


1 Introduction

The wimplest way to construct the classical Lagrangian of the SQM in D dimensions is
to consider superficlds (7, 7"), i = 1,2,...D in the superspace 7,7% a = 1,2,..V with
one bosonic and N grassmann coordinates, The first component, of the superfields are
the usual bosonic coordinates X', the next ones 9 arce grassmann coordinates, So, the
classical Lagrangian of the Supersymmetric Quanturm Mechanics (SQM) describes the
evolution of bosonic and additional grassmann degrees of freedom, which afler quantiza-
tion become generators of the Clifford algebra. This fact naturally leads to the matrix
realization of the Hamiltonian and Supercharges of SQM (1]

The dimensionality of such realization depends on the number of grassmann variables
and in the case of scalar superficlds ° it is 2%, So, it rapidly growths for extended
supersymmetry and, for example, takes the value d = 64 for D = 3, N = 4 case,
The way out of this difficulty is to use more complicated representations of extended
supersymmetry (2] - {6]. The main idea The simplest of them is the chiral superfield, ,
which contains one complex bosonic and & complex grassmann ficlds. The Lagrangian
for such superfield naturally describes the two - dimensional SQM. The main idea of the
reduction of the number of grassmann degrees of freedom for other values of D s to use
superfields &° which transform nontrivially under the isomorphism algebra of the extended
supersymmetry algebra

(@0, Q) =5 (1.1)

It N = 4 the isomorphism algebra is SO(4) = SO(3) x SO(3) and index i can de-
scribe three-dimensional vector representation of one of the SO(3) algebras which plays
sitnultaneously the role of space rotations algebra, The dimensionality of the matrix
representation is d = 4. The Hamiltonian and Supercharges for such description of three-
dimensional N = 4 SQM were obtained in [6). In the present paper we describe the
two-dimensional N = 4 SQM with the help of the chiral superficld. Along with two dy-
namic bosonic coordinates such superfield contains four dynamic grassmann coordinates
and dimensionality of the matrix representation for Hamiltonian and Supercharges is four
again.

In the third and forth sections we analyze Bose and Fermi sectors of the two-dimensio-
nal and three-dimensional SQM in such minimal superfield approach. Despite of the
complicated structure of the gravitation-like interaction with additional nontrivial poten-
tial energy, the resulting stationary equations after some unitary transformation become
the usual stationary Shrodinger equations, demonstrating the coupling constant - encrgy
transmutation in some cases.

2 Two - dimensional SQM

In this section we construct the two - dimensional N = 4 SQM in the frames of the
superfield approach. The N = 4 supersymmetry algebra can be written in terms of two
complex supercharges 4, @ = 1,2 and hamiltonian H

Q. Q') =84, [H,Q)=[H,Q)=0,7" = Q. (2.1)



Its automorphism group is SO(1) = SU(2) x SU(2) and Q, trmwforms a8 o spinor of one
of the SU(2) groups.
The chiral superfield !

O(7,0,0) = Z(r) + 0°xa(r) + %ﬁoZ(T)wolﬂ(T)-%ooﬁ,.y(ﬂ Xagoosr) (22

16
in the superspace with one bosonic coordinate 7 and two complex fermionic coordinates
0% behaves as a scalar under the supersytmimetry transformations

§0° = &, 60, = €, b = é(cﬂﬁa + 2,07 (2.3)
and satisfics the chirality conditions D" = 0, where
“sa 3 1 a 6

are the supersymmetric covariani derivatives,
The most general action for the superficld ¢

= %/dﬂ[’ﬂdﬁV(‘b,@)‘F /de’OR(‘p)'i"/de’m(-‘B)' (2.5)

contains onc rea) function V(&, ®) and one chiral function (). After the integration
over # and § we find the component Lagrangian, in which fields I and T are auxiliary
and they can be dropped with the help of their equations of motion.

Finally, the component Lngrangian takes form:
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where we have introduced . ‘ )
- OWV(z,z dR(z \/TV—
Wiz = TXED < 288, W, (27)
The quantization procedure takcs into account thc depcndence of the Lagrangian on
the conformally flat metric gix3'#* = W(z,%):Z 6] and lcads to the following quantum
Hmniltonian and Supercharges:
1 = 7’7’ W,(é’awf %P)(l - P¥) + (2.8)
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10ur conventions for spinors are as follows: 0, E 0%)*,0, 9";,,,0‘ = £2%0,,0° = €°%0,,0, =

P ere,0° = ~(0a)*, (80) = 0°8, = ~200%, (PB) = B,0° = (00)*.



where

i aw 3 : ow 1
Tr—7"+w.) (vp ~ )W P- a_('/"/"‘—) (2.11)
and P = =i, P = —ifL, Grassmann variables ¥, and * satisfy the following commu-
tation relations
{$°, ¥} = 6,,. ab=1,2. , (2.12)

and can be considered as a creation nnd anmlulatron operators. The general quantum
state can be written as the vector in the corresponding Fock space

|B(2,7)) = ¢'(2,2)|0) + X*(2,7)%a10) + 6°(2, )% ,]0), (2.13)

where |0) is the vacuum of the Fock space: #°(0) = 0. The Hamiltonian /T is hermitian

and hermiticity properties of supercharges Q" = QF are fulfilled with respect to the scalar
product

(by, @) = /d":W(z,i)(d),(:,‘z‘)ld),(z,E)). : (2.14)

The only case when the scalar product (3.17) coincides with the usual scalar product is
W(z,Z) = const.
‘The normalizable solutions of the stationary Schirédinger equation

o) = E|b) (2.15)

describe thic physical states. In Bose sector this equation is non diagonal and leads to two
connected cquations for wavelunctions ¢4(z,7)

2 = i W= W 1 3 OWow a?w
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2 (W) #(z,7) = B4'(z,7) (2.16)
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5 (W) #(z,7) = £6(z,2) (2.17)

It means that trne physical states in the case of nonvanishing chiral terms in the action
(2.5) arc superpositions of the bosonic states with different fermionic number (0 and 2).
After the unitary transformation

I = WIBJIWY, gh = w126 (2.18)

the system (2.16)-(2.17) takes more simple form

(2,3 14\ (z,7) (2.19)

e
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12¢?(z, ). (2.20)



There is no need to solve this system. The simplest way Lo find the solution of this system
is to find the solution of the system in the sector with fermionic number | and to apply
one of the supercharges @, to it. As a consequence of the supersymmetry algebra (2.1)
it will be the solution in the bosonic sector,

In the Fermi sector the lamiltonian 1 is diagonal and equations for the spinors
x*(2,%) are very simple:

%(7"—5 + -U~41—j-)x°(z,i) = FIx*(2,%). (2.21)
These equations are just the stationary zero energy Shrodinger equations
(2PP + U(z,3)x(2,2) =0 (2.22)
with the potential
07 = LEEEE gy, ) (2.23)

The whole potential I is combined from two functions U(z) and W(z,%). Some particular
choices of this functions arc interesting. The simplest of them W(z,2) = 1 lcads to the
standard Shrodinger equation with the potential

U(z,3)U(z,7)

U(z,3) = i (2.24)
and the energy E. The opposite situation takes place when U(2) = a = const and W(z,3)

is arbitrary. The cnergy E in the corresponding Shrédinger equation
— 1
(2PP - EW(2,%))x*(2,7) = —Ea'o'z'x“(z,i) (2.25)

plays the role of the coupling constant. In turn, the coupling constant e , namely its
function £ = —1a@, plays the role of the energy. This situation demonstrates the effect
of coupling constant - energy transinutation. As we will see later, only this situation takes
place in three dimensions.

In the gencral situation of arbitrary U(z) and W(z,Z) the energy E plays the role of
the coupling coustant and the physical spectrum is determined by the existence of the
normalizable solutions of the equation (2.23) at the definite values E, of the parameter
E. :

3 Hamiltonian and supercharges in D = 3

The following expressions for llamiltonian and supercharges for three - dimensional SQM
have been obtained in [6): ‘
11 1aW(X) a’ 3JW(z) , 15(aW(=))?

I = —we? 1w )‘7+2W() 8 Wiz) T3 Wi()




+ : O (34)
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where i, k,! are three-dimensional vector indices and a,6 = 1,2 - spinor indices as in the
two - dimensional case. Again the operators 1, and ¢° are creation and annihilation
opcralors and the general quantum state can be written as the z-depending vector in the
corresponding Fock space

[(2)) = ¢'(2){0} + x*(2)bal0) + ¢°(2) %, [0), (34)

In 3 dimensions the Hamiltonian # and operators
pi= =il ~ %ia.-W(:v) (3.5)
are Hermitian and —Cé—“ = Qj‘ with respect l:.o the scalar product |
(01,80) = [ oW (a)0s () a(a)) (36)

which contains the measure W3/2 in contrast to 2 - dimensional case.

All of the operators (2.1)-(2.3) are completely determined in terms of the function
W(z) (connected with the superpotential V(z): W(z) = 8,0,V (z)) and one additional
parameter a, which also characterizes the parity violation. The sum of the angular mo-
mentum and spin operators

Ji = emzip + (02, 3.7

is conserved operator, describing the total momentum of ihe system. The eigenvalues of
the operator (3.7) are integer for bosonic states with wavefunctions ¢4(z), A= 1,2, and
half-integer for fermionic states with grassmann spinor wavefunctions x*(z).

The normalizable solutions of the stationary Schrodinger equation

A)s) = Elo) - (3.8)

describe the physical states. In Bose sector this equation is diagonal and leads to two
identical equations

Hp¢A(z) = E¢*(z) (3.9)



with? !
flg = -—g 28‘9"(1)913 + == 2W IGR’ (3.10)

where
gij(z) = W(z)&; (3.11)
is the metric tensor and
res (a;a;W(z) 3 (afW(z))’)
Wi(z) 4 W3(z)
- the scalar curvature of the correspondmg three dimensional space. Note the equality of

the coefficient at R to that, calculated in (7). In the Fermi scctor the Hamiltonian H is
non diagonal and the equation for the spinor x(z) is as follows:

; 20W(z) _5(@WEM) .,
{-ptastantans 55 -5 (s - 1)} eter-

(3.12)

(3.13)
3 il - oSl wié@ = xo)

The first of nondiagonal terms in this equation is proportional to the spin-orbit coupling
and the second one leads to the parity violation.

Both the bosonic and fermionic equations can be written in more simple form with
the help of transformation

1= W)W (z), $2(x) = W-H2)d4(2), x'(2) = WHD® (). (3.14)

The transformed equations are;
{-%a,? - EW(I)} He) = —a'8@, (15
{-%a,? — EW(z) + %w%a,?w—%} %(z)— (3.16)

~5 licwdun W(2), - adin W(2)} (4)2() = —o'%°(2).

The bosonic ones are just the stationary Shrodinger equations with the potential U/(z) =
~EW(z). The energy E plays the role of the coupling constant and the coupling constant
a , namely its function € = —}a?, plays the role of the energy. It means, that the effect of
coupling constant - energy metamorphosis takes place in three-dimensional SQ\/l as well.
In spite of the fact that the bosonic Schrédinger equation (3.15) is written in the flat
three dimensional space, the scalar product for wavefunctions ¢#(z) contains the function

W(z):
(¢4,8%) = 647 / CzW(z)¢"" (x)¢7 (z). (3.17)
This rela.tlon is the consequence of the relations (3.6)-(3.14).

2to avoid misunderstandings we denote the derivative which acts on ﬂveryt.hmg to the right by means

of &



4 Example

As an illustration we consider in three dimensions the case W(z) = &, r = /zi. The
scalar prodnct is

(o) = [ E2Egi()). (4.1)
Taking the standard form for the wavefunction
1
d(z) = ~ ,Z wni(r)Yim (0, ), (4.2)
we find the equation for u,(r):
" 2kl e 1 P
U (r) + {-ATI— - -(~1—-;-—) - a‘} un(r) = 0. (4.3)

with normalization condition
dr
(U,-,I[I,H"[) =kK / Tun’l’(r)unl(r) = 6,,'.16111. (4.4)
The nortnalizable solutions of the equation (4.3) are

uny(r) = Cui e, Fy(l+ 1= 1,20+ 2;2ar) (4.5)

with constant Cy. ‘The energy spectrum is given by the following relation
., a
Eu = -;(n +141) (1.6)

The solutions of the corresponding equation in the Fermi-sector for W(r) =&
p -

1., Ex 31)., -
{—56,- - + 5;_-:} (x4 (14.7)
l . . a~ks l ~a
+2,.2 {icinzidy — oz} (Ui)bxk\-”) = —ga’x (x).

can be obtained from the solutions of bosanic equation with the help of supersymmetry

transformations. The encrgy spectrum of fermionic equation (4.7) is also given by the
formula (4.6).
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