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1 Coordinates, frame·of reference and equations of problem. 

Stationa.ry and axisymmetric gravitational fields accept the group of motio'n with two 
linearly independent and commuting Killing vectors ( and 1/· According to symmetry 
of the problem let us to choose coordinates 

a,b, ... = 0,3 (1) 

Consequently 

(2) 
1/ 

(Herc: ip is azimuths angle). 
The space-time metric corresponding such gravitational fields must be formin-

variant with respect to transformations' ' 

a a -b a C i x = ab x , ab = . ans , (3) 

and besides allowed coordinates mapping 

XA = xA(x8 ), A, B, ... = 1, 2 ( 4 )' 

on the two dimensional surface x1x2.The choice of the "essential" coordinates x 1 and 
x2 noticeable simplifies solution of problems. In particular, for vacuum problems, 
the Wey! canonical coordinates prove to be preferred, but for internal problems ones 
give off the own character. Some from several internal solutions' for rigidly rotating 
incompressible fluid founded by Wahlquist [1] which used the generalized ellipsoidal 
coordinates. Bonanos and Sklavenites [2,3] suggested to use the arbitrariness con
tained in equation ( 4) that coordinates x 1 and x2 to identify with components of the 
metric tensor. Let us followed [2,3] to choose 

x
1 = p = 933, x2 = <I> = 900 

In this case the space-time metric is 

ds 2 = <1> 2(dt - qdip)2 - e20 (P,1Pl(dp - ld<1>)2 - e2.6(p,IP)d<!>2 - p2 dip2 

q=q(p,ip), z;,,,l(p,ip). 

(5) 

(6) 

Such choice efficiently natural, since for weak gravitational fields <I> ~ 1 + 27./1 
be found proportional the Newton potential 1/J, and p coincides with the cyfrndrical 
coordinate of the flat space. The invariance with respect to inversion (t,ip) -► 



(-t, -t.p) means that the motion of the gravitational field source is the pure rot.at io11. 
In other words the space-time with metrics (6) was generated the rotating body or 
which the 4-velocity vector is 

uµ = { u\ 0, 0, u"°} . 

If used the type (3) transformations, namely t.p -+ t.p + Ht, then we can turn 

u"' = 0, choosing co-moving coordinates 

uµ = { ¼,o,o,o}. (7) 

Let assume rigidly rotation with n = dt.p/dt, also suppose that the matter or th,· 
considered configurations is the perfect fluid with 

Tµ = (c: + P)u UV - Poµ 
V I' V 

and the equation of state P = P(c:). (Here£~ energy density, P - pressure of matt.er). 
Well-known equation v' vT; = 0 in the metric (6) and co-moving frame of refer

ence give us 

DP 
-=0, 
Dp 

DP 
D<I> = -(c: + P)/<P (8) 

This mean P = P(<P) and c: = c:(<I>). In other words isobaric (P = Const) surface:; 
coincides with one of the constant values <I> = <I>0 . Let us take constant the value of 
the free falling test-body acceleration 

a= ~ = e-/J /<I>, Fµ = 2u"u[µ,a] 

on the surface <I> = <I>0 then we can assume 

13,;,13(<1>) 

Let to introduce the new potential 1jJ = 'ljJ(p, <I>) according to 

q,1 = bp( 1P,2 + l1P,1 )e"-13 /<1>3, 

Q,2 + lq,1 = bp1/),1e/J-a/<l>3
, b = Const. 

Then, for the vector of the frame reference angular velocity 

w" == -ic:"13
-Y

5
(u[fJ,y] + U[fJF-ri)us 

we obtain 

_, 2 

,, ., 

(!)) 

( 10 l 

( I I l 

,· 
I 

f I 
ii 

ln;•,,1 ,1 = J. 2. 
""'A = 24>2' • ( 12 l 

(II ( ) '.1:.:.1 ( ) Q.LJ) {T d ti d"t" th f E" t . ere ... ,1 = ;Jp • • •. _2 = D<I> • , n er 1ese con I ions e one rorn ·,ins ems 
equatio11s turns identity and 

ln,•.1 aw2 a;;.;1 
<I>:1 - op - o<I> · 

Our ha.sic supposition is following:thc fidd or w'' vector is irrotational i.e. 

1,·,1 = 0. w = bc-<14:,_ 2 /2<l> 2 

.q.2 + lq,1 = 0. 

Other Einstein equation give us 

0,2 + ln,1 = 0. 

(l:l) 

111 order to write the system of Einsteins equations of the considered probkm it 
is nccessar_v,taking into account given ahovc conditions, t.o find th/· first. int~p;r'al or 
the part. of field equations and alw keep.in mind · '" 

i. the condition of the regularity on thcrotat.ion axis 

f,-2o(p _ qq,i<P2)2 + ('-21>(/p - q2<f>)2 p-O 

2 2<fJ2 --> [. p - q 

11. the condition of the constancy tlH' angular velocity 

so that q(p -+ 0) -+ p2
• 

91,, 

g',?,P 

q<P2 
p2 - q2cp2 = Con.st, 

Now the solution of t.he st.at.ionary axisymmct.ric GH problem in t lH'' 1\~<'tric (G) 
mid the co-moving frame of reference; ddc•nnined the following system of t hl' first 
order ordinary differential equations 

/J,2 = /,(<P) + 2<l>c2//[w2 - 2ir(c: + :lP)] 

/,,2 - /, {I,/2 + I /ct>+ 2<l>c 2f'[~·z, - 2ir(E + :lP)]}, = ,,,, 

2t' 2f1[w2 
- 1ir(f + /')] 

3 

(l 1) 

( 15) 



w,if w + L - l /<f> = 0 

q,1 = -2pc 0 w/<f>, 

q,2 + lq,1 = 0. 

dP 
di/> = -(t:,+ P)/1/> 

as well the algebraic relations 

c-20 = I - p2 f(<I>), l = ½pL(<I>) 

J(<I>) = -8rrP -w2 + Lc-2(1(4 + Ll/>)/11/>. 

2 Vacuum solutions. 

( I (i J 

(I 7) 

( 18) 

( 19) 

In vacu~m case (c: = P = 0) after the substitution y = L✓a4 - h2<f>4 /<I> t.hc key 
equation (15) amounts to · 

<I>(y2 + 1b2) 

Y,2 = 2✓a4 - b2cf>4 

and for L = L( <I>) we obtain 

a 2(1 - k2h2
) + (1 + k2 b2 )✓a4 - b2cf>4 

L=-;==~=-----'--'--____:.-
✓a4 - b2cf>4 2ka2 - {l + k2h2)(/>2 

2<f> 
(20) 

where a and k are new constants. Using this expression, equations (14) and (17) 
easily to find 

Ji , 2 1 + k2b2 (! - k2 b2 )✓a4 - b2 cI> 4 + a2(1 + k2b2
) - 2kb2cI> 2 

c = 2Ca ✓a4 - b2cf>4 [2ka2 - (! + k2b2)<f>2]2 . , 
(21) 

bC(! + k2b2) (e-a -1). 
q = ka 2 

(22) 

' . Let us to introduce i.hc new variable R in accordance with 

dp - ldcI> = pd(lnR), (2:1) 

4 

11 
i) 

i 

'J 

l 
I 

then 

2 R2e{i✓a4 - b2<f>4 

P = 4Ca2(l + k2b2) ' (24) 

and the solution of vacuum problem acquired the form 

2 2 2 2{1 2 p 2 2 2 2 [( kR2 )-
1 

] d., =<f> (dt-qdr.p) -e d<I> - R 2 l~,
2

C 2a 2(l+k2b2) dR +Rdcp .. (25) 

Where 

bC(l + k2b
2

) (· I kR2
~- ) 

q = ka2 V 1 
- 2G2a 2 (1 + k2b2 ) - l ' (26) 

e{j = C( 1 + k2b2)· ✓ a4 - b2<f>4 [L2 + !:_ - b2<1>2 ] 
2ka2 4 <I> a4 - b2<f>4 (27) 

Expressions (25)-(27) are the new solution of the stationary axisymmetric GR 
vacuum problem 

3 Static special cases (b = 0). 

a). let us assume 2ka2 = 1 and introduce coordinates r and rJ by 

ct> 2 = 1-
2
M, R = 2MsinrJ, M = Ca 2• 
r (28) 

In this case expressions (25)-(27) will be coincides with Shwarzshild solution. 
b ). Let us assume 2ka2 = 0 and introduce z = 1/cI>2, then we obtain 

ds2 = dt
2 

- z 2(dR2 + R 2dr.p2) - 4C2a4 zdz2, 
z 

or in equivalent form 

ds2 = ev.f2ca2 dt2 - e-v./Ca2 ( dx2 + dy2) - e-3v./2Ca2 du2' 

dx2 + dy2 = dR2 + R2dcp2
, u = 4Ca2 ln<I>. 

(29) 

(30) 

This solution coincides with Taub solution [4] for the gravitational field of the 
flat uniform shell. 

c). Let us assume 2ka2 = -1 and introduce 

2Ca2 

z = ---, R = 2Ca2shr. 
1 + <f>2 

5 



In this case we find 

2 (2Ca2 
) 2 dz

2 
. 2 2 2 2 . ds = -z- - 1 dt - (

2
Ca 2/z _ l) - z (dr + sh rd,p ). (.31) 

These static special cases be the same as class A solutions for degenerate van1u111 

static gravitational fields ( cf [5]). 
d). The incompressible fluid. Let p = P / t:o, where t:0 =Const.The condition of 

the hydrostatic equilibrium after integration give us 

.<P s <P s 

1 + P = -, Ps = ::,:- - 1. 
<P 'l'c 

Here index "c" used for values in center of the mass distribution,and index ".<;" for 
values on the boundary one. Let us introduce 

X = 3<Ps - 2<P, 

and 
u = e-2(], 

then from considered Einstein equation we obtain 

3 2 ( u( Ux + 4uo<P ;) 
UUxx = -

4
ux + 41rt:0X Ux + 7rEoX) - ~------'-. 

3<Ps - X 

The partial solution of the last equation is 

27r 2 
u = 3 t:0 (1 - x ). 

therefore, 

[ 
8 2 ]-1 e2°' - 1 - 7rco p 

- 3 1-(3<P.-2<P)2 ' 

e-2
(] = 

2
; co[l - (3<Ps - 2<P) 2

], 

\ 

l - 2p(3<Ps - 2<P) 
- 1 - (3<Ps - 2<P)2" 

(:l2) 

This solution may be rewrite using the Shwarzshild coordinates in the following 

way 

J,2M ·_o 
3<P.-2<P=vl·---;:-, p=rsmu, 

41r 3 
M = 3Eors' 

<P = l _ 2M <P = 3<P s - l 
S rs ' C 2 

6 

<P., 

I+ Pc 

(:l:l) 

4 The modified NUT solution. 

Tlw \\"dl-knmv11 :\'CT [6] solution has not the simple physical meaning.In our point 
of \·i1'\\" this fal't. reasons ar<' t.h<' following 

i. TIii' ;\'{ 'T solution is not. regularity along th<' symmetry axis 
ii. This solution is not asymptotically flat. 
Let us to !'onsider the special stationary cas<' of the solution obtained in section 

2,nanwly let 

2ka 2 = I + A-21/ •. M2 = C 2(a·1 
- b2

), n = Cb. 

and int roduc<'d coordinat<'s ·,. and 1j as well 

Tlwn. 

<1> 2 = r
2 

- 21\fr - 11
2 

,.2 + 712 

p2 = (r2 + n 2 )si1i219, 

r= 
M + Jk/2 + n2(J - <f>4) 

. I - <f>2 

' 

. 2 .. (,.2 -·2Mr - n2). (d d_., ):i' ,. ( ,.2 + 1z2, .. ·)· d 2 
d8 = ----- l+q <.p - ------ r -

r 2 + 11
2 r 2 - 21'.fr - ~1 2 

! .'. ,, ' ' ' /, ' 

( r 2 + ,i2) (d19 2 + si,i219d,p2
) 

q = 2n( I '- !cos 191)-

(3-1) 

,· 

(:!5) 

Tbis solution different. from NUT solution only the <'Xpression,for q'a11d,rn11 lw 
reduced in asymptotically flat. form after chang<' thcdrame of rdcrence by transfor
mation d<.p = drp + wdl. In other special case 2ka 2 = I, Ca 2 = A. b/a 2_ = IJ th;, 
general solution (25)-(27) giw us ' ' · · · 

c2" = [1 :_ p2 f(<f>)fl 

,, (. '' JJ2) 
q = 211.IJ I+-;- ✓ 1 - /J2<1> 4 

, I .• 

I ( iJ2
) , [/,2 _ f, ,IJ2<f>2 ] 

<J = A I + -. ✓1 - /J2 <1>" - + - - . · · 
, 1 ·1 <I> I + /J2<1>·1 , 

' 

I 
l ~ 2pt,(<1>) ,(:Hi) 
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f(<l>) = [Ae'3 
( l + ~

2
) JI - [J2<l>1r1 

2<P (1 - ~2

) + (1 + ~2

) J1 - B2<f>1 

L(<l>) = -✓-=1=-=1=,2=4>=4 1 - (1 + ~2) <f>2 

Let rewrite the metric form (6) like following 

ds2 = [p2<I>~ /(p2 _ q2<l>2)] dt2 _ c2o(dp - ld<I>)2- c2r1d<l>2 _ (p2 - q2<l>2)(dcp + (,:d/)2 

If introduced 

W = q<f>2 /(p2 _ q2<f>2) 

') IA 

<l>2= I-~ 
f?2 

2 . 2.a ( 2 2 2M ar 2M a
2
rsiri21J) 

p = sm " r + a - [l2 - 2Mr + R2 

R2 = r 2 + a2cos2IJ 

and transformed expression (37) according to 

dcj; = dr.p + (w - wk)dt 
'2aMr 

Wk= ---------~~ 
(r2 + a2)R2 + 2Ma2rsin 219 

,:J7) 

Then the special solu_tion (:36) coincides with the well-known form of Kerr solu
tion. 

Thus the stationary axisymmetric problem is f;rmulated using the new nontra· 
ditional approach. We obtain the new vacuum solution of this problem.The special 
casi~ of founded solution is the modified NU'!'' solution. Other special case after 
transformations coincides with Kerr solution. 

The work be fulfilled under partial ~~pport of the International Science Founda· 
tion (grant RY6000) 
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ITarrmrn B.;ApyTiomrn r. 
PerneHHe CTaU,HOHapHOH a~CHCHMMeTpHqHoii: 3aAaqn B OTO. 
HeTpaAHIJ.HOHHhIH IIOAXOA. 

E2-95-36 

<l>H3HqeCKH AOIIYCTHMhIH Bhl6op cyIIJ,eCTBeHHhIX KOOPAHHaT, OTO)K'AeCTBJHI
eMhlX C KOMIIOHeHTa~rn MeTpHqecKoro T~H30pa H. corryTCTByrom;en . CHCTeMhl 
OTcqeia, npHB0AHT K HOBOH cpopMy;rnpOBKe CTaU,HOHapH0H, aKCHCHMMeTpn'q
H0H 3aAaqu OTO. TaKOH HeTpamiu,HOHHhIH IIOAXOA II03BOJIHJI IIOJI)'l.JHTb HOBOe 
4-rrapaMeTpuqecKoe BaKyyMiioe perneHne, KOTopoe B -qacTHhIX craTnqecKnx 

.CJiy~aSix CBOAHTCSI K PMY xoporno H3BeCTHhIX T()qffhIX pernem1ii: PTO. B OAHOM 
H3. qacTHbIX CTaU,HOHapHbIX CJiyqaeB, IIOCJie rrpeo6pa30BaHHH, OHO. COBIIaAae~. 
C perneHHeM Keppa, a B APYIUM _: C MOAH(pHU,HpOBaHHhlM pe~em1eM HYT. 

' . Pa6oTa BhIIIOJIHeHa B Jla6opaTOpHH TeopeTnqecKOH q>H3HKH HM. H.H.Boro
, JII06oBa 0115111 . 
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Physically_. admissible choice of the <<essential>> coordinates identified 
with components of the metric tensor and co-moving frame of reference reduced 
to · the formulation . of the stationary axisymmetric GR problem. Such 
nontraditional approich allows to obtain new 4-parametric vacuum solution. 
·In special static case this solution decomes the. set well-known GR exact 
. solutions for degenerate vacuum gravitational fields, in some special stationary 
ca·se; after transformations coincides with Kerr solution. In other _special 
stationary case the founded solution turns into modified NUT solution. 
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