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ADc atfra~tive idea·of quantum deformations for the gauge theories has. 
- : been consid~red· in the framework of diff7rent approaches [1 - 6] .. For­
. mally oiie_can discuss independent defon1ui:tions ofbasic sp'aces and gauge 

groups ~nd possible correlations between· these __ defor~~tions .. _ We shall 
here. consider a gauge theory with identical orie~parameter deformations 
of the 4-dimensional ·Euclidean space and._the gauge g;oup·.SU{2) .. A 
consistent formulation of the gauge theory for the· semisimple quanttiin 
gro1:1p SUq(N) is unknownto_us, so we shall deal with the quantum group 
Ug{2) = SUg{2) x.U{l): It will be shown that the U(l)-gauge field can be 

·• tre~ted as a field with a zero field strength. · · 
Consider _the ·standa;d· relations· between>eternertts.;Tt··of t~e quantum 

Ug(2)-matrix [8] · · · · ·· _ .. 

. RT1T2 = T1T2R , R2~J+(q-·q-l)R (1) 

whe;e I is a unity matrix , "R is a constant symmetric i:natrix\vith com­
ponents Ri~(q) '(i, k, l, m == 1, 2) and_ q is a realdeformation parameter. 

· It is convenient to use the following covariant representation for a de-
formed antisymmetric symbol . 

. -- _ eik(q) = ✓ q(ik) e;k = -q(ik)€ic;(q)- -
q(l2)·= [q(2l)r1 ~ q,· . q{ll) = q{22) ~ 1 . . . 
. . C:ik(CJ)ekl(q) = oi ;' 

(2) 
~. {3)_ 

where Cik is an ordinary antisyi°nmetric symbol (eik ~ eki) . , 
_ : The R-matrix can be written in terms of projection operators·P(+) and 
pH [8] ' .- . . . •- . . . . . 

R = qp(+) _ q--i pH--= qi~ (q+ ~:..1)pH. 

.p(+) + pH= I' 
(P(±>)2 = p(±>, p(+> p(--> ~ 0 

· where matrix p(-,-) has the following components· 

(4) 

(5) 

l 

i 

.j 
J, 
t r 
t/ ,., 

[p(.:..)]ik = -~ek'(q)t: (q) 
I'!' ,- . 1 + 2 ml 

(6) / 
, , q . •. 

We shall use also cov~riant representation for the. SUg{2)-metric 
"- . ' _. ., ' ,- - . / . ', .' ' 

.•. ~~(q) = -·e:mk{q)em'(q) (7) 

. '!:; 
; :·,-. 
l . 

~ · '-
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The· basic RTT~-r~lations fo1ply the simple eq~ati~~ : · . 
-- \ -': . t it ¥ : -- ·-

·.• . . I . . . ..• 

em/(~)T;~ r;: ~ Cki_( q) J?(T) . (8)1 

wher~ J?(T) is the quantum,d_e~errnii:i;nt [8k .' .· .· , . i , · : . 
- -· A covariant expression for the inverse quantum matrix S(T) = r-1 

. cbritains inverse deter~i~ant . - . . 

J . 
_S£ -~ ek!(q) TJ~i\~) D-1(T) _·. (9) 

. _We shau ·u;e th~~well-knowd eq~atio'ns for multiplication o(t~e trans-' : 
posed matrices .· · · -. · . · . : . . . __ · · · 

.. . - . ..Tf'Dj(q)S~ = 'Df(ii) 
-, \ 

J {10) 

The unita~ity, condition __ for, the. matrix T. can be form~lat~d with the 
help ~f involution [8] · _ · _ _ .·. ::.c.:, · · 

, i ·: ---,- C , k , , , , . ' 
Tk -:-t Tj_ = S;_ (11) 

-. -Let i1s ccmsider the bi covariant. d~fferential Jcalculu~ on the Uq (2) gr9~p 
[9 - 12] · · · - ... · -· · - , - · ,- · · · · · 

. . ,/· '', - ! ' ' . .- ' •- ; ; 

• i : .' -- .. 

'-

(i2) / 1'1'd1'2 = RdT1T2R 
. ·., D(T)dT = q2dT p(T) · 

[d,'.f] ~ dT; -·. ;_. {d,d'h.= 0 . 
----..,· 

, Note that. the_ condition: D(T) = _ l. is inconsistent ii1the framew~rk: 
-. ~f. this_ cal~ulus. Conside_r the _re.latie>,~~ for th~ right-i~v~riant differential . 

forms w ~:dTS[12].· . ,' _ · ' • , _ .. : • ·.' .. • · ·· ~-. · . 

/, wRw +:Rw&R ;,, O. -: . 

T1w2 = Rw1RT1 

· (13)" _ 

(14) 
/ 

.. ,The quantuni. ··frace( _of the_ form_·-w_-plays,an-•impoi:tant .role in-this 
cilct1his ·- · 

'\ 
. . . , .. -. k. . i ;, . 
((T) = 'D; (q)wk(T)-:/= 0, 

· dT = wT = (</ ,\r1 [T, (],_ 

. e2 = 0, -. _ -- ; _ d(= O (1,5) 
., ·.· qilD(T) = (D(T) ' , 

-a,2i' = W2 = -(q2,\tl {(,w} 
~. ·_-.:::.._,. - .. , :· J 

;...,. 

. '";~:·;:~~" 3 ; ~,:--;;;=:;-'"..;.j : r
8
. _.._,,._ ,.,. •_•,,,,_, .__,_,.·••,) mlv~_ ;J,ra. · , .· . . ' ~- , .. - . 

+~ -.~;:•:;~tJf · ti"_ ~~~,H~rt~wau~Jf · _ · ~· 
~> 5t~5J1~:0TEKA. · -,,. __ .,. ____ , ;·, _, ~~ 

.... 
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The bicovariant. ~akulus makes the. basis. for. consistent' formulatior1 of- . 
, • . . . . . - • -- I . . 

'quantum-group gauge theory in the framework.of noncommutative alge-
. bra of differential complexes '[5-7].· Corisider formally the quantum group. 
. gauge matrix_Tba(x) d~fined on some basic space. Suppose.that Eqs(l2-)5) _ 1 

satisfy locall£for each "point'.'-£. Then o~e can try to construct. the Ug(2)­
connecti6ri 1-foiin Ab( x) which obeys the simplest commutation _relati_~n 

ARA+RARAR =-0-
➔ ,. '. t. ~,, .• · (16) 

,- .,· " - ' ' - ~ ; 

Note that the general relation for_ A coritains a nontrivial right~hand _side 
'[7] .· .• .. ··. .·. : .. ~-- : . ·. : ·: . . ..... · . '.. . .. 

. Coaction_ ofth~ ga~ge· q~~ntumgr~u~ Uq(2) lias the followi.ng sta~dard. -
. foi-iu: · · · · - · ·• · _· ·, · · · - - · ~ · - · · :· 

· :11~ T(.i:) A S(T) +' dT(x) S(T)- == r·A~ + ~('I') (11) 
. ·. .. . a = 'I'rqA-~ ·a_+ l(T-j° . . . . 

The.restriction a'.,== 0 is inconsistent-with (16),·but ~; can use the 
. gauge-c~variant relations.· . . . . . ~- - . . . 

' ;: ·""-._ 

,I 
• 2 . . '. '2 ,• . 
·a ;=,0, -TrqA = 0. 

. ,·, . . ' . ',.• .. . . \ . ·.· .. ' ' ·.· ' ·.. ' ' ,., 
It should be stressed.that we can choose the zero field~strength condi~ 

(l~L 

tion da" = 0 for the [J.(1 ):ga~ge fidd 1
. This co~strai~t is. gaugeinvariant. ' 

aiid consistent :with. (16)'. The deformed pure'gauge field- a. can.be.decou­
pl~d frmn.th~set ofphysica}field~ in-the lirnit.q~= L .We shall further._ . 

· Jon~ide; t'he t;\(2)-ga:ug~ th~ory,'with three ."phys1tal" gatige fields and one '· 
"·: ... ·_ ·a·· '''U_(.1)·fi·1·d. :c<, ·'.· ·.' ·_ .. _·,. . . ' . . . ..... : '. zero-mo e . . e . · ·· .. --
. The <;ur~at~re. 2~ forci i~ 'q~ traceless for t~is model 

.,._ ... 

... F=dX~'112;~_:: .Tr-;:F = o · (19) 

, • Qu~ntum. deformations of Minkowski an~l EuclideanA~diinensional· spa~ 
•. • ces have ,been .. _consideredjn Rek [13-15);' ·We shall treat .the coordinates 

x~ of q-deformed'Euclidean-spa~e Eq(4) as generators of a noncom'm.uta~ 
.tive algebra covariant tmderthe coaction 6f the quantum group _Gq(4) -~. 
·suL(2)•·~suR(2) .. •,, _--:-.- -, .. - ., .... - .-,-· · · 

' . q . ' q ' . ' . • 

· · · '' Rf~x~:i:;; ~,.,.x~x;k:~ (2of 
-· . ' 

1This condition is.consistent"also fo~ihe ~~fe of.GLq(N.) group 
,· ·. ' .. .,·' ·, . ' ·. '. ,' .. ' . 

.h 

:r .• 
:!: , 
f 

, ~" 

·-

,,-_,. 

:j.\-
. r 
.. , 

., ' 

~ •/' 

' 

,vhcrc_ \~·c .use .two identical copies of R,-rnatricc~·. (4) for left a1,1d right_; 
S'Uq(2)-i11~liccs. : . , . . _ _ . 

.· Coactions of the commuting left and righCS'Ug(2) gro11ps·cor1serve (20): 

. . .. k .• rl 
-~•· - [' :i:··1·'· ·Lo · · k i3 o ' (21)> 
,. . 

The q~deformed central I~uclidean interval T, cai1 be constructed bS: 
· analogy.with the quantti6i.detcrminant. 

,-;,. 

'.-
' ·, .. · 12 ·: · · </ .. Bo(.). · (' ) i k 
T,= .1: = --.-_-

2
€ .· q Cki q :r

0
x,_, . . I+ q · ... (22) 

,.. , We,donot consider th~~ quantum grmip structme o~ 'Eq(•t). _ It is c:011-
. · vcnient to use th~ foHowing E'q(1)involution . . 

. / : ,:/ . ' : . -,- . : .. ' . . ' '·_.. ··. . ' . ' 

X , _.,.. (q)xk.::f3<>(q) _ 7 co(,·)· : (23) 
I 

· o -:-, ,._ik _ {3..., _ ~ ·."-7 i ·(., 

-_:_, ' i - I T- T , . . x<> .- xci 

·.We. sh:alf-usc an anaiog of tJic bi covariant ug{2)~calcul us ( I ~-J 5): for; 
studying differenti~l complex<;s cm Eq( 4 ): : Considcdlie right~invartant ·:. 
icforms ·· · · . . · 

, w(x)i ~ di~Sf{i). , (24) 

.. Basi~ 2-forms ~n E'g(4)·can be dec6mposed ~vith £1H~help;:)r P(±V 
operator's (6) , ,. . .· _ .. . .· . . . . . 

dx~'dx~; =·--½~c:-{3;(q)d2.,;ik .+ l'{q)d2;:{3].' (25). 
·: _.1 + q' .• .. '·. .. . ., 

. By analogy with the classical case ~c can treat. thes·e l\v~ parts as self-
.. dual and anti-self--d~ar2~form~ under· the a.cti~n of~ duii.lity operator*·: 11 
·.•· is con~criient. l~ rewrite this decomposition in term's of the rjght-invaria{it - ·. 

self,dualand ariti-self-dtial forrns · · ·· · · ' 

: p(~)di.;d;2R·(~). ~ qP(:_)(~J3wi + wOP(!"~.r~.r2P(+) . . . , (2(i) 

p(+ldx~·di:2 P(~) = '-(I/q)P(+)(wRw)PH~ = (q~ 1i..•( ~ w2 )P(.:_).r (27). 
• r-.._ •• / \ .• 'I.. 0 • ./ • / ' • •• • • ,•- -. • • • ' •' • 

Let us ir1troduce t~e simple ansatz for quantum U;,(2) anti-self-dual, 
gauge-fields • · · : 

' , ' 

. Ab= dx~Aft(x) = w6(-x)f(r) .. (< 
iir,,0(x).= hf Sf(x)f(~); 
~. . . . ' -~. "· 

. (28) 

.I 

.. ) : . ~ .5 '-.. 

·-· 



✓ '_s' /· 

where f(r) i~ afoncti~n of the q-in:ter~aJ (22). Nokthat this ansatz is a 
.partial caseCJ.f more genera'.) construction ofcl.ifferenfial complex on 0Lq(2) 
. [5,7]. Additi9n ohhe termJ(x)g(T) results, in':a relation.for th_e~onnection,. 
A more ~omplicated than (16) : ' . ' . ' - . 

Consider the q-traceless cmvatti;e'forr~ for the connection (29) ,,_ 
! . , ' . ~ - ~- . ' ...... ' • 

-: 
:F = w2 J(T)[l ~ J(q2T)jf (q2 ,\)-:1wl[J(T) -:-:f(q2T)] .' 
, -. - "·,, 

'(29) 

· The anti-self-duality equation. *F = '__p· for om ansatz is cquivali:nt to · 
' . ,. : .• • • • ' , l 

.the non!inear finite-difference equation /. . . . 
·-· 

. " . ' '" _I.' ' .. ' ' -.. _·,. . 
j(T) -J(q2

T) = (1 -:-,'q2)J(T)[l ;-;- f(i/T)j 
' ' 1 ,· ~ ,.. • • ' ~ - , {. ' • • -

.• (30) · 

This equ,atio~ has a simple ~6lution anilogou~ t6°thc'/c1a~sical BPST- . 
'solutioh . . ' - -· ' ' ' ' ', ' . 

.: T 

j(T);= c+,T' (31) 

' 
wher~ c i~_an arbitrary constant. Note that our solution for coimection A 
contains ,paramete; q onlythfough_·definitio1;1:3· 6fw(x).and• 7. ,-however, 
the:corresponding ctirvatur~ has a more explicit q0 dependence:; . 

The curvature formcan·be \;~itteri in terms of .the field strength 

F~ ·./ i~d kr.,/30/(
0

) '-d·2 '--··pf3a,·+··•d.·2-·ikr., .. := uxO/ x(J,'.ki .. X ·=. 'Xa(J '. . x,, _l'ki ,· . 
...,_ ,_ - - '· --. . .• 

wher~ Eq(2,5} is used: . _ 
The QGSD-eqtiation for·thc fi~ld strength has the follow'ing fofrri ·. 

• . , ,, - • c.,__ -- . . . . ~." .'J ",' ~ ... / "' .' • ' 

' ' .~ftO/ -~ Ck,i( q)F(J~ · •' (:32) .. 
.. , -~ -

· It isinteresti rig to di~ciis~ the q~d~forination of the'harmoriiJ ( or twistor) 
formali~~ ro'r QGSDE.The q~deformed haiinon_ics ~an be considered as _el~ 
cments of-,SUq(2) rnatri~ u~',; ( i =, '1, 2' :, ·a:;~ +, - '); W,e shc:ll treat 
these matrix elements as· coordinates of the ni:mcommutative coset. space 

,s;u/2)/U(l) by analogy with the ~lassicalh'ar~o71i'~'formalis~f~r a self­
:<luality cquation[I6].' ', ' .. , .. · . · .· <• - . , _· . · . ~ . ~-' · 

. C5msidcr ·su~(2) ?< l/(1) cotransfon'riati_2,~s:of q~harI!lonics ,.,: _. 
• .... • , •• • • •• .~-• o"- : -_• - _ ''""'.,- • , -,. S• L • < • , 

~ u~ ~ Liutexp(±ia) ·, · .. c... . {33) 
•• ••• > ,• L 

:: : ·... . . _ .. /··,.•>·.{ ·,._,.. ·, :_· ,·< .: .<. . ' . ; '. ' ' 
wlierc ais D(I )parainc!tcr~apd l. is a matrix ofJeft SUq(2).acting on Eq{4). 

i_ , , ~. ,_ '-. •. • _, ~: • -~, ;-•' I:~ .. .._•--..,-\ ~_;,, • \_;• /. ~'• :'- C ~< • ~ -, ~ ; 
-<! 

. ~ 
. 'il, 

',,'f 

'-

The q-ha_rmoi1ics sati~fy the followin~\elations: 
- - • ' J 

Ru1u2 = u1u2R ," .- ·qu1x2 =·Rx1u2·,-
. _,._ . . . " ( ) i k . fn . 

'-C:ki q U-:U+ =, y q .. 

{~4) 

It is convenient to use the 3-dimensional foft-invariant differential ~al~u­
lus on SU~(2) [9,·17] for the harqi~riic fo~IIlalism. / Consider the q-t_raceless 
left-inva~iant I-forms. 0 = S(u)du and'.introduce tlie notations: .. 

·0 · 0+ - 20"' -· 0 · · • 0.:.. o= +=i-q. -=-·•.·· (+2)= +• 0(--'2) ~ 0°!: · , :: . , (:35) 

; .· -We shall below write the left~irivaria~t ~elations between 0 ~nd u 0hich 
allow us.to defi11e.the operator ,of harqionic externa~d~rivative on.SUq{2) . 
~ , ' ' ... . - . . ' - . . ' 

du.= 8~ + o·+J .~ 0~D0 ·10c::..2)D(+2) + Bc+2)D(-;) ; • {36) 
~ ;.,,, , 

. ~ whe~e o~', 6a.nd 8 are' inv~ria~t ~p~rators satisfying thfordiriary Leib,niz. 
· rules and. tlie f~llowi~g r_elations. :· _ '. . . . ' . . . . . .. 

- i 

...;. 

· .. .i.~ 

_, bJ_· , ,_-·_,• 

. --~-
,, . r 

.f 
__.;-'·--, 

. oJ=o2 =82 =0 

{Sa,o} + {oo,l}+ {o,l,} := o 
j~J) 

The· left-{nvaria~t. '.differential, oper?"tms ",Do,; "Pc±;t are' the basis of 
a :qcdeformed Lie algebra equ1valerit to the universal env~loping algebra 
U[SU(2)]'[17] .. ·:: . ·-:; 0c'·_., . ,, • · . 

q . . ,, . . . ' 

Let:us defirie an invariant decompositioll of the Maurer~Cartan equa-
tio_r~s ·for. SUq,(2)/U(lf . . ·· - . . . 

_.....,·.._,_ 

~,: •

0

d.;0o =2800 ~ 2800 = '70(-~)0(+;) : :·_'- ,";(38) · 
: . : . , .. , .· .:.. " .. 2' ,.,. 2 . 

. · du0(+2) =·2800(+2) = 280(+2) =:= q (l + q. )000(.+-2) . 
-' : - . . , . .. ', ·' '< 2 2 . . .· 
duB(-2) = 2800(-:2) ·~ 280(-_2) .= q (~ +qJ0(-2)0o 

·, 
< -..., / ' - - • • • - } ••• < ;: • 

·_ Define also 80 -, 8 ;i.nd 8 operators on the quantum harmonics 
.- . •• --. . - . • , ·~,, • - , . I 

·00u~ ;;,, u~0o =)/0:1~ , -•. . ou~ = 0 ·, 
' . . .,. ~ i ''.,, .·,. ···; '. ·' . ., : 'i - 'i . 

_·Ou+·= u..:0(1.2) = q-:, 0(+2)u..:, · 

<5Ju~ 7·':....q~u~0/~ '_iJ~u~ ,•' ' ·: .. ' 'Su~-~:o . . 
. . . - ouL;:,,, ur0c-2i'= q0c',..;>u~• 

. ..:_, 

{39) 

{40) . 

7 

., 
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Global functions on-a quantum 2-sphere can be defined via the invariant 
condition -· . . · .· . -_ . - .· : , .> - : ::-· • - , • 

_ __ _ 8of(u) = 0of!of(u)= 0 : .. 
'Consider the hai:m6nic de~~mposition of the Euclidean ~oordiriates arid· 

-derivatives . - . - . / - : - . 
- ~--

...;:.-;--· xciJ: ~ '_qc;k(~)utx~: -~=~ffe 
- .. a · a i ~ ( 4 l) 

8~x(b)/3 :::'.-; O$cba(q) . ' 

where ,a, b ===·+; - __ , 
. - One can us~ the asymmetric decompositi_on of the operator dxon 'Eq ( 1) 

,_- ., ', . - •'• ,- • ~,.,_._ .· . ., "' . 

\, d = d~i 8<? = d.---+· ---(d '- J):_· 
, X (X i ,X - / . - - .. .. . . - - . 

. d ~ dxc---)Oia:, . d~'=:= 0, {d,8}.= 0 
:(42)' 

·- .. ~ -. --' ) ... ' *- . 
Jt should be remarked .. iha,,t the use of the syinIIletric decomposition results 
in arnodification of analyticity condition for c~rrespondi~g invariant _ 

. ' . .., .. . . ' . ' . - ; . :,. - '~ . 
operators. . · · · _ _. _ _ . ' _ , .. , 

An analyticity condition for th~ deformed liar~onkspace has the f~l~ 
r ' .., ' >·; , ' ., , ' • - ' . 

lowing form ' · · . · . .. . . · . · _ • _ . . .. , . 

. , ·a:Mxc-+),u)=O ,<=f···JA=:=O 

· · . _Multiplyirig QCiSDE (32) by u~ui cme can;o_btai:i the qadeforII1ed i~te~ 
-. ,gtability conditions in central'basis (CB)( CB c_or~espo~ds to 1Wndeperident 

-·- gauge-gr~up inatri~es T(x)) which are a~afo'gaus~ to the classical self-dual 
· integrability conditions [If, 18):' . .. · . · ~ / : _ . _ . . 

_C()nsider the deco~position of the_Uq(2)-con1!-ecticiri in CB correspond-•• 
ing to (42) and let a ~-dx(-)DIA+(x) ~e a·connectiori for J. Th.e quantum­
g~oup s~lf-dualityequation·( 32) is equivalenf'to the'followin1f zero-curvature ._ 
equation · · · 

da - a2 ~ o ' · (43) 

, This equation has the f~llowing harmonic s~lution- _ 
--· - - . . ,; . . . . '~ . - ~-

' . 

:a ~-dhS(h) =·w(h,dh) 
. . . . <. (44} 

• • • I -,. • , . ; 

wh~re h(x, u) is a "bridg~" Uq{2)-matrix fonction. The matrix elements 
_of h and dh satisfy the'~elations·analogous}o,~qs(l2~1_5). ,'Additional 
harmonic relations are · _ _ . . . _. . · . 
· •· ·- · o~'~·o, i~t= o· .- (15) 

'· 

8 

,; , .. 
I 

. \ 

--, 

, n-: 

The bridge ioh,tion_ posses~es a nontrivial gaug~ (reedo~: 

h- ...::.+ T( x)hA(;E(+), u) .i 8oA =:'0 

where~ A is an ar1alyticalllq(2) gatige matrix;. 
The matrix h,can be heated as a:t~ansitioi1 ..,matrix fr~~ the central 

b~sis to tl;e analytical basis (AH) where J has no c6ni'1ection. The char~ 
- acterlstic feature 6f A i3 is a nontrivial hannoi;ic connectiol v that is .:an 
i~1variant cor~ponent of anew AB-basis)l,t~ in th~ algebra of L!,j(2) differ- . 
enti~l c:~rnplexes , ·- · · · · · ' - · · · -

A1H i S(h)Ah- S(h)dh ·= J1 -,-}i(h)duh ~..-1+ V . (46) 
- · ,_ · V ~- ;_S(h)8.h /S(ll)8h =;·v +v · : ·-

... ___ _ . . ,·' ' ,- . 

whcre'th~ analytical ~onnection {, ~ 0c.:.2J ½+2) c011tains' th~ _analy~ical pre0 ' .• 

pott~~tial l:(+2) ·,. . ·· .. . . . . . . . , . 
. . By anal9g_y with the_ classical harmonic forrnali~m [16] .the prepotcntial 
---~+2) generates a·general solution of (~GSDE'.th~t ca~ be obtained as:~ 
sohttion ofihe basic harrrionic gauge :equation -. . 

. . . . . ~ . 

-- tih-+: hv· ~ O . (4iL 

· Oni:~ can obtain· expiicit. or pert1ubati".e soluti~ns of this equation 6/-. ·. 
,usingl.hc _noncornrnufa\i~~) gcnc;ralizations of ciassical f)ai·1nonic expa11~i~>11s • 

; and hai-monil Gri:~i-1 fun ct.Jons [16 ,<19]. !t. ;eeins ycryinteres/ing tc:i s,t.udy _ 
, - ·· reductions-of QGSDE.to lower dirnensio11s and to search. a more genera.I 

deformation 'scheme for th'e self-duality equation. f. · · · · 
Ackno~ledgrri.e~ts · , ' . ' ,, ' . - . • · · • . 
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