. field· was obtained by 
Bargmann, Michel and Telegdi in 1959 [1] on the basis of Bloch's 
statement [2] that_ the equation for the mean value of spin operator 

· in such fields coincide with the classical . one. A large number of 
papers (see for example [3], [4] and references th~rein)· are aimed· 
at constructing a classical Hamiltonian in the case of. inhomoge
neou~ elE;cti:omagnetic and gravitational fields with the purpOse of 
subsequent quantization. . 

A classical description of a particle is possible, if: 
1. There is a classical trajectory, which is. defined by the mean 

values of quantum operators, including the spin operator . 
2.· The polarization vector of a particle has a ccm,stimt a.bso-. 

lute v~lue in ·the·. reat.:fraine associated with the· inotion along the 
classical trajectory. '· ·'·' · · . 

In homogenous electromagnetic fi~lds these assumptions are valid 
as lo.ng as the usual conditions for t4e quasiclasaicity of the motion 
hold[l];in inhomogeneous fields, however, their validity has further 

· essential physical limits. These limits are associated, for instance, 
with the splitting of a beam in an inhomogeneous magnetic field 
(Stern-Gerlach effect. [5]) and with the relaxation of a transverse 
(with reference to the. field)- polarization. In 'this· case after the 
splitting only the trajectorieS for particles with a: definite spin pro
jection on the field direction have a. physical· meaning,- while the 
averaged over the spin variables claasical trajectory may appear to 
be lying between the real trajectories, where there are practically 

-no particles.· The relaxation of. a. transverse polariZation changes 
the absolute val~e of the polarization ~ector,' thus violating the as- . 
sumption 2. The motion of a spin in ari inhomogeneous magnetic 
field in the general case .does not allow a ela.ssical_description. The 

. Bloch's statement is' restriCted. to homogenous fields and is not true 
for this case. . 
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We shall use a simple example allowing an exact analytical so
lution of aquantum problem, to demonstrate the mentioned pe
culiarities of the motion in an inhomogeneous field, and then the 
qualitative results of the analysis will be extended to the relativistic 
case. 

'· 
1 ··Evolution of a Gaussian Wave Packet 

In a Linearly Inhomogeneous Mag
netic Field 

To o)Jta.in a quantitative evaluation. of the applicability conditions 
for the classical description of a nonrelativistic motion of a neutral 
particle in a linearly inhomogeneous magnetic field hi a geometry 
correspondmg to Stern-Gerlach experiment we shall use the analyt
ical solution of a quantum-problem about the passage of a gaussian 
wave packet through such a. field, obtained by Muller and Metz [6]. 
The paper [6] employs the Wigner-Weyl~Moyal (WWM) represen
tation of quantum mechanics (see [7], [8], [9]), generalized byNarilly 
and Grasia-Bondia [10] to particles with an arbitrary spin. We shall 
present here the basic ideas and formulae of this representation for 
spin 1/2. . . 

Consider a density :inatrix Pab(qi, qi, t) of a particle with spin 
1/2 (a, bare spin variables). Let us construct a matrix distribution 
function by the formula . · 

.. - - . ip; . - r - r 3 1 
( 

... - ) 
fab(q,p, t)- tn_,.,_ 1., j e Pab q + i' q- 2' t d r. (1) 

Varilli and Grasia-Bondiasupplemented the classical phase space 
R 6 with a unit sphere 52 - the set of "classical spin"· values. They 
have formulated ''the Stratonovich-Weyl rule'' for the case being 
considered, i; e. the one-to-one correspondence between operators 
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A on Hilbert spaceand functions WA on, the phase space R 6 x S 2 

which· redilces the calculation of < A > to integrating over the 
phase space. This correspond~nce for a spin j is realize a ~by· · 

wk= Sp (A. t:J.i(e, c/J)), (2) 

where the matrix elements bJ(e, c/J) may be exp~essed in ter~sof . 
the .spherical harmonics and Clebsch-Gordon coefficients. For a. spill 
1/2, . . . 

t:J.lf:Z(e cP) = ~ ( 1 +~cos e .../3~'"' sine ) 
, 2 ..;3e-'"' sin e 1 -:- V3 cos e . , . 

We shall call a distribution function a functimi f(q, p, ii,t) (ii is 
a unit vector on 52 ), which corresponds to the matrix (1) according 
to the rule (2). Probabilities of finding a particle with a coordinate 
cjand mor~Ientum·pmay be expressed-as · 

P(q} = jf(p, q, n)d3 pdU, 

. P(p) = j f(p, if, ii)d3qdU, 

Mean values of any operator A are given· by 

<A>= J wA(ff, q, n)f(fi, q, n)d3qd3pdn .. 

(3). 

Let us define a twisted· product of two functions on the phase 
~ace~ · · 

(! xg)('y) = jjfb')g(-y")L(T, -y', -y")d-y'd-y", 

where -y = (cj,P, ii), the integrals are take~ over the entire phase 
space,· and the ·kernel L is given by , · 

.L( -y, -y', -y") .. 4:2 ~p ( t:J.lf2(ii)t:J.lf:Z(~)f::J.l/~.(rii')) X'. 

3 



. .. {2. [;::(..., ...,,) + -1( .;:!' ~ + ...,,(- ...,)]} '. c · exp t q~,.p- p q V' - PJ _ q P- P ·. · 

The time evoilition of the distributi~n f~nction. is described by 
the equation · ' .. . ' 

~ = -i(WH X j -jX WH), (4) 

.where WH is .the function corresponding to Hamiltonian according 

.to (2). The motion. of ~ neutral pa.Iticle in a 1nag~~tic field· is 
described by the Pauli Hamiltonian 

· " . 1 ~ J.Lo -~ H=-p --Ba 
2m 2 ' 

(5) 

where 1-'o is the magnetic moment of the particle. Consider the most 
simple linearly inhomogeneous magnetic field B = B'( -:z:, 0, z) and 
a•wave packet of a neutral particle with spin 1/2 moving along 
the y-axis is At t = 0 the packet is described by thedi.Stribution 
function 

. fo(if, p, n) = ~ ( 1 + Vaaon) fo(x, 0) · fo(y, Pv) · fo(z, 0), (6) 

where 

1 ·[_:(q _ q0)2] [-(Pci :.__ pqa)2] 
fo(q, pq) = -. -- exp 

2 
• exp 2 , 

. .TUipG'q . . aq aP 

ao is the polarization vector of the particle at t = o, and G'p and 
aq are the packet widths in momentum and coordinate spaces. For 
a pure state they are connected by the uncertainty relationship 

· apaq = 1/2. In this case there is a wave function, which is given at 
t =0 by 

. 1 [ :z:2 y2 (z- zo)2 . l 
W'(x,y,z)= nJ/

2 
exp - 2 - 2 - 2 +tpy. 

, G':r;G'yG'z a:r; afl . az 

Its further evolution is described by the usual Schroedinger equa
tion .. ThiB problem has been studied by Scully et al. [~ 1]. The 
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· co'n;ide~ation of the pr~bi~rii iri· the WWM f~rmallsm is· soiriewhat . - . 
~ore. ~ompl~te, .• for-it .. allows to ~~o~nt not. o~ly _for .the. quantum 
'diff~~tion of the packet~ buf'also for' its spre8.ding due to the initial 
dispersion of momenta, which usually plays the decisive r~le in ac
tual experiments (see, for example, [5]). If G':r; ~ zo, one may ignore. 
the terms proportional•to :z:· in Hamiltonian (5): Then· it. becomes', 

' ' 

HA 1 A 2 1 " 2 . (· 1 " 2 1-'o B' " ) =-2 P:r: +-
2 

Pv + -2 Pz. --2 ZG'z . 
. m. m· .·. m ·· · 

For this Hamiltonian Muller and Metz have obtained the exact 
solution of th'e equati~n ( 4) ·with the initial di.Stribhtion function 
(6):, 

t (- ·- -) _ t··( p;;ot •) t (. Pvot ). :f(z)(. · • -··t·) ;o q,p,n -:- JO. x ~ ·m ,p:r; . ;o y- ·m ,p!l ... z,pz,n, ' 
' . : ' ;, (7) 

~ : . {' ~ ' [. :' ; ''· ? 2] z _ ·. 1 1 + aoz . . · ,. Pzt j.Lt~ 
J< >(z,pz,n,t) =- exp - (z- ·zo-- + -) .X 

7f 2 . m 4m .. 
. .. . ·~ -· .. · ·.~ '·'! '~-; ~-~·· .. ~ ··~' .· 

. [ (~ . J.Lt) 2
] (I v'3 e) . 

ex~ --· Pz ):, 2 : . 2 +Tepa ·}: :. 
11 ~ aoz' ··:' . [; ( j . p;{·. · }i.t2 ·)·. 2 ] ·. \.· [ (,. . j.Lt);] . 

+ 7f 
2 

X exp - z - zo - --;; - 4m exp - Pz + 2 X 

' . . ' . . (:I :··VJ ~. ) .. · ;_--cos() .+ 
2 2 .. · ',· '·.· 

I'; 
,, 

. ' 

+ v'J_sin e ( ao. cos 9' + ao, si~ Y,) ~ [- (z' ~ Zo.:: P,;: n exp [ -p;j 
wh~~e J.L = J.LoB',· cp = 4>- J.Lt(z- pt/2~): (Here and below we use 
the units system in which the coordinate and momentum packet 
widths are equal to unity.) . 

-' " ..• 1 f 
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2 Beam Splitting and Relaxation ofPo
larizationln Inhomogeneous Magnetic 
Field 

A probability to find a particle with a definite spin projection in a 
point z is defined according to (3) by 

"' 
Pr(z) = I wr(e, ~)f(z, Pz,(J, ~)sin ()d()d~dpz, (8) 

P1(z) =I w!(e,~)f(z,pz,e,~)sin()d()d~dpz, 
wherewr = !(1+J3cose), w1 = !(1-J3cose) are the func
tions corresponding by (2) to the projectors -

Ur = ( ~ ~ ) , U1 = ( ~ ~ ) . 
Upon integrating we obtain. 

P ( ) 
1 + aoz 1 . 1 , ·· { ( z - Zo - ~) 

2 

} ( 9) 
rz = ·-· ·exp- , 2 ~ J1 + (!)2 1 + (!t 

·p ( ) __ 1- aoz 1 1 . {. (z- Zo + ~r} (10) 
1 z - ·-· · exp ...,.. 2 • 2 V'i J1 + (!f 1 + (!) . 

.. The mean value of the z coordinate is 

. j+oo .. azofJ. t2 
.< z >= .:.oo z (Pr(z) + P1(z)) dz = 2m2+ zo. (11) 

The beam splitting in momentum space is conveniently de
scribed by the possibility of finding a. particle in the pomt z . zo, 

6 . 

l 
\'/ 

·) 
L 
l 

. '\ 
j 

which equals · 

_ 1 1 · [ · (~Yj 
P(zo)- 10 J · exp .- . 2 • 

v 7r 1 + (!t . .• 1 + (!) . 
. . . -

(12) 

For the further analysis we. shall need also the probabilities of 
finding a particle with· a momentum Pz· They ar~ given by 

1 + aoz 1 j1.t 
[ 

. 2] 
. Pr(Pz) = 2 ~ exp - (Pz - 2}. , (13) 

1 _: aoz l [ ( •· j1.t) 2
]' 

· P!(Pz) = 2 _ ~exp ~ Pz +2 . · .. (14) 

The beam splitting in the momentum space is .characterized by 
the probability P(pz = 0), which equals · '' 

. . . 1 [. ( j1.t ) 
2

] 
. P(pz = 0). ~exp ...,.. 2' ·. (15) 

. . . 

At last, let u~ find the components of the polarization vector. 
By the rule (2), Pauli matiixes 

"( 0 1 ) "( 0 .· :....i )' .. · ( 1 0 )'-- ;· . . 
a:z:= 1 0. ,ay =. i 0 · ,az = 0 ..::.} ' · ~ · 

correspond to the functions 

w;~((), ~) = 0'sin ()co~~; 

•. w~ll(~, ~) = ·-.J3 sin~() sin~~ 
w;z((), 1) = v'3 cos e. 

. The mean yalues we are interested in are. giveh'by . 

. .. If .. "( A ) 3 3 ?''=.<a,~= . Sp_ ud(f,if) d qd,P_ 
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./II j Wu,(e, <P)f(q,p, e, <P)d3pd3
q sin eded<jJ . . 

. With the distrioution function (7).we obtain . . . 
I 

a. (a.o COSJ"Z~!- a,o sin J'Zo!) exp [:_'(~)'- ( ~~r] , (16) 

- . . .- ' - : . .. . . : . [' . '~ ·,. ; 2 )·~] 

ay = (az~sin./.Lzot+ayocOSflZot)exp - (~t)' :.._ (~~ . , '(17} 

az = a:;o• (18) 

The first factors in (16), (17) correspond to the regular preces
. sian of the polarization vector with a frequency f1Zo = floH(z0); the 
. second factors describe the relaxation· ofthe transverse polarization 
(here and later- the words "longitudinal''· and "transverse"· refer to 
the direction in reference to 'the• field, ;not to the partiCle velocity) 
It is convenient' to introduce the absolute value of the transverse 
polarization vector; given; by; . , 

• ' ,. : > 

at= Ja;+ a;= aw exp [~J;,t)',-{~~)2] ,,,. · , .(19) 

Formulae.(12), (15) and.(19) involve three chara,cteristic times: 
Tl = (4m/f1)1

'
2

, T7. ~ 2/;J., 1.'3 ; m .. The physical meaning•of these 
parameters is clear from (12) and (15): r1 is the time of the beam 
splitting in coordinate space in the· case· ;of. quasiclassical- .motion 
( T3 ~ r1); r2 is the time of the beam splitting in the momentum 

. space (it equals the time'of'the'spatia.I splitting in the case of a 
great quantum diffraction. r3 ~ r1); r3 is the quantum diffraction 
characteristic time. In di~ensional :units' 'these times are: Tl = . 
(2uq/a)112, r2 = upfma, .r3 -. 'muqfup, ~here a= flo/2m ldBz/dzl 
is the classical acceleration due to inhomogeneous magnetic field. 

If a point source is lC>cated at a distance d from ·a diaphragm of a 
radius u q~ the value. of uP is defined by the angular spreading of the 
beam uqpfd and the quantum diffraction hfuq. For a large angular 

8 

spreading CTqpfd~ hfuq weha~e CTp ~ CTqpfd. In the opposite limit 
uP-::= .hfuq. 

The characteristic times are related by 

2 ·_ 
Tl - TzT3. (20). 

Using the introduced notationlet u~ rewrite (19) as. 

[ ( 
t ) 2 . ( t ) 4] . . 

. at = ato exp -;-: r2 . - . rl .. .. ·' . (21) 

Let us analyze this formula. Consider first th'e case C>ith.e qua.Si.: 
classical motion, r3 ~ r1 . Then(20)implies that r2_ ~ r1 . It is see.n 
from ( 21) that the relaxation time of the transverse polarization in 
this case equals r2 • The relaxation of the transverse pol<inzaiiori 

, .,.. ' . ·.· . , ' 

is governed by theb~am splitting in momentum space and occur~ 
much more quickly. then· the sp(}.tialsepa_ration of the beam: c 

In the case r3 ~. r1 , (great .. quantum diffraction) (20) implies -
that 'f2 ~ Tl· The time~.o.f the beam splitting in momentum and. 
coordinate.spaces are both equal tor2, and ,the relaxatioli time of 
thetransverse pola:ljzation ; as se~n frolll (21), is equal to Tl. Thus, 
the relaxation of the transverse~ polarization .of a beam in- an in
homogeneous magnetic. field always occurs n10re' q~ickly then. the 
spatial splitting of the_ beam; in the quasiclassical case the char
acteristic time of the ·relaxation equals upfma; and in the case of 
great quantum diffraction- {2dq/a)1

/
2. · 

The obtained results allow us to analyze the limits of applica
bility of the nonrelativistic ·classical equation for the motion of a 
polarization vector in the considered· field, which was obtained by 
assuming the conservation of its absolute value. It has the form: . 

a _ :uo [ ff x cr] . , (22) 

The ~quations (}f inotionfor the quantum mean .values of spin 
differ from (22) .. This fact is connected with the correlation be
tween coordinate and spin variables, which is also responsiblefor 

' ' ', , ' ' 
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the negative values of the distribution function· [12].· It is readily 
seen·from (16) and (17) that . 

(
2t 4t3

) d.:z: = -H.ay- 2 + -4 a:z;, 
T2 Tl 

(23). 

' . ·(2t '. 4t3
) 0.11 = H.a:z: - 2 + - 4 au. 

T2 Tl 
. . . ~··J 

(24) 

The additional terms in the right sides of (23) and (24) describe 
the relaxation of the transverse polarization. Their form depends 
on the mOdel in use (gaussian beams). In gener~, the motion of the 
polarization vector in an inhomogeneous magnetic field does not al
low· a Classical d~scription. The equation (22) is an approxi~ation; 
it describes the motion of the polariZation vector rather well when 
the 'change of its absolute value over the precession period is neg
ligible and time is small in comparison with the relaxation time of 
the transverse polarization, but it does not hold at greater t. 

' Qualitative results of the performed analysis of the transverse 
polarization relaxation remain valid for. the relativistic motion of a 
particle· in the conditions of Stern~Gerla:ch experiment ... The char
actecistic times in this case differ from nonrelativistic ones because 
·of the cha~ged ·kinematics: 

(
2aq"() 112 

_ ap _ moaq"Y 
7"! = -- 1 T2 - --, T3 -

a moa 

. where mo is the re.st mass, a= JJ.o/2m0 ldB./dzl, "(=.(1-v;fc2
)-

1
/

2 

is the relativistic factor of the particle (we .assume the transverse 
motion nonrelativistic) The relationship .(20) holds in this case too. 
. · So,· the conditions of the classical description are violated be
cause of the beam depolarization. The depolarization is due to the 
separation of the beams with different spin projections in momen-

. tum or coordin~te space~ i. e. with disappearing of interferention· 
effects. This conClusion holds for a motion of particles, both neutral 

. and charged, in arbitrary· external fields. 
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Relativistic classical equations for a coordinate and a polariza
tion vector in an arbitrary inhomogeneous electromagnetic field, 
according to [4], have the form (for a neutral particle): · · 

dup. fJ.o ab c d. -d == -Ea.bcdF." a u . · 
T 4m ,,.. 

(25)' · .. 

da~" F~"it ~"F.\v I" duv v 
-d = -JJ.o all+ J.LotL · tL.\av - u -d a , 

T • T 
(26) 

where u~" is the four-velocity of the particle, a~" is the polarization 
vector, FP.11 is the electromagnetic field tensor, and Ea.bcd is an abso-: 
lutely antisymmetric tensor. 
. In this case in addition to the limits of applicability of the clas
sical equations discussed above one has to evaluate the validity of 
considering the terms in (26), connected with Thomas precession 
(third term in the right side of (26)). The relaxation of the trans
verse· polarization over the period of Thomas precession must be 
negligible, for the condition a11a11 = const was used to deduce, the 
equations (25- 26). , 

. To generalize the equation (25) on the motion in a gravitational 
·field it is proposed [3].to introduce (in the first order of li) a term 

1. ·. . . 
- Rab u'' E a cud 
2 p.v abed 

where R~t is the Riemann tensor .. This additional term, a,;; well as 
the right side of (25), is linear in relation to the polarization vector 

' and therefore must also 'cause the splitting of the quasiclassical . 
trajectories and depolarization of the beam. 

The authors are indebted to A. V. Bobylev, V .. K. Ignatovich, 
V. L. Lyuboshitz and especially to I M. I. Podgoretskii I for helpful 
discussions. 
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OepeJibWTeiiu 3.A., OepeJJbWTeiiu M.3. 
Q npHMCJIHMOCTH KJiaCCil'leCKHX ypaBJICIIHH L 

riOJlllpH3aUHH B Jle01UlOp0llllbiX 3JieKTpOMantHTHbiX 

BoJM<,})KIIOCTb KJiaCCH'IecKoro OIIHCamul llBH)f(C 
OlliiOpOllllOM ManiHTIIOM IIOJlC orpaHII'IeHa 3qxp.CKTl 
JlllpHJaUHil.· 3TII 3cp<fleKTbl npoanamt3wposanbl 
p~wemtll KBa!ITOBOMCXaliii'ICCKOii JMa'lli 'o npoxo; 
'lepeJ ycyanosKy WTepna-fep11axa B cpopManlnMe 
CTBCilllbiC KpHTepllll npi!MellllMOCTII KJJaCCII'IeCK 
OoKaJaHo, 'ITO lleHoJlllplnaullll npmtcxonuT 6htC1 
n'emtll_liY'IKOB 113-Ja pacmewleiiHll B IIMIIYJibCIIOM I 

Pa6oTa BbJJJOJlitella B Jla6opinop1111 llllepnbtX 1 

Coo6ntctmc. 06bC!liiiiCIIIIOro llltCTilT)'Ta ~;lcpllhtX 
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