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1.lntroduction · ' . 

_ /This investigatio11 h118 been initiated by two nice papers [i,2], which 
a.re a.ppea.red recently .m the American Journal of Physics and. which aie 
devoted. to the study of electromagnetic p~operties of the s~i::alled Helmholtz 
coils.Howey~r, when reading these papers w~ felt ourselves _like spectatom 

.. observing the tricks in a. cii-cus: It was not clear to us whether the c~ncellation 
of a pa.rtictilar m~ltipole is a curious yet· isolated fact or manifestation of 

. something niore1 general. The purpose of this pa.per. is to clarify this point .. 
The plan of oui- e~position is. as fofows. In sect.2, we present the k~own fa~ts . · 
c'oncerning magnetic fields originating.from currents confined to the surface i 
of the sphere'. Th~se facts are need~d fo~ the suhsequent consideratio;i, In · 
sect;'a, comparing different.representations of the vector potential (VPf we ; . 

. find sums a~d integrals. involving• Legendre: functions> They are absent iri 
-the .. available mathematical · handbooks, -treatises·· and original •publications'. 
fo se~t:4, we .studyma.gnetic fields originating from ya.rious currents flowing' 

· on the 1surfa.ces of one or two spheres .. Current distributions that generalize 
. : so-ca.lled Helmholtz coils and which cancel any set of multipol~ occurring _in 

multipole· expansion ,are found in the same section:... . . . 
'·. 2.Preliminairies · ... . ' . . 

_· .... The ~aj?r pa.rt ofthis section- deals with ·theJ~nown }a.cis (see, e.g., 
Chapter Ylfof ref.(3]) which will be needed l_ater. Consider.the sphere S of. 
the radius Ron the surface of which the current flows in the lateral direction: 

' / 

-~-

The ve~tor pote'ntial (VP) corresponding to this· density is: 
j .~ • !' C ' •'• .:'•-~ , '. , 

Using the ·expansion. · 

-- - . , 

we obtain _A'= A • n1, where 

471' "' } Jll+2 . 1 •· . . • .. 

A= ~,L, 2l +1 rl+l . .'1 (cosf). !1 
l . . .. . 

outside S and 

insid~ ·it. -Here 



·; 

--

~nd Pi"' is the adj~int-Lege~dre polynomial normalized to.unity (J~1 Pim(x)• -
.Pi.m{x) • dx = 61<,l• The following their properties will be used later [4h · 

·1) Pi.:,,;(x) =(.:._I)"'• .Pi"'(x) . 

2} .Pi"'(:..:;)~ (--Ii-:".'· .Pi"'(x). 

.. J) PJ,.(o) ='0, ·p,1' (0) =(-;_l·)-"+1(2n+ l)!! 
· · . ..:'.'+l · · ·. 2n+l I • - . . ·n.· 

4n+~3- . _ 

(n+I)(2n+J) __ 

4) .Pi~(x) has l - ~ zeroes in theinteiv~ ('-1 < X < 1). . . .· ' 
5) Pi"'( x) ,with ni fixed form a co~plete basis. In the interval ( .:C. l, l) 

any.function ofx which vanishes at the endpoints ofthis-intervalcan,be 
- ~epresentedin the form: f(x) = }:i/1 ::Pim(x)O , . . ·. ·· - . · : _ 
. 6) We write out,explicit expressions for the simplest Legendre functions 
, which will be needed later: . . . . . . . . 

1 ,/3. . . . /· ' v'is ' : . · . 
. P1 (x)=-:--:.JI-,-x2 , P2 (x)=--, -·x-.Jt-x2 

· · .. 2 .. ·.· . ' · ~· 2 . :.:. · · .... 

A1(x) '= -,/21/32 •VI-' :z:2 ~ {5:z:2 ~-1) , 

\ · P4
1 (x) ~ ~ 3Js. ✓1 .-:-. x2 • :z:,. (7~~ ~.a) 

'.\ ··.:.·:.,:8-/2- ·- ·, ; . . \ :'_. ·, 
·.· _, .. ✓i65 ... ·· ... ·.··:: .··.·· . . . . 

. P/(~) = --.- · J1 - x2 -(21~• -14:z:2 + i) . . .. · · .·. < ,, , . <. 16:, , . ·., , _- : .. '· .;_ · · · · 
fo what follows we shall not indicate the· argument of Pi"' if it equals 

cos 0. Th~ magnetic field (H = curl.A) is equal to- .. ·., - . . , 
," ' I •· ~ . - . • • , . . ,, . ., .• - • 

. ~ =:~4,r ~.v'l(T+l) R1+2'_'p/.:Ji . 
· ' · . · C ~ 2l + l.· r1+2 1 1 

' ., . ' . 
·.· 4. - ·l · ~.Rl+:r .··- : . · · 

u - " L . - D 1 f .. -.ue = -· .. ----•.q "JI · 
; . • . . c . . 2l_+l1'.1+2 . . . . 

·· outside S arid 
. , ' _: ~,r JL(l+ 1) r1- 1 / .. ··. 

.-- H,;== 7 ~L, 2l+L R'-:-1 ·Pi·k 
, 4~ Tt 1 r 1- 1 . ·•·· •. · .· 

> He_= :--7·L 2l + 1 Rl-1 : . .Pi
1 

· fr 

insidil'it: Let 
•· j(0) = C~ · P,,1;. ·_ G0 = canst . 

Then, !1 =Po. 61~ and 
.. _ R"+2 . 

· A =•4
1r~ __ ;'R 1 (r>R) • 

,. -:-- c 2k + Jr"+1 ·.• " ' , , ·' · 

A ~ 4,r .. C~ . ·. r" . . .. 
c. 2k +1.R"-:-1: p,.1 .. - . 

.,,-·.' 

, 
·, 

r .. ··_-· 
t 
F 
j 

·, •; ·. 

i; 
1.:-:, 
I 

,,., 

i 
i' 
• t 

.I n -.r l 

.. ·j' ... · '. ' ..,' ,· 

r· 
-l 

·I . 'i 

,:' 

-- -'j._ 

I 

This means that the curren(density (1) with f given;.by (6) gen~rates mag- ·· 
netic moment with multipolarity k. ' Further; putting f 7" L1 c, :· .Pi 1 we . 
obtain VP - ·. . •·. - .. • · · ·. 

-· . . 4ir. -·c, ··R'+2 . i . 
,A = --5"""-- · - , Pi . . (r > R) 
-. · c ~ 2l + 1 , r1+1 .. -, . · 

. . 
: I .. 

_ 4,r L. . G1 r --: R- 1 · ·.( R) , ( ) A=-· - --··--· 1 r< '· 1 8 
, C 2l + l •. R1- 1 - • ' ' . l . . ·. 

. We see that it\s possible to r;produce any multipole combination via the 
suitable continu~us distibutio~ of currents on the surface of S. Consider th~-. 

- c~rre;t lying in th~ equatorial plane of the sphere S .. For this we put f = 
lo :5(0 - ,½), Then, J1 =lo; Pz1(0). It follows from th~ property 3) that o~ly 
odd values of l survive.in the expansion of VP: · · · 

· . .. . i .. ·. Zn+;. ·.· ' : . ·. 
41rlo ·" 1 · R ·-.· 1 • •. 1 

A= 7L 4n+3 .: rZn+2 ,·P2rl+i '. P2,.:':1(0) 
. " 

:'l 

__ H.~~4,rLJ2(2n+1)(n+1)Jl2n+3' /_ 1 
.• :· ·• C .4n+3 ~--r2n+3 ·P2n+1·P2n+1(0)· 

• . , ,·,· l,., 

,'\· : u.· _ 4ir L 2n + 1 R:"+3 -_·. • • . • · • , 
6 - · --- 1 1. .. . 

.• · · , c 4n + 3 r2n+3 'P2,.+1 · P2,.+i (0) ' '· . ' _. . .· ' .., . 
.. (9) . 

outside S and 

··.. . 4,r /
0 

.. • i . r2n+l , · · _ 
-A= 7 L4n+3 · · R2n ;.Pin+_l · P:J,.+1(0) 

. ', n .' ._, '. , .. ""··.. -~·-
:\ 

H. __ 4;. "-' J2(2n+ l)(n+l) r 2
" • p, · , . p,.i·_. ( .. ). · . 

,- . . L . 4'+3-··. 'R2n•' 2n+l 2.n+lo c . . n . , - .. 
. ·4',r·· ··2n· ·+·. 2·• ·r2" ·. · .'.· · -: · ' · 

u · ~ · , P,l · ·P.l ( ) ( ) .ue = .. -- L .. ---.- R2n : z;.+1 . 2n+i O . - 10 
. "-• C. 4n+3 , . . • · 

ins_ide s.'Let th~ cu~rent configur~tion be symm~tik ·wi~h respei:"t to t.h~ 
e_quatorial plane(~=½~ ofS._Then f(0) == f(,r-~· 0) 'and°_ 

. \ \ ·_,. 

• 4,r • I f / •· • \ TJ2n+3' 
A = -,- • ~ J2n+l • _n._-,_._. • 1 ', 

,· --· .• c.· L4n+-3 r2n+2 ,P2n+1_ ,,._ 
(r > R) 

I , . 
· 4i: hn~l r 2"+1 i ' A_=---'_,_"\"':" ___ ·-· - • P. - (r < R) 

C ·. L 4n+ 3 R2n 2n+l. . (11) 

i.e.', m'agnetic: fi~ld' contains only ~dd. niultipol~1/ -On the. other hand,· if , . 
f(0>c._= -f(1r.-_ 0); then · ·' · · ' · 

A ~ 4,r L j;,. R2,.·+2 - . . . 
· ---;;-· '4n+lr2n+l ·P:J,. (~>R) 

.;. . 

':,4 ~ 4,r L f 2;. r2n ' . • .. 
·· - -;;- • , -.1n+ 1 R2"~1 · ~in ·· (r < R) 

(12) ,- . 

'.3 ·-

I 

; 

/ 

-·' 
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i.e., the magnetic field contains·only even multipoles forthe ant~yri1metric 
current distributiqn. . · · · · 

.. • . 3.0n. sums· and integral; involving Legendre functions·.· 
. 'On the othe~ ha;1d, one may find closed expressio11s for :VP without per

for~g themultipole expansion. For.this we insert (i) irito(2) anclintegrate . 
· over¢'.• Th; result is• . . . . . . . . 

k~· ~ -1·• d0'.: Jsin0' · /(0')·, Qi,;(~oshµ) (13) 
: c rsm0 , _ · .· . . .· , 
~ .... -·-

Here Q1, 2 is the Legendre function ~f th~ 2-nd kind and · 

·.· ·, .. · R2 +r2-~_2Rrco~0cos0' ·: 
· coshµ = · . · 

· • 2R~ sin 0 sin _0' · 

Since A in (2) and ( 13) ~r~ the sa~ie one obt~ns t,he f~llowing equality: 1 

:,<· 3/2 : •. ' 0 
: • • • • \ :_ •••• • •• • 

·.JR:·· ·fd0'·\isin0' J(0') · QiJ2(coshµ) = 
rsm0 . . . , ._ _ .... 

,'-..: 
' •·· .. . . 1 'R'+; . . .• 

· .. = 2,r. ":-'-[-· -1 ·1 ·• Pi 1(cos0) ·./1 (r :> R) 
·. · .. b 2 +-l r + · · · . · -- · ·. 

;· · l .- . : ! -~ • • -~ 

·and _,·. 
. .. . l ' . 

. -~ 2,r,E 2[-: 1·;;-1. ~
1
(c~s~)·I1 {r <: R) 

I.. . ... 

(14) 

Consid_erpartkula~ ciises ofthi~ ~quality.· L~t,f(0'),; Pi~(cos 0').Then,· . 

'. ·. ;R~1~vr~in0•J.d0' -· ✓s:n0;~ Pc1(~~s0l···~l{2(~osf µ)=' ·: : 
• ; • ,-•. ; • • •• r 

- 2·· ·:l._ R1+2 .. 
- 7r··-~· . . 1 ' 

2l + 1 rl+l ·.Pi (cos er 
and.·. 

;.•.: ,. ' 

= 2,r 1· rl~ ., 

Lei f( e•): ~ O( e• _ . . . · 2l + rn-• '· ll' (,~0) · (,c < R. ' 
· • 0o), Then· - · · ) , 

- .>!-·' 
i . 

· : R312 
·• 'R2 + r 2

·- 2r Reos 0 cos 0o 
v · 0 . 0 . Q112( 2R · 0 · 0 ) = r.sm slll. o. rsµi sm o 

· .. : ... · 1 : R1+2 . • . . .. . - , ... 
·= 2irL 2f-i1-t1 :Pi1

; .f'i1(c_osf0 ) (r >_R) · ·ancl., 
.. ·I;.+ r., .. ; ' . . ... 

~ 21rf ~L ;·A1 -' Pi1°t~os0af 
'·:· .. I 2[ +_1 Rl-1 ··' .· . . . 

J' 

, .. 

j 
j\ 

l 
,, : \ 

I· 

·, 
,\. 

·j; 

I. 
.; ._ 

•i 

I~;· 

.. '··1·· .• · '' 
: :··: 
: ~ 

I
. 

·.·_ •·.·. ' 
.. 

'•i .. ·' 

: L,~ 

/ 
;/_ '•1· 

If, in addition, r = R,\hen: 
'1. 

~., / ·• ~ .Q112(1 -. c;~c;~o)•= 2~ L2·l_+1 1. Pi1(~0)Pi1(~s0o) 
81Il_•smo .smsmo-. - .. · , ,. ; .· . . . . . . . .. .' .. 

· , F~r0o ~ O this e9u~tion transforms, into the kn~~n one [4]: 

1, / 

1.·. ' . ' . . 
-/I·-=cos0 ": 2 LPi(cos0)/-/2l + 1; . . \ 

F~r 0~,= ir/'.? Eq'.(16) ~~u~:~\~ 
,✓ ~.'3,_2,,•;·,,l.>' _::1,·-,,,:.:.-•,.:.-, •:,. ·_,, .. 

. RI · • r 2 +,Rz · '1 , R2B+3 , . ,\ . , ' · ' • 
J . · Q112(-..;...__) = 2ir °" ---- :·p,1 , p,l (0) ( R) 

rsm 0 2Rrsin 0 ·.. , L::..-4n + 3 r2n-t;2' 2n+l • 2n+i r >. 
' ... 7' • 

i •. ' °" 1· ·_ r2n+1 _'· .. ~- ,· l '., 
. and · = 2ir L.,-_-.. D'l... • P2,.+1' • P2n+1(0) . 4n + 3 .11.--- . • .. ·. • · . 

(r < R) 
.. ~' . 

For r' = R this' equation· goes inio 
' ' :. . . 1 .' -· . • • ' . ' ' ' .· 

. Q112(1/sin_0)/~~21rE PJ,..;.1(cos0)PJ .. ~1(0)/(4n73)
0

' 

··, Th~e equ.~ti'iinsare e~y generalized'ifin ~-(~) we ~ake,~he fi~titiousvect~r . 
ii!/ = cos~¢_~ ~ sin mcp nz :mstead of n,1 = cos¢ n11 - sin cp nZ, Substit~ting ... 

\ ··rt; in (2) and using t_he s.i:~e pro~edure as ab~".e we get .. ·• .- ·. · · · 

··.·;; ~1 'C/._";/,('<~~';'•);2_1r•E_2 .. z··_+1, :1,R./:_l_~0)i~(~_ o~.-) .. _· 
· SID • 81D O · · . · sm SID O . . · ., . . .- ! ;; 1 

."''-~·'~'I ,' .. '-,: ·,•·,~.\ ___ ,..,_,•·:<,_•.,,>-,,\ ', ,:._,{:••,;.\ 
For 0a = ,r /2 and 00 ...,.+ 0 this equation ta.lees the forms . .. . ·' · · 

. . ·Qm-1/2(1/sui0)/~~ 21r I( ~L(c~~>F£+1(0)/(4~+3): and, . 
.\·· . . . ., . : . : . .. . . • • r ,· 

,{ 

·.:. 'sin':'0.: , ,;;_;_ (---l)".'2"''t112
:' .. _'/,'. 2(l+m)! . - ·. , 

(1 -'.cos0)m+1/2 - f(m +_1/2) ./iEy (2[ + l)(l ~,m)!~~~()IIO), , 
I • : • , .. . , • ' ./' • •. :• 

The)ast·equaiion simplifies _if_;,,\ use Legend~e polynomials ·fr.. which aie 
not normalized to unity (J[JT'(z)Pdz = 2(! + m)!/(2l ;t- 1)(!..:. m)!): . .. . ' ' ' ' . ·1 .... , • .. > ' ' . . ,'' 

.\. sinm0 . ' {-1)m2,,;-+1/2.} . - . :, . 

(l-cos0lm+1/ 2 =. f(m+ 1/2) "7Lfi"'(c~O) 

These sums and·- int.~grals'. are abee~t iri a~ailable' ,ire~;~s, Iriat.heI?~ti~al 
1 .. handbQoks and original papers .. This trick, i.e., obtaining of riew ma.t_hemat0 

ical.identities from th~ compaiison'of.differeht repi-e~entatiori of th~ same 
- • i functi~n is n~t, in fact, new, . Many oihe~ ~sefui' SUillS, ~~i integrals 'fuv~ivfug. 

Legendre functions niay be-..fo~nd in refs. [5]. . ·, , :- . • · · 
- : 4 •. On the Helmloltz coilaand thei~ g~neralizatioris . 

. 4.1. Currents' on the single sph'ere. ' ' . '. ,., 
1 

. -·· ~- . 

' 
/.,. 

/ 

·/···· 



( 

- \ 

'), 

J!'" 

' 

1 .. ·: ,.' \ , . ' '1., ' ·•. ' . , . , 

'Altho~gh continuous· current distributions considered in sect.2 permit one 
··to obtain pr~ribed magnetic.field both inside and outside S, they,·in fact, 
; are not .very convenient for p~a.dical,applica:tions; Suppose we carry o·ut in 
, experiment inside S. For this we should have access to i.he interior ofS. How~ . 

·· ever, the continuous distribution of curr~nts o~ .the surface of S prevents us 
. from this~ The question arises: Could the discre.te currents flo~ing o'n

1 
~he 

surface of S _be used for producing the magneti~ field with a more or less 
acceptable propertiesinsidc S ? The •simplest discrete current configur~
tions producing. more or less unifo~rri magnetic field inside s· were found by 

. James Clerk Maxwell (6J: 'The nice exposition of his\dea.s ~ith imp~essive 
;illustrations may be found in quotecl ~ef~.(1;2J: ,We shaHmov.e step by step 
from the simplest cases to more complicated: · ' . . 

1) Let , . .. . , . 

/ .· . f(0)=Jo;(5(0.-0i)+8(0-71"+01)). , .. , r'(l7)• 
' ' ' ·.: .. . . ' . .. ', i ,· . : I . ' ·.': . . . . i . I ' "• , ' • 

( two currents symmetric relative to the. equator of S, arid having· the same 
. direction). The1i, 

1 
' • I ' 

. ~·. 871"10, . · ·. ,· .. •1'. jl.2":+:; : · 1 :_· •· ·; 
1

'· j ·. . . . 
A=-.-sm01·L-

4 3
-'2+2·P2,.+l·Pz,;.j.1(x1). (r.>R) 

. ,. c , _:. · . n + .. r ," · , ,", . · · 

' .• I . 8;/. : ; '. •I I '' . 1 : ' 'r2n+l i ' i ': ' . '. . • ' • I ' : . ·.· . :· 

A== .-.-
0 

flin01 · E-.-. · R;,. , PJ,.+1 , PJ,,,.Mi1), (r <R).: (18)< 
, , ;·.C ._·. /'•·:: 4n+,3, ... ·. ,;·.i.·····.··' :•·. ;:l' ,, . /··· ·. '.\ 

' Here. Xk = cos 0,.. Let 01 be a particular zero of P2k+i . Then, the term with · 
, n = k.i~ ·missi~g in the d~velopment (10)'. ln·pa.rticular ([1,2] a?d [6] (Art. 
713))/if k ;;,' i, tben;sin01::'." 2/./s and the first correction term (n ~ 2) to 
the'm~n dipole term'(n = 0) falls.like r-6 for'r -:-•oo. As P/(x1) = o only' · 
if i~ = ±1 (this corresponds to' 'theipoles 'of the sphere),solcurrcnt density 
( 17) can n~t kill the 'dipole t~nii in' (18). . . . . . . , ... 

.' . 2)' L~t 'i; .· : ' , . : :' ;, .. / , , ·: ,· . : .·•. ; , , , . ·. . , : . . · . 1 , 

f(~) =lo· (6(0, .-:- 01) .-:-.8(0 ::'- 71" +.01)) ·.··. (19) . 

( two currents symm~tri~ ~elative ,to the ~uat~r of S a~d flowing'~ the ~p- · · . '. . . :. . . , . , . \ . .. , , . . .. • . , . . • . . 
pos1te drrect1on).' · ·· · ·. •. . · . . .. . · . . . · · .. · .. ; 

-··.•Then,. ,'i .. ·,:,, . . ' ... '\: 

' ' 
;I .' .g 1.' ,, : \ 1'f;R2..:+2 .' ·:,L'. ···:' 
A . ,r O • 0 E . . . \ . ·. •p,l p,l ( ) . ., = -- . 81Il 1 • · .. -. ---. -- • 2 • ~ X1 
· " c · 4 + 1' 2n+l n • •" . 

1 .. •·. : •'· \ ... , .·• ..... ·· n. ' r . . . ·. · . . . 
1 

Lei 01 . be a· particular zero of P2~ 1 ... Tlieh term with . n = k is; missing in .. 
(12). '1n particular, if k =. 2,· then·· .. · sin 01 = 2/../j and th~ firsi correction 
term(n =· 3) to the niain quadi-upole o~e (n ~ 1) fallsiike /-tfor ,- -+ 

(20)',• .. { 

• -~- Ob_vi_~'usly, t~enment distri
1
but~pn (19) c~ 'not ~e· ~sed .. to r~mov~. the \ 

quadrupole term m (19). Although the r'.h.s. of (20) dl8appears for 01 = ,r/2, 
but for this' 01 th~ current density (19) disapp~ars· ~ welli 

3) L<f . . ' 1 . • . . • . 

.,_,',' 

'ctn _:'In\ T :· tf.{(1 _:_: .11 \. •• ·: rtn 

·•i 

I I 

,~·.· .. 
tr 
. f 

·. j 

··.....:., >· 

..__, 

Then; 
' · ,hn+l i lo: PJ,.+1(0) +,2 · /1 sin

1

01 · PJ,.+1(x1) · · 

w~ ~equire now the va'.nishing of fa+i 'and hm+l· This gives: 

(22) . 
; ! 

lo· PiJ.+1(0) + 211 sin 0{ · P],.~1 (x1) ,; 0 
-. 

<:.'.. . lci · Pf,:,.+{(0) + 211 ~in 0J,.·pim+;(xi) = O / (23) 

Excluding 10 and '11 one finds the following equation defining 01. 
·;. ' ' , , .. · .,. ' . 

Pl,.+1(xi) , · Pl,.+1(0) 

PJ,,.+·1(xi) .• = P:Jm+i(O) 
I (24f 

After the root of this equation is found, one of Eqs.(23) may be ~sed to -
determine 11 as a function of lo and 01 ' . . . . 

1 •• lo . PJ1,+1(0) 

Ii~ - 2siri01 · PJ.1,+i(xi) · 
·\ ,• ' '' 

\ . ·j' 

,,,.,l25) 

Cc>J1sider the simpl~t ~~: i) The case le= 1: ~ -~ 2 w~ con~dered in. (1] 
and [6] (Art.715),'Using the explicit expressions for A1 and P/ ~ne easily 
obtains sin 01. = 2/./7, ,11'.= 4910 /64'. This current configuration consists 

. · of the current lyuig in· the equatorial pla.n'e and two currents at 0 = 01. and . 

.. 0 = '-ir'- 01, .All currents flow in the same direction'. T~e .first corr~~tion term ' 
· to 'the main dipole ~ne falls·~ rT8 for ri.~ oo. ii)The question arises:· Li it 
possible to fit the para.meters entering into :(21) in~uch ~ way as to'canc~l 
t~e dip(?le term in Eq.(H)? Substituti~g k =•0 int~ Eq.(24) we get 

• I ' •~, \, ,\ , 1 ' •. , 

d . , Pim+1(x1) = ~ill 0iPim;l (0) (26) 
I , .-J-;- ; , , ,.-,. , . 

The lowest.valueof,m for.w,hich.this'equ'ation has a nontrivial solu.tion is 
' hi;='~- ·It tur~s out that xi = ±0[3, ·• 11 = -3/o/2. Tbe treated c~rre~t 

· configuration consists of the .current lying in the equatorial plane and _two 
currents at 0 = 01 and 0 _:::: 1r 7 01 flow'ing iii' th~ dire~tiop opposite to the 
equatorial ~ne. The first correction term. to the main octupole ·one falls. as 

ir-8 for r-+ oo., · · · · · · · ' · 

· 4) Let : , 1 

. . . . :· . . : . . .... ; . ; . ,' . , i'" . . . . 
... · /(0) = J{,l (8(0 ~ 01) + 8(0 ..:_ 71' + 01)) + /2; (8(0 - 0:;i) + 8(0 - 71" + 02)) (27) 

• > • • ' ' • ' ' ' .'. • , 

\ Then, the c~nditions for.the dis~ppe~ance of !2Jc+1 and J~,,;+i aJ'e: . 

/1 sin 01 :_'Pf,.+1 (x1) :+ 12 sin 02 · PJ,.+1(:r:i) = 0, ~ 
'-: - .- -.. '\ ' .·.·' . : 

/1 sin, 01< PJ.,.+1(xi) + 1:i sin_0:i' Pim+i(x2) = 0. 

' For' 01 and / 1 _fix~ we get the ·equati~~s :defining 02 and /2: 

. Pl,.+;(~~) . Pl,.+1 (x1) 
: p,1 ( · ).=·p,1 • ( )' 
I. 2m+l z.l < , :m>+l X~ '. 

~in01Pik~h1) 
1 1 ="-Ii· • 0 pi ·. (x:i) . . . Blil 2 '.l/,+l 

:7 

.I 

. (28) 

1 •··· 

· (29) 

\ . 
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;' 
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Again,' consider the simplest cases. i) The case k = 1, .. m = 2 was considered 
· in (6] (Art.714). Then, one has: 

'. I ', • •' 

, ~ _ sin2 Bi .· . ' . 7 ' 

sin
2

02 = 1 _ ¼sin2('1 J 
· '. (1 5 • 2 

2 = 14/1sin20 -:- 4 sm 01)
3 

. 1 .. 6 
' • .. 7 - sin2 0i 

(30)' 

•, : • • . • ' - 1 . ~ : • 

These 'equations have solutions -if sin 01 lies within the intervals 0'< sin 01 < 
. 2/0:and M < sin 01 < i. The, treated current configuration-consists 

of four currents which lie ·at 0 = 01; 1r - 01; 02, 1r - t'J2 and flow in the same .,, 
direction. As in' the case 3i) th~ ~rat' c~rrectiori term to 'the m.ain•dipol~ 
on~ falls as r-=-8 f~r ~ ....:. oo: The. position ~nd intensity of the first c~rre~t 
p~ ~e ·arbitra~y whil~ that of the second current are giv~n by (30). ii)The 
ch~ice k = 0, m = 2 is the 'simplest one for which the dipole term disappe~rs. 
fo this c~ thepositio~ and intensity of the first ~urrent pair are arbitrary : 
(with the reservation that sin 01 ~ 1/yJ), .~hile the position and int~nsity 
of the second' pair are given"by: . •... • i i ' • ' ' .. ; . ',' 

_.,,,_] 

. .· .. ; ✓4 ' . z· .• i: ... '. ;·; ·.·_. sin2 0~ 
sin 02 =- -,- sin 01 /2 = - /1 4 . • 2 

0 . ' . ' . :, '3 . ' \ . ;,, ' :i-:-- 81D 1 

H turns out that dir~ti;ns of cun,ents flowing in th,ese p~s ar~ ~pposite .. 
·. ,5) Le~ f(0) =116(0 '- 0{) + 126(0...: 02). Then, · · ' 

' , . . ' ' I, , : .·, . .. . ', .. ,- . ~ ' ' ~ 

•'· 4; '1 /l!+2 ,1' .: . ' '. · • I ·' ;· •I 

A== '-L-z-· .-. l+l · l\1i (/1sinB1 •}}1
(:ci)-f- h~ 02.· Pi1(:c2)] '(r > R) 

•· ··•• .. ,c •· 2,.+J r,u : '. ·,, '::. \. : .,·,:·. ·' ,' ,,,. ,· 
A= ,41r b ~;~l <N; (11 ein 01.· ~ 1(:c1)+1;~ 0;' · N(r2)] °(r < R) •· 

-~: ' ~ . 2. + l ' . ', . \ ! I\> .·' ;' . : '.' '(31) 
Let 11 sin01 '.-P/(x1 ) +12 sin 02 • P1.1(x;):'.: O'. Then·, the' term. with l == k'iis 
a~nt in theclevelopment (3l);ln, p~rticular1 for k;"7} o~e·gets[2:::.: "...:.J;_ • ', 
tJin 2 01/ sin2 02; · In ihis case, the dipole tern1 is absent both outside arid inside. 
the sphere s. Tieated curr~nt configuration consists of two currents. ~hose 
positions on"the sphere are arbitrary:. The:inte11sity of one of the currents is 
also arbitrary, while the intensity'of the second cunent is { function ofthe 
pa~ametersjust mentioned .. ,.: .·.•. · ·•· _.,, , · ·••, . •' · · ' . : 

l ' - ',· ' .' •' '. · .,, , 1 ', , J t '' '•, , 

6) L.et f(0) ~ li.5(0-:- 01) + M,(0 - ~2 ) +J3.S(0 '- 0,): We require t.he 
disappearance of the k. and rn terms in the developmentf 3): .· 

. . · h s~ ~1- ;)x.i)'+ /2siri 02 · Pi1(;2) +:/3 si~ 0:,; ;/(:;·)~ 0 . . . ' . ~ '. ' . . ' '.' ' . . ,. . ' . ,_ . 

11 sin 0{ · .P.,.1(:cd-f/2 sin 02 ·'P,.,/(x:Z) + fj sin 0~ · Pm1(x1) = 0 

Resolve· th~ Eqs. relati~~ t<? i~, j3 .. · • 

\ i •

1
·_ .... 

1 
sin01 ,,.6(1,3): ,T ~ '.· /sin01 6(2,1) 

2. -:-.1--·.--. -:-- · . sin .02 6(2, 3)' 

;,, 

( 

I. 

·q 

·.·.I' ·l 

'1 

'i'• 

\ i 
: \'.1 

;) 

. i 

, Here 6(i,j) = ,H.1(x,)Pm~(:c;), - P,.1(xj)Pm1(x;): -These Eqs. define the 
current forces'/2, /3 as function of /1, 01, 02, 03 • ,Consider the particular choices, 

· of k,m. Take ,k -d: 1;m.:= 2. Then, , . 
·' ·•. . .;.·.: ' ' . .-. . ,, 

J 
..!.. · 

1
' sin2 01 . X3 :._ :c~ , I :._ , 

1
· sin2.01 :c1,- :c2 

2 - - 1-.-2- •. -. --, ' 3 - - 1-.-.7-' ---
S1Il 02 • :C3_- X:a . ·. S1D 03· .z3--, X2 

Since dipole and quadrupole. terms dissappear, the expansion begiiis with a 
octupole term, ,Further, p~tting·k.~ 2;m.d: 3 we suppr~s quadrupole and 
, oct~pole terms. fo this ca'se: · · · ' ' 

' ' I , . ,_,. ' ~ < .' - , , S, ', - , ·, 

; ' . • 2 0 . . . . 5 . ·1 .· .• 1·· , . .-...:_ ... ·. 1. S1D 1 · .. X3. - :C1 X1X3 +. 2-- 1--·---· 
· .1 . · . sin2 02 x3 .:., x2 Sx:zx3+ l' 

.· ' ' I • 2• .. • ' • ' < .· 
, .·. ·· 1nn.01.··:c1-z2 .. S:c1x2+l 
/3=,:--/1--:--. --·· . .. 

,.sin2 03 , xj - z2 Sx2x3 + 1' 
T~e~ted current configurafi~n c~nsists of three currents wh~ positioiis on 
the sphere·_ are· arbitrary'. The intensiti~. of two· currents. are also. arbitrary,, .. · 
while the intensity of the third current is i functio~ of the parameters just . 
mentioned.. L •• ' • • • ' : • ' . . • ' • • • • ' • • • . . . 

.7) Letj(O)be'oftheform l 
,: ·, .',.,:,', / ' ., '.", ,.·.,,---\ '. : ,i .. ·, t ' .'. / ; 

·•· . ,. . ', ... 
/(0) = L J,6(0 ~- 0~) 'I - . ',i(33) i 

'I~ ·•=l ' ' ' i ,;_ '. 

·• S11bstitutethis in'to (3) ~d req~e, th~ d~~p~e~rance of ih~ first (k ~\)';, . 

~.ultipole~-, Th~- gi~rl _:, i '_ ' /·:·, ' \' ··.• • ;! ; .• ' . . '. i • •· • ' ·. i : ; •• 

1,. "£_I~sin0,·P;,(~0,)=0 

i . ' ;=~ . . ·.·. ' -: 
or; in a slightly different form: 

,- '··i' ' ._,,,,,. 

\ ,_; 

'•, "._ I .,_;,.• 

Jr '" · ,' ,,:·.' 1 
." l,f' , / ·,\, ' ·• ,. · _.·,:,, \. ,' .. ', :-, 

. LI, sin 0, ·, P,!,(cos0,)= ..'.../1 si~'01 '. P,!.(c~0~) om'::;: 1;. '.; 'k - 1 (34)' 

.. •=2.· ..... ·. _··.\. ·,I ✓-,'.··· ......... ,·. ·_-

. This system of Eqs. m.ay be viewed as one· defining /2, .. ·. ,Ii. as a func- ' ' 
tionof/i,' sin0,, (s=l,.;.,k). IthassolutionsifdetPm1(cos0,) (m= 
1; ... , k - 1;. s = 2, . : '.', k) differs from zero. It vanishes onlyf or. very special,· 
values of 0, which are of no interes~ .for us., This ,~_eans that f~r ,the given. 
/ 1

1 
and 0; ( s. =• 1, .. : ', k) one can reach'.. the disappearance of the first k - 1 · 

niultipoles both h1side, and outside. s. Ufollows from this th~t the niagn~tic: 
fi~ld is concentrated near the surface of S ~ k g;ow~. This co~fig~iation , 
conSIBts of k currents wh~e positi~nll .are arbitr~ry. The intensities of k - 1 

1 

,currents are. a~bitra.ry, while the intensity ofthe last cu~ent depends Oil the. 
parainet~rB jui,t Inentio~~d. . . . / . . . . ' 

I 



I 
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' ·\ 
'- . . . .. ' I . , ' ; . 

.· · : 8) Soinetimes, one needs thi uniform magrietic field co'nfined to the cl~ 
volume V. Let this volume.be the interior of the' sphere S. From Eq.'(5) we 
observe th~t uniform magnetic field directed along· the Z a'.xis. ~~rresponds · · 
to the l = 1 term in Eq.(5). Thus, to obtain Jnifor~ magnetic field inside 
S one should imppress higher harmonics in ( 3) as much ·as possible. Again, 

. seek f(0) iri the form '· ~--. · •' • ·. / · · · 
. '." . . . . 

f(0) ·=Ll,6(0 ~·0.). 
' . •=1 

(35~ · . 

We substitute this into Eq:(3), collect terms at Pm 1{cos 0,/arid ~~uire the . 
dis~ppe~rand! of k ,_ 1 terms· begining from m=· 2. This gives : 

, ) '.'\ ' ' ' '· ,. . . .. . . 

,Ll,sin0, ·P,!.(cos0,) = -/1sin01 •.P,!.(cos01), _in= 2, .. ;,k . 

; •=2 ' . ·, . :· ... - ., . ' . . . . . ,; \ { 
We may express 12; .. . ;1,. through I~,01;.::,0,.'. This.is.pcissible if . 
J . . '!· ,, ·:: \ .·-._'' t "") '··. :, , , ':'· ·, , 

det. f,!.(cos0,} (m ~ 2,. · .. , k s ·':= 2,: .. ; k) 
\ . - . _; " . 

. differs from zero. This does not take place except for the very sped al combi_. 
nations of 0,. sc;. using k coils it is possible to kiln.~ 1.multip~les (k ;?:_2} . 

. Fork sufficiently large the magnetic field will be uniform inside S everywhere 

. except for th'e surface.ofS. Outside s the magrietic field ~pproximately re
. 'duces tb _that of 'niagnetic dipole; Turning to Eqs:(35) we £~el th~t they 

·. contain too much degrees of freedom ( Ii, 01 , • ~ • , 0,.). Is it possible to dispose 
. them in such a way as to kill more multipoles (for the s.;_me value of k}? We 
. try to cancel.k_inultipoles by kcurrents: .· . . . . ' ,· . . 

', ·, - -. , ', . , ; ' \ ,.. . . 

'/ 
f(0) :::,I:1,6(0 - 0,) 

.1=1 ' / 

This leads t? the.equation: 
' ,. . .. . .. 

~I .. ·0~ ·p· 1 ( ' : ) L ,sm , ·: m cos_0, = 0, 
' . ·~ 

. . ' \; •, .. 
m= 2, ... ,k+ l 

·• 
a=l · 1 :..::·. 

This sy~t~m of Eqs. has s~lutions if ,, 

'\.· 
(?6))' 

(37) 

'\. 

detP,!.(cos0,) = o:~(s = 1, .-. :,k, .. m = 2,:, .:k·+ lh (38)_ 
. .. -~. . . . . , . . . · .. - ;· . . .• . 

.We consider a particular case(k = 2) to demonstrate that Eqs.(36)-(38} have 
·nontrivial solutions .. _Eq.(38) reduces to · ·I. · · · · 

. Pi((os;1) ·.PJ(cos02) -PJ(c~01 }'-'. Pi~~os02 } ;/o. 
, Disregarding th~ h~nphy~iciJ. solution 01 ;,,; 02 • we get · 

· i · · . . ·. · l. '' . . sin2 0 ·. cos4 0 
0 .. - /. ,, 5. I i i 

cos 2 = --5. 0 ' 2 = . 1. - ~0 1/25 ' COB I - cos• 1 7" . 

I 
,10 

r, 

' I 

i' 
\ 

.\ 
. ;I 

.. '• . . .. ' . ~ ,' . .•" ' "" ,. ' ; \ 

Thuf the specifif 'choice 0£0; ~ermits us t~)~ancel rnoremultipoles for th~ 
same k. · _ • . .- . • . · , . . 

4.2. Curr~nts on two spheres. · ' -· .. _ . .·· . . 
· So f~r we have considered the current densities distributed over the· surface 

of the sphere s .. The drawback of s~ch distributions is th~t cancellation of 
a particular multipole: i~side s· inevitably leads to the disapp~arance ofthe 
same multipole outside s: · Much more possibiliti~ arise if the cu~ents are. 
ditribut.ed over the su~faces of t~o ·concentric spheres S1 and s;: Let. the 
radii of these spher~ be R1 -and R2 and let,current~ over them flow in the 
lateral direction: . . ' ' . . . , . . / 

. ]l =.~,;fi(0)6(r ~ 1R1), ·' j~ = n,;Ji(0)6(r.:.:. R2) . . . ' . (39) 

TheV
0

P c.on;po~ding to th~ curierit di~trib~tion haaonl; ~he rp com~nent , 
that is equal to ·' · · · · · ' · · 

i './ ' • : ',, _,' ' ',·. ·.,·.·.,:, ·::··.,: ' ' : 

.·, : 41r. ·1·<·•1 1'/Pl ',l'JPl. C 

I• 

·A~ 7L· 2z + 1 r Pi [R 1-1_ ::r R- <'-:-1Jl , 
. .,, I . ,, . 2 , / I 

-inside S1, 
' 

~ ~ ,4,r ~:L~I11[/i(l;Jl 1;21 jy>R, (l+2l] ·. 
, .. · · c L....: 2l+.1 r'+i.. . 1 1 

· . 
1 
.. : 2 

•. 
,' .\' C,·:.· :'. \' 1. '·, :. . ·,. i", • '' 

-ou_tside S2 and• ' 

. . · ·: -:, ' · 'R i-+:2 . /, , · 
•·. 4 .:_471"~• I,_ i[ 1 -~(!)., rl_'(J) 

• r,- ;-;;--~ 2l +p J}. rl+l ,I: :'R/7J 1 ,J · .\ \ 

; -bet~e~nc S1 a~d s/ He~e, as befo;e, · :-: . 
~ . ' 

· . i, '',JP•;) ~j P,~f (;:2)(0) sin 0 • ~0 
, •·: .•. ·•.,• ; · .. ·, ',,• .:. • .·:.:·· l ,.•·, ,•. : ,-• •., -•. /:• •. , ,· ·• , . 

· As _Pi1 f?rm a _c~m))lete ~rste~ we m~y develop !1 a~dfz ~ver t~em: 
/, / f •:, . / ) .' '.,·. ,. ; . ;-i ~·• ,'- : , "'•, 1 ,•, ," ; , 1 ,' 1 :•: · ."'. , <,:· j' •'~.' 

A(0) =I:C,1·H
1
(cos·_0},: hl0} =J:c?/f(cOB0) .·. 

.' -": . ,, \ •, • \ • ,t ' . • I 
:·. ·' '• ' ,, , . ;,•, \ /'. 

·•. : After substitution in A one gets: ·. ''. I .• 

\ ,. •. j ' . • ~ ' • ,' ,,• •, 1: 'C: ' ' •• :: _•; ; .. ' i'. •'. , 1 ' •, - •• I :.?.' • 

A . 4,r ~ ·. l : . I 'l( c, •' : Ci >' . 

. == ~ L.:.; 2z + 13 ll R/-1 , +, nI·:1 · 

.... _.• .... :,-· ( .· .. ,·: '• · . 

· A = ~ir ~ -~: ~N[c/1 il/+2 + c,2 R2'+2J 
'.. ' . C ,L., 2[ +1 r1+1 ·· • ·C ·: '· •. , _, . ... ;. , , .. :-' . ·: 1 · . . . 1' :' · i ;. •' ·.: 

-~ -outside S2 and 

.. ·11=4~~~n1'r61il~i+2-- c'/,ri .. l 
. - .· L., 2[ . , I _l l+l + I R 1-1 

· C, +l ,r.,., 2· . .-· ... r _ .. , . .' . . . ·:. : . . 

., ,, 

J,-

(40) 

.,(41) 

(42) 

. , 
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I 
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-between S1 and s;. . . . 
. Consider the partic~lar ·choices of C/ and'Ci2; 

1) Let C/ = Ci/R/+2, _Cl~ -Cif R}+2
• Th~n, A=O outside S2 ,. 

. . 4,r ~ J . / 
1 

' . . J J 
A=-;;~ 2[ + 1 · r Pi Ci( R

1
'2l+l -:-- R

2
'2l+l) 

•. inside S1 and_ (44). 
' . . ,._,, ·. ·, . . l . 

; A= 4,r ~_-_J_·; p,lc(-1- - _r_ .. _, ·, 
~ · · c ~ 2l + L : . _

1 
,:1+1, . Rl:'+l' 

' J , ' i ·,· . • • . .• . . .' , ·., . ' ·, • , 

-between Stand S2.' In this case the magnetic field is completely,insideS2 
and we have a kind of magnetic capacitor. . · , · · \ , · _ · · · 
· ·2) Let n 1 · · .,.,R 1- 1 0 2 · · CR i..:i ·Th · A' ·o'- ·d s·· v1.=v1 .I .. , /·-=.- / 2·. en, ·= mst e ,· 

) •' • c •• '; • • I > 1 • 

, \ ' • f 

; A = 4,r '"" ~ • r-/-t NC(R 7.l+l - R 7.l+{) 
C L., 2[ + } : ' / · I . 2 ' 

' ,, ' ", ,,_·: : ; .. > '',a ,: ,, ) 

outside s;·and .. (45r 

· . ·4' .· · I · ··R' 21+1 • ., : 
.A . ,r·L .. 'p,lr,( _1·. ' /) =- •--·. rvi---r . · 

_c . ✓ 2l+1 · · .rl+I· _. • . . . 
! '. <' • • , - , : < ' : ' ' / • \ 

-between' S1, and •S2.,)n this case'the ma:gnetidield equals 'zer~ inside S1, 
If only :one of C1 differs from zero,'. theidmly on~ of the mtiltipoles gives ·a . 
contribution either.outside S2 or inside 81, ' ' . . ' \ i \ ... ' ' ' 

3) Let the.6-type ~umnt . . . , . ·. ' 
\,, ,· •.. . ' I 

) · k= ·n~.: Ji, !1(0> .= 5(0 :- 01) 

flows on th~ surface of the inner sphere S1 : · Devel~ping o;er Pi1(cos0) we 
l I - . , • 

get . • . .1 • 

o(~-01)=sin01;EPi.1Pi_1~:z:~> > (46) 

This is a "particular case 'of a 
0

l~Or~ ge~_;ral well-know~ formula: 
\ •• •'' C' , ;• , \ ' ' •'t• •,• '., •' •'•' 

.• ,. ,, .. ,•,. I··.: . . ti(0 -~ &1) = siIJ01. Lf'i~Pi"'(xi) ; . ' . 
!. 

! 

' ; 

( no.sum"over m hm ). Co~paring (40) ~ith (46) timi·get~:Cl,= ~in01 '/ \ 
Pi1 ( x1 ). The question . arises: Is. it possible to distribute currents on. th/· · 
'. . . . . . . , . . . . . • . I. . . . . ' 

~-

surface·of the,external spheres,. in_such a way-as to cancel magnetic ficld ·l 

produced by the ti-type current_(45)in the space e~terior toS2? It follows 
from ( 42) that m~gnetic field disappears outside S2 if, Cl == - sin 61 '. Pit'(:i:1) · 
R/+2 / R:i1+2'. This gives the following current density.on S2 · · 

"' -· . ', : . ' ' . . 

, ... · ·R i+2 . >· 

M0> = ~ Z: \+2 Pi1(:z:i>Pi1 
.... R2.. >··• 

. (4'1) _: ', 

... \ 

\ .. '•,. 
'' \ \ ,)·' 

.. / 

. I 

· . .,,. 
',./ 

andVP inside .S'i 
. ' ,· ' . •' ' ... l . •.R '21+1 . 

A= ·
4

1r siri 0i L 2l 1 ; Pi
1 
Pi

1(:z:1) Rrl-_1,(1 ~:~'21+1)_ 
• , , C ·.•· . • + . . l , 

(48) 

Let us slightly change 'the problem.· Let the 5-type cur~ent(f2 :::: 5(0·-
02) flows on the surface of the outer sphere S2 • _Is it'possible•i.o find a 
current distribution on the inner sphere S1 that exactly cancells magnetic 

·. field outside S2? Th~ reasoning ~iniilar to the p;evious one gives: .. 
.,. .·' ',"· - ·•· -_ .. . . . . . • R:i'+z_: - . 
'Ji(0) =_~sin02 LR i+::f'i

1(:z:2)Pi
1 

• . ... . . . l . . .. 

'(~9) 

'. It turns out tli~t this fu~ction is highly singular one (~ore 'singular than 
5- function). This is due to.the f~tor R2

1+.2 
/ R/+2 which is greater than I. 

Note that if this factor were equal to I, we had (up to'a sign) the 5 function 
in the r.h.s. of(49),. On the other hand,'thefactor R/+2

/ Ri+2 iii Eq.(47)~ 
:smaller than 1. This ensures us that r:h.s. of (47)'is not a sin'gular fllnction . 
The easiestWay_ to see this is'to multiply Eq.(47) by itself and integrate over 

- 0: .- ·.. - . . ,. / . ·. i+2 . ·. i . . . 
1 . /.Vi(~)]2s~n,0d0 == z)!:1+2Ji1(:z:1)] .' .. _ .. (50) 

ltfoll~ws,[4] frointhe aaymptotical(l - ~) behavior ~f J\1
. that the sum i,n · · 

the_ r.h.s.~of (59)'is finite. Thu~,-12(0) is not smgularfon~tion.(or, a~ l~ast, 
. quadratically int,egrable). · In the same way, the magnet_ic field of the8-type 

. current flowing on the su'rfa.ce of the.outer.sphere 82 may be compensated 
·. inside S1 by the nonsingul~:Current distributio~ on the surface of th~ i:riner .. 

' .. -~ sphere S1- _Th~ situation strongly resembles the elec~rostaticitl one ~here .. 
the point charge is screened by the oppositely charged sphere surroun~i.ng 
this charge. · ·. . . .. , ·_ · · . . ··• __ · _ .· " , d 

·. ' 4) Now we install Helmholtz coils considered in ·secC4.l on each. of the 
· spheres B1 arid S2 (under-the same angles).· It turns ouf that tlie ·number 
.of inuitipoles which· could be cancelled 'is do~bi~d' if the. p:mper choice _of the\ 
·cur{enJ forces is made. We mustrate this using the easel 1) from 4.1 as an , . 
ex~ple: The charge density distributed 'over s; and S2 is ' 
' ·~,..~- . , . , .. ' ., , .. . . -· ; ,·, - . : - -~·-: ., .. - ~ . - ·' , ~_, ,- . '_. ,;.,·' ;._ , ~ ' -· -

' J =(f15(r.- R1) :+-[25(r'--:- R2)): (5(0 - 01) :J- S(~ ~ 01)) (51) 
. . ., ,. '· I.· 

The corresponding _VP m 
-n_ • } ,' .. · 1 .. (/ R. ,'. 2n+3 J R 2n+3) nl ' · ·-,,1 . ( ) ( ) 
L..-4n+_Jr2n+2 _lI·,, + 2_.2 ·.·_•2n+1'.•2n+1:Z:1 52 

outsi~e S2 and '· 

· .• \ ·Bi' . . · .--~ i' •·2~+i(· /1. '/2 ). 1 · _.·· 1 ... ( ·) 

' ' A = -;; 9lll 81 • ~ 4n + 3 r ' R 2'.' :t R 2n P2 .. +1. p.2"'.+1 :Z:1 
.,• • . . , . •. , . ,. . 1 . ,, : _2 . . ,·· · , 



! ' 

\ 

'\ 

· inside S1 . · We have. now .two degrees of fr~~m: connected, with au angle 0 
and with one of the linear combinations( (/1 R1

2"+3 +I;R/"+3
}: . (/i/ R1

2"+ 
/2/R,/"))'. We choose ·01 to be equal to the root of PJ.,.+1 and adjust the 
current forces in one of the following two ways: either . ' .. . 

,,,- '' , ... 
- ·t 

:I1R1'lh+3 +12~21c+3 ,,; o , (54) 

or , 
-Iif R12

" +12/Ri" _,;,, 0 (55) , -· 

For this choice the" rn, multipole' drops out in the whole space,· ~hile k multi~ 
pole drops out either.outside the outer sphere S2 or inside the inner sphereS1 

depending on which of the two c:hoices (54) or (55) is .made; .The particular' 
_:case k == 0, m = l was considered i.n ref.(2] · · 

,:· 5.Conclusion; 
... We have shown how to construct current distributions generalizing the 

idea of Helmholtz coils and permitting one to cancel any set of multipoles in 
the miihipole expansion.of an. arbitrary m~gnetic field.:.This may be'useful 
in. electrical engineering, for the. construction of ~u;reni configurations·. that 
are insentitive to the, exte~nal electromagnetic disturbances, ( details may 
be found. in ie((2]); for t~e optimal choice of magnetic fi~ld configu~ations 

- Which · are needed for ·-the , plasma confinement in. thermo-nuclear ,reactors;': 
atomic traps, etc. On the otlier.harid,-thisconsideration may be viewed 
as an exercise demonstrating the power of special functions whe11 th~y a.re 
applied to.the p;oble~s of electrodynamics.. - . -- . 
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