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I -lritroduction: 

. It is the purpose of this riote to describe a practic_al method for the conver;; 
sion o·f non - Abelian constraints into the Abelian form in the theories with 

" . . . . 

first class constraints .. For explanation of the practical importance of this 
procedure let us briefly recall the general principles ofthe description of the 
standard Dirac theory of Hamiltonian systems wi!h constraints [1] - [4]. 

. For the sake of simplicity as usu.ally wevvill discus-s the main ideas using a 
mechanical system, i.e·. systems with a finite number of degrees of freedom; 
with having in mind that the direct exten~ion of the results to·~ field theory 
in general is possible only in the local sense:• . · · 

Suppose that the system with_ 2n - dimensional phase spacer acq.uir~s the 
following set of.irreducible first class co.nstraints cp0 (p, q), . (o =-1, 2,.:., m) 

'Po(P, q) · = O;. 

{ 'f'o(p, CJ), <pp(p, q)} · :d fopr(P, q)'f'r(P, q) (1.1) 

This_ means that the dynamics of our system is constrained on the certain 
·submanifold 1of the total phase space or, in another words, ·not all canonical · 
coordinates are responsible for the dynamics . · · The generalized Hamilto
nian dyna~ics is described by the extended Hamiltonianwhich,is a sum· of 

. canonical Hamiltonian· Hc(P, q) and a linear combina~ion of constraints with 
arbitrary multipliers u0 (t) · · 

_ HE(P, q) ~.Hc(p, q) + ttcr(t)cpo(p; q) .. (1.2) 
I ·,' . . "'. : .. ' • 

The a·rbitrariness of .the functions u 0 reflects the presence in the theory of 
. coordinates .;,,h~se dynamics is governed in. a~ a;bitr~ry way.· According to 

the principle of gauge invariance forphysical;qua~titi_es, thes~ coordinates 
do not-affect them and thus can be treated as ignorable. The main problem 
that arise is identification ~f these coordinates . If there are in 'th~ theory 
only Abelia~ constraints . ·· .. 

. . 

_{'f'a,(p,q),ipp(p;q)} = 0, (1.3) 

· one tan ·find these ignorabl~ coordinates as foHows. In this case, it' is always 
·po.ssible [5] -' [8] to define a ca_nonical transformation to a new set of canonical 

_
1ln the .next we will symbolize by ~ot~tion r~ this 2n -m.~·dimensional submanifold of r, 

.rec):_'. . . . ·. . . ·. . .. 
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qj ~ -i:Ji = Qi(q~,PS, 
Pi rt Pi ===Pi (%Pi),· . 

-. / 

·(1.4) . 

so· thatrn of the new P 's ( P1, ._.: ,P~J bec~me ~qu~I to the -a~elian.· 
c_onstraints (1.3) - -~- •. . 
. . . . "P;,, 7. t.p~ (qi,Pi)~ .. . (1.5) ·, 

In th'e new coordinates we have the following system ofcarionical eq'u'ations . 
---

Q* = {Q\HPh}, ~.--
_._ · ·p· * :{-P* H. · . } . 

. · -.=== . · : ·, Ph , 
•' • ' I '{ 

p ·= 0, 

Q =. ~(t),. , _ (1'.6): 

~-

_ witharbftrary fi.1ncti~ris u(t) _and with' the physical Hamiltonian 

- ._:_-;Ph·== ~c(p;q)I : . = ~c(P\Q*),_ '. ·., 
:-:; - • · .. · . . · .. •· \Oa=O . , .. ·· ·. 1:'a=O 

- The physical Hamiltonian HPh depenas only on the•re.:nainirig n ~-in pairs 
of the new c~n-onical co~rdinates (Qi, Pi.;. ,-Q~-~~ P;~~) wich are a·gauge . 
invariant physical v~riables: Thi; me~nsthat the coordinat~s. Q °' conjugated 

.· to the momenta Par~ ignorable coordinates and the canorlical_ system ad in its .. _ 
explicit separation of phas_e sp?ce int~ s~ctors: physical and nonphysical one 

• - ~ • • • < • ,• • •••~ e • • • 

q1 
. :p1 

2n ~ I : -
qn 
p,i 

~--.. 

. . _- . ·-{· "( Q* \ 
2(n -m) -- .. ··f*_T 

. . . 
. - _,, ~- -

- {·( Q)'·• ,2m.· .. P·} 

·-··p/wsical 
.sector 

· ~ onp~ysical 
sector 

.(l.7) 

The! straight generalization ofthis ~~thod _to.the non·:- Abelian case is 
·unattainable;· identification· momenta -~ith constraints is ,forbidden due to 
the non - Abelian character of constraints (1~1). However; there is a gen·eral 

. proof o(a po;sibility of a ·1oca_l ~eplacement of the ~onstrairits (fl) by the 
equivalent set of constraints forming an 'abelian algebra-[2], [4], (8), (9), [10]. 
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,.,, 

This ge'ner~I obse~vation .~ Abelization statem~nt reads ""7 

.. For a given set of in first class constraints it is always pos~ible 
to chose locally m ne.w eq~iv~len(constraints .. . .. 

r ~ ~ '• - • - ./ • " 

.</a(p,q) =' 0 {=::} <I>a(P,1) = 0 (1.8) 

· that defi~e.. the ; sam; . consfraint surfa~e . r c so. the . Poisson 
.. biackd!, between. the new· constraints stro~gly vanishes; i.e. 

" ,_ ~ ., • ' '. , I • • ,, • ' -

/ 

{ <I>a(P, q),.<I>13(p; q)} ~ 0. , (J.9) 

. Thus, one can deal with this equivalent set of Abelian con·shaints to cohstruct' 
the reduced phase space, the space of physical degrees of freedo~. To reveal. 

· ignorable coordi~a-tes, we need an ~xplicit form· of the new Abelian c·o~straints. 
· if!a(P, q). We ~ould. like to emphasize that in.all r,.rookof the abelization it 
·has been assumed that the constraints form the functional group [2]. (10]. In 

. the present paper, we shall point out·two alterna~ive .sch~mes of re11izatio11 ..-
of the abelization procedure: via constraints resolution and via "generalized" 
canonical transformation for gerierarnon - Abelian.constrai.nts of type (1.1) . 

. The g~nerali~ed canonical transform'at_ions (12] are those preser~ing thefci'rm 
of all constraints of the theory as well as the canonical form of the equations 
oLmotion : It will b~ shown that in .a. constructive ta'shion' iUs. possibl~· 

.· to convert. constraints into the Abeliari form with \he help -~f the Dirac 
. equivafehce frnear .transf~~mation . . . . 
' ' . - ',.,- ' ., 

· <I>a(P, q). = 'Dar'Pr(P, q) ] :_(LlO) 

·'· 
. with the_nonsingular matrix V, 

. ,-,; ' ·detllV~ill lconst~:i~ts· # 0. ·1 

The main . p'oint of ·o.ur • result is th~t .this, ~atrix v·can be i:letermined by. 
linear ·first order differential equations.·· ~ 
·:.: The remaining part of this.note is the proof-of:this state~ent a~d ,the 

c1pplication to the special. example: non - Abelian Christ an'd·Lee model . (13]' - . . - . 
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Il ABELIZATION : ALTERNATIVE SCHEMES: 
c"", • 

A · Abeiiiation. via ~on~traintresolution · 

The direct ~ay·of Abelization of'constraints is :as fo·llow,s [lOL[llj; U~der · .. 
the assumption that. 'Pa(P, q) are m. i_ndependent,functions one can resolve 

··the'constraints (1.l)for m of'p's~ · · ' , ,. 

Pa= Fa([!_, q) ·. (2}1) 

where p denotes·the remaining p's. Let.us pass to anew equivalent Jo th_e 
. 'Pa(P, q) constraints ' .- . .. · · ··· 

' ' '. ' <I>a(P, q) = Pa' -c: Fa(P, q) . - ·; (2.12) 
.. - ' - ~--· -

By·the explicit coinputing'onecancon~ince that the Poisson brackets of the. 
, -··· . • . • .. ,.. . , ' ,. .. . I .• 

new constraints 
. {<l>:(p, q), <I>~(p, q)} 

,•, ;re indepenclent of Pa, but as it is clear. that they are again :the first class 
0

the ' 
. unique possibility is. that their ·f:>oisson · brackets vvith 'each ~the?must vanish ;· · 

- . identically . Thus, after-transformations to the new constraints <I>,;(p, q)· we · 
. can realize the above - ~entioned carionicaLtransformation (1.4) such that 

m of. thenew f 's become equal to the modified constraLnts <I>n (2;12) .. 

<po: =.<I>c,_(q;;p;) :. (2.13). 

' • :ith_;heCo;respondi~g_conjug~te ignorc:1~~ coordi_riates Q(~-~ ·- \, 

B Abelia.zatio•n of constraints via Dir~c• s transformation 
. . , . ' . . ' . . - : ~' 

In this section, it will b~ demonstrated·thai due· to the freedom inthe rep~ 
resentation.ofconstrairit surfaceTc ·•· . . . . 

- ' " ---· . . , --.,_ 

'Pa(P, q) = , 0, 
{<i?:·(p,q),ip13(p;q)} ·;= fo:13~(p,q)r.p-y(p,q) .. (2.14) 

. one can alw~y~. pass INith theheip of Dirac'str~nsformation f~'am these first 
~lass non -)\belian constraints tOthe equivalent ones · 

·- '' .·. . ,. -· , . . -

, , <I> ct (p, q) ~ Vap(p, g )913(p; q ), 



I ' 

so that the riew constraints' will be Abelian 

/ 
i .. { <I>a(P, q), <I>p(p, q)} = 0: c2.rnr 

i\ccording to (2.16) the matrix 'D0 p-'!1ust sa{isfy .the set of the non-linear ·. 
differential equations 'a · 

'·' {'Da,(P, g)cp)p, q), 'Dpu(P, g)cpu(l\9)} =· 0~ (2.17), 
/,, ,'\ C • -

Such a formulation of the abelization statem·ent means a possibility to .finia·
, particular solufion' for this very coinplicated system o{nonli'near differential· 

equations: Beyo_11{the question eq. (2:17) in this form does not~ontafri any 
practical value bu!,. as it will be showri here, there is a particul.ar solution to · 
this equa~ion· whi~h can be represented as ,-. ·' 

' , - , ~ 

-· 
v = vi(P, q) ... vm(p,q) . -(2)8) 

m 

where each matrix vf h~~ a form ofth'e product of k's mxm matrices 
' ,, I ·• ,,-~ •,-

, . 0 

1)k .= .R~k~k(Pi q) II S~i+i(p, q) 
. .• .. ·.,..,. -i=k-1 

/(2.19) . 

. (ak = k(k;-1)) 

.. k .-------..[2] ... · .. /. _ .. m;:_ . 
' ~. ·0 

- ·• ·. , . ~ . 

0 . . /·.B'. ~k.+k I 
' ~ .'·' - :· • 'j • ' ~.-

. .. \: 

(2.20)> 

·-

~ ....... --· --- - ----, -.. - ....... ..,.. 

~~ .... _- ....... 
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.i; 

'(~: , 1,r' 

n -
' ''/ ~ 

( 

,,· 

' 

.• 
- k , - m-k _,.., 

' 
o'o' 

.. 
\ . 

r ~ 
0 . o o Io o '· 

1 1 0 0 0 o' o 
I \ . 
' . . 

0 0. 1 0 0 0 
.. 
0 0 

./. o.· o 0 '·1 0 0 0 0 . .:.5ak'!.:i = o• cak+i 0 r o .. :o o I (~.21)/~. 
( ' ..... k+l. . 

0 . cak+i 0 
.. 

\ .- , . . . k ... o r 0 O ' +2· / 
l 

01~·~ I 
0 ' cak+i 1 m-1 
0 cak+i 0 0 0 :0 . m 

,, ~ 
' -·' ·.' k-i '·' 

and th~ corresponding matrix 'elements satisfy a set' of Jirst order' linear · 
. diff~rential equation~ (sre below (2'.25) - (2.28)}: ~ust the linear cha~acter/ 
of these eq'uati_ons a lows one to speak about a practical usage_of the proposed 

· · · method of ahelizati~n·;', As it will be. explained below, the co~straints which 
,.- · are obtai~ed -~s a, result· 6fH1e· actio~_ of k's matrices (c:Onstra,ints at th~ 

ak -f:(-Jh step) · · · ' 
,-. . . • - ' ' {. !, 

-i , . .:_,:, • <]_)~k+k·~·(vk.vk-I;_-:·v1) <l>i\ _·c2.22) 
'.' .-, : ' • "• ', .• ,' -· I ' . '. ·. • '' • ' <:'!! • , , . ·,· 

t 
~ l 

obey tlie algebra
1

where k constraints have zero Poisson 1brackets with <any 
'.one. From the algebraic standpoint proposed the abelization method is noth-

.· ing' but a~ iterative procedure,of c~rnst~ucting "equivalent''. alg-ebra~ Aa; of · 
constraints·.<J.>~i .. ln'am'steps them -:.diinensio~al 'nor(-Abelian algebra 
is converted into al'! equivalent Abeltan one in such a mari_rier that at thE: 

. a,d - th step the_ obtained algebra ,Aak possesses a, center'with k elements.:. 
Zk[A] ~(<I>?, <l>~\ ... , <I>?). . . . ~ , .... · 

:: r ' I .- · ,. :' ,\ · " ·· 

Ao s1 A.I n2 A2 ,ia· ~3 s4 A~ nsA5 . S"k A~k ,>n•k+k_Aak+k ··,.· (2 23) . 
.. ~ ·.- , --+ --+ ,, .•• --+ .•• --+ ' ,•, . . . • 

· 1)1 . :: 1)2 1)k ' . 

The_mat~ix 7?-~- co~v~rts the algeb;a ,._4k into th: algel>r~. Ak+1 i~ ·wh\ch ·th~ /. 
center contams one element-·more than the previous one.·. .. . · 

T_he proof ofthe validity of the representation (2.19) and .th~ equations . 
Jor .the matrices S, and R are obtained by induction. Suppo·se that <J.>~k - are-

/ ·:··· ,. '', • ' ' ' • . •• •' .•' • '· i_, .--·,. • •' '\ -1..,.' 

' 
7 

.... 
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., ' '• ., \ ,' •,,' ' i ,·r . '/, •, 

a set of constraint~ ( obtainedas a ,result of tlie actio_n 'of k -. 1 matrices 1)'), 

·: with algebra having the center Zk[A] ='(<I>?, <I>~k, .-··. <I>%k) •than a m_atrix _ 
1)k from {2.18) perform:the.transformation to the new co!ls.traints: 

<I> ak+~ :...1 _ 1), k <I>~k+l • 
C, ' ' - . c,{3 f3 ·-. (2.24) 

' ·h: h f. ','th I b '.t·h h , ' .t-. ' z' ' [A'] . (<I>., 'ak+I '<I>ak+I <I>ak+i <I>"k+1) 
. 'f"IC orm.eagera\lVI_ t_ecener k+l. =. 1, 2.,,_'.·nk',.k+l r 

if the:matrices S, '8 are the solutions to._the following set of linear differential · .. 
. ,,., •'' '- ·; '' ' 

· ' equations:, · ·· 
. .. ~-

.\~<I>~kr-l,'?'~!+i}i,= q}. i 

_1. {·<I>_ak+i-1 sa'· +'•}: ' : . ' d { <I>~k+i;-1 ··s ~t+i',} .·. ·, '··.:' k-1, . k I . -'- o· ' , : ... . Ok ,·. ' . . . = Q . ' ) C>k , ' , - : .• · . ' ' · ·,_- C>k. . i; . .. 

{. <I>ak+i-1.sak+i} 
.k •' ? C>k ' 

{<I>ak+k-'1,,Ba•+k}·:, = 
.1. .' C>k/3k . 

· . -{~a.+k-"l Bai+k} .. 
; ·, . k-, 1 ' . c,kf3k 

.... ',·'' .( 

I 
_ 'rk+i-l5a~+i -rk+_i:.:_l ,,·· 

,knk')'k '. ·n·.,,,.· kn~i+l.·. 

', 

'd{~~•~k~-~ ·B·_ 'ai+k}·. __ ·= () 
, ·, . , C>k _: ... ' · C>kf3k , ; · 

-:.{' <J?ak+k.:_:L13a.+k·} = ~j~i'+k-I:13~1+k_·, 
.·· , k. ' , c,kf3k · k1kf3k . C>k')'k 
/: ' . ' ,. -.· ' ·., '· 

,·. 

·· .. ,~:(2_.28)'• 

whe'~e·ak ~k-fi,: .•. ,m ,a~.==J,2,· ... ,k~.l and'j~~t'are the structure. 
_ functions·of cbnstraints algebra: ,4ak+i at th~ a1c + i -:,th step'. .• ·· .. • _ ' , \. .. 

- , L~t us begin in1 a consecutive order' the· construction of algeb~a·s with 
the 'cen.t'er containing ·1, 2, .. : ., m ·elemerits:. For determinati_on of th~ new 
algebra ~ith one central element (let cp1) one can ~ct in_ the following way:: 

. . ) 
' ' ' '. ', . ~. " ' ,,'. ' ~ ' ·, ' ,t : ,,' - .. . . . _,\: '. '., ) '< ,: ' ' 

a) from t~e beginning exclude cp1 .from the left h<!nd"side of eq'; (2:1'4); 
J •1' •. ,. ; ' ., ., '·' " 

b): then· realize abeli~ation with all. othe;s' \ 
< ' • ' :- ~ ' .. ' ', • • ' ~ • ,, • • ' \ • • ' '. • '. ••• ' 

-· T~· achieve first, ·,we can 'perf6rm the transf~r~ation with. the matrix s1' ·· 
' ', ', •',] ' , ,. .. . . ; .: ,' 

' '· r .• .. · 
'_<I>l = Sn{31Pf3, . 
-. a,1• ., .. 1., 

t 
'~t 
J' 
(• 

\ .· 

-of type (2:21), 

---

' '. 

fl 

l O O ·· · 0 r 
~ C2 . 1 0: ·. · · ~O · 

s1.= I c3· .. o 1 ·: .. . o. 
/: 

• ~ I '. 
Cm o o J. 1 

In the expanding form it i~ : 

· · • 1 · · 0 · ,, : 
, · <I>1 = <I>1 ,= 'Pl 

1' ' , 1 
\. , .<I> n1 =:, 'P01 + C: n1'Pl 

•'.' 

' ' 

' ' ··i' ''',· :· .' . . =:··•' ,· . '· ' 
,The new consfrairfrs algebra remairis the algebra o(first das,s:' 
,_ , ' •, '',. - . ' , ') ,, • ', 'I ' 

1 · 1: ; 1 1 1 1 . ' 

(2.29)' 

:, / .' 

'(2.30f 

· .{<I>1,<I>n1J., ;':' f1nj1<I>1 + f1nm<I>11· \. · 1' 
1 i · .:' 1 .. 1 ·1 • 1 . 1. 1 I . ; ' ' '. 

{<I>c,i,<I>f3i'J 7 fn1/3il~l +fn1f3ni<I>"ti ·. (2.31) 
; . -. . . . . ·. - . . . .. . I: .. .., . . . . \ .· . . . 

r. an~ the ~ew structure f~nctio,ns /)~fi1 are determ_i~ed !hrough· the· old_ one- · 
f n/31 anq the transformation fun_ct1ons Ct ~s follows· 

1 . 
· 'f1n1l 

1 . ,. 
f n1/31l 

. · · . ' ,· 1 · 0 1 . 
f1n1l +f1n111C11+ {<I>1,CnJ 

L(' ;'f · . / I 'ci .{. Cl Cl }<l>O ) i ·. - : 2 J
1
n1/31 ~ ,~ ·J c,\'f31"t1 , "fl + e>1_' /31 1 . - . 

'' 
(~'.32) 

· , 1 , ; ·1 . , 0 · . 1 .· . ,'_. · ' , : · . 1 
. 

- f1n1lC,B1 f {~c,1,G/31,}- (a1 H ,61) i · 
' 1 . ' .·. . 1 . , ' 1 I , . , '. I 

(2.3~) 
(2.34) > 

"(2.35), 
, f n1/3111 = fn1/31"/1 +CnJl/31"/l - Cf3Jln1"{1 ·. 

'. 1 . : ,, : . ' 

· f1n1~/- =, finm 
' "!'' ' . I 

Let· us. now_' cho~se the· t~ransform~ti~n'furictions cf so th;i~ the Poisson· 
bracket of first constraints ~1 with all _other modified constraints do not 
_contain it ,· 

' 
{<I?~(p,q);·~~l(p;q)}' = Lfian(p,q)<I>t(p,q( 

_J,1· . ' ' t', "fr , , · · I ,, •• 

(2.36) -

.. These:m_;_ 1 req~iremenisffc, 1 ·= o.♦ according to (2.32),,: m~an that the . 
. ' .. ' , '.' 1 ' , ' ... . 

transformation. function C! must"satisfy the following set of linear non ho~· 
, : ,. ·, . J_,' . , ' ' '. . ' . 

_ mogeneous differential equations .1 · 
I' 

0 1 , , , . , .·•· • - Cl' 
' {<I>1,CnJ = .:....1ia11+fioi11 "fl .. 

, ::.__:_-. .· .. ; ",,' ,t, .... \· . ' ' ' 

,t 

·(2.37) 
. ;..~ ' 

,-
.-., 

./ 
\ 



•,; 

. Not~ that the problem of ~xiste~ce ofsolutionto such a' set ~(equationsis 
studied. very ~ell :(s~e _e.g, [~5] ) ·suppos·e,w; find so~e particular ~elution .. 
C~Jor (2.37); then o_rie can determine a!lstructure functions of the modified .·. · 

· algebra according to eq.(2.32), · ' 
' ' -- ,' 

J1 : = 0 
/ 011 ... :'• i:····•·1- I 0 

la1f31 I = fo1/J1l - la1/Jn1C11 +.{Ca1,CpJ<l>1 
{<l>o . Cl}.. .{<l>o •··c1 } ... 

+ <>1' p; + /11 l <>1 
1t/3m = fo1/J1rl+. ClJ1flni ;'cJJ1~m i, 

-'1·1 . . ·1·. '·, ,· ' . ' 
fo1r1 7. lam ; . ·, 

(2.38) .. 
(2.39) 

, (2.40) 

, (2'.41)' 

. . Now. let us again keep first constr~int' ~nchanged and perform the Dirac . 
.. transformatiorion the'Femaining p~rt of constraints <1>~1' a1 = 2, 3, f .; m · 

• -~ ' J f I"'.'\ ., .. :: ·' '2' .' ·.· ... ,_: ~ ' ' 0 .: i .· . ~ ,' j 

\ <1>1 '= <1>1 = <1>1 = 'PI 
' ·. 2 .. · ', 1 2: · I · . 

.·•, <l>~I = Bai.~1 <I> /Ji'· (2.42) 

~ith'ithe requirement that the new constr~i~t~ have ·zero P~isson. brackets· 
with th~· first one~r . . ,. . . . ·. 

,/ 
'. .. ; :(2~43) '{ 2 2· }' ·' .· . · . ; <l>1,<l>o1 . =: _o .. 

''_ ':;;: ' . " ' .. • ,,, '' ' : . ·/ ~ • ' ,'· ' - .... ' " ·,: ' . ; ,, .~ ,'·, . ,: 'j 

·· .. One can verify that this requiremlntrri'eans that the transformation functions 
B;,1p1 are _the· solutl~ri ~o the equatio~ '· .. ·. . . . .. . . 
. ' . · .. : . I i :/•. ;_ ,. . ; ·. •.2 '.> . . 

. { q>l, .l:01/JJ;::= -;:f111/J1fo111 I · · _(2.4f) 

With the help of· a °soluti~n of eqr (2.44) . the m~difi~d algebra 
following stru.cture functions .. ,. .. · i_. • •• 
. '. . .--:,, . ' ,, ;•\ 

·. ·. ··1·2 .' - 0 ' . loil - .. ,., . 
12 ··. :- )B2 B2 ·•1.1 , i· 
Jo1/J1l '-. 0181 ./J1u1 81ui1, •... . ·. . . · 

(2'.4s) 
(2.46) 

· r2 . .. _ [{B2 .· B2 '}<1>1 + ·{· B2. <l>l }B2 .· . ~' 
• 1 ·J <>1/Jn1, - · 0181, /Jw1 .. , u1 . <>181 , u1 . /Jwi , • , . . . . 

• •{· 2 . '. 1 .} 2 , 2, · 2. · .. 1 I·] (,' 2)-1 • ,(, '. )· . .- ' 
B/1181i,<l>u; Baiu1 +Ba1K.1Bfl1uJK.1u181 B 81pJ 2.47 . 

• ~ :: '. -• ': , ': , ., :,' ; • _i 1 • ' '. ' :\' ' •"' ' ' - • ·: > ',., '\ ::· '",, - ' • 

Thus: as arestilt of two transformations 'D1 ~S1R?we obtain·therriodified 
algebra 1;1;~f constrain

1

ts'<l>~ with the c~~i:ral element ~i. · .· · ; 
' - 0 

: 2 . ., 2' .. · 2· . ''2 
I oi/111 <l>i + f <>1/Ji 11 q> 11' 
;,\ , '• \ 

1: 

. ····l;· ... ····_.. : ,·· i 

. ' ,, 
~ I·:, 

f 

i 
·'. 
J 

The structure functio~sil1/J11 ,of algebra (2.48),(~}9) pos~ess f~e;significant ' 
property : due to the fact that <Pi is the cent~al element_ the structure. 
functions obey the following property: . . .. I • • • 

.,{, 2, 2. · }. · 
. <1>1, f oifJ17 = i 0 :,,(2,50) 

To verify"this, it is enough to calculate.the Poisson bracket ~f ~i,with (2.49)' 
and use the Jacobi identity . . • ·. ·.. . 1 ·. . . . , ' ' . ;. · 

To extend the center of the n'~w algebra A2 by <I>~. w~ will act by analogy 
· with tl)e previous case .. · .·. . . 

. ' ( ". ,, . . . . ' . . ' . . ,. . . ' - . . . . . . : . ' ·' . 
.· a) -~~clude<I>land.<l>~Jromthe left.handside of eq._ (2.'4~~ 

. '',. ·, -,. ' ' •' \. . . , 

b )' thErn achieve the abelization with all others 

·· T~ carry out,the first 'poinfof this program we wil!deal with' two consec
utiv~ tr~nsformations S3 an'd S4 • Let usrequi~e that_th~ first tr.ansformatipn 

3. ' . ' .. . ". . ' . . ... ·- . • ' . 
· S of type (2.21) \·. , · , " · ·. · · · · 

,• ' , l ".\ '·,,• • 

.. ,,. 3 2'' 
<1>1. = <1>1 ·. 
<1>3 = ·<1>2 •.. · 

. 2 · 2. . . , . . 2 ··2 ··3 2· · .. , '.· '. ·_, 
<1>0 ·= <l>,;2·+C0 <l>1,. a2=3, ... ,m · . (2.51) 

' - ,, \ ' . :2 ' ' - . ' ... !- '~•-1 '. ': : ' ' ~ . •J :_,, :·' _✓• ' ' 1 

'. lead' to ihe new algebra of constraints so that <I>J is a·gain the central element 
'1 ,t -'. ,·, '•,,•, • ' •,l,, ;· ' " • ' . 

''{<1?3 <1>2 '}' = . 0 ·' . . 1, ',ti . · .. \ 

'/, ',,',. 

(2;52) 
.. · Lt : ·· _:.- :_ .. '".. ,:... -· ·,, i '·. . --· ··.! <,',,•_·· •• . • . . . , 

and,the'Poisson bracket's of_the's~co·rid constraint'<l>~ ll'fith ~I' other modified 
constraints does n~t contain: <l>f •·. . ' ':· · ,.· ·· .· ·. :: · ·. · , 

' 3 . 2 \. ' . ~/3 , 3 
.. {~2, <I>"'J = • LJ 12~21<1>1 . 
'.- . . 1#.• 

(2-,53) 

' ·, .: :, :· . . . . ·' . : i'' . :· ': .. , . " ·. ·.. ... ,· .. 
This requirement leadsto the following.equations 

•,, 

'·\ 

{<I>r,(t} = 9 , . . . 
,·•'2 3 '2 3 .·2. 
{<1>2, Co;} = .f2omc12 - 12021 '(2.54). 

What about th~·existe~c~ of th~ ~o·l~tionst6 thes~·eq~atirins. On~ can ve;ify 
th.~t the i~tegrability co~dition for the sy~te~ of differential eqJations' (2.54) .. , 

' , 1 I / ,, • ' ' ~ , •: f {', • · :, '_ • '' ' •' ' \ ' , •. ' · . 

·._is'no~hing .else but (2.50). _In full analogy_w_ith:the previous case one can, 
• ·,\· ,,· '' .j ·., ,, ,\: 



_] _/ 

;'· 

I -

express the new struc!~refoni:tions f!,11-r'through J;,fl;· and verify that th~y. / 
obey the following property · 

I 
' . 

I 

{ <I>r;fJ02-r} ' =:= 0 

. Now one can realize the transf~rmation S4 ~f type (2.21) :. · 
1 

· 

,, 

' '~· - ·, . . ~ . . 

~ ~~ /~i = i <I>t/ 

\ '<I>f =:= <I>~ 
· . <1>3' + c4 <I>2 <I>4 ' 

02 .°'2 02 :2 
/ . ' \; . ;, 

· so that <I>f is again central element\ 

"/ ' · ', ' {<I>4 <I>2 } _ 
1, 01 

o, 

•'/ 

(2.55) 

- (~.56)' 

(2.57), < 
and _the Poisson brackets ~fthe-;eco~d constrai~t ifwith1 aU :ot~'er· ~odifi~d 

' constrc!ints do noeconiain' <I>t and <I>~ ' ' ' ' ,' ,, 

· {<I>tJ!J'~ · E:}2°'2'Y<T?; .. 
, ' . j -yfl,2 ' ' /° 

This requirement leads to the follow1ng equatio~s : 
_,·_ . '-·-. ', ' ' . ' . ' ' 

. I 

· (2.58) 

·\ 

·{<i>4 c4 }"• :~. o '. .. 
.' ' 1' °'2 ' ' ' ' 
{. <I>3 c4 ··} · · t· 3 . c4 ·.. . f3 

2' 02 ' '= 202-r2 '' 'Y2 ::-. 2_022 ,(2.59)' 

This system is consistent in virtue of ~qua_tions (2.55) . For the new structu,re . 
, . , . ••· ·, ·. , I , • ·. • , . . "- ,, . ..·· ,', 
:function one can again to verify that · .. • ·· ·. . · 

. . . . . . 
' 4 · 4 

1 
·}, 

{ <I>1' !202-y 0 
, ) ' 

· (2.60f _!,· 

as for the previous step (see eq.(2.55). Now. for;abelization of two constraints 
<I>f;<'p~ it is enough to perform last transformation yvith inatrfx, 'R- of type ... 
(2.20) if.its elements.are the solution to the equations .• 

. . . ', ." \ . . .. ' 

{ <I>i ,B!~fJJ . = ··, 0 . . . .·· 
:{<I>4 B5 ··}· "·.f4'1.'.B5, 

, · , ,2 l 02fJ2 · = ~ 2-y2fJ2 °'2'Y2 . (2.61) 

·Asa result 
5 · '5 .· 5 5 ' 

.{<I>1,<I>o}= {<I>2, cJ?o} ~ 0, 
. 

', 
\' 
,l' 

," 

:12· 
~ .. , !' 

:c, 0 

Note that (2.60) proOides the Jxi~ten~e of the s.~iution to eq.(2.61).' , As 
. a result, one can easy verify that the ,.new structure. functions possess 'the . 

' I • • ., • ' : I ... - ' 

prnperty 

./ .-•·
0

, · - I···., {1-t,1!;;2-r}=:= o, a2,; i,2 .. · -,· ·. (2.92) 
\ , , I , • 

Thus, .in fi~e st'eps .(for summary, see Table 1.).< we obt~in .an equivalent to 
. i,riitial algebra' A5 with' two cent~al elementf<I>i Now.let us suppo~e thafby 

1 

·, 

I , _ J' . • ' ,, • • · ', , _.2 , ! ·:' , '/ , ' -

acting in such -a way we get the. algebra Ak-::-1 
• .. ', ; . · . · .. · , • 

l ', • :' J ' ),' ' '• . '. , , 

..... {<I>ak.C:1 <I>a~-1}'. = 1'ak-l<l>ak,-l 
a , fl · · a{J-y , 'Y 

with, the ce'nter ~om.posed by k - ·f ele~ents . . . 
.,· , . . . l 

.. '(2.63) 

r·· :,,.1 Z ·, ~: (,T,.'ak-1 ,T,.<lk-1 ;..ak-'-1), 
k-1·:-c '±'1 . , ·, '±'2 . , • • ·, '±'k-'1,. ; .: 

'· '! 
I 

' ' , . . •: • ak'--1 ' ·•• 
'.',{Zk:-i,<I>0 , ,} =,0 ' . ' . ·: : ' . ~' 

and th~·structure functions of thisalgebra have the property 
\, ·• .. ,{~~k-lfak:_lf .0, - .~ 1 •, ',, (264)''\ 
.. · :' •· . , . ~k , .~kf3?. ~ :--ak=:=<- .. ,,··:In:·.·. . .. , 
Now by direct. calculations it is, easy to verify that via. the. action of trans
formation ·cif the ·matrix Dk'with 'elements which are the ·solutio.ns to eqs.·· 

· (2 .. 25) and (2.28), we: obtain tpe algebra Ak with the: center ~om posed by, k 
elements·· . ' . .·· . .. . 

•. k.:::y·.= '±'1 ·. ,'±'2. ;,·, •... ,'±'k-'-1.' 
·z' '. •·•.:, (~~~_::1; ,i~k~l·. ': ia'k::Cl), 

• , \' '· , ' , :.·:'{ · • ·· >ai;~l}' · · : · '( · 
I_,. , , · , ·.·, , ., ·• Zk-1,(];o ·, ,=0. .. •, , · 2.65) 

• 11:: ,',' .... : .··: ! •. < ·:_' .. :·. / '.'> '~.:-, : ·\:· ~ , ':, ·, .. _;'. -L .:, ._.'\ '.,·, J.', 

Th.e conditions {2.6,4), pl~y. the, role .of the .iritegrabilityconditions. for ,the·', 
· systern:ofeqs.(2.2_5),(2:28).•'i ·' ', ·1 

,' ,,,, .·· •• ••. ·,,' ,. · .· .•. ,·. 

. F~r completion Vite n~ed only 1:0· in 
1

pr9ve .the 1following propJrty of struc-: 
' ' . ' ... : . • ' ' • . i, . ' ' , ' . ', ,: ' ' ,, 1 • 

· ture functions' 

.{<I>~+k,fa~H \ ··.}· •··. ~ 0 
. °'•+I ? °'k+lfJHI 'Y : ,• , 

(2;66) 

To verify this. one can consider the.algebra cif const~aints . 
~ .... ' , ' • , ••• .< :: ·' .• • ' ,'.. • • • ' ' ' • ' ' ' ~ • • 

·. {~ak+k q>ak+,k}.· = .· .. fak+k _ q>~k+k. +rk+k' ·. · q>ak+k · ('2.67) 
, ·°'HI' flk+I :.: °'k+1flk+1'h+1, 'YHI , °'k+lflk+l"'fk+I', 'YHI · ," . 

1 '1 --l • ,, ,1·, '/.·' .<<· ··,.;,: . --·,, ', :· ' . ,. j ~/:/'. ,' _:". :, • ' •] -

and comp6se,the Poisson bracket cf(2.67) with <I>;k+ .. Taking into account,. 
, ,• :• . ., . . , , · . . k+I ,. , . , , ., 

that ~;:+k are the cent~al 'ele,inents of the alge~ra Ak. we immediately'get, ' 
the desirid rJs~lt (2.66) with 1the help of Jacobi identity. · .. · · . · . . . ,· .. · · .. 

\ ' . ' " •' •, , 



. , . 
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III CHRIST AND LEE·MODEL ... 

' \ 
In. this section we 'will apply the above d_es5=ribed procedure .to th;well known, · 
example'...: no.nabelian Christ. and Lee model·described_ by the Lagrangian 

/ ,✓" ' 1 ·: ·, ; : , . '. "' ' . '; 

.C(x, x, y) =. ~ (*-:-- [~,x]/-i V(x2
) __ .· 

• l • ' • • ·,.' i. I. ._ :, . /.',. 1. ;· '> ,..\. ' ·, ' • • -, 1., • ~ ,\ 

where x andy,- are· the three- dimensioni3I vectors, (x1·, x2, x3), (Yi, Y2,'y3).' 
. lt,is·easy to verify.that" except for three primary constraints 

. , , /, '. : ' '•. ''. , ' . . 

.· ac,,, .. 
'7I' = -·='0 8y '.' • 

. there are two 'independent constraints . 
. . '• . ' . 

'\ 

with the 1 

algebra 

. 4>~ . = X2p3 ,-. X3])2 

4>~ . =. ~3Pl -~X1p3 ' 

. , 
.{ o · o} ·•·. x1 o : x2 'o, 

<1>1, <1>2 .=. --<1>1 - -<1>2 

ti'"' 
I •~)• 

/ 

. ··(3.1) 

(3.'2) 
c . . X3 •' X:r : 

The abelization procedure
1 
for .this 'simple case:cbn~is~s in tvvo stag~s At first." 

. step, the transformation ·s1 reduces to - .· \ , . . 
' ; , ~: • ' • . \ 1 • • • J i, ! . ' ' ' • 

. · 
. 1 ~· · ; 0' 
<1>1 = · <1>1. 
,1;,l • 0 .· 0 
~2 ~' <1>2 +_ ('<1>1 

. / , . '• ~ , . 

and equation (2:25).looks like ' 

-{<I>~,;}·=' x2c+ x1·· 
. ' . · '.- X3 X3 

. .. . . , . • I .• , . . • . . . 

One:can write down a;particular solu'tion to this equation 
• • •• • • • ' • ' • '_,, I ·,, • ' • 

. 
1

, ·.xl ·. :• (
1

X2)' 
.. C(x) ~--::- arcta:n -
.· ·•'·. . X3_ .. • X~ . 

So, as a result of firststep we get a n~w algehra., 
' • • •"' ' ' ' < ~ \ , • ,, 

{ 1- 1} X2 1 ,, ··, <l>1,<l>2 ,=· -::--x <1>2, 
., 3 

•, 

,'' .·. 14. 
I 

I 

. ,:>(?.3} 

CJ (3.4) • , 

I: 

.... (3.5). 

. . ~':J (3.6) 
\.' 

~·- /. 

ti·, 

;,: \ / 

I •, ' 

Now let us perfo.rm the secondtran,sformation R 2 

/· . ' 
2 I 1 

<1>1 = <1>1 
. <I>~ = B<I>~ (3.7) 

----.· 
, .. with the fu·nc~ion B satisfini the equation of type (2.28) 

{ <t>LB}, = X2 
X3 

(3.8) 
.. -

'-
,. 

A pa~ticular solution to this equation read~ 

!' .· ,B(~) ~ In:(. !x~ +·x~) 
: X3 <• I , " .. (3.9) , 

' ... ·' 

Thus, the equivalent to the initial 
1

abelian constrai~tshave the form. 
~ . . ' : '- . . . . . . . ' . . 

. <1>2 ' 
1 

<1>2 
. 2 

'\ ~ . . ' 

x2p3 - x3p2 . . . , . . .. .· . . . . (3.10) 

I_n_. (~~,~ + x~·),_[(;2;; ~ x3p2) ~ f ~rctan ·(_;f) (x3pf-x1p3)]. 
• .. 1 X3 · , · . · X3 · X3 · · · 

/ ,' j._ •• ."':_~ • ', • --.,.••••;•,r• <", •• :• a•'• • •• - •,- •,' • ••,~•--~-

IV_ . CONCLUDING REMARKS 
..,:, 

. \ 

, We,have disc~ssed the it~rative proc~dure of converting firstciass ~onstraints 
/ 1 ' , ' ' • ,1 . , .: \ ', " - ·, •. ·- • 

in ~n arbitrary singular theory to the Abelian form of con~trairits. The final 
, . ,goal of dealing "Yith, a' valuable form o( abel_iz~tion is the construction of 
··the reduced phase space in tlie compl_icated non - Abelian theory . · .. The-. 
application of our: procedure to theSU(2) Yang- Millswill bed.one in separate 
forthcoming publication. - . . 

. \ 
. . . . 
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,Table 1. Abelization stagesfor the algebra \'\lith two cenual_elements 

. \ \ . - --·- . 

:J . , CONSJRAINTS , .. ALGEBRA - , . 

I<!>~ I<!>~~~;; . ·> J{~~,<1>gr~ 1~d~<1>~ I 

· _CONDITIONS 
. -,1 . 

l 
<j>l I <j>l .:_ <j>O ex 1 - 1 

<j>l ~ <j>O + Cl <j>O 
~1. ,?'1 ·----:- 01 1 

<j>2 · ~2 ::= <j>l ;;, qio· . I . 
ex 1 . 1 ... 1 

<j>2 _ B2' <j>l ex1- _ex1/J1 /31 

[l 
<!>; I <!>f ~ ~i·~ <r>) 

,..3 · ... :.: .... 2 
"".2 - .""2 

,..3 -~ :..2 -· C3 -..._1 
'.¥02 - '.¥02·+ 02'!'1.-

:;,;.4 ' ; • ,fil 
""1 =,<1>1•.·· = ""1 

;,;.4-_ ;,;.3 ...:.:-:..2·: · 
""2 - ""2 - ""2 · 

<1>4 =·<!>3.·-+· · C4 <1>3 
02 -. 02 02_ 2 

<t>! I q;~ ,;; <t>t :._. <t>f 

,..5 ;,;.4 ·, •. :..2 
-""2 = ""2 • • '""2 

<j>5 := BS "<l>4 ex2 , ex2/J2 /32 

G]-, 
-

. . . . . . ,f. 

{<t>L<t>~} =!fex~;<t>;;. {'<1>0· Cl"}. ·1·· Cl 'f 
_ l 1 01 ~- 101}1 :·'Yl --:- _to_1l 

.{<l>i,<1>~}=0 '{<l>l' B2 '·} Jl 'B2 .. 
_,1''., ex1/J1 =-- l-y1/J_ ex1')'1 

{~i,<1>;} ,;o l. 
{<l>f, <I>t} = 0 { <t>f, cJ2 }-;,; 6 

. ' 
{<1>t<1>tt==~Ilex-y, <1>~, {<l>~,C;,}·=f?exrnc~2 -J?~~l 

,{<l>f,<l>~} ~ 0 .{<l>f,C;,}·=o 

{<j>4.<j>4}·-i·4.<j>4.l{<t>3c4·l--·iY· 64- -13 ·• 
· 2, o -:- 2o"Y2_ "Y2 . 2, _02 ,- 202"Y2_ "Y2 - 20-22 

{<!>~, <I>!} -=-o {<!>4 Bs--} = 0 -.· 1, 012/32_ ·. . 

{<l>~,<l>!}:=0 {<j>4'B5 ... } - ·14 -·BS 2, ex2/J2 .. -:--, :- 2')'2/32 °'.2'Y2 

. ...... ·, . 

· {<!>5 <j>5} = {<!>5 <j>5} ~ Q 
.. 1, 0 - 2, - 0 l 

-~-
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Table 2. Abelization stages for th~ algebr.i with k central element~ 

CJ 
k:1 

CONSTRAINTS , l ALGEBRA I 
. . . 

CONDITIONS 

{;.a • ...:1 .... a~-1} ={...,a•-_1 .... a.-1}_== ;;, {"'a.-1 ,.._,.-• .:i} =_·o 
'i't , ,'i'o '.¥2 .. ,'Po-.. · · · 'l.'k-1 ,~o 

<!>? = <t>i•-~ ... = <!>~ L<1>?,<1>~•} ~ o-

;,;.ak ...:_ ;,;.a•:-1 _ ·,..:2 I {'J.a• -...:a:.} -_ Q · ·""2 - ""2 . : · · - ""2 ""2 , 'le' ex -

{<!>a· ca•}= 0 
1 ~ . Ok 

{<j>a• ·ca•} ~ 0 
. 2 ' Ok \ , . 

..::1--:-· 
< - • ......, 

/, 

I 

<!>a· ~ <l>a.-1 _ 
1 

{ <j>a• <1>a• r =·r· --<!>a• I {~~~-1 c~:1 = r•-'-1 ca• -·r·-1 
. k _ k . k ·' o :' ~0'71 _-'YJ k ,. ' Ok ~ , kok'Yk !k kokl. 

k. 

' 

<j>a• =. <j>a•-1 + ca•<j>l 
Ok ,' O' '. , ,', Ok. _ 1 

. .\ . . 
;,;.a.+k ,.:__ . , • '.__-;,;.1 ' 
""1. - - ""1. 

;,;.a.-+k _ •• ·. ~-. ..:.2 
""2 : · - ""2 

;,;.a/H _ ;,;.~~-1. 
""k - ""k. 

·· <j>ak = Ba•+k<j>a•+k'-1 
. Ok ,. <;xk/Jk /Jk 

\ ... 

:{<!>a•+k ,:<!>a•+k} ,= Q 
. 1 O'' .. 

{<1>••+k-.n~•+kl ,;; o· 
1 _, exk/Jk 

.... ·, 
{<[>a•+k <!>a•+k} = Q 

2 ' 0 . 

'· 

{<j>a•+k, <j><i•+k} = Q 
k, , . a , ,. 

'{Ba.+k <j>a•+~} =·Ja.+k:-1 na·.+k . 
. Otk/Jk ' k kJ•/3• .• . "k'Y• 

{;,;.a•+i-1 ;,;.<ik+1-1}· _ ·{;,;."•+i;-:1 ,._a•+i-1}·- ·· -·{,.._ak+1-I _;,;.ak+1.:Ct} _ Q 
'Pt> ,'¼'o - '¥2_ ,.~o - • •· -. 'Pk , ,'i'o -

,. 
·, 

--·.--· 

' 

.. 
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Pa3BHT CHCTeMaTHllecKHH MeTOA nepeXOAa OT CB.Sl3eH nepBOI'O po~a 
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