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_ In the paper [1], the bicovariant differential algebra on SLq(N) 
:l: ':~_- "''t,~: :•-> __ ,_;•;\;;-.; "~~ •' , '.-: .,.!'~!;'\i'.:f ·:::~:~~' )'. ;.,: ; .. , •. ~ ,- .··; .·.-;; ~-!:'·}.~ 

(see below (10), (11)) with generators {T;j, Lij, O;j} i,j= 1, .... N, 
.• ·1··· ,•, .• : \ ~;\·~~i·.'~-'.;1 "l :.: • -•"! : {~'1:-;'c~; .. : ~~~;::~;- :''!( .:,,':.· • ·:.-· ... ·-_, .' •i I-~!: 

has been constructed. The el,ements T;j are gE:!nerators of the algebra 
d_-,1~ ,".~<- >!.. ;··t __ , .... ;;· <·-::_··. ~~ ~ -:\"- ;(1;: .. - '~ :_ .. 1~.--\-· ---~~--~'-·;_;• ~ ~(·. 

Fun(SLq(N)), whil~ L;i generate a matrix of the right7invariant Lie 
'· _<_i··;;;':~---·. _,_ • ·_.-~;_:; '.:_._ -,·.% -;":. '::;_f.'>~:: ').:-:.... -.·. -,~; ;· ··.t::! ·; .: .. ,,., ·~· 

derivatives on SLq(N) and the elements O;i define .. the .basis of the 
·. ··l"d:'"~i. L:_;, •. _:; ;;_ ·'~--;~-~~---·· , .. --~;,:,:1·· -··>~--{~ {l i: .·; :,t.'';{; -:I, ·. ~. 

right-invariant differential1-forms on SLq(N). It has been shown [1] 

that this algebra is consistent with i~posing the conditions: 
,,, 

;. ~- -~~ ',.'•,.._ .··:_- , __ ,' :-- }~ 

, detq(T)'='=Deiq(L)'= 1,- Tr<[(O):::::o, .. •) 

(1) 

where'iwe use' \i ': ··.·:·: ' ,,. \ 

.. · •' ' ·; ,., ' ' -:1.;. :. ' ·:·:..· __ ,,' N:~:_:_N:.!_J.+2i"-i;.' 

' ._?e~q(~~-~-~~t?(~T) detq(T),:' "Trq(~);=;};i q' ... ~if:;;:, 
The last condition in (1) shows that the number of indepe~dent c:liffer:; 

ential 1-forms on SLq(N), in the Faddeev-Pyatov approach, is equal 
. • ~ :· ~ "l • '- ' ·. ~ •.. , _-·~ :- J . ... ' ·. ~, .'. •) ':-,. -' ~ ---· :; .: . .. "- • ~ 

to (N2 - 1) just 'as in the Classical case. ·· · , .. · .·- ' . 

-·· . Another .bicovariant differential, algebra (which was considered aJ'1 
.. ! :' l . ' ~ ; • ·, . ' ' ' >_ : ' • • \ < ' • ' ., ' •. -- • • ' • ,· • -' • \ :. -- >--

~- ?iff~rential algebra_on GLq(J:l)) ;~a;s .?~e.n• pr?pose<l i~. [2] in:the. 

fra!llewor~ •. of ,the_ R-_, ,matrix appr()a_c~ : [3] to, t~e. general . theory. of 
differential cakuli on quan~um ,. groups . [ 4] ~, ,Tl1e: defini_ng relations for 

this,algebra have the fon~: ; - ~ ' ·. ~ i 

R12 T1 T2 = T1 T2-R12 '; T1 L2 =·R12 L1 R12 T1 l· 

,<. 

,, . T1 n2 = Ril n1 il1lT1 ,--RI-1 n1 il~ln1+ n1 il1l n1 il12 = o -, : (2) 

.f: . ,, 

il12L1R12L1 =L1R12L1R12, il12L1R12n1 =n1h12L1R12-, ···.:. 

T1 ~2 = R12 ~1 R12T1, ~1 R12 01 R12 + R12 01 R12 ~1 = -R12 , '{ "' ~ • "' ' ~ ', : ' "' <-'1 ' .. ~- i ' ~ -1 - ~ -1 "' : .. - --;. -1 . 

h12~1 A12 ~~-~ ~1 k1~~;ii1;-~. h12 ~~ il12~1 ~ ~~ h12-~1-h1i. = -~. 

e -- . ' .. - ,.. ~ i - ...-.;! . ib\C ........... .,._2:;11.~-... rj'i 
Ql'!~mu Et:: :s~~:::1a:ill 
. 6HSJltr!OT£KA . 

(3) 
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. Here, we re~rit~ .the definlng r~iati~~~ f~r t~~ diff~I:~~~r~i algebta of [2) . 

. in.term~ ·of the'right~in"vari~f g~ne;ato~~. -~~e tlkriot~ii~n. t .irist·~~d. • 

of Y; ~han~e G ~q( 1V) R~m~irix R1~ to k~j a~d d~nbte·.ri~ht~i~vari~Iit ·· 

inne~ derivati~~s by ~ii· F~~ the al~eb;a (2), ·(3) ·on~ ca~ <;6nst"ruct · 

a 1~· par~etric.family,of diff~re~ials dx ·s~tisfyi~g ti~ ·usii~l·L~ibnit~ 
• • - • • > ' -· • ~ • ' ~ • • • • • ;· • ". t• 

rule: 

qN .,-' ....•. ' .. 
dxA=[~x,A)±, ~x.=rTrq(fl(l_+~~.L!),, ~;=Q,, (4) · 

where .A·= q- q-:-1, W = L(1 ~ _.A0~)£:-1 (the operator Jl·~ WL)f,.\ 

. defines right-invariant vedo~ fields on ·aLq(N)), A is a fun(;tion of 

{T, 0} ~nd xis a parameter. -The last identity in_(4)~ollo~s from the·. 

relation' (for allx): 

A • A -1 • -1 • A -1 , ' > • 

R120xR12 Ox= -OxR12 f?xR12 , .Ox:= 9(1 +x~L) .· 
""tt•,, 

In the' p~per· [2),' ther~ was suggested a w~y to~ reduce .~he GLq(N) 
• ,. • ., •, i" ; - ' .. ·, ·; '• .c' · •. 

algebra (2), (3) to an algebra which was interpreted as' a differential' 

algebra on $Lq(N). Unfo~t~nately,'this ~eductiont~ tii~ 'sLq(N) case 

leads to: ij2· indepe~dtmt diff~reriti~l l~fornis· O;i·;·· Below. w~·_aerrion~. 
strate that the SLq(N) differential algebra [1); with a correct numb'er · 

. . 

(N2'-1) ·of independent differentiaH-forins, can, be, obtained as a sub-

algebra ofthe GLq(N) differential algebra (2),· (3). 
' . . . 

' Let.us pass in eqs. (2)·, (3) to a new basis of differential form~, inmir . 
. . . . 

· deriVa.tionsand new generators of the quantum group Fun(GLq(N)) 

(see [6]): \ . · 

.. 0-+ 0 1 = LO' -~ ~ ~L ~ ~£-1 , T-. (detqT)-:1/Ny. (5) ., 

Then, relations (2), (3) take the following form in terms of the new 

2 

. .. --~~ 

~ 

j{ 

generators: ·., ... ! ,; ·; 

R1.2T1:T2 = T1 T2:R12 , q2/~T1 L2 =:= R12 Lt /1.12 T1:. . : · . ·· 

.! ·._, . ' ',._ i._ • ;t· ~·> :::·· -n 

T1 0~:=:=)~12 Of B1lT1 , fi120fR12 Of+ Qf fl12 Of,R!{~o. 
r - . . 

l 

'· £ i ~ 1": ; \ : r : f • ·; 1 _i ~ 

.R12 £1 .R12 £1 = L1 .R12 £1 .R12, .R12 L1 .R12 Of= Of .R12L1 .R12' 
(6) 

.{· T·~l.:_RA ~LR·~rT··· R" -~L·R.~ 1 ~1 ·+;·~J.''R'·-~·~~-R~·.:_: 1'~'0·· .. · 
·. 1 _1~2,-:-_12:s1 ,12,}' ,1 12.:s .. ~.1?~) .~1;:12·~1,12-:-:-;.,:',·' 

I •_J 

. Rt2 £1 .R12 'c;sL1 = ~.1 1 .R12 L1 .R12' '" '' 
. ' ' . ' . \ ' ',. \ (7) 

'• 

'I 

. ~L fl-1 f2L R + R OL fl-1 ~L = -R ' ' . • (8) 
·, .. .': ''· 7 ·.:~:. 12\ _1, ,12!,;:·•, 12, 1" 12 : ,1. '! ,)2:,.· .. .,_l; :-·· ... , .. 

Now we show' that the subalgebra (6) ·contains t~e; J;a~d.~~~·::P~<l~~Y,-. 

SLq(N) subalgebra {T, L, OJ where we have introduced the traceless 
- . . \ '.: '~ !- ~ . ·.··~ '. : ( • ! ; : . ':, ' ;· ' ' . ' 

generators 0 defined by 

- · ' 1 · . ·· · qN _ q-N ~ 
. O=OL::::--N:-:-TrqOL.t, Nq= . .. · _

1
,. (9) 

' ' .•· . 'q .. ' ' • . ,q --' q ' ..• 

Indeed, after substituting (9) into relations (6) and using formulas 

(which are a consequence Of th6 fourth 'eq1u1tion -in:( 6)) · 

,, . (Trq0f)2, =; 0,, [Trq0.1 , {2)+ =·>.qN(,_q _:1)~)~; ''·' .. , 

wher~ Kq = ,.\qlf(Nq + .Aq"-:)~ 1 , we; deduce the algebr~t [1): 1 • , 
. 1 .' ~ • . ._ ; • ' • t ' .: • • . l ' • · t ~ . ! <.' i · : ~ , 1 , 

. .R12T1 T2 = T1 T2 Rt2' q21NT1 L2 = .R12 Lt Rt2 Tt ·, 
~~; .~d /i ·).:'\•' ·~~\.'j :·;_ ;.; : l ·; ,_;!- "#f.''" ~}~~ {! ~) 

r1.n2 = .R12n1 .R121 r1, 
~; \i ;:· r ~: 

·~t~_) :f:._.·., (~. _; ... ! .. -- . ~~~ ;f\ 

.R12L1 .R12L1= L1 .R12L1 .R12, .R12L1 .R12n1 ~ n1 .R12L1 .R12, 
(10) 

3 ~ 



.- - • - ;.;; ·• . -: . • 1 - . ·- ~ ... - • . . . ' ' 
R12n1 R12ni + n1 Ri2 Oi~Ri2~ ~ Kq(02+ R12n2 R12) .: . '(H) 

The algebra ofdiffere~ti~l l~forfus;:wlth d~finingr~hiti~~s {11); has 

been proposed i~ [5}. I~ is·clear-~hat the whol~_algebrl:1(6)~(s) 'i~~l~~e~ 
the subalgebr~dT., L, ·n, ·;} ~ith d~fining. reiati~ris (io),' (H)~ (7) ·a~d~ 
instead of the'lelati6n(8),~we a.I~o. have to--take·. ·- ... 

i .. ~.:...'1:.... :_·_ . . ·-~- . ..: ·-~._!"/~' ... K·'. -". • ·. ·'"- ... 

S.J 1R12Q1R12+R120iR12S.J 1=.:A(l!_K)-R1~· (12) 
q ' ' 

One can sh~w t)lat the a1gebr~ (6)-(8) (and/ therefore, the sub-. 
• . ,.. . , ..• ·' ·, , • r· · . " ; ._- · · } \ '·· . . . -~ 1 r •. •·. 

algeb~a (10), (11), :(7.), (i2)) posse~ses a~·additi6riaf2eritral elemeht 

[6]: 
. . ,- . . . . . : . . ··T _, ... 

z_ = Detq((W·W)-1) = detq ((W W):-1 T). d. (T) , 
. . . . e~ . 

(13) 

Z = Detq(W.-:1). Detq(W-1
),. 

where the op~r<tto;~ W =·l - ~-~[;QL 'a~id W ~ _1)-\Qis.sL satisfy the 

commutation rel~tions:' . -·~, : ' :. - ' ' '· 

',·' 

''~-~--- :_\. ,. ~-- ··-~:..:1-·-:····:·,· 
,Rl2 W1R12W1- W1R12_TV1Jl12_, 

• 1_. ' ·• 1- ' .- ' • '1 :.___:_ • 1 '' . i 
Ri2 W1/li2 W1 = W1 R!2 lf1 Ri2 , 

~ •. ' . '',.·J.: 

·-.. ·R·· .. :.:1 w .. R·-1 w. · · w·R-..:. 1 w·' · R--~· 
12 _1 12 1-~ 1 12 1 12'" 

; ;; ! 

(14) 

Note thatfrom'these relations we immedi<itely (see [7Jrobtain: 

hd (W W)1 hd (w W)t "7 (W w)t· Ri21 (W 'w)1 il~1 . : '(15):, 
·., .• 

We stress also that the. combination (W W) is independ~nt of the 

scalar generator Tr~QL: 

(~ W) = _I_· - .\[0, s.sL]+ + )\2 (1 - Kq) s.sLfi2 s.sL . 
. ; . ( 1 - t'-q '. . . ' . •, : <. ·. : ~ 

·;'; 
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' •, 

Itnieans that ifwe ~x _the c~ntr~l.el~ment (13),' e.g. in the ~arm _Z::-=:=1, · 
we, th~ref6re, i~J?o~-~ .a new ~dd~tiorial· relation" a; t~e ge~~r~tors ;h: 
o:rie can try to consider tlie relation z = 1' ~ a constraint. which .. 

finallyreduces thes~bal~~br~ gerierated by {T, L, 0, S.J} tothe-~hol~ 
· diff~;~-ntial algebra o~·sLg{.iv)>.Ho~ever; it is not quite clear: is the · 

.rela~ion z~ 1 su:tlicient' for -r~moving the redundant g~n'erai~r Trqs.JL 

from this al~ebra to obtain the complete SLiN) ~~du'ctio~? · .. 

Unfor~u~a~el;, !l~ith~f'of the, differ~lai oper~t~rs. ( 4) ·( foi .·~he 
,· 

0 
' • 1 , • 

0 
"• I ( '• r ; '· • • ' • ' ·' ' .~,; .• ~ -.; .; • ' / • •• ; ' • 

Schupp-Watts-Zumino algebra· (2),' (3)) ·yield~~~ aproprjate differ-

entiat d. ( ~atisfying the usual' Leibnitz rule) for . the F~ddeev~Pyatov 
differential su1::lalgebni c 1o), (11 }: . :Thus;· up to now,· ~e .haie· only· one 

. self ~consistent·. condtrll.ction :of .'th~ exte~ior . differeriti~.{ d : ( f~r:. the ;u_ 
( .• c··;.. ~· <'-', 0 .. - ~ ;·: ' .. ~· ·,. ~~:< ·~·i~· .. -·.·; ., ". :: . >.··: .. ·-~-_-.; ::.::" .. 

. gebra (10}; (11)) 'whiCh satisfies the deformed Leibriitz rule (see· [1]). 

Neve~theless, _we hope. that the Illethod of obt~a~nlngthe ,differential aJ-. 
. . .. . . •-, 

.gebra 6n:SLq(N) (10), (ll):as asubalgebra of.the differential~algebi;a 

oriGLq(N) .(2)£(3) .will help. us. to.darifr'theHopfand starst~ucture 
· ofthissubalgehra and also may help.us to constrtict the expli~it.re~l
ization (e.~. via deformed coiilmutato~ ~ith nilpotent generators ( 4)). 

·of an :exterior different!al dobeying the defor~ed Leibnitznile' [1]. 

. Td ~o~cl~d~_-this let~e~ I ~o~ld like to st;~ss. that th~ sitll.~tlon 
witl~;bi~bv~i~£<ciiff~r~ntial ~alcull on· SOq(N) 'a:D.dSp~(~n) 'group~ is 

. . ' . . . . ,. . . ~. . . - ' ( 

'obscuredup to now. Woronowicz's approach [4]leads,: in this case, to 

th~ differe~tial algebras which are not of the Poincare~ Birkhoff-: ~itt 
type and all attempts to improve this- situation ~ere failed· (for the . 

discussion see [8]). . .. , 
\: 1 ' 
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