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I~1.troduction·· 
· Noncomm~tative gener~li'zations of.the local ga.ugetheori~s· have been 

'. considered ·in the framc{workof different•approaches:[1-7]~ .The.rriath~mat~ 
. i;afly: strict approach ~;t Refs[3;4] is based on the _1i.oncommutative global ·. 

--· · generalizations of the classicalfibre bundle~.-- We prefer t6 ·st~1dy· the-local · 
; 'stri:icture of the q~ant:um-voup g~uge the~;y ~i·n ter~s o.f the d~for~~d 

,·:-CO!lf!Cctioi1 and
1

cu~vat4re differential forms.A andP. The basic algebra 
;,\~Lthe~e gauge-forms sl}ouldbecovariant•underthe ac::tion' of the-qu~11tum .• 

gauge group [5,6] ' · ~•- . · . '~ . ··. - .. .... · . ·.• . . 
. . . . . A .--+ TAT-.1 f;dTT- 1 .. (1.1)' 

• ,•r t' ·.• • . ' • -,{ - -~ • • • -• • • • • ': • •• ' • -

.< ..• _wheie-'I' ~nd dT a~e eleme~ts.~f the differ~ntial·c~mpltx ~Ii the ,·qu~ntuII1' 
.... -· . . . , . . -,·· ." ·- - ·-· ,., 

/group.. . . . , . . . 
. C~nsider some classical or quant urri space· with the ~oordinates z and let 
>T_( z )and dT( z; dz) benon~ommutative 'fu1:~tions' ·on this space: We_shall 
. : trcat·th_ese 'functions as generators of the local gauge differenti.al comple,x · ' ; f, h. ·: . ·... ' .. :·. , . . . . " _,_ ' . . . . . . . . . ·• . 

_1 ;t e map 
,• . (1.2) 

,. . · .. 

-~:~--c~~s~rves ~ll r·e1at·i·oiis. betwe'en .T-a.nd·:·a.r ~~- . . · -- --· 
. :· .. .Th~ gene~al function T(~)1s some forA-ial expansion ~vith noncom~uta-. 
' . 'tiv~.C~~fficients. Th tis, th~ localization -~f the quantum_ group is •~quivalent ·• 

·· to the definition.of an infi~it_e-dime1J.siorial n~ncomm.utativ~ Hopf algehra. , 
' The, q:dcfo~~ations of the Grassmann ~nd t,wistor spac~s, ~ere studied . 
in_.R~fsts.::1:0]/-jn:;~ctio~ 2 v/~:con;ider.-the;diff~rential calcuJl!son the 47, 

:,.; - /dimension.al deformed corri'pl~x twistorspace Tii; C). The reaLforins. of 
, , the'·q:twistor space are also µiscussed :: ~- . . . -c . _· -. . .. 

, < Sedioh 3 is devo\ed to the description of the quantum-group gauge · .. 
. fields.~n ·the·q-twisto?space: We,consider thealgehrai~ r~latiori .forth~--

conne~tion '.form iri. th~ GL~(Nfgauge' theory [5,6] thit defi~es the=_alc L . 
, · geb~aic . p~~pertie;\ of" the 'off-shell; gauge fields. -. The. generalizations. of -, 
-'the Yang~Mills ~nd self-duality equations 'are: dis~us~ed;'. ,Note .that ~n~ ... '· 
: ca; use .th~·'pure··g~uge'..·U(l r field and q~traceless· _curvatJire 2-forms ~11 

. · .. : t}ie U~( N); gauge. thebry • [7] ~ · The· nohcom~utati ve 'an~logue of the B PST : 
6ri<:jnst'antori solution, [11] was constructed .i~ the deformed 4~dimensional . 

. ,. ,.• • . . • . • I . ., 

. ,· ·. Euclidean space:[7]. . _ ,> . _, .. .. . .··. .... . . , 
, _ The deforfued analogue of-the t 'Ho~ft ~ulti-instanton tv.iistor solution 

nfor'th~-ga.uge group q'Lq(2). ( or· U;{2));- i~ co~sidered in s~c:tio~ 4:, We 



,u~e ;'.~ultidimension~l ext;r1sion-of' th~ q~t'wistor algebra by thci set of · .· 
. . . .- . ' . ' 

noncommutative 6D-vector gen~rators b'. The potential of our solu,tion is 
, a sum of the cent~~l (z; ·b)-functior1s obeying the q~twistor Laplace equa_tion. , . 

,-=., The defornied generalization of the Atiyal~~Drinf~l'cl-Hitcl1in~Manin so~ 
·1ution [12]for_ the gauge_group GLq(N) contains q-twist6r functions ti and 
-u. We generalize the da-ssical conformal constructions of iRef[l3]. One 

• • • .'\, • ' • -. • ,'. / - • • f 

_ can consider the-linear twistor functionsv_ and ii that depend on,the non- -. 
commutative ~oduli .b and b. The functions .u .and V arc submat~ices of ' 

. ,!. • ' ,/ . I • • , ~ ' , ~ • < • • 

theguantum GLq(N +2p) matrix for the, instant<?n.,nurriber p_. · The Cori- -

. sistency relations for:the defor~ned ADHM~c@struction can be proved in, 
the framework ofa differential calculus on GLq(JV .+ 2p):~The self-duality 
condition is_ equivale_ni.~othe bilinear COQSt~aint on the_nioduli b' and b . 

A preliminary· version of this _workwas'published in Ref[14k Not~ that 
. 'we use here the modified n~tation:and definitions of s~me basic quantities. 

._'\ ,_ ' . ; •. '.,, . ,, ~- - . . -- . . ' . . . . ·. . .~ 

\,·, 

-
~-

2' - Differ~ritial calculus· ·on -the. deformed-.· 
tw~stor :space 

. . .The conformal covari~nf description ~f th~ classical ADHM solution 
·was con~idered in R;f[13]. Thi~ appfci~ch uses real forms' of the cori:iplex 
GL(4;C) x ~L(2,C) twistors whe~~ GL(4,C) is the c~mple~ ~ohfori:nal~ 
group: It isfonvenient to discuss firstly the deformed complex ,twisfors ... : 
. -Let R~t be a s~lutiori 'pf the Yang~ Baxter equati~n satisfying ·also the 

Hecke-relation, ' c·. .- · · ' · · · ·· ,, ·· · · · ·. · 
/ . RR'"R~ R' R R1

• 
i ",' ··, --

t .fl2,=] + (q ~q::.1)R ; :1 
. (2.1r 
(2.2) 

wh~re q is a coniplex parameter. N~te that th~ standard;iiotatiori for these . 
. . ' ' .- . . . . . . . . . . . . . . \ . . . . ; . . . . .. ·: ' 
R~matrices'is R =·Rri/·R' = R23 [15]:·. We us,e th_e_symbols._.a,f .. h_:==,-

_1 .. : 4 for the 4D-spinor indices., · · · . • , 
. .. The _multiparame_ter 4D Ra!Ilatrix [16-18L and C?rrespon'ding mverse 

· matrixR-1 can'.be :written in the following simple form: .. 
··,.,.. ' . '~ -- '- ... -·- "-: ,. ' .. -: ;' .: ·.. . . , .. : ._, : ~ . . ) , . 

. ('R±1)a.b ==.,oaob[q'±1 ..:..q•<a~b)] '+.r_(ab)oaob- .. (2.3)' \ 
· .;- . cd - . c ~d 1 • • 

1
. 1 , d c · 

• _ , . ·· . · , .. , I · ~ "i · . ·. . .. ·· _. '. '· . i . . ·· . ·., 

where i(b~a) = o,· ±1 is a signffinction and.r:(ab) are complex pa.rariieters> 
satisfyjng the relati6ris r(ab)r(ba}'= L It is-evident that"this form~la is 
valid for ail arbitrary·iiumber N'~. ···• · ', · ' ·· 
' ··~ .: . ~ . "· . ' ,, ". ~. ' ' 

. 2·. 

. I -

l 
I .. 
I" 
/ . 
1 

. I 

. j 

J 
_,·1, 
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r 
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r 
.1 
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The si.aridard GLq(-1) solutii>ll cor~cspo;1d; to the c~se r(ab) =· I [15]. 
The d;oice q -~ r1cads to th~~ unitaryR-mat~ix [19] ·.,, - . -

- R2 = /

Consider also thc;·s /,q('i;:C)'l(matrix, 

I· pi,[; .. 8° 81~ ·+" _'c,·,1( -'). _, (. -,). ,,,., = q /l V. ' ::. .. q ~,,,, </ 

whc~re c:(q):is ~hcdcfornwd antisyn11ndric sy111boi• 
) _., .·· ' .'· . ,' 

. 1·2 - . • -· · . · I . ;21 · · · - · · 
; f: (q) =.-c12(q) =-/ c -(q) = :..:_E·21(</) = -.J<i Jq· ··.·-, . . 

, (2.-1). 

-- "(9 ~) --0 

j2.6)'' 

!fhc~ q-dcformcd:flag si,accs and twistors \\"C'r(~ .C(~ll~i~lC'red in Hcfs[s·:10]; .· 
,: . . '•, , ' . ' ·' ,.f : . _-, . - ,, , ' . . ' ' • 

:, We shall treat the 'cmnplcx q-twistoi·:; z~ _. as ·general ors of I he' noi1j·omim1- . 
t~ti~c algebrn wit.If i,hc l>ilSic relation , ·., ·. . ~-

'R"{/ _,, ~" _::-··. ~" :..,11 1tc 
. Jlv_ ..... u ~b,,_ ""c t"'d - ba 

; (9 ~) -·' 
.· ~'-This: relattori--fm n;c (,rx 2) n:ct.ang1!iar matrix :; ll analogc~IIS tot l{e .
:RTT-relation~' for thc_squarf quai1tum mat.rices. Thi• ~onsist.C'llC); coi1di-, . 

· 'tions for (2.7") arc pairs of:the Yang-Baxter and lleckc relations (2 .. L 2.2) 
. for tiie indep~ndc_nt :1Dai1d ?D_R-matric'cs wit ht he ~1~iquc C(J1llino11. ,~a-_ 
rarnetcr q. . - . . . . . .. ·.. -·• '-: ·_ .- .. . 

...... fhe differentialcalculus,011 'the complex q;twistor,space 'liLC) call 
be const~ucte'.d by the analogy with the bicovariahi:diffcrcntial complc·xon 

· .· the cjuantum linear grollJ>0 [20-23]. (~o;JSidcr t.hercl~tions bctwec;n :;n. ai1d 
. , . - -. . . . / ~-· ··. ."·. -· ·r , .,. . . "" a 

their differentials dz~. , . - . 

z~ dz/I·= il~fl J;,, z,, H,1~ . 
. _· .• . .- .,a ., b -,1'"·· . c .d ._ ba 

•d:,,ai/J = -R"fl dz1'.d~:, Rd" 
•"-'a· . "-:b ·,lv.~· c --:,f. ba _ .. 

(2.8) 

(2,!l) 

• . . ' .• -...,_'·· . ' ... "'' • . • ·.. : . • ., '.- , . • c': ~·. ·· • 

-· -· _ T!ie dements z and dz arc·gcnernt.ors of the cxtcntal algcl1ra X/~(,t ,C) 
on the q:t,vist:~r space. The <>pera.t.or_of cxtcni,~I dci:ivati~'C don N/:;(4, en , 

.-knilp~trni, and: sat.isficsthc ordinary Lcil;niz rnlc. • . ✓. , • • , ••• 

· - The ·~ymmefr/ proJ>c~rtic;· of dz' cai1 i?c obt.aim\d from Eq(2.9) · 
" . -- ' >' ,' • - ,' -. ,"; . > ' ' • 

· p(-f")dZdz'P(+) ~-0 ;;,f'Hd::.d;,;~(~) 
. 2 _ " ..... ,t · ... · -r- -. - I 

',,:.· ."{ 

'r 



whc;/pJ±l and pj±) ar~ theprojcction o
1

pcrato~s:for SLq(2) and (ilq(4), 
, respectiveiy [15] · .·• · · · · .· 

,,- ' ..... 

.·.jJ(+l+PH=1, ·R=qp(+)~q-.1p(_:) •. (2.11) 

One can' define the algebra ofpartiaL<lerivatives B~oi11'r;(4, C) 
"\ ' ' . . •, . ,. . ' 

Rab ac i)d ~ aa Db Rvµ .. . .. ed c, (3 . µ v (Jc, 

D~ ;(3 = 8a 811 +Rf3µ Rd~ z,;)i 
o,.b b c, o,v cb d ,.µ 

,· 8" dz(3 = Rf3~ Rda dzV f)c . 
.. o b · . av . eb. d .. 1, 

Consid~r a ·1cfinition ·oft he deformed 'cq~symbol for OLq( 4), 

€abed ==: -q· Rba··:ccfed·=· [P(-:l]' b~ /Jed ~ -r.7<(b-a)r(ba) cbaed 
q ; • J e ., q • ,4 , . J e. -q . ·, .· . • _. q. . 

(2.'12) .. -

(2.13) 

_ (2.1:1) 

•, ' 

.•, · (2.1~) 

Analogous .relations are valid f(!~, other nei~hbori,ng pairs of indkes·. 
J .: The-q-twi~t"o~s obey' the foHowing identity: '. ,: ' , < , _·' " , 

c:;bed zf z~' z~ = 9.> (2 . .J6\ 

Introduce the SLq(2)-invari~nt bilinear: f~ri:~ion :of q'-twistors .• ,•· \". 
' - '·'. .• •' . . ' \., I ' ,. •· ~ 

I •• 

, 'q' 2 , , , , .. ' / ' ··,,, 
· ....:.-( · • . . ( )' a f3 :__ [P(-)]de · . 
· -Yab ~; l + q2 Eof3_? Za Zb ~ .· :1 . . b~ Yed, 

. -. . ,· '. . .• . - - ' , . 
"" ,.· ~i-· _, 

,, Th_is vector satisfies thefollowing commutation relation . ' 
' - ,.,... . . . . .. 

, . _' er_;_-· -;-IR. ed·R•· Jh. ~- .·• 
' ' -Yab Zc,,_ q I ha cb Z,rYcJ 

""- '; ,, __ . ~ -~- ' ... ~., . : ·_,~: ,.·:/· , .· __ ~ , ,,,.. >~:·,:·· f : ·, ,-

.... In· consequence of .. Eq(2. l 6) the coordina_te y is an is!)tr:opic;vector-in 

'-

, the deformed 6D ·spa~e 
'•- •·, 

.• ,(Y, ;) ~ c:;bc1 Y~b Y:d ~-,o. 

Thjs G L;;( 4, C) covaria'nt equc1:ticm deter~ines the JD clef~rined suh~p~~e 
. of the complex 6D quantuni plane. The classical analogue·of this subspace, , 
. is_,a corriplex-s'phere Sf •1

• • • ., _ • . . , , .· _ • ~- • • . 

.. Consider a duality ·transformatioil *. of the, basic 'q-1twistor 2-forms by 
. 'analogy;~itl; Ref[7]' · .· · ' ·:-- ·• · · ·" · · · ·· ·· ·. · · c 

, . . . . I . , . 

-·· ·d· _d· ,_: '....:._·d· :1·· ;p(+~ -d -:d. ·•, ·pc.:.cr""' \ · ·_ ·c2 2·0)· r Z z, _ ~ Z ~-z 1 ·, Z Z . 1 ·. . . . 

\, - -:· 

- I 
·\ 

I 
I 

J' 

l-

i 
I 

I 
1 
I 

. I 
·'' 

__ ,' _ _,..,-..., . .-...'. .--

. where pJ±l are-the GLq(4) projectors (2:n) .. :Note that a se1fdua! part 
dz dz' pJ+l is prop~rtional to the SLq(2)-invariant conformal tensor. 

~. Eaf3(q) dzf_ dz}.• 
,/ 

· (2.21) 

· Real q-'twistors can'be treat~d ·as ii representation of th.e reaLqriantum 
.. ,- g~oup S L{(2, R) x G ~9(4, R). The classical aI1alogue of these twistor~ are 

· connected with' the real pseudo~ Euclidean (2, 2)-space [13]. Consider the .·· · 
R-m~trices (2.3,2;5) and the conditi_ons lql =:= land lr(ab)I =J, th~nund_e~ , 
the yornplex conjugation . . .. . 

· R'ib ;; (R-, 1 )ba 
·cd ... de 

I .. Rc,{1 ~ c· R,.il )fie, 

(2.22)' 

.. µv . vµ 

. ·. . . ·. . , ·.• . . . I . . . .. . . , . . : .. 
These formulas correspoI1d to anti:involution of the real T9 (2, 2) twistors 

(2.23) 

> ' '·; - • •• • • • ' 

·(' ~ . 

z ==·~, ', dz ==.dz 
z z'. = z' z · z dz' = dz' z . · 

- - - - ,. ' -., , ' ., . 

(2.24) . 
. (2.25)' 

/' 

The. ps~tidoreal Euclid~an q~twistors have ·a more.complicated'anti~< 
_i11volution· >· •. · · · · : 1 

· · 

~ .. · • . {3 . b . . . 
.. ., z~ = eafJ(q)zb,Ca(q) . . . . , (2.26) 

- .,·· -·-·· .···: ,·: \, ,.'_ - : . \·-~-- _', ~ .) '-, : .-_-.· ;,- .:.'-':;·_-. '· ' ~- :·-~- . 

where C ( q) is the ·charge-conjugation· matrix for_ the. Euclidean conformal 
quantum group u;(4) = D ·x su;(4).and Di~ a: real one-p~ram~ter dila'.ta/ 

• ' . ,,.. • ' ·• '·,_ ,, . ,l . • - I 
t10n. · 

It is conve~ient t'o ui~ the si~ple represe~1tatiqn 
:. ~- '. ,- . ' . ' - ' 

: : ' ' ' .· .. (' c:<>il(q) •, 0' ·, )<: 
, · C(q) =. ··.·· ·-.. · . o/J{··)· · : . . .• · 0 c q . 

. --.... . . ' ' .... ' ' , , ' - . ,; ·.:' >'\. \ '' 
·. _ .. For, the, real q. we have the foUo½'ing properties: 

c:<>f3(q) = c:<>f3(q) = .:.c_Ea(J(q) 
. C(q) =:-C(q);. :·c2(q) = -:7j 

.. z~ ;, ~c:~f3(q)cf3~(q)zl (CJ2)~(q),=; z~ 
Rdc ~' (]d(q) (jc(q) Rfe CY{q) Ch(q) ba>, . e . . J . gh , . a . b 

<· 

(2:27}. 

·, (2:28/". 

', (2.29} 

(2_,30) . 

(2;31) 

We d,o not here consider the. cori,for~al quantum group SUq(2,.2)J24,25] 
and corresponding q~t,vistors. . . . ' . · . · . 

· ·ir, ·. · "" 
' 
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·- 3~ Quantum-group ga.11ge· theory on the 
~ . . \ - '. . , . -. ' . 

. q:.twistor space.~- .. ✓ 
. - . .· ·. -

. , . ;,· . '·· . ,. . , . . . ' . 

, \ The classical gauge .field on some domain·{ xm} of the. basic space 
corresponds to the connection 1-form. . . . . . 

A(x,dx) = dim,A~(x) · · (3.1) 
- ' '.'---. ' -

whi~h cari be decomposed: iirterm~ ~f. tl{e_gatige~~fO!lP gencr~tors.: 'For 
the domain 'with tl1c coordin~t~s i(x) one 'should 'define the trarisformcd 
·connection . . . . . . , .i_ . ' ' . . . 

A(x,dx) ~ T(i)Ar:-1(~)+ dT(x)T-~(;)-
·- . . , ,' . , . ' _ - ·.' ,_:··. ',· . ~' ·,: ·.· __ : ·.: -. • i . . 1 . , - · 

where T(x) 'is ·a matrix of the local gauge trarisfoi-mation: 
•. Th_e con1ponents of the·matrix:'A( x ,'di)' satisfy the anticomrriutativity 

:conditi~ns . . ... ·. ·. I -- • • . • • • • • • • • •• • •• 

·· --·{ 1; A. 1 }. · O 
-, 1 k .. , m ·=· . 

., : '. - • :, ' -·' :: '· ·, -.'- -. ··'., . -. - .i . - ,, ' 

The d<!,ssical gauge'group.formallyhas.an.infinite number of generators . 
. A constructive examplfof'the: classkal ·gauge algebra 'is-the affine (Kac~ 
Mo;dy). algeb~~'.: Thequant~m. ~ffine ~lgebras c~n be c~nsider~d a~ a hasis : 

·. of the qii"a:ntum ga\1ge theory on the clas~ica}.t,vo~dimensional spac~. 1 

••. 

- The formal _quantization of'the g~tige groups on the '1inilti-din_iensional _ 
·classicalorquantimi spac~s is a diffic_ult prohleril.L~tRN b~"the constax:i( 

-. R~~atrix for the q1iantum group GL~ ( N} an~ -xM ~re. the c~ordinates. of:-" 
,·/lOIIle basic space. Consider the simplest possible relations for the" com po~ 
nents of the quantum gauge IIiat'iix ' . •.· .. ·. · ' . . ' . 

_· "<R~T(x)T'(x)'= T(x)T'(;)RN 
·. , :-· . : oo· . . : ,~ . -· -.".: · .. · ... 

·.7•i( ) - -~ .!..(Ti) - ·, Mi •· Mn· k X -. L.:J·-· ' k M1--•MnX ••• X n. , - . , . , 
- "n=O ' . . •: 

wherei,k.·._.=l.:'.:JY.' ... _ ... _ _. _ •. ·-. __ , _ , 
. The quantum-group gauge matrix is well defined jf the relation(3A) 

, generates the ~on;iste11t set o(r~la~ions hetwee_n the coefficients (TDM1··•~n· . 
·Quant~m deformations of the GL(N) gauge·connection can be treated· . 

in teiITIS of the n6n~o~mutativ~- gltige algebrafor<tlie.coITip~nent~ of the . 
deformed connectionl~fo~rn [5,6]' , . . . . , .. 

.•, ... · . , . . "k --
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- A;(J),..-)·1k 1· r + (-,-~- -)ik 1;(1) )~1 1, (-J> )pt · 0· · -( 3 6)· 
·. I 1 ,V _ n, / 111 l.V 1! I r 1N st'I 1; 1.\' 111n =· _ , • 

Tl;ese relations gimc~aliz/thc clas.sical ant iccimmui iit ivity coi1dit ions .(3.3) . 
. Thc_·gauge algebra is an 'analogue of th<' i·dations b.<'IW<•cn components of 

. -. tlii.: right-invariant rforms u.,L~ dTT-' 1 in,t he franl<'~\·ork of the bicornriant 
differential calculus 0·11 GLq(N) [20-2:Jj . . : ,,. -

... _ , .... -·· . 

w ll;vw + ll;vi:..: Rxw fl,\; ="; 0, . d. . .:. - w 2 = ·o _ (3.7) 
. , , 

,. Thits, the formw nin 1;·(! rnnside;i-a a's ~ (>lll'C g~uge GLq(NFfield. The 
general GLq~N) COllll<;ctio~1-1 ha~,t'fo non1ri\'_ial ,rni:vature 2~forri1 

. . / 

. - F ~ d11 _: 11 2 ' (3.8) 

·Explicit.constructions <lf- the defo;med gauge fields _on :thi.-"q-twistor 
.. space coritain also die IH)IICOllllllUtativc clements (. moduli\ wh.ich generate. 
: 'sonic algebra B " ._, , ·:, · , . ·: . -~ ._. ,_ .·. · ·i '.c...: · · ·. , . · •. 

. . Af(z;-,Jz,B)_= dz;(,4~)i(=, B):. f, ,· ·-· • (:t9) 

The appearance of additi<>llaliwncom~llUla'tivc demC'nts is ne'ccssary' fort.he 
consisti:ncy of the,algebra (3:6).and·_ thc.rclatii>ns of the q~twisto1· algPbra 
(2.8,2.9) ... -,, .· 1 ·•.. . • . ·_ . • _ _ _ . 

Tl;e (ant) )s~lf-aualii.y <:qii~t.ion,for· th<; gauge fi~·l<f(;J.9). can be dc•fiped 
~vith th~ help oft.he relation~ (2.20)' .. · .•· .. . . ' ' . . '··• 

/ ' :·-,J .( ·-a,. -"'d .. 1~)· 1•ab( ·11· ·). · --,·, ·. -
' _,/' \.* ' =.- * ,:;a ,,zb. \.,13 ~' .=:= ~ 1 

. 2, . ' .. , . (:LIO) 
' ./ 

·,_ or in terms' ~f the defor;nc<l fi<:ld-sti·cng,tl1, 
. _,..·" 

Ip(±)labFcd(.,,, B) -~ _o 
• 4 cd, o/1 ~ '· . -., 

.. -·(:1.11) _ · 

:.< The solutions of this equatimi ~na°the explicit. constructio11 of the ·al-. 
geb~a B will be con;idered in sc~ctioi1s 4 _and 5. ; . ·-· · · '• · 

·. A quarih1;1 d~formation, ~f the.Yang-Mills equat.i<in:J1as the standard 
f~rm in the framework _of the_ cxtc~rial algd>ra A1~( /4 ;'C) 

~- .,__ . - " ' ' 

' 
'\t,* F =~!! * 1-'+[A,~l•'f= o·: •·• (:LI 2) 

The bicovari~nt ~liff<;rcntial calculus ~it.h'the ordina~v L<'ib,;iz nile for 
"-'. _·.' ./ ..... ~, ' .,_ '' -~ -, - - - '-_ - .-

the operator d a11d the gaugc-c'o1111cctio11 alg<'bra (:LG) arc:ccmsist<·nt <>nly ,_ 
\ .· 

, --
-·",7. /·· ·r 

~•a,,, 

,' ,, \' 
'1 



for the ca~c -of th~: nons~r1;isirnpli.i-quantum group G Lq( N)> The·, gauge 
~lg~bra produce the restriction , . . :: - . 

--.i,-

- o ~ TrqA0# O · ~, ... ,c~- . ('_-, 1 •J\ 
. .:,, • d j . 

N~verthclc~s, one shoul~I l!S(~ the g;{ig.e-;:ovariant co~ditions __ [7] :.-

do= o, Tr' :42 = o Tr F ~ o ... - ,_ q . . . '-- •. q . -- - :(:L_14) 

: . ..:.::.- •. , Thcse· r~striction~ gc!l~·rat,i-:;tltc eff!)Ctivc~ rcdudior1of tFc. _Abcli~i1: gaug<.: ·
'field a ,in the franlC\VOrk, of the gatigc gt~u p G Lq ( NJ. '. : . 

-''t 

_4,·· _ Quantum deforrriations of the t'Fiooft_>· 
- rriu.lti~iii~tanto·n solution--·· -<· -· 

'.'"' ... 

,A' si~1pl~ form of th~ rnanifcst multi-instanton sol~ti6i-1 in· the Eu~lideai1 , . 
·space ,was discuss~jfin ·Refs[26~28]. This 'sol_!ltion ca~ be vvritten in terITI~' 
of the -potential <I>• s_?-tisfying the Laplace ~quation., The classical twistor . 
versi~!i _of the t'Hoof(s~h1tio~_-was-co~~idercd in Ilef[i~).;. _ , ,.--. 
·_. Consider firstly the-deformed Laplace·equation in the ~6rriplex q-fwistor 
space 1~('.(C). ·usin.g Eq(2.13)'o_ne ca1i ,obt~in:JJ1e a_ction· orth~ ·parti~r 
q:twisto~-derivative o·nthe isotropic 61:fvcctor . - •· - - ·- . 

-•ac· - ',:_::( .)·.•[·P: (-ljd.c f3--: 
o Yab = C:a[J q ... ,i ba Zd .; 

' ~- : . 

(4.l)c 

Introduce :the formal differc~tial operator. tli~t ~cts 'bnfy onthe 6D 
vector variabl~s . . ~ - . ,. - . . 

. . -a·d_ci:,: . _:[·P•_ (-)]de_ 
• . Yab - . 4 ba 

-- ' ·: . '. ,·. - ', .- ·, ' .·, '.·., . -- ·. 

. Now WC cari write u;e follo"{ing ~elations:· .:· . 
;,- . ~·, ,.,. ;_ , . " " ·-•·~ \ ' - -. ·, ~ . - : 

- .: --- :.. _- . . .: (-:.) ·;ic' ·,/ f3 
. dyab - C:a[J(q.) [P,i ]ba <izc Zd 

i a<I>(y) -~ d;'; ai <I>{y) ~;d;ab aba <I>(y) . 
-~ ai <I>(y P= c:,;fJ(q )' zfabc 4>(yf: 

··._Thc_SLq(2, CFiriv~riant·;~alog1:1c-ofthe Laplacc_operator'fias'the fol-
lowing form: - . , _ .. - . - ' -

- . . . ' ~ . _ A ba ~ ~ q' /_,;{1 r _ \ ~b 

. _i_ 

- .{ 

\ 
. --~ 

.. 1 j 

Ir 
•I 
.-) 

! ·,, 
-_ ! 

;"]! . ·-
)1 . 

I;; ... 
·.:fh -
,' ' -

,\b~ __ ·rp" (-)lba __ aba···/. ; 
U · I>. Ycd - L 4. de. - __ l>·Ycd :· i4:7) 

_. - fo thi~ section we shall use. the standard ·GLq(4, G') R-rr1atrix corre-· 
sponding to Eq(2.3)-with r(ab) = 1. This R~riiatrix satisfies the following._ 
ident_ity:,. · · _ · _ _ · __ _ -· . • , " , _ · - _, · 

· . _ _ _ ·•"abcd'Ra'h' Rb'e ·Re' f Rd 9·_.:_ ·ch a'b'c'd' (4-8) 
,.·. _C:q _ ea_ fb gc h'd.~ 1 °h• C:q _ · _ -• · • 

' . ' • . • ,f 

•~- Introduce the _additional n
1

oncorrin:1~tative ~10duli-~b :where p is aii ai
bitrary_ numb_er - ::-: __ · , - , :'; .. :·, , , ,. , - > >, C _ 

· ::(bP bP) = C:ribcdbP . bp · ~ 0 ,., ,. . q ab·. cd .. .-

-~ab b~d = R;~' .R{{fl({R~/ b~'b' Y~'~' · 
-. bP''-lP _ . .:::.2R· ea.' "RfgR"c1b' Rd'h b"P -. bp . 

ab- Ucd -- q · ga · cb _ he dj • a1b1 c'd' 
< :,,.,,,, ; , ' 

c1;nd p::S pin thelasf equ~tion; - ; ' ; . . >: . . . . ·. . . -/ 
' ._ Thi_s (11, y )-~lg~brci has thc.follo"'.'iI_lg central elements;-·•. 

-·-x· .. (". "z.v)· _•.,abc"d·._,-,·bp··.
. . p =: Y,(F :== c:q . . Yab cd 

· (4:9f: · 

(4".tq) 
(4.11}" 

The comrn~ta\~yity ~f ~xp \~ith' y and li. ca~ b:~ p;oyed:,vith the help of\_,',_ 
E:q(4:8) ... - _· ,: .· ., _. ,. :' ___ ...• _, .. -_ _ ·. • -~ . . , _ 

Let usintr~duc~ the commutation relations between· bP, and z · 
. ':- -· 

:b:b'zJ~R;ZR{t zZ b~( (4':13) 

; ~\n' analogo_us relation for if,, and dz_ c:an be_ 6btairied as the external deri~ac· 
tive·d of this formula~by.using [d, bP] = 0~, · ·- · · :. 

-_ Eqtiation(2.9) g~n.erates _the relationfo~ y. and dz, 
, . ~ ' -~ .... 

._ ·y·· _d-. z,--, ,;_ q Reh-_R.19 d,,.-ry_.- -·. 
ab_ .. _. c - g~ · . cb ._ "h eJ 

. , 

- . Write the c~rr~sponding reiatiori foi- die elements xp· 
- • .; • ' ' . ! . .,· ' --- . . 

-X dz0 ·= q2 dz-;; X· 
P a . ; . _a . P, 

N~w.on~ can dete~ine1he"'derivative or ihe ~entralf~nctions .. ; ', . ~ 
a·; L , 1 __ . --~·aax· ,_ .. 

',..2 Y2 > a p':,-
••· •. 1,-



I.~. 

, ,-

2 .· . 

aa _ l 1 + q . 1 _ a·a ( ) 
., cx_xz = ---4 -'.½'3 cxxP 4.17 

, p•, q ,, p, .'• ' 
, ,, ·., ,, . .·- . , , -
It is easy to check the follmving identity for. the isotropic vectors bP : 

I ,- I ,•, 

' t;cxf3( q) abj( aa X ·= --q~icabcdbp X · -- , (3 P ex P ..• • q . cd . ~- · (4.18) 

We can .obtain the solutions-of the deformed Laplace equation 
(q:harmonic function;.) c- · 

_t : • • • \ • --~- • • ' ',' , 

l!:.. ba I ' - 1 , . 1 o(J(' ) ·rab aa X , , , ( 2) 1 ab X aa X] -
., Xp -,J5(I-f-!q2)X;~ - ~.· (Jo p~ l+J Xp f3_ 1: exp~? 

. ,,.· ', _ ./·,-·--· - • .. ,-. · (4:19) 
By analogy with-Ref[13] one can consider the deformed t'HoofLAnsatz 

,' f~r the GLg(2)-self-du~l g~uge field - ' _ . 
. . . ~ 

Ao' ~-q-3 dz~ (8~<Pi) cf>~l€uµ(q)cu(3(q) -
f3,' ' ' µ ' , , .. 

TrqA = -q3d<I> cI>-\ TrqdA= 0 . 
',~ . 

(4;20)· 
,• --.• I 

' (4~21) ,., 
\ ---.' 

• _ where the p~tential function cf> for· the instanton number P is a sum' of 
q~harmonic functions with different element~ bP '" - ' \ - .. · .· . , -

' . ·,.,_. ' . ' 

.\ 

,, ·.- P ,' . 'p' ,, ,' \ , . 1 ' , , , , _. 
, cf> =I:-= L(y; bPf-1' 

, ' 

-· Xp . 
',' •·p=l" ,·, p=I _ . 

( 4:22). 

The anti-self-dual p~rt of the:corresponding curvature form_ vanishes-in, ,. 
'conseq?encepf Eq(4.19) ·, · - · · · ' :. · 

(F..:... *.!')'p ~ dz;· dz] [PJ-:->Jf; iac<I> <I>-1 cp~(q)'~ 0 (f23). 

. Note that ~he isotropic v~ctor bP_, hcis ~-indcpe~d~i{t elcm~~ts' so,( 4.20) 
is t~e.5P~parameter solution. ·. •. · · , .· · · 

~-

5 Quantum deformation~'{~f th~ .··ADHM-
,. .. '_. . 

solution 

The covar'iant formulation' of the ADHM multi-irist~ritcm' sbiution in 
theclas;ical twistor space-~as consider~d in Ref[l3]. wi shall discuss the · 
quaiifum,deformations of thisformalis~. ' . . 

, . , , \ , , ,· . \ 

10, 

.; 
' ~i . 

Let us rn~sidc1:'thc gaug~! grmip Gl,q(N,C)_. The ADil.\1-solutionfo,
the i11stanton numher ricai1 be connected .with.s0111c, GLq(N +2p; C) jllat rix 

.. -· q-twistor fmi~tion. lnfrodu~:e the notation /or indices of diffc-rcnt types~: 
A,B ... ~l ... p: l,1{,L,M:· .. =l.'..N+2pan_di:J,:.l ... =l: ... N; 
TheADIIM Ansatz f~fthc general sdf-dual G Lq(N, C)field c~ntains 'tiie , 
d~formed twi~tor fonptions u~(z) ai1d uf(zf - . - . ,, -

·-,. 
i · , , i · -· l - ' - I ' 'i' : 

Ak=du1uk,:.u uk=ok 

,,,-· -. 

(5_. l) 

· The comn11;tation rc:latio11~ for thc.! ;;-and ii twist ors are - . 
r. ,, ·-- _, ' , 

., . . ' ' 
(' ,', • C •'._ • 

• (·J> )ik. I · m.'~ i ., k ·R/,.\f 
.. . - 1,11.' lni ll1,,ll[\-·.- 111, U.\I II,' 

:R1\·1.1,u 1iA1 == u1 1,K ·(u ,),;,., 
,\I/, , · k l rn ,\ k, 

• I ( J.J. · )Ii • m . ..:,_ - i RI/,: · ,\I 111" ~N mk UK - 11 1, K.\I 11 1.- 1 

'. whc;ri1;6·R---mat;icc~sforGL~(N:c) and GLq(N + 2;,,c)'arc\1sed. 
hitroducec..also tli~ relation for the<liff erc;1tials ,!u . . . 

. . ' --~ . ' 
·,·:·, . .._ 

"F( .. Ji ·);1.- .d,- ·1 .:•d.· {(·R..:.))/1 . ~\, 
· ___ >•,IL; . .. 1N lm.,'llk =-./ll,. . K'.\f u;,. , \ 
·d·-·;',-d'·J.-.(R-l)l,M'-_:_.~ (J>-,-i)'ik .·,:1 / ,,; 

Ill, 11 J.J . ,·, II,,--:; I.N_. Im< 11 1 < 11 K 

. . Th~8-C rclati~ns are;ncccssary ro/};r;ving'kvaliciity _(lfthe ga·1~g~ algebra 
;(3:6)in thefrarr1c,;01-k.oft.he ADIIM-Ar1sati· , ',~ , 

. , ' -,,<ik> ' i k . -I /LC. ,:_M -K ' : ' •. . ., .. ·•. ik · ,; · .·., 
(ARNA)m~, = dur du/, (R )KM Un· ll 111 = :-(RNARN,AR;v)nw _ (,>.7), 

,, J' ' ' \ ', ' • < 

., c · Coi1sidcr also the lincartwi.stor functibns\ V and 1\ 

VAo.·.:.:._ .;.o '[,aA-: 
'c· I .. ~~~-.:I . • 
vf Ao'= z<> ba/A 

- a, . 

-· 
-.....:_ ~ 

,~i~ere band b arc 'th:~ noncomrnutati".'c q-inst.a1iton111od11li · , 

baA, z" ~- Rd". z" li,1 -
I, · b • -- cb .. d - I.· 

i,aI A "zo ;;. Rda i" i,~I A 
.... , b cb. d -

Th~· relations .between' b and .b will he defin 
,: - .. :wing c~ncht:i~il for.th 

·-tRtJ. AH 
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·, 
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-· 

where
1
g( Z) .is the nondcgc;1crat<: (p•>< JJ) matrix with th~ c~ntr;I elements 

' - ' - - ·_. . ' . . . ; . . ~ .. \ •·- -- " , 
I 

AHr.~) _ •-2.~ ,[cA,l-,l/H 
9 \ 1• - q · Ycd JI, J · · (5.13). 

The conditLon (5:12) is;cquivalcnuo' tl1c rcstriction'on the clc~n_c,~ts of . 
· the I/algebra . . _ . . · ·· -r 

I /' •. ·· [p(+)J;t b'/ t/IB = 0 (5'1:1)' 

-, 

• - .••• ' ' ,, I• 

····Write. the basic ~om mutation, relations of th;~ fl-algebra· 

/ ;,, 

'J.Ja.b beA bdH ·:....::·l· a.B lb~1 R.\1L 
, Led I: ,.K - 1L .1,\1·. l<I , ·.• 

RiK' baLA bbMB = nab bcIH [llKA: 
.. /,Al. . . . ed . I 
Rrib bcA bdl\' H == Rg L 'j,riM H -'(}R' ' 
, cd I"- IM ·. · I, 

t . . . 

(5.J~'>L 
(5.16) · 

(5.17) 

Rcma;kthat aform'a! permutation of thc·.indiccs A and /3 is comrn·utativc. 
' Co~sideL the ~cw functions ' ,• . '' '·. '• . ' ' ' .' 

- I ··. ·. - IB(J •, '( ) . · ( ) .. 
VAa,=,V ._9~A Z €(Jex~. 

, ' -, . ·' . \ 

, " ..c(5,18)> 

wh'erc WC US('. thc~matrix 9BA inverse ofthcrriatrix (5.13) 
, j ' .- •• • 

'" :. AC''-·. C ·· 
9BA(z) g (z) =; b8 (5.19) ... 

-·. No\/~ne can construct thefull quar1turr1 :cLq(N+ 2p, C) mat;iccs ,. - ' . ' . . . . ' , 

· .. ,_. ,: .(· u;) 
,U = ._1· 

- , ... - ' . ,.. , ' ,· 'v,ta, '' s(uj ='°~.1-=·(·•·uf~) . .- ' ' ' :. -i/, '; . . . Acx 

,·! • ' 

. (5.20), 
(,. ' '. 

',_"..· The st~ndard G L~ ( N + 2p, C). confrriutatio~:re.lations for these rriat~ices 
. cont~iri Eqs(5.2-.5A) and the relations for v and i/ functions.·. . 

. '- ' : ' , ,,; ,( ' •,• ' ~-~ 

•ii UU'=1lTtYR 

RS1 S=S,:sii· 

s ii u' = U' R S' 

j'' 

·' 

,(5.21f · 
,,, 

(5:,22) 
,:..,· ,_ 

. (5.23) 

wh,cr~ 't_~c R~rnatrix for GLg(N·_+ 2p, C)• ca·n· b.e.. written in .the. follo~ing 
.• form 

·t _· (. ( R,~):!n 
R.= .. · O'-' 
, , •· ... ,. '-~--

,0 ' .)' ,\.8A8a6k /jA8"8k_· '. 0. -·_. 
C ,µ n ,D v. m. , , ...... 

DibBb{J O . . . 0 .__ · .· ', 
n C µ c . 

•, 0 0 bAbB Rcx{J 
.. • D C,.Jw 

0 0 

-~· -

. '.{' 

'--'-~,-:..,...:__:_:__.~;.,__-=------':-'-~~ 

where ,\ ::::: q -.q- 1 
• • : ~- . . , . . 

The equ'atio1:s (5:5\5.6) follow from are the relations 

.\ S'R:dV = dV' R-1 S'. 
• .. . . - I 

'It should, b~ ~tre~sed, th;t the bi~qvariant differentiai'calculus'. on '' ' .... 

. (5.24) . 

G L9 (N. + ·2p, C) .,-is' the b~sis 'of the' deformed AD I{l\,f-coiistrudio~ for the 
group GLg(N, OJ. _· - , ·. . . :. ,, · .. .. . .. ·· 

Write explicitly: the orthogonality· and completeness conditions for the 
deformed ADHlvnwis_tors: : · · , · ; · · ·· · 

~-
/ . ..· ~ ;-, ." ,, ·,.' 

·ui i/Acx == 0 . I 
' . Acx ·-·'[ . · a· . 

VI .. U; = . 
£!. ,-1 i · ·· -IAa . • .( ) ,· ( ) B{3 

- UK= U; UK + V . 9AB Z C:c,(J q VK <_ ,. 1 

(5.25) 

(5_.2?)_," 
. (5:27) 

. No,v :~e ar~ in a ~osition t; veiify the self-duality o{.th~ .. connection 
, (5,,1~• . ' . •, . ·.:.. I.· . . ... 1 , • • \ ' 

' / ' - ' ·d. AiA• i Ai . .. d•; c-1 I. a)d-M . 
k --:-. / k =. Ul. Ut. UM - UM Uk = . 

~,:_-<i~4ui be/Ana g' (;)e· (q)dic, d:l !}8 u~ 
, , , • I, . c AB . cx{J ,. . a , b . M. k, 

(5.28); 

where p~ is the GL~( 4)'.metric. This cutv~ttire.contains oni/the se.lf-duaJ 
iz-bvist~r 2~f~rm (2:21).,. ,· ·.-.· ... · <- . < · .• • .. · - · _ ' .• ·. <: _.,,,.,: __ ·': ·, , 

.The. ~eal forms ·of the deformed ADHM-cortstructioii are based on· ·the. 
q~arit-um g~oups U9 (N) ;nd OLq(N, R). :- ._ . • .·. . . . ,, . . : 

J . It sh~uld be st;ess~d that allR~matrice·s of our deform:ti'on sche~e sat-
. isfy the Hecke relation with th~ common pa~amete~ q: The: oth~r po~sible 

,. ; parameters of differe~t R-matrices ar~iridep~nd~nt. The case l= I corre
,' .· sponds __ to the unitary deformations (R2 = I)'of tlie.twisto; spa~e and the .. 
. ·: . gauge groups. It is evident that·th~ trivial deformation.ofthe z-twistors is. 

>-- ., . . . . ; - ; - -· < ' ,· - • ' • '. • ,, • 

consistent with the nontrivial up.itary deformation of the gauge sector and 
vice versa. i ' - ' ' ' ' ' ' . . ' . ' • . . 
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