


An attractrve 1dea of quantum deformatrons for the gauge theor1es has_ :
" been considered in the framework of different approaches [1-6). For-.-
“mally ¢ one can discuss mdependent deformatlons of basic spaces and gauge o
- groups. and possible correlations between' these deformations. ..We shall _
" here. consrder a gauge theory with identical one—parameter deformatrons s

of the 4-dimensional ‘Euclidean space’ and the gauge  group: SU(2).

N j‘consrstent formulation of the gauge theory for the: semrsxmple quantum :
e group SU. (N ) is unknown to us, so we shall deal with the quantum group .
5 Uy (2) = SU,(2) x. U(1): It will be shown that the U(l) gauge ﬁeld can be o

' treated as a field with a zero field strength

~Consider the standard relatrons between elements T,c of the quantum . 4

(2)—matr1x[8] ’ S

L 7‘7where I is a un1ty matrxx y R is a constant symmetrlc matrlx wrth com- s
‘ "‘L',]:‘ponents Rk (q) (4K, 1, m =1, 2) and g is a real deformatlon parameter. |
- It is convenient to use the follow1ng covarrant representatron for a de-v i

formed antrsymmetrrc symbol S R

o "; SRy : : g L ’:. A .k(q) o ‘:- » R Tlde RdTsz i |
l‘;f',qk(112v).i [‘(21)]‘»f‘f»q,”‘: o k((1q1))€ ;(3)(2—2)51_0"1* ( ) B (T)dT_quTD(T) !

‘k.w"where €ix 1san ordrnary antxsymmetrrc symbol (e.k = ek‘)
: R— qp(+)_q 1P( ) qI—(q+q I)P( ) SRR

’P(+)+P()=] S
(P(i))2 P& - P(+)P( ) = 0

B where matrrx P( ) has the followmg components

(=)yik ‘_‘i'_
lP l 5”“1+q

- ,/‘ : : ’Dl (q) --—’,—-Emk(q)E (q)

\/L q(lk) Erk‘= —Q(lk)ek.(Q) (2)}~

The R-matrrx can be wr1tten in terms of prOJectlon operators P(+) and” e

We shall use also covarrant representatron for the S U (2)-metr1c ,‘{'f A

The basrc RTT relatrons 1mply the srmple equatlon f‘p’ ’

E”'(Q)T 7 = culo) ?(T)v e

‘w here D(T) is the quantum determrnant [8]

LT A covarlant express1on for the inverse. quantum matrrx S(T) .Tl—lff

.contams mverse determlnant R

j,‘

- ‘vaS(d matrlces .‘ \

" f?fﬁhelp of mvolutlon [8] \‘;\ PO N
S Tk — T,c = Sk s ;' e f, '"L" (11) o
/ Let us consrder the b1covar1ant drfferentral calculus on the U ( ) group

dT o

“\'i‘{didT} = 0

Note that the' condltlon D(T) '

forms w —'dTS[12]

: wa+RwaR ’0 o
Trwz RwlRTl

calculus 2 j 1
f(T) ( 7)o
dT = wT

52 =0, : :
Yo qu(T, £D(T) e

. )"%b
(qzk) ’[T 6],

l_ dg 0 (15)

Ty Sk —‘€kl( )T’ ef'(q) D ( ) R () R
We shall use the well known equatlons for multrphcatron of the trans—"_":

T'D, (~, )S’c ;'Dk(q) i (10)

o The umtarlty condrtlon for the. matrlx T can be formulated w1th the_',('\:"' "

: _ 1 is 1nconsrstent in the frameworkf,r
of this- calculus Consrder the relatlons for the rlght 1nvar1ant dlfferentlal g

(14

The quantum trace f of the form w- plays an- 1mportant role 1n thrs it



_ The b1covar1ant calculus makes the ba31s for cons1stent f0rmulat10n of"’ e l ’
o quantum group gauge theory in.the framework of noncommutative alge- l.“_;'i’:‘: V'
S bra of dlfferentlal complexes 15- 7] Cons1der formally the quantum group g Al

i satisfy: locally for each p01nt” 7. Then one can try to: construct the U,(2 ( ) » g

'connectlon 1 form A“( ) Wthh obeys the s1mplest commutatlon relatron

ARA+RARAR -0 - (16)

- '\'Note that the general relatlon for A conta1ns a nontr1V1al rlght hand s1d(
: Coactlon of the gauge quantum group U ( ) has the followrng standard

3 A—»T( )AS(TJ)‘ + dT(:z:) S( ') "T ALS + w(T)v
T ‘y’a—TrqA—)a—l-{( ) :

vThe restrlctlon a.,— YOﬂls 1ncons1stent w1th (
gauge-covarlant relatlons ‘

‘“f",tron do = 0 for the U( ) gauge ﬁeld 1) Tlns constralnt is, gauge 1nvar1ant;.’,
{_and cons1stent w1th (16). The deformed pure gauge field o can be ‘decou- ;
'pled from the set of phys1cal ﬁelds 1n the llmlt q“— 1 We shall further =

o Quantum deformatlons of Mlnkowskl and Euclldean 4- d1mens1onal spa~
'i.vces have ‘been. cons1dered in Refs [13 15] We shall! trea.t the coordlnates S
Szl of ¢- deformed Euclldean space E,(4). as generators of 'a noncommuta—

ttlve algebra covarlant under the coactlon of the quantu :

,"f‘.lfSUL(,) X SUR( )

1Tlns cond1t1on is’ consrstent also for the case of GL (N) group

. ana]ogv wrth th(‘ quantum detcrmlnant

o vcmcnt to use the followmg Eq(l) mvolutron

"Vﬁ;_rf"operat01s (6) el

Let us 1ntroduce thc snnplc ansat/ for quantum U (‘)) antr se ]f—dual\

wh(' re we use’ two 1dent1cal (oples of R matru('s (, ')iﬂfor fleft aifd?right;”f ,

f,v'S'( . (2 )nldl((s .

( oac trons of th(' commutmg l(‘ft and rrgllt ql/ ( ) groups conserve (20) -

The q- deformed central Iuc]ldean mter\,al T can be constructcd b\

7\l2= i 6::((‘])5’"‘((1)1' .’l‘é

W( do not consrder th(' quantum group stru(ture on- F

We shal] use an analog of the blcovarlant U( ) ca]culus (12 lo) for o

L fistudymg dlfferentral cornplexcs on: F (4) C'onsrd(‘r the rlght 1n\anant
Rt forms G , K , . ,

,’, .»»

Baslc 2- forms on L ( ) can bc decomposed wrth th(' hclp of P(:t)

dm dr’

By ana]ogy w1th the classlcal casc we can trcat thcse two parts as sclf—

dual and anti:self- dual 2- forms under the actlon of a duahty opcrator o0
‘,'lf\ls (‘onvement to rewrite thls decomposmon in: t(‘r ms- of th(' nght nnanant

Tse]f dual.and antr self dua] forrns

S ',“P( )dzldm2P(+)'—- qP( )(q3w2+w£)1’(+)1,121)(+) _ ()()) A'
(+)d:1:,d:r2P( )-:“ (l/q)P(+)(wa)P( )‘r —b(q wf —w )P( )‘r (71) S

gauge’ﬁelds \ S E R E N

i ‘Aﬁ:’(\ )_ 5,, 9” (1{)f (T) _ ‘i e e




\ S cabE

o W here f( ) is a functlon of the q mterval (22) Note that th1s ansat/ ’1s a pae B lhe q¥harmof1ics satisfy't'he'followfri:g‘v\relations':‘ o
: partxal case of more ‘general construction of differential complex on GLy(2y = T R AL T L L
o [o 7). Addltlon of the term &(z )g ( 7) results in‘a relat1on for thc connectlon’ S N AT e e Rulu2 = u1qu Cquzs ’=’Rz1i1‘21,"« T (34) o
' 4 more complxcated than (16) L N ~ Tt BEUN R AT " “ek,(q)u u+ \/5 R T R
Consrder the q- traceless cur\ature form for thc conncchon ( 9) e s : O L el T e ,
: R = w ER Lo It is convement to use the 3 d1mens1onal left 1nvar1ant dlfferentlal calcu—j
) ,\: - ’ﬁvw f('r)[l = f q 'r)] + ) { ( ) ( )] (29)5 f] lus on SU( ) [9;17] for the harmoric formalism. ConSIder the q-traceless i
e fhe ant1 self- duallty equatron *l‘ = —F for our ansatz 1s equ1valent tof,. . J : l?ft lnvarlant b forms 0 = S( )du and 1ntroduce the notatlons P
the nonlmear ﬁmte dlffercnce equat1on o T e A 00 = 0+ _;—q 0 0(+2)~— 0+, 0( 2) = 0+ (35)

S We shall below wrrte the left 1nvar1ant relatlons between 0 and u wh1ch . {;
o allow us to deﬁne the operator of harmonlc external derlvatlve on SU (2) -

Dt solutlon

= 50 + 6 + 6 = HODO + 0( 2)D(+2) + 0(+2)D( 2) ’ o

‘j‘ % r

f“.; where c 1s ‘an arbltrary constant Note that our solut1on for connectlon A'i—'ﬁ'_:d'
' Contains: parameter q only through deﬁmtlons of w(zr) and T however e
f, the correspondmg curvaturc has a more expl1c1t q: dependence
[‘hc curvature form can’ be wr1tten in terms of the field strength

The left 1nvar1ant dlfferentlal operators Do, D(ig) are., e‘:ba51s of.(‘v"f »
}:;'?a ¢ deformed Lie ‘algebra’ equlvalent to the un1versal envelopmg algebra

where Eq(25) is used : s o Sl
S The QGSD equatlon for thc fleld strength has the followmg form

It is 1nterest1ng to d1scuss the q deformat1on of the harmonlc (or tw1stor)"“' .- Sye Eh oL g ';0( 2)‘9(+2)
R formahsm for QGSDL The q- deformed harmomcs can be consrdered asel SR 2 ', = q2(1 + q? )000(+2) L
. ements- of” SU (2) matr1x uly(v= 1,2 a‘*“’f’-l- ) We shall treatf, S ' . \
S thcse matrix elements as’ coordmates of the noncommutatwe coset space RIS TS

| ‘i:f;: SU )/U(l) by. analogy wlth the classmal harmomc formahsm for a self~_,j'.'
- dua]][y oquatlon[lﬁ] SRR SR b e _‘. :1 : ';sﬁ: . *w o



— et ) - \,

‘ Global functlons on a quantum 2 sphere can be deﬁned v1a the 1nvar1ant / :
o COIldlthIl ' . :

.A»,;

RS

50f(u) = 00D0f(u) = 0

’ Consrder the harmonlc decompos1t10n of the Euchdean coordmates and - »
"»derlvatlves ' . ‘o N 7 .

N : B ST
S

e 10 =u 6‘{;’; (41).,

o x(b)ﬂ‘- %Eba( ).

L

L Tga = —qe,k( )u

wherea b-_+, i . e - e . :
, One can use the asymmetrlc decomposltlon of the operator d .on L (4)

DN _‘—-dz aa'~d+(d —d) ,
d o dz( )aa P d2=0 {d 5} —0

*,,

Lo

i _It should be remarked that the use of the symmetrlc decompos1t10n results g

cina modlﬁcatlon of analyt1c1ty condltlonvf‘or‘ correspondmg mvarla.nt
operators ' o i .

““An analyt1c1ty condltlon for the deformed harmonlc space has the fol-!',""’»’
: low1ng form :

3 A(z(+),u)—0 <==> dA—O

2 Multlplylng QGSDE (32) by u+u+ one'can obtam the q deformed 1nte—
5grablllty conditions in central basis (CB)( CB corresponds to u- mdependent'*?‘
“gauge-group matrlces T(z) ) whlch are analogous to the classrcal self dual

~

| ,,‘;.y?llntegrablllty conditions. (16, 18] R S R e
+ " _Consider the decompos1tlon of the U ( ) connectlon in CB correspond- Lt
:fblng to (42) and let a ~ dz(_ “adA (z) be a ‘connection for d. The quantum-

’ equatlon
eyt

s

e f; ;“ i'-l(43),[

R s

» .(44)

= where h(:r, u) is a. ”brldge” U (2) rnatrlx functlon The matrlx elements
~ of h'and ‘dh satlsfy the relatlons analogous to Eqs(l2 15)
harmonlc relatlons are S A

(42)}._;5{#‘:"; i

- group, self duallty equatlon ( 32) is equlvalent to the followmg zero curvature i

Addlthﬂal

: j{i: »\('45) r

lhc bndg( solutlon possessos a nontr1v1al gauge freedom

/l i 1( )h/\(m(+),u) = 60A_0

v WllCI( A is'an analytlcal U, ,(2) gauge matnx

_ lhe matrlx h7can be treatcd as a’transition’ matrlx from the central
S basls to. ‘the anal}llcal basns (AB) where d has no’ conuectlon I‘he char;
o actcnstlc fe sature of ABi 1s a nontrlvml halmom( conneéction V. that is:an
o mvarldnt component of a 11( w-AB- basls AAB in the algebra of( 4(2 ) dxffer-.

P s

‘,(’Iltldl (omplehcs G j

i A,,,*v/f_f S(Iz)Ah - (h)dh = A = S‘(h)d h _,A + v
V~4_——S(h)6h S(h)éh_z g

; v'vh'uc h(‘ analytlcal connectlon v= 0( 2)\/(+2) conl ams thc anal\tlcal pre"
,ifpotentlal l (+2)- ‘ L S5e : S

LT By analogy w11h thc classlcal harmonlc fornlallsm [16] the prepotcntlal

; ”YM‘V(H) gen(rales a gencral solut]on of QGSDE that can'be’ obtamed asa-
I ?f'solutlon of: thc basnc harmomc gaugo cquatlon i

5/1 + hv = O

and harmomc (xrcen fun(‘tlons [l() -
:}"reductlons of QGSDP to lower dlmeuslons and lo
v :deformatlon scheme for the sclf duahty equat ion.
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