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1. Introduction'· 

Large'-angle Bhabha scattering '(LABS) process (e+e- ---+ e+e-) is planned to be 
used for mobile luminosity measurement at electron positron colliders of interme
diate energies ( ,jS,...; 1 + 3·GeV) .. Theexperimental accuracy of the measurement 
is planned [1, 2] to have an accuracy b~tte~ then 0.1%. The absence of the ade
quate calculations ~f the cross-section in the frames of the Standard electroweak 
theory is the motivation of a series of papers devoted.t~ the systematic analytic~! 
calculations of the ~adiative corrections (RC) to the process at the· 0( ~2 ) leveL. 
Due to the complexity of the problem. we separate it into several pai:ts. ·In this 
paper we conside~ the process of, the 2 ~· 4 type: . · · . · 

. ~-:-(pr) + e+(P2)---+ e-(qt)' :t. e+(q2) +' e~(P-), + e+(P+)·. 
; . ' , . , . ' ' ·. ' 't .: 

'(1) 

We assume for definitenessthat two final particles e-(q1) and e+(q2) hit the,de-
, . ' ' ' . : . . .. . . \ 

tectors, allowing theangularaperture arid the energy thresholds: 
' ;,_ , . ' 

' ' ' ,, . ' ' " '' . '.:.,_ . ' : ; ' ' ' . ' ' q~,2 ' ' ' 
Wo.<.8.t., 82 < 1f -:'llo, 81,2 = q1,2P1-> Yth < Y1,2 < 1, Y1,2 = -. , (2) 

' c 

where the dead angle Wo depends on th~ detector,(Wo"' 20° for DAFNE [1] and 
Wo ""35o for CMD-1 [2]), Yth ;;:::; 0.1, c: i~ the beam energy ( center~of-mass (CM) 
reference .frame of the initial particles is implied). , , ; , 

·On our;recent paper. [3] the similar: probl~riis. were tonsidenid. for the cas~' of 
· small,angle Bhabha scattering (SABS). ·aur .. calc~latioris for the LABS case ~re 
more complicated compared to the oU:es for th~SABS c~se at lea~t inth~ee points:. 
i) the generalized eikonal form of the amplitude used in the SABS 'c,ase ~lows to 
omit in the consideration all the scattering type Feynman diagni.ms with ri1ore 
then one photon exchanged in,th~ t-channel; ii} thesecond simplification was 
connected with the possibility to omit at the O(a2 ) levei·the.Feynman diagrams 
of the annihilation type as well asall contributions connected.;vith,Z, Wand.~ 
bosons; iii) and, finally, in the SABS case there was a possibility. to' omit all terms 

'due to the interference ofthe "emission from the positron" with ?'the emission from 
the electrdn"~(tli~t.was Valid ~s forsoft as well a~ for hard particles- photons 

·or pairs) .. For the LABS case, only the P?ssibility to ?m.it heavy boson (Z, W, H) 
contributions,in the 0( a~)order remains. · . · ' ' 

.·, ;•'' 

2 .. Definitions of Ki~e'matical Regions : ;: 
, .,_ ... ;~.:··',:.J!·,-~.Y;:··~-: .. ~.'->'- ·.: _,. ,: ·.~·; ... ,·.'!::·.·<~·~· ;!':::~;'·'. :."· !_:.~:·,_,·1!;··-:' .. -. ~;; 

There. are 36 tree-, like, Feynman diagrams :which describe e+ e-. pair'production ·in 
th~~LAB·s··p~ci~~~s: '.i(l~t·: ci£ attention was 'paid 'to this .. p.rocess\in the liter8:ture. 

~ . , i t • ' '' : ,- ' • ~ ,. ! I ; ; ·' : ._~ f < '~ ' ;" '". ; • ! ' ' . • , .' ' ' ; •. ; . . , , • : , 

som.e. years ago [4? .5], when .different ~cross-'-secti9ns were '.'obtai!J.ed 'in:·terms of·· 
• ~. ' .• 'l.. .... •• - \ ; ·) ... , • ~ ' "- -. ' •• - 'k : •• ' ' ~ '.' - - • ' 

chiral amP.~itud~s; .Jt was. ,fin.d ;o1,1t that. ig the' case. of. the general· kinematics • the · 

t 
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cross section has a rather complicated form. Fortunately ,in the gen~raLcase, when 
the angles between each two final particles are not sm~ll, the correspondent RC 
contribution to the Born cross-section will havethe magnitude (o:/'rr)2 

-;--:10-
5
): 

' ' ' 2 

daee .... 2e2e ,v dage....ee ( 1 + 0 ( : 2)) (3) 

and could be safely omitted working within the accuracy 0.1%. Reinforcements 
of RC contributions due to pair production appear in the cases when one or two 
final particles move within a small angle·O; "' me/t: along the direction of one 
of the 'tagged (initial or final registered) particles. In these cases one will have 
logarithmically reinforced contributions of the orders (o:Lj1r)2 and (o:j1r) 2 L, where 
L = ln sf'in~ is the "large logarithm", s :::;: 4t:2 (L "'·15 fory's"' 1 GiN). The aim of 
this paper is to extract the contribution of such a kind, because of their importance 
at the 0.1%accuracy level. · . · .. 

As the collinear kinematics w~ call the one_when two of final particles (which 
are not' registered) move within the small cone around. of the direction' of one of 

' ' . 
the initial particles or around of the direction of the one of the registered final 
particles: . • ' ·· ' · · 

m~: . 
~.~eo ~-1, 

f.: c4r ·e; < Oo,· 

where 0;, i = 1, 2 are.the polar' anglesof the two particles inrespect to the chosen 
di~ection~. As the se~i.:C:collinea~ case we define the kinematics when"only one of 
the non-'-registered final pa~ticles move within such a cone and the second one 
does not (in respect to all tagged din!ctions). The contribution ofthe collinear 
kinematics has the form: · ' · · ' ' . . 

' ' 2 2 ' 

. a(;(L +;no~)) +b(;) (L + lnO~); (5) 

while t'he semi-collinear orie reads 

(;Y J(Oo)L, f(Oo) = -2aln0~ + c, (6) 

where c is finite for 00 ~ 0. The sum of the two contributions does not depend 
on the auxiliary parameter 00 within the logarithmic accuracy (we omit the terms 
(o:j1r)2ln2 05 a.nd (o:/7r)2ln05). The cancelation of the dependence provides one of. · 
the tests in our calculations. 

Consider now the structure of the collinear region contribution to the cross
section. It could b~ presented as a sum of the cross sections of hard subprocesses 
multiplied by so called collinear factors. In the case of the emission of oi.Ic' or two 
hard collinear phot~ns the hard subprocess is just the Bhabha scatt<;ring. Th~~t 
is the manifestation of the known factorizationtheoreu't in the simplest form [G). 

' ' . ' . 

2 

... •' .--.;; 

I 
I 
I 

i , 
I 

\ 
l 

• 

In the case of pair production besides Bhabha scattering there appear three other 
type of hard subprocesses: Compton scattering, two-quantum annihilation of the 
initial particles;.and the'subp~ocess of the creation of th~ final registered particles 
by t~vo photons; moving dose. to the directions of the initial beams. Note that this 
rather complicated form 6f the factorization theorem appears at first in process 
u~der consideration.'' ' ' 

The contributions of the·semi-cqllinear regions as well could be expre~sed in 
terms 'of hard subprocesses of the 2 ~· 3 type [6]: a single photon emission in 
e+ e- scattding, a~d the .process of pair creation in a photon-electron (-:-positron) 
s'cattering. In Fig. 1 and Fig. 2 we show the kinematical schemes for the. collinear 
and s~mi-collinear regioi1s (empty circles denote the production; of a collinear 
uri detected pair, 'the .full ones -'-- hard subprocesses); ·. ' 

p,''~ :P• 
ql 

(1) *' 
.. ·._· .·.·· ···-rt··· .. ·• .. · .. ·.·· ..... _._.·-7·.···.·.··.· .. 

-' . . ,'' ' . ' ' '' . 

. '~~)' :' • ·. (3): .• · .• /(4) ' 

,• 

+' · .. ···7-f.-•··.··· .. ·.·· .. ·_·_ .. ·~··;·.· .. ··._ .. ·. ql .. ·.· .--~· q·2 . .. ·.• 

' . . • ' ' .J . • . . . . • : .. ~ ' • • . ·•. • • 

' . ' ]JI ' 1'2 PI 1'2 

(5) . • .. (6) .••.••••.. ·. (7) .. · q, . ·,, . . (8) . 

·,. . , .. 
Figure 1: Kinematical diagrams for collinear pair production. 
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Figure 2: Kinematical diagrams for semi-collinear pair pr~duction. 

Our method, we believe, save a lot of computation work. Really, instead of 8-
fold int.egration ofvery complic~ted e~pressions with sharp singula:X'itiC's it provide's 
2(3)-fold integrals of smooth functions in the frames '~)fthe same accuracy. 

I. 
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3 C~llinear Regions •\ 

• ·, > '·' , • • .-, • ' ' 

Consider first the set of collinear kinematics .. \Ve will see that there are 8 different 
cas~s. As we underlined above the experimental criterion of an ev~nt consists in the 
kinematics of the final particles with at least one electron and one positron moving 
in large to the beam direction angles in the opposite hemi~pheres. In. the case of 
the emission of a particle with momentum k moving along the di~ection ,of its 
parent particle with momentum pi~ the den~minator of the mat~i~·element small 
quantity 2pk. app!;!ars. It is evident. that at. least two such. small denominators are 
necessary to obtain non-zero contribution integrating over the small phase volume 
of the two emitted particles in the collinear kinematics ( df2 ~ 0~). Our criterion of 
the Feynman diagrams selection from the total 36 ones (or from 18 gmtgc ·inyariant 
pairs of diagrams) (see Fig. 4 in Appendix) is to chose such gauge.invariant sets 
which have one diagram with two small denominators. The list of. the collinear -
kinematics regions and the corresponding relevant Feynman diagrams from Fig. 4 
(we put in parenthes their numbers) reads: 

1)p+,P- II PI: (1,2), (7,8), (25,26), (23,24); 

2)p+,P- II q{: (1,2), (3,4), (27,28), (31,32); 

3)p+,P- IIP2: (9, 10),,(17, 18), (25,26), (15, 16); 

4)p+,P-11 q2: (9,10), (21,22); (27,28), (33,34); 

5)p.::. II P~> P+ II P2=. (19; 2o); 
6)p- II Ph: P+ ll_ql : (11, 12); 

. 7)P- II q2, '• P+ II P2 : ' (13, 14); 

8)p_ II q2, 'p~ II ql : (29, 30). 

(7) 

We verified explicetely the validity of the criterion for the first kinematics consid
ering the full set of 36 diagrams. Note that c~llinear regions 5-8 are specific for 
the pair production proces~ and arise due to.the prese~ce identical particles in the 
~~~~~ . ·. - •. ' 

The calculati~n o~ the· collinear factors for the region 1 - 4 was described in 
detail in papers [8, 9], so we put here only the main points of the derivations. We 
start· from the general form ?f the cr()ss s~ction i~. region :1: 

y = 1 -·x_ - x+, 
0 

X±= P± c:, 

'4 

(8) 

ji 

,, 
' 

' 

\ 

i 
-~ 

where 

E IA{<t>l.2 ~ fiti\6(sl~- :tl +1)2, 
.. \ . y m! . t1 · St · . . spm . . · , · . ; · -· · ·· . 

i' (9) 
:; 

St.= ys =4yc:2
, 

. 2 ' ' - .-.. q~,2' 
t 1 =yt=-2yy~c: (1-:-_c-), ,c_;=cosqtpt,. Yt,2~-~,:; 

I 

;nd quantity J(l) has ,a rather comlicated function of~± = £~Blfm; and x±; it.is 
given explicetly. in [8, 10]. , : ·: . . ' " , ., 

J'ransforming the phase volume of the created pair i~to the .form: 

· . ·· d3 d3 . 2 2.-d"- zo zo · . 1-y . 1-y-x.:· . 1 )' 

, }d"' ' j P- P+ 7r 4 j 'I' fd . jd 'j· d · . ~-- . ·. d . . ( ) . "" = · . 
4 0 · 0 =.4me · 

2
7r z+ . z_ x+ . x_x+ x_, 10 

P-P+ o o o o . o 

(
iB )2' 

\ zo' = m: ~ 1, 

and perf~rming all i~tegrations-over pair components variables except its total 
energy f~ll:ction (1 - y), one obtain: ' . . "~ , . . ·- ... ···· ·. 

-~-(i)·_2~4 dyp(ll(. )··(si ·'!!_,'. 1) 2d
3
iftd

3
q2'h4(

7 
_:: ,:__:•:::__-._:_ .. )·,_ .. (_ll) 

· a coll - '1r2s y .•. : Y · t
1

' +,s
1 
+ . ' 4q~q~ · :· Y~~ T:P2 · · ~~- ,}~ ~. , .. , , 

" '' ;• . " 

The mixt ste~ is to rew~ite the 'contribution in t~r~s of tb~ ob~~r~ble '~;ial->ii6f 
the scatt~red·electron c::.. and ik The 'conservation law gives: • · . 

' . . •' .... -..... '. ;";.:, ~.. '\.~: .,,: :-·~~· -- £_.__-~ ~-~ 

1 -f'y = Yt+ Y2i -1 + Y = YtC- + Y2C·;h i (12) 
Ytsino_-~yisinO+, ct:=cosq2Pt ='~os8;:.··· ~-~ ;;: 

·The final result for the c~~tributl.oii 'of. ;h~ flr~F collinear kinematics regionreads: 
' '' ; ·', ' i ·... ., ' '. ; _;') ·:--:., ' ' ' ' ' ' .. :· 

da(l}. ·· • . a 4 p(tl(y: zo) · Yt . · ( · 1....:. c · ' 2 ·· ) 2 
-· -· -· ·-··;·"""'- ".. .. . ' - '. ... . .... " '1'- Yt·-··· --- ' .. · ' (13) 
dyl,dc_,,_::-.i;S?f.:, :,y ,,; (._.[2 :;Y~C1:-'- F::-)1. .. i: ... ; ... -2 .,·,,, y~~r~.p.r.~.· ... , 

_ 'Yt(1+c:...) · · · .. · ., '.·. · 

.:1' ';,,Y,:;.'J,,. 2 .. ~ y1(1---c_)_ .,,;; .. · ,;",·<: "'':.tu.J 
/1 .. 

(quantity F<1l(y, z0 ) could be foumfinpaper;s:(8, ;10], it pas the foliowing form: 

.. F<1>(y,zo) ::G:";'LG1,l(y.)L1if(~)};i ''L ~-illio: 'i:, ,,,~·-·ir:·J''.'H•·· .. ,.;· !1····- (14) 

(;)'.:' ' 21+y2 1-y '. , .. __ " 
R(y), = 3 1 _y +-ay(4+7Y~,~y1~)+'2~1+-y)~y, 

·.•.·. '. ···' .. ,. 1:· '" ' . ! .. •· •.\l 2 . 12? .... 20, 1
; . 2i· \ 2 ;:),_ /.' 

f(y) . = -( -107 + 136y- 6y ___ --:;-;"'(:-. -)+ -( -4y ..!,:5y + 1 
9 . . y . 1 -·yl; ,, 3 ; ' 

;;5 



' ' 
< i_ ,' \ 

. 4 ' < 1 < ' , 13 . . , 2 .· : ·. 
+ ) ln(l- y) + -(8y2+ fry- 7- --) ln yl- --ln2 y 

y(l- y) ' ' > 3 , , . 1-: y , 1- y .. 

+ 4(1+;)lnyl~(l-!/)-f-' 2(l-'3y2)r:i2 (.1-y),· .. , 
,· . ·. 1-y 

. ( ) . · j"' dtln(l - t) · , 
L12 X = _- t · ·' 

·0 ( 

We remember the '-way in· whicii this cliffereil.tial cross-s~cti~~ en~ers the. exp":~i
mentally obseniable one: 

·. c:O 1 . ; ·. du{l) ·· 
A {1) . _ J d · · j· d 0.( 2. 2 )0.( . )6(1 ) · COli · . uuexp- c_ _YIO c0 -c+ o Y2;Y1h o -Y2 d 

1
dc_·' 

-co . . Yth . . , . . ·. y .. 

(15) . 

'•,"'". 

where \J 

1~+ (1- yi)l +YI(2 _:_ YI)c_ ·· c = ,.-L+ Y- yic- ~0 =cos \{1
0

; · . (16) 
y - ' + , ' 2

- 2-y1(1-c_) .·.:.Y2 

Let us consider as a check that our formula for dup> agrees with the corresponding 
ci:mtributi~n to the· SABS · ~ross-sectio~:CReally; the· -correspond~nce "'~uld took 
place if.we took the small anglelimit: . . · 

it'''' 

82. 
_c-=1---=-' 2 , 

'."\ <' 

' . ' ' ' . ' ·, 8~ ' 2 •' 2 2 ' 
8+=y8_,·z=-82' QI=t::8I. 

' 1 

In this w,ay we obtain: • ' 

;' I 

' \ 
(17) 

. . a.2 47ra.2 . / , dz 
du(l) = -· ---F<1l(y· z0)dy- (18) '· . 4 2 Q2 , ' 2, 

7r 1 z 
"' ·' \ . ,, 

this formul!i: ~grees with eq. (39) ,from [3], wheJ"e t~o 'directions we_re :taken into 
account (we have to n'ote that the 'expression for f(y) in [3] contains some misprints, 

'they are corrected above). . ' . . .,, . 
Exactly the same contribution· gives to the:cioss.,-section the collinear region 3: 

"''•" ·A (3) . A {1) , 
'uUexp = uUexp· (19) 

As. well the contributions of the collinear regions 2 and 4 are equal: 
' ,,, •' : ·".1 - • ' 

!, ·~· • 

A {2). A (4) 
uuexp = ~Uexp• . , . 

. .·· . . . q, I .. . . du(2) . , 

!::l.u(2
) = j de J· dy __mll_ ' · ' exp '· · - . 1 dy1dc_' . 

, -co .. Yth. . 

(20) 

Y2 = 1 -.. ,' c+ = -c_, YJ=·y, 
'. 

'/ 

,6 
~ • .. 

L 

i. 

'• 

\ 

;'.1' 
··~ 

/ .·· du<2l . 'a4 ' · 
2
,, ' '· -( .. •• 1- c_ _ 2. ·)'·2 

-d d = -2. p< )(y,zo) l- -. -2-. -:--1-.- ., 
Y1 c_ . . s1r · . ..., c_,. 

r:<2>(y, z0 ) = -yF<,1 l(;;z0~2 ). =L(~R(y)~· ~ 2R(~)lny+ !1(;)),. 
' , 1 ' . , . 6 : . 20 ' 2 . . . 

JJ(Y).=' -(-116 + 127y+12y2.+-- --) + -(-4y2
...:; 5y+l 

. . ·,}. , ··., l- .. •.y_l-c:-.Y ·35 .. · .. ·.- ):·. 

+ ( ))ln(l'- y). + -(8y2 ..::10y -10+ --)lny- (1+.y)ln~y 
y 1-y . 3 1-y , /' 

' ; 2(3-y2 ) • .· ' 

+ 4(1+y)lnyln(1-y)+ LI2(1-y). 
' . 1-y 

'Again one' can 'checkthe correspondence of this result with the case of SABS (see 
eq. (39) in [3)). . ' . . ' . . .· .· . ' ·. ' ..... 

We.underline that neglecting terms. of the order a.
2 Jir2 permits us ~ithin the 

accuracy of 0.1% to express the ,contribution t~ Uexp in terms of two-fold integrals 
from smooth fuctions. ' · · 

~ 
(1) 

· .... ···/ 
WvuL 

. •, (2) 
/ ' 

. Figure 3:. Diagrams for ~ollin~a; fa~t~rsin a space-,-like kine~atics (1) axid i~ a·. 
'time:-like one (2). · ·· · ; ' 

' .,, ' /·'' .· ' '! 

Consider riow the collinear region 5. (see Fig. 1(5)} in:vhich .~wo of the final 
particles moves close, to the directions of the initial beams and the registered pair 
is created by t'wo al~ost'real ph~to1,1s moving also very close 'to tl~~ initial particles · 
directions. The way ilf tlie ,collinear.fadors calculatio!-lS in this case could be con~ 
sidered as an essential generalization of the ·Weizsakker-Williams approxi!Ilatlon 
[12, 13]. Let us consider the ~}lock of the kinematical diagram Fig. 1(5) which 
describes the emission of an undetected fermiom and an alm~streal photon (lioth 
close to the initial direct.ion), the photon then enters a hard block (see Fig. 3(1)). 
The corresponding matrix element reads: · ' · 

/ 

. i . 
M = 2 J.,g"'" I,., 

q 
J., .= u(p~)'y.,u(pJ), (21) 

. where J,. is the current corresponding to the hard block. Let us expam(following 
V. Sudakov [11], t,he 4-:-momentum of the emitted fermi~n:' 

.. P~ = ~P2 -f- fJP1 + P~v 

j}J,2 
ffi2 

= ]>1,2- ]>2,]-, 
-~ 

7 

I . I · <: , 
J>Ji.lh = J>aP2 = 0, (22) 

.~ '= 2]>1]>2 >> m 2
• 



4-momentums jj12 a're_almos:light-like. Paramcter/J here is 'a: quantity of the 
ord~r of u~ity, it 'ha~ the sen~e of the eriergy fnictio~ 'of tli~ scattered electron; 
1 - fJ is the energy f~ction _of' om almost, real photon. p;.L i; the two' dimensional 
vector d~s~ribing the,t~ansver5e iii respect to, the initial.direction.components. 
of the sca:Uered electron mome~tum (~ndfmthe~ \~e sign tninsve~;e momentum 
components u'~ing ;symbbl .i). Par!!-meter a,=. ((PiY +m~)/(s/J) is smail: a~ 1. 

' . . ' " 2 
It could found from the inass shell condition for the scattered electron: ·p; = m2. 
In 'tha't:way we obtain also the usefull equation: .. · 

< ' / • ' ' 

l= 
, ((p;~)Z + m2(1 - !3)2) 

. . . < 0. 
{J. 

(23) 

Rep~es~ntiri.g:identically'the metric terisor, entering the photon'Green function, in 
the form:. ·· · . . . · · · <·· 

.·! 
~ ', I'"' . ~'"·+' 2(.·1' .ii+' ~.,·I'_)· 

g = Y1. - P1P2 P1P2 , 
s 

-
· we note that it could be effectively writtebn 'in the form: 

g~'" ~ g~'" + ~-p~'p" . . .L . s 1 2> 

'.:i; ,, ;·:, 

' ' ,, (24) 
.: . . ·f , ... ,::\ 

(25) 

f ' 

since the co~trib~tion of the. omitted terin is suppres~dby an ~dditional factor of 
the order q2 Is .. Taking that into account, one obtains: ' 

' . I \ 

,'. .::i· .-,. ·, 2' :,';' ·lp;l.' ~ 
M = 2{(JI).L + -(Jp2)(-:-

1 
f.l)}, 

q . s -fJ 
(26) .·.· 

' ,~h(~~e the cur~erit conservati6n co~dition 
~~ ~. ' .·t;: ,; '• , 

' '~: t 

: ·.~ I • , 

lq~'I(a1p2 + (l_:{J)p~·+q.L) ~ I((C- ~)Pt +q1.) =0'· .. 
, ·~, ' ' ' '.' '•- > • •, ,I . . , ,. . ' 

' (~7) . 

~as u~ed: Perform' no'w the su~~ati~li over. fermion spin states: 
' • . •' ~ ; • ' ( I ~ ' ' ; I '', • ' ,· • ' ' . . . . ' ' ' 

\;· £ I(.JI)~I 2;~.TrC.P~ +m)f~(.Pt +m)Il_ = '-2q2Il> 0, 
'• 

·' i spin' 

£ IJP212 =,2s2/J, 
spin 

. So, we obt'ain: 
,l." 

·.£ (Jp2)(JI)~ ~ 2s{ql.Il_), 
·,spin 

,, ' 

>' ~
"I 

jl,J 

.. (28) 

q.L = -Pu· 

•' 

(29)· 
... ~1 ,. . ', 8'· ., ' ., _:,': 

-·~·· !¥1.2 = ·c 2)2 [-'2q2 ri -r (1...:. !3)2 c~~.Lh)2J, 
'·.~ 

spm ' · · q · · · · 

8 

:, 

! • 

:1 

J 
' 

' t, 

'\ ., 

~)~~· 
' \I 

\; 
<.' 

,· 

where q2 'should be taken from eq. (23). The phaseyohi~e of the scattered electron· 
could be presented in the form: "'~ ·-' ·: · · · · - ·. ; 'lF ; : ;_ .. 

~ .. j' 

{,' ' - . ' ' 

\ I~:/~ I~~ I~!;~ (7o)• d(p~i)~ ~- '". 

,. ' .. ,., 0 

.::{(30) 

t;\' _J 
~.! 

Then we carry out a simple integration and obtain: 
.. i ~ 

·.""]·,. t l~j2 d2~~; ~ '~CI~)~'~(p; ~oj;~, i. \ 
E . . .. 

·' spin . 1 , . 
;, ', ,,'':.~'::,"•,• I •j ~\-'~": :'··).'' .~ F', ,.:.!,,.,,~ .. ,_-.. ·,., ..... :,·~; •. ~··';, '• ' : ~:~;,·\,, ;- •: :, .. ,,:' ' 

'where the:collinear factor Q{/J,zo) for a space-like virtual photon hii.s the -form: . ' 
' ' '1+ /J

2 
', • ,-~~· ::. -~:. : 2'/ . ·: '," ';:;" .· ' . '.:> 

, .. · ': ::~· 'Q.(/J,'~ci);~;:cl "/J.[L<+.7ln 1 c:'.fJ~ 7 .(1',~ !3)~~ .' ,' (32) 
' ' . . '. '_ \ . ' ~ . . . . ... " ,, 

. (31) 

'' NOW we are ready to calculate the cross.:..section in the collinear region 5, where' 
'' \' ' ' ; . . . . . ' '.. ' •. . we have two collinear factors Q(/J i z0). Besides them ":N_e need the summed over spin 
states matrix element square of the hard block- or"the harde+~- pair creation 
't5{tw61.pliotons::'·;·,,,;:''··~''· · · '. ;;: : ::.; · .: ·:··.· ,:J >.:~ .. : ; .' ; 

!((1 '- {Jt)pt) +!((1 -:- /J2)P2)~ e.-\.(q~) + e2.(qt)· 
•\ ~ '•/.1 -

' • f . ' ,, ' • \ 

'Taking the phase volume in term.s of the dete~t~d electron' in.the form: 

' d3q~d3q2 ,; .. ':,. '• '<:' . · ' ·:1 ·. \<' .~;< ~;1dy1dc_ ·~ 
d/J2 2q~2q~ 8 (qt + ~2~- P1\1 ;-:- ~1)0 ~2n~. fJ~)~.:-:-; 2~1 _ Yt(1 + c_).' (34) 

we obtain for th~·cross':..sectiori · ·' , .. , ··\t;.l. ·: ~ ''; 

' ~ :. 

d (s)· . 1 n :· , . ' . ' · 
acoll = a 4 

j· . ·"· -:· .. dfJ12Y2(l- c_c+) 
1 

• ( 35) 
, dy1dc_, .. • ·21rs .fJifJ~(2/Jt-:- Y1(1 +c~))Yt(l ::- c~) 
>>f.' I • 0 ~ ' .: ' ' • \,J •,') :""~ 0 1 '• 'l ,.. · • ' ' . ' .-' ' ', '•- ' " ' ( 

. x. {(1+~(1~~~);)·(~;·21~ 1 ~/J~)~·2(r;i,\Ji)},; ... <~::: .. 
'I!• ~-· . ,.-•\'.•- .. ·._,p_l .'' "_1 ·-,/~·\· / ~ 

x {(1 +c1 .:: ·p~)2)C·~·+ 2ln'l: !32
) ::._·2c(.;:p;)}). ~.: ~ 

' " . ' ' \ 1--'2 ~ . < 1 ... -

-:~ 
;·;•1,. 1\ 

where '.r.: . .;; . '· ;( .. ' "'"<'' 
1 ,'J_' ~' ~-

1 ,·,:;. ~ I., 

\i ·.· 

Y1fJ1 (1 -'-' c:..:) ' · 1 ' ' ' . · j 
2/Jt.-Yt(1.+c-)>O, . ,fJ2_~-2fJ1\'-Yt(l+c:..)' ·' ,.•., 

, ' · .. ' ' ~f3l + li~'(J~ - 2~~·)ci ~ ~~) .:;_' ... · c+ = .i(fi
1 
~,;P2 - Y~L ). 

Y2 = n a .. '' • - ' ·· ' Y2 

. (36) 

·¥.-, 
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' . 
For the hard block we used the followin- expression: 

' • ' ' • • <" ;· ~· \ ' • • • • 

_ -'2: IMTI-+e+e-
1
2,::; .!!_ + UJ = YI(L~ c_) + Y2(1 _:_ e~) = 2y2(1- c~c;..). (37) 

spin UJ t1 Y2(1-;:c+)' Y1(1-c_) y1(1-e_)_ · 

- And for tli~ contribution to the experi~-ental cross-secti~n we obtain 

\ 

l . ."<> du(s) _· , . - , .- . 

~O'(S) = J dy1 Ide~ d .~11 e(y~-;- Yth)6(1-y2)e(c~- e~). (38) 
. Y1 e_ . ",~ · Yth -co . . 

. . 
_The similar situation takes place for the collinear kinematics 6, when,the initial 

~lectron andpositro~ annihihite into two almost real ph~toris,'which then ~onvert 
into two electron-positron p~rs: , 

: The matrix element' describing' the emission of a time-like almost real photon· 
with subsequent its convertion into a pair (see Fig. 3(2)) has the form: 

/ gW , 
• M= -k

2 
I,_.J", - J" = v(p_)l.,u(q+), ·. (39) 

I .,.., •. 
. I 

--We use ~gain the Sudakov representati~n for the momenta of th~ pair componehts .- · 
and of the photon:' · . ·· - ' -

,_.., ~ ·,_.., +- 2 - " -,_. - ' 2 - 0 •' -2 - (40) 
9 ~ 9.L -q q+,- , q - 1 qq+ - SJ, 

t ' ".· "' '. St I 

- . ., . - •; -m2 
P- = a1q +.81th+ (p_).L, if+= q+- q-, 

- lt S1 

- k = q++ p:.. ~. a;q '+.B2ii+ + k.1., ·- -· .81 ~ .82'- 1 :> 0. / 

The.current conservation condition here reads: 

·- ki ::::l (.81ii+ + p:)J = 0. (41) 

Using the above definitions ~e get the s~mmed over spin states m~t-ri~ eleme~t 
square in the following form:_-•:. ' . . . 

"'IMI2-=2(J.l)2 [(1+(.82-1)2)(k.L)2+m2,B~] ,k2= (k.l)l+m2.Bi >0.(42), 
~- (k2)2 • -- a2c_a ~ 1) _ · ' · - a _ 1 ; spm . _ 1-'2 1-'2 1-'2 ' . 

Integrating over the transvers~ mome~tum components (P- ).L of the electron from 
the created pair, we obt~n:, . ' 

j ~~:: I;: IMI2. --~ ~(J~;d,B2 {p +(.82 _:_ 1)2)(£ _+2ln(y2(1- ;))) (43) 
·_ - spm 

+ 2(,82 -1)}. 

10 

·-
Note, thi:t.t:duetothe,character of the harde+e--+ n block ~v~havek~ = k~ = E 

~nd the relation between the detectcd'positron energy fraction Y2 ~'q~fi_ and'.· 
parameter ,82: . . . -

..•. '1 
,82 = -. 

; Y2. 
(44) 

I 

The cross-se~timi for \hdc~llin~ar ;egio~ 6 takes the form: ) 

{6)' 
du coli 

d111de_dy2 

' 0 ( ' : ,c O ~ 
0 

• 0 "

0 

A 

0 

0 ' \ i 
0 

>' ' O 

= _ 
4
a

4 ~-= e: { (yi + {1-yi)2)(L + 2ln(y1(1- Y1'ni + 2~1(1 _.:: yi)}- -
!f'S _. e-: _ ._ __ , _ _ .. __ 

x · { (y~ + {1 :..:_Y2)2)(L.+ 2h;(Y2·(1- Y2))H_' 2y~(l :- Y2)}. ·. : 1 (45) 
\ , .. · .. 

The corresponding contribution to the experimentally observable cross secti~~ h;s ' " . 
the following form: , . . . . · . 

c d (6) I I:. .. o . 0' n· 
.- ~~(6),,= N j dyl'f dy~Id~- dyld~~dy2'' 

. , ·'-yth . Yth -,co . , . 
\ ·, !c. 

c+ ~ _:_e_: . (46) . 

' . 

Q~antity N depends ori theconcrete experimental set-up. _Namely, N = 1/2 when 
one requires to register' two leptons with opposite charges going back~to-back. In 
a charge-blir~ set_:up on~ wo!tl~ h,ave N =, 1. · .. _ . · . ~ _ .. . • · .•. 

.Consider now two remaining collinear region (7,8). They contain as a hard 
block the Compton scattering amplitude: ' Combining tl~~ expressions for ihe 
collinear factors 'for time-like. a;;-d sp~ce-like photOilS one obtains: .. 

' ': ' : 1 ' : ', co ' ; ' ' (8) ' ) ;. ' . . : ' -

~u(7) · = ~u<8l = jdy1j de_ d~de-:(3(1- Y2)6(y2- Yth)e(ei _:_ e~);(47) 
_Yth -co · _ .. _ _ 

' . '. . .. ' ( 

d~~c- ·· = ;L ·J .Br;i(~.~~/1~!~-e~:(r~~~n;(~2 < 1 ;,e~r+ y~O~c+)) 
11.min ~- r · · · 

x J (1, + (1- ~1 ?)(£+ 2ln
1 

;
1
,8

1
)- 2(1\-,BI)} 

, ~ ·{(1+(,82 ~1)2)(L+_2~n(y2{,82~~j')))+2(,82,--~)}, .. 

__;_ _ _:,_::___;_ __ , " , y _ 1 + ,8~ + c'_ (1 - /:1;}, 
Yt(1+ ,81.+ (1.:- ,BI)e...:) '\ . 

2
- 1 + ,81 + e..:(l:-·.BJ) ~ .,, , .8_2 

. ·· \ 1 '· · ··· · · i y1(1+ c.:.) ~ ' 
c+ = -[.81 - 1 .- .82Y1c.,-], .B1min = · · · 

Y2 · ·-_,· ' · ·' . 2-;:-YJ(1-.c.:.) -

11' 

1' 
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4 . . Semi-'Collinear Regions 
• • ' " - '> J- ,,; ., 

The differ:ential cross.,..section of the pair production process in large-angle Bhabha 
scattering (see Fig. 2) has the following for~:_ · • , 

l-/3o . _, 
.. .;·_ , a j d,8(1 +.82

) . · .. • 
~as-coll - 2_-L_ . .B Et(n_ t,n2,n+,Bo) (48) 

2rr · 1- · · · 0, . . I . ' ·. ,. 

X da('y(pt(l- .B))+ e:(P2)-> e+(P+) + e+(q2) + e-(qt)) 
. 1/y ' I .v< ' , ' ' 

+ 2:L/~(1+(.8-1)2)E2(n~,n~·,£10 ) ·•· 

'' ' ' 1 ' . " ' ' 

, x da(e.,..(pt) + e+(p2)-> e-(ql) + e+(q2) + i(.Bp+)), 

where' ~e used the, colli~~~r fact6r~ consider~a· above within. the logarithx'nic accu-
nicy, y = p~jc:, and the ha~dcross seCtions [6) are: . "' 

da'Y(q)+_e+(P2)-e+(P+)+e+(q2)-te-;(qi) = , (4rra)3 c . . 1 
· · · . · , ·· 16(2rr)52qp2 P2P+P2q2qtq2p.f.qt 

. x(p2q2 q1p+((p2q2)~ + (qlP+?) ..f P2P~ q1:q2((q;q2)2 + (P2P+)
2
) . 

. +p;q1q2J1+<(P2<ltF+<q2p+)2)) . . .• . . -·· ... , •• -• _J49) 

(
. 2P2P+. · ... ·, 2p2q2 ;, 2qtP+ , 2q~q2 , 2p2qt , ~ 2p~q2). . . 

X +-.--+--+--------.. 
'I . P2q P+q . P2q q2q q1 q p+q. q~ q q2q P2q q1 q P+_q q2q • 

' 4 ' ' ~ . ·.' . . . d3qt d3q2d3p+ ' 
xh' (q +P2-:- P+ -:-: q1 7 q2) o o o · •, ' . . . · . . : · . q1 q2P+ ... . . 

da•-(pi)+~+(l?2)-e-(qi)~e+(q2)+'Y(q) ~ . ;. (4~af'''• ''1 
. . .. ; 16(2rr)52p1P2 PtP2qtq2p1q1p2q2(-

x(PtP2 q1q:l((p;p2? {(qtq2)2) + P1'q1 P2q2((p1qd ~f-(p2q2)2 ).' 
+ptq2p2qt((ptq2)2 + (p2qt)2)j .. ' (50) 
. ( 2PtP2 · . 2qt q2 2pt qt . 2p2q2 2pt q2 . 2p2qt ~ . -
X .plqp2q +q1qq2q + P1qqlq;: P2qq2q·- Ptqq2q·-:; P2qqlq/. 

·,' 

. . d3d3d3 
. 4 I '', ql q2 q 

xb (Pt + P2 -q_- q1 ;-:q2) 0 o 0 • 
' ' . : ,. . . . q1 q2q ,'. 

l . •. , ' 

1 - .So in eq. ( 48) is the. minimuni energy fraction' of the virtu~l photon in .the 
. pair creation process .,~c. -> eee provided that fermions ,with, inomenta ql and 

q2 to be detected. Multipliers E1 and E2 provide the emission angles 'of e~ery 
final state fermion in 'respect to the bea~ directions and to each other fermion to 
be larger then £10 .' Note :that''because or"the integration-over .the phase space of 
the .final particles the identity of two positrons is accounted automatically. The 
numerical integr:ation-of .6,(7s:_coll (4~) and differen£<~ontributio?-s to ~.a call (see 
eqs. (15,20,38,46,47)) will show'that the total sum does not depend on the auxiliary 

· ,parametr £10 • _ · . · ' 

',12 

/ 
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5 Conclusions 

So, we considered the processof an additional e+e- pair production in the large- · 
angle Bhabha scattering. Wf! obtained the differential cross-sections within the 
logarithmic accuracy. They could be used in a wide range ofexperi~ental arrange
ments: Our approach gives analytical expressions as for the leading contributio1;1s 
as well a.S for the next-to-leading on.es. That provides a control of the the~retical 
accuracywithin 0.1%. ' 

Note that in the leading logarithmic approximation, i.e. for the terms of the 
order ( aL )2, the partori. pict~re of the cross:..section is valid: ·that c~uld be just 
seen from· the above expressions for different collinear kinematics. 

Radiative corrections to the considered process, i.e. terms of the orde~ (aL)
3 

could be obtained using the renormalization group methods. But their . .contribu-
tion is. beyo~d the required accuracy. ' . . 

The pro'cess of the produ6tion of two different fermion-aritifermion pairs in 
e+e-. collisions is of intere~tfor. Standard' Model testing. As for the.problem of: 
the luminosity measurement we suggest that the ca:~e of a h~avy pair production 
could be 'extracted experimentally. 
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Appendix 

H~re we present the full set of 36 Feynman diagniins describing the real e+ e- pairJ 
productionin the large-:-angle Bh~bhascatteringcprocess. . 

. . · P- , . · . • P- . . ' . . q1 

P~q1 : ~~:_ ~~-~ 
~+~.-~ =tZ

'' .·' qi, 
P+ 
P-

.P2 · q2 ·. · · q; · . q2 q2 
(1) ' ' ' . (2) ' (3) .:( 4) 

j 

Pt q1 q1 .P:-. .1 : P-

~. ··~··· . P+ . ~·.·· ·· · qr· ·· B·, · 'P+ + +· ' ·, - ''' ·.·· . - .. ' ···.·' : 
· ' . P- . P+ · · . .· qt 

, .. ' . ' . . . 

P2 q2 q2 q2 q2 
(5) (6) (7) (8) ' 

~ ~ ·~ ~ 

~
·~~·.·.·~·····.· + + ''- ' ,, - ''' ' 

' q; '·. ' ' ' .·. q~ : . . · ... ' ' . '' q2 ' . ,· '' q2 

· . (9) ~~. >. . (10) . · ~~· · (n) ~; . · •·/(12) .•. ~; 

~p~ .~·.··.~~·~·.·. ·:: ·~.· :. :: 
~ ~ ~ ' ~ 

- ' + ' ' ' + .. . ' . . .. 

P+ P+ P+ P+ 
(14) (16) 

P- . 
(15) (13) 

P-ql qi 

EE ... EE. q2 ql q2 
- - ' + + 

· . P- . q2 q1 

P+ P+ P+ P+ 
(17) (18) (19) (20)' 

~ ~ ~ ~ 

-~-~+~· +~ P+ P+ P+ P+ 
~· ~ ~ . ~ 

. .(21) P- . (22) • P- . · (23) q, (24) q, 

/ .. t 
',, 14 

+ 

P2 

(25) 

qi 

q+ q_ 

q2 

+ 

qi 

qi/x· . ... q~ . . ~·.·· . ... q~ ... 
' ' q+ . ' ·.· q+ 

- -
.' q_ ' . ·,' q_ .. 

q2' q2 ' • ·. q2 
' 

(27) (28) 

q_/ xq_ ~· . q~q+ 
+ +···· ' ''. 

' .· . 'qi 
q2 ~ q2 :. ' .• ' q2 ' '' ' 

. (29) .,, ' .(30) ' ' ; (31) ' (32) . 

X qi ~· .. ·.·.· qiqix:··· · .. q_q2 ·~··. q_q2 

+ + ; .·:-: ' -' ' ' 
. . . . ·. ·. ·. . . • .. ,_ . . . . . ,, ... ·· .. ·.··. ...... . . q, 

'' q+ '.· ' q+'' ' q+ ' . ·, ' . q+ 

(33) (3.4) (35) (36) 

Figure 4: 'Fcynman diagrams for real pair production: 
' ; . ' 
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Ap6yJoB A.6. " np. 
06paJosaHHe :lKeCTKHX nap B npouecce pacceSJIIHll 

Ha 60J1bWHe ymbt 

AllallHTlt'!ecKn B senymeM u 11esenyme~>~ 11c 
Bbl'IHCJll!eTCSI Ce'leJIHe npouecca ::JJ1eKTPOH-Il03llTp 
wHe ymbt, conposo)KJlaeMoro po)K]lenuet.t nap. Pa 
apllOH KHJieMaTHKH, KOrna KOIIe'lHble 'laCTJ.tUbl l1 

" TP" o611acTn nolly:KOJlllHHeapnoii KtmeMaTHKH, : 
py10T npouecc 2 -4 3. B senyme~t Jlora(mc\Jt.tH'l< 
comacyJOTCll c napTOHHbiM npencraBJleJineM. 

Pa6oTa sbmomteJia B Jla6opaTopmt Teopent'll 

sa 01:15111. 

Openpuni- 06Denunennoro uncntTyraHnepm.t 

~-

'Arbuzov ·A.B. et al. . . 
Hard Pair. Production in Large-Angle Bhabha S 

,-• The cross-section of real hard pair producti 
is calculated . analytically in .the leading 
approximations. Eight regions of the collinear: 
imitate a proc~ss of the. 2 -4 2 type, as we 
when the final particles imitate a' process of the 
·out that in 'the leading approximation the partor 

The investigation has been performec 
of TheoretiCal Physics, JlNR. 
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