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Introduction 

. In our paper [4] a classical integrable bound system describing the ·non·relaiivistic. 
interaction of a spinless particle with th~ U ( 1 )·dyon in the centre•of•mass system ( "c~arge'. 
dyon" system) _was.constructed by the U(l) Hamiltonian reduction of~n oscillator {)II the 
twistor space. This system is specified by hid.den symmetry caused by .the Runge-Lenz 
vecto~- like constants of motion. It describes not only the "charge•dyon" ·interaction, but 
als~ the "dyon•dyon" one. · · . . ' ' 

. In the present ·paper, by an 'an~logous reduction at the quantu~ level, we construct 
the Schrodinger equation, constants of motion and w·ave functions a·nd spectrum for a .. , 
non•relativistic bound. systl!m describing the interaction of two Schwinger dyons ill. the. 
center-of-mass system. Despite simplicity, this system inherits such remarkable properties 
·of monopole system's (see, e.g. (3] and refs therein), as a deg~·nerat~ ground st.ate and 
"spin t'ransrimtation" j A quantum system, unlike from a classical one, explicitly depends. 
from the vector pote~tial of a mon.6pole.field: It was shown in the Zwanziger paper [l] 
that only the system, specified by the vector potential. of the Schwing~r monopole, can 
be interpreted as the "dyon•dyon" .one, while simila~ system with the' vector potential of 
the Dirac monopole charaCt~rizes o'nly the "charge•dyon" interaction.' l'fotice that such ·a 
quantum .system , depending ~n the Di~ac monopole-vector p'atential has been constructed 
by a similarreduction in ref. (5]. 'However, the authors did not know the physical meaning 
of the. system they constructed, therefore, its important properties we.re unnoticed (6]. In 
our consideration, we will omit the details of calculation coihcident with those of class.ical 
reduction (4). . . . . · .· •• , .· . ' • · 
1 · We wili use the following notati~n: µ and w are oscillator parameters; z0 = u0 + iu0 +2 

. and r = (x1, x2 ,x3
) are Cartesian coordinates of spaces C2 = ffi.4 and. 1R3 r~sp'ectively; 

u.= lzl,r = lrJ; ii are the.P~uli_matrices in a standard representation; and a:==(";')½ is a 
parameter with the dimension of inverse length. :.·,. 

-
The. Schrodinger equation and constants of motion 

An isotro~ic .oscillator on the spac~ C2 i~ described by the' Sclirrodiriger's ~qu~tion . 

~. 2µ [!:_ _ µw
2
zz]·'V = 0 

8z0 8z0 + n2 4 ' 8 

Its' constants of ~otion 

¢> 1i°';w = Ellt. 

. ' · ' 2 · 2 ' ,·, 
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Ji= 2 z (J'fJaazfJ -z (J'p{JazfJ ' _i - - 42µ(]'0 {J8zf1_8z0 + T(J'a{JZ ~ .. ,,·· 

form the algebra: .. 

. ( l) 

(2) 

{.7k,..7i} = frktmJm, {.Jk,Ii} = iektmim, {Ik,It} ·,:;, i(2nw)2l 1m.Jm,. ' ' (3) ,,'' 
' ' . 

. Let us now perform 'the quantumred~ction 6£ this system with respect to·the acti~n of' 
group U(l) given hy the operator · · · 
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commuting with the co~stants ~f ~~tion (2) and with the os~iilator's Hamilt~ni~n. 

,• [.Jo, Ho,c]. = 0, [.Jo,:/;] ~- 0 [.Jo, I;] = _O. · 
" ' 

·. T~ tp.is ~nd, ~-e i~troduce the operators 

- ', . ~a - p ~ in '( ,,. a -~ • . . a ) 
r = z, O'u(JZ , · p = ~) Z O'fJa-8 {J + Z O'a(J {);;/J , 

.• _ - 2\ZZ . Z , · ~ , 

_ · obeying the relations 

[.Jo,~ =); 7.Jo, Pl~ 0 

[x\xl] = 0,. [:i:k,Ji] = ifibkl, •. [p\1i] = {/,~£kl":~; .Jo, 
"' 

To a fixed· eigenvalue _oft4e operator .Jo . 

.10 1¥:::;: silt 

there corresponds·the wavefuncti~n . 

llt(,z,'z) =·¢(r)ei•-:r, .· . 
· wher~ 1 is a fun~tion conjugate lo the ope~afor · .Jo: 

..... / 

_.., 1 = i_(logf~/z~.+logz2/z2
),..· -1 ~ (0,41r) :-_ [.Jo,,]= i. 

2 . ' ' ' ,· . ": ·'' 

Here also we have 
_ . ·~ .f(if;ei•:Y) ~· (iri/;)eiS'!,// . 

.wh~re . . . -· . . · a . · - - , ni n3 x r 

·. (5) 

(6) 

', , (7) 

(8)' 

(9) 

..... 

(10)' 

(11) ' 

(12) 

(13) . ,- ·· 7:=-ih
8

_-hsA, ,:A=· .. 2 ··(- ;;'\2 s .. 
--- r · , r r - n3r 1 ·, 

and' A is--~ vector p~~entiiil_ of. the Schwinger's m~nopole w~th a unit. ma~netic ·charge and 
a singular'foie along the axis :z:3; ii3 =JO, 0, 1 ). .- _ .· . · , ·. _ _· •. ,. ,:· · . ·. 

.Owing to the relations (5) and (7), the oscillator's Hamiltonian and constant_s of motimi 
(2) are expressed through r, p', j 0 • As a result, the sub.stit.utfon {10) reduces equation (f) 
to the form · . . • .. _ . · . · · •. -

. ,;·. µw2 .• .... h2 E h2s2 
Hi/;=--.-¢, H = -ir2 - - + · __ : 

·. -'• .. : ,8 .• 2µ 4r 2µr 2 
(14) · . 

• · ,wher~as the constants of motion
1 

of .the o~cillator (2}-areredtl~~d to the operators 
"' . / --- \ . . , 

. (15) ·. ::.•·. · ·.·' ':.. nsr · - n2 • .., .. r · 
J = -7r X r + :-,. J = -7r X J + -, ··· · r. . · · 2µ · · ,2r 

i.e.' t6'.the total'~ng~lar momentu~ ofthe syste~ ~d to an analog of th~ R~nge-Lem: 
vector. . .· . .' .· . . . 

From the require~ent for the wavefuriction (10) being singlC,-:valued }Ve .derive imm~ · .-• .. 
diately · · · . · -- . . . . _, · ·.. · · 

.. :_·· s=O;±l/2,±1, .... 
• --:--·· "· '' ~", ~ < • • ' ' r . ,· ·. n_. •h 

·. '" ,,,.~, ._.,., .. ;; ."--, t"\ · nr,.,.,t·.....;,.. j -~e"'1~~;,,;«,~,.,.-;,o! i.:Ivi.;,~J_,1 i; - fl!t,.!fBl,U m:~ '!" ,....,.,.,n:,,:'s .. 
'.-:ff·~.... , .. : :.. ~ .. · • :_~U/t•:/ :..s!!..~_, • ~ · 
·; '. .... 6HQJlHO 1 ;:;_h;?, ·· ij 
,-_:°~4 -·-.· .. -:.·~~~" 



The obtained ~yste~ describes "non relativistic interaction. of two spinless. dyons ·· with : 
electric amd magnetic charges ( ei, gi) and ( e2 , g2) and energy £ ifwe put · 

; ~ '.· . . . ',- - . , . ' ~ . . 

e1g2 - e2g1 • . . E . · . · µw 2 , 
-----= s, e1e2+ 9192 = -, & = ---. (17) · 

. nc . ·• · 4 , 8 . ! \ 

The parameterµ represents the. reduced mass; the description holds in the centre-of-;,,ass ' 
system [1]. The first ofform~lae (17) together wjth (16) acquires the meaning of t,he · 
Dirac's condition of charge quantization. . . . ,,, . 

Remark. The vector'-potential sh'ape in (13) depends on the choic_e of the ~oordinate , · 
conjuga:te to the operat,or .. .Jo. For instance, the ·vector potential of the Dirac's monopole 

· · is described by thf following' choice of the coordJnate 1 [5] : · 

,. . . · • ,.,, · · · _ . 1 ii
3 

x r· .
·-1 · 1;-1 · E [0 4ir) =>A= - · : 1 =. i og z z , 'Y. · , . , .. ·r r '- ( n3r) 

.. 
· This system can be inte;preted only as the ;,cha;ge-Dirac's dyon", syst~'m [4, l].· 
.0 ' .',, : ' ~. ,. ' .·' • : ' • • ~ •• , ,- , • 

Wavefunctions and spectrum 

The system ~f equati~ns 

1iosc IJ! = EIJ!· 

.Jo'V ;==slJ!. 

·,. 

.J;.J;,iV ~ J(j + l)W, ' 

.73W= ml.II'; 

'· 

is separated in the coordinates.~ E [0, oo ), /3 E [0, ir],. a E [O, 2} ),: 7 _E [O, 4ir ): •. ' ' - ' . . .. .:,>-.., ' ,, . ' ·.· ' 

. ,. ' '/J'_;!!:±:J... . . /3 ·= '-· 
Z1=u_cos 2 e •._.z2=,usm 2 e'., 2 •. i 

\ . ·' ' . . _:. . . ' - ' ' 

As :i, rfsult; the~lution to the system (19}_i~ of the form· 
. / 

WEjms = R~;(u)D~.(a,/3, 1 ) • 

wher~'D!,.,( a; /3, 1 ) is th~'Wign_er fo~ction 

D~.(a,/3,~)-~ eimcxd~,(/3)eiry, 

and the radial functi~n REi obeys the eq~ation ·· 
,• •• -, • C • ~, 

,d2REi ~dR.Ei_[4j(i+l)+p2~,\]REi':';'o; 
. dp2 .+ P. 'dp . P2 : ·. . . • . 

. 'th _ ( •. )2 --~ _ 2µE w1 .P - au , :11 - ·,;y, . . 

.-

(18): · 

,;.,. ' 

. (19). 

' (20) 

(21) · 

(22) '. 

·,· (23) 

The substitution REi = pie":"Pl2W(p) r~duces eq . 
hyp~rgeometric function .. . .... 

(23) to the equation for the confluent 

. . .. ' . ', . . . ' .. ,\ .. >, _·· .. ' 
... plV"+ (2j+ 1-p)W' + (4-j -_I)W= 0. 
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The solution regula;a.t 'the point p = 0 is given by . 
·, I 

' .. · "/ - : . ··. '' . ,\·, '· ·. : 

. W(p) == c~nstF(j + 1 ..;._-,2j + l,p). 
. . .. . 4 ,· 

_As a result, 
_ ·-R~i(P) = c~nst pi~~~l2 F(-n 7 1,2/+;l,p), (24) 

where j +l - ,\/4 ·;;; _,; +..J. Expression·s (21); (22) and (2-1)-dctermine ,the oscillator . 
basis. , ' · · · · • · · • · · · · 

Fro~ the req~irement'REj{oo) = 0 and,~niquen~ss of the function (22)it foHows: that: 
n =-1,2,3,· .. ·:; m,s = -j;-j + l, ... ,j-1,j; 2j = 0,1, .. :. Then,~upon introducing" 
the principal quantum number N = 211 + 2j-_ 2 ,. we obtain the follm,;ing rd~tions for tf;p 
~scill~tor spectrum:> . • : · . : .• · · · · . ' · · · • . · ·"' . 

·~-'-
g= !1w(N+ 2), _>W=_O, 1,2, ... ; 
"'. o· .. , . ~, "'}'':'; ,l, ... ,,;· 

. m,s.= -j,-j-+ 1, ;.:. ,j-.l,-j 

(25) 

· (26). 

•. (27) 
. . . ,, . ' . . ' . '.• - . - . ' 

At fixed j the (2j + 1 )? states corresp_onds to' the level EN. SincP'j = N/2. :\'/2-'- L. .. ; 
· the degree of dege'neracy. of the iV,th'Ic.vcl is equalsfo .. · ( . . ... 

> 

. . ' . ,· f ' . . ' ' . ··._ . ; , 

\· .- 9N == 6JN + I')(N +2t(N.+ 3):. 

: Now. w: can construfr the wavef u~cticms and spectrum of the r;duced :~j~sf ;m.' 
The co~rdinafos· of space: C2 transform into the spherical,c'oordinat~s of'span~ Iii:' :(r =,, I 

:- u2, ,0 = /3, ·</> =:~). : _· - ·_ . ·, •• · .· .. : · · . . · •· · _ · ,: ··:, • , ·. 
Comparison oC(lO) -ivith (21') gives the.following wavcfunct.ion of the rrducPd system . ' ' '. \: ':. . . ·. .: . i / ;;;.; . ' > '·, •)' . 

"Pnim(r; s) = con~t Rni(ar)d,,.,(O)c_ .• (-1:,)., 

and exrrcssions ( 17), (25) result in the energy speciri1m f<>r thP syslC'l\l 

/t(e1e2+Y1!12)
2 

k=_l,2,.;·. 
&j, = 21i2(k + isl)2 :. · ' ', (29) 

For fixed ii 
\' 

. j = Isl, Isl+ 1, ... ,k+: Isl -1; m = -.:.j,·-j +I, .. :•,j_: l,j ... 

Therefore, the energy levels (29) arc degenerated with miiltiplieit.y. gz ;, I.'( t+ 2j.,I). . 
·; '. Thus·, ha;ing reduced a: •f-dimensional quanfom oscillator; WC haVC' c~nsi.rucfrd. t lw 

· Schrfodinger's eq.uation for ii:· bou;1d system of t~o 5chwinger's dyons; its rnnstant s of 
motion, wavefunctions and the spectrum.' . , . - . · .. -- . • . . · -,. . 

' ' ' . . ' '·. '• '-.' ' ' : 
We stre~s t,hat the quantum numbers j,m characterize the t1it.al angular 11101111·nt11111· 

. (spin) and: its prnjectio~; onto the axis x 3 • Therefore; ir~tegcr and -half int'<'ger valn<'s of 
s represent, respectively, integer and h_alf- intcger'~alncs <>fthc syst <'Ill :s· spin_. ',\t :, =. 0 
the system,becomcs liydrcigen-like. '' .. ' . . ' ' 
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. . _ ·¢, -> ¢,_+ 2ir, 
· system' acquires. the pha:s_e· 2:rm: · it ,is single~value<l ~at integer. s 'and. changes in sign at 
half-integer s. , _ : _· __ . .. _ < : . . . -·- : . 

. Tli.e wa~efunction of the ground stat{(k ~-1, j = isl) of-the system is of thcforn{ 
, ; ~ ., .. ' .' ' ~, ' '·, - - ' : 

. . . '. . ... . . . . . .. 0 .· -, ' . 
· :i.&,,m·(r;f =_co~1s.t r'.''e;r/(!~l+1l(sj1~ ~)l•l(tan 2 )=f~ci"'ef>.,~ . 

It' is seen that the ground ~tate is degener.ated {\vitli r~spect toth~ qua~tum nuri1ber m) 
ancl is 'not ~pherically symmetri~: the. syst~m has a nonzero dipole rnoment. ..:' :.. · ._ ·· .. 

Note is to be niade.th~t when m l: ±isl, we have lit,(O ~0)12 = jtl,>(O = 1r)l2,_== 0,; 
- which rnean;:thatJhe ;ystem is flattened to the pl~ne :i:3 ~--0 and the charge cann'ot lie; 
: on the singular line._ This property holds valid for excited ;tates as,'we!L:: . · : ··• •. : · · · 
. At m == isl we ha~eJi,6(0 _= 0)12 # 0, liJ,(O =: 1r)j2-,;;, 0, which irnpiies/thaqhe cha;ge 

cannot'be o·n the lower semiaxis x 3 • . At m =·-isl the charge'cannot be on the upper·. 
• '.. 3 ' -. . - .... ..• . . .• ' . ' .. 

. sem1ax1s x_: 
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