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Bap6amoB B.M: · 
· Kn:accuqecKaH ;:urnaMHKa Bpam;a10:w;eiic; pCJIHTHBHCTCKOH crpy~hl 
C MaCCUBHbIMH KOHD;aim: TpaeKTOpUH :pe;:pKe H MaCChl KBapKOB 

·E2-94-444 

. ,n:irna~nqecKHe ypaBHeHHH · peJIHTIIBHCTCKOH. cipyHI,i c · ToqeqffblMH Mac
caMi1 Ha KOHu;ax cpopMyJinpyIOTCil B TepMHHax reoMeTpnqecKHX HHBapHaHTOB 
MnpoBhIX TpaeKmpnii Macc1iBHhIX Konu;oB crpyHhl (KpHBH3Ha kin KpyqeHne 
Ki(r), i =: 1·,2 TpaeKTopnii). 3n1 HHBapnaHThl ,1:1a10T B!)3MO)KHOCTh BOC~ 

- , • • '• • • • ~ •c, 

npOH3BeCTH MHpOBYIO IIOBepXHOCTb CTPYHbI C TQqHQCTblO ]:10 ee IIOJIO)KeHHil B 
npocrpaHcTBe MnHKOBCKoro: KpyqeHne Klr) IIO)l1IHHHeTcsi cncTeMe. ,1:1u¢cpe-

. ·pe~u;Iia.T_Ih,HhIX ypaBHeHHH BToporo rrcip.sr,1:1Ka, ki - rrocTo~HHhle: CJiyqai1: rrocTO
HHHhl)C.Ki ]:leTaJihHO HCCJie,1:1yeTCil. B 3TOM CJiyqae MnpoBasi IIQBepXHOCTb CTp)'Hbl 

·. eCTh reJI~KO]:I B :~pocrpaHCTBe E1, k{eJIHHeHHhle · COOTHOmeHHil (TpaeKTOpHH · 
. Pe]:l)KC) Me)K)ly yrJIOBbIM MOMeHTOM CHCTeMhl J II KBa~paTOM MaCChl MBbIBO]:\IlT.:. . 
Cll n 06cy)K)la10Trn. ,UJIH ,1:1aHH011 Maccbl M (Macca Me3citta) n ,1:1aHHoro J (crrHH 
Me30lia) Bhl1UICJIHIOTCSI MaCCbI KBapKon.: . 

Pa6o-ra BbIIIOJIHe.Ha B Jla6opaTOpHH TeopeTHqecKOH cpH3HKH HM·. H.H.Boro-
JII06ona o 11511;,r. . · · ·. · ' · · · · · 

IlpenpHHT Om,e)lH;1e1111oro HIJCTHT)'T; ll):1ep11bIX ~ccne,ziosaHHH: Ji:y6Ha,;}994. 
" . ' - ' ··- -· . - . , ·. 

· Barbashov B.M.-
Classic;al Dynamics ~f Rotating Relativistic String with Massive 
Ends: the Regge Trajectories and Q1;1ark Masses · 

E2-94-444 

.. Dynamic equations in the theory of a relativisticstring with point masses at 
. the ends are formulated in terms of geometric invariants of the world trajectories 
of.the massive ends of the string (curvature ki and torsion Klr), i = 1,2 of the 
trajectories). With these characteristics we reproduce the string world surface 
up to its positio~ in Minkowski space~ E!. The torsions Klr), i =: 1,2 obey a 
system of second order differential equations with delay arguments describing 

. the retardation effects of the interaction of masses through the string, ki being 
consta~ii/The constant torsions are investigated in detail. In this c~se the string 

·world sheet is a helicoid in E! . .A nonlinear. relation (the Regge traje~tory) 

between the angular ~omen tum Of thesystem,1, and the rnass squared, M2,·is 
derived. For given meson masses (M) and spin' (J), the masses of quarks are 
calculated;: . . ' ·. . 

The investigation has been performed at ,the Bogoliubov· Laboratory of 
Theoretica!Physics,JINR. . . . . 
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,1 · Introduction=-

· · ·, · - I~terest 1n the· string theory· in h~dronic physics is iii'spired by a striking· a~alo~y be- . 
, tween the open relativistic string with -masses at the endn:nd a quark-antiquarkpair 

linked together by a QCD flux tube [1 ]. · until now ~uck attention has ,been: paid to . -
solve exactly the classical equations describing the· dyn-amics of this system [2-9], but·. 

' 'only the ~ell-known particul~r solution has been found .when.a straight-line string with 
I ,spinless massive_e~ds rotates in a given plap.~, which co~resporids' to the constant tors 

·._ , sions ."-• of the massive end,s of the string. In this case the string world ,sheet is a helicoid -
. in the three-dimensional space-time [8]. In paper [9], the dynamic equations .(boundary' 
'conditions) in t~e theory of,a relativistic string with point masses at the ends have been 

~. formulated in terms of geometric invariants of world lines of point masses m, ( i = i, 2) 
' at thestring ends; It has .been shown t~at the string vari~bles in:- three-dimensi~nal 

'>space-time are complet~ly defined'by the constant curvatures k, ~ 1 , where, is the 
. string tension and the torsions "-,( T ), i = 1, 2'_'of ~he endpoint' fraJect~ri~s. . . \ , 

In the present article, an example of the straight-like stri_ng (tJ:\e ·case of constant · 
··. torsions K-;(r) = "-o;)'is investigated in detail. A nonlinear·relation between J_ (the 

- angular momentum of the system) and B;::; M (the energy of the system),is obtained. 
·Forgiven meson masses Mand spins], the masses of_quarks in; are calculated. 



'..}'-: 

2 - Equation~ o.f _motion and boundary conditicins 
--

Consider the dynamics of a relativistic .. string with point masses m; (i = 1,2) ~t the. 
· ends. The world sheet with coordinates x"(r, o-)_: (µ =· 0, 1, 2) sw~pt out by the string 
in·3~dimensional Minko{vski space-time is an extremal of the functionalof the action 
[1] .' . ~-- . . . . . . 

•. -ri_ 0-2(+) . ·. .. . - • . 

s.= ~,I I J(xx):-x~x2dr,dd-f'trri;] '(dx"(r;o-;°(r)))
2

dr; 
' Tt_u,(r) · .. • ·. .i=l ·T1 - .. dr. •, . ' 

~ -- - • ' • NC,., 

(2.1) 

where 
,,, ::.:_ox"(r,·o-). ,,, ~ ox~(r,o-) 

. X. . - . OT ' x -::: 00' ' 

, dxµ(r,i:r;(r)), · .,,(· · ·( )): · . ·( .. ) '"( ·( ·)·). · · _ 1 2 _ .dr _· =:x. r,<:i r _ _ +.a; r x r,o-; r , i - , . 

· The iriotio~ of the stririg endpoints in the plane of the ~ararrietern ~, o- ·= Uk.• . (:k = 1, 2) 
jg described by thefoncti~ns o-;( T ), : . i =-li 2. As for a massless string, the action (2.1) 

.. is_ invariant under the changes of va'riables, 'T ~ f( T, O') and u = &-( T, o-), "".,hich all~~vs' 
. usto eliminate any twci of the three independent component of the world sheet metric• 

9k; ,;; 71,,,,~:: ~' where the flat Mink<>wskLmehi~ 7Jµ,: o_f the enviloping _3~dimensional 
. · space-time EJ_1 has the signature ( +,~,-); _ It is convenient .to introduce isothermal·· 

· : coordinates -i- and o' in t1frms of which the metric is diag~nal andtraceless ( orthonormal 
gauge). < · · ... · ' .___ .. _ . .·. _ : ' .... _.· . 

Yoo+ 911 ,;, 0, 901 = 910 ""'0, or ±2 + x2 = O; (:ix) == 0.. .;· :_ J?.2) 

. ·. Variation of the action (2.1) \Vith respect to x"( T, o-) giv~i eq~itions _of motio~ li~eit~ 
in the gauge (2.2)' · · _ · · .. · ·· . . 
· · x"(r,ar-=-x"µ(i,o-) =· 0, (2.3) 

and ·nonlinear. boundary condition~ at th«i string ends; · 

· ,_ ". __ - d [~'(r, u,)<:,( r) i'(;;o;)] ...:::(-__ );+_·i ·[ ;,,(. ·. ·)•·+· -'· ·-(")· ·.•,.-,(. · ·)]·_· (2· __ 4· )·. ,m,d . _ . . ,-, _.,.x,r,o-, .o-,rx.r,o-,. _. 
_.· -, T . . J(l- ul(r))'x2(r,o-;) ·. . .:.:. .·. . . . 

. .. . _.\·, ... ' ·• . ' .. .. .'·.'· .· . 

A general solution' to:the equation~ of motion (2.3) and gauge C(mditions (2.2) haf-
the fo~rn [8,9J - · · · · · · · ·· · · · · · " · · · 

. . .. .. • 1.. : . ·-.-.- ' . . . . . ' c...· 

· x"(r,o-) 72 [iJ>~_(u+)+1~(u-)L,··~+"."r+o-, _,u-:":::::r.-o-, ',(2.5) 

whe~e 1),:f'(u±) are tw~ isotr~pic:vectors; 1),1(u±j :'..:.o arid can be represented in the . 
following form: · · -· · · · '· ·• · · · · 

-it,'"(u+) = A+(u+)·[a":+:·fd'f2(~+)'_+.' b"f_-(:+)]··-
+ · f'(u+). . .2 · , · , . · , ' .. 

' ' ,.· ~ _. .. ·, -. . .. . 

A-(u--) [ µ··+· !2' 2(_-) +· b_" .( -)]<_•. g'(u-) . a. ~2 ,g u . : _9 ~ . c'., 
' -- . t' 

it,'.!:(uJ _;;,, 

',/ 
''/' 
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' 
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. where the consta::t, basis {aµ, bµ~ d'} i~ .form~d of two isotropic vectcirs, ~,,, c< a2 = 

. o;c2 ~ 0, (ac) = ·1 anda:space-like vecto(b", b2 == -'-:i, (ab)-~ (cb); 0,.-The_func
tions;J(u+) and g(u-) are an a:~bitrary ones and must be d~fined by boundary condi
tions. The -r~presentations (2.6) fully, -d~fin~ the w~rld ~urface of a,' ~elativistic string · 

-in· 3-dimensional Minkowski space-time and allow us to construct its basic quadratic 
forms. N on~zero components of in'etric tensor a;e given .by. . -

~ , :, t --· - ' • J ' ' • 

·' . · , .2( ) A+(u+)A_(u-) [' + _ ]2 
_.. Yo~= ~911 = x r,o- = 4 f'(u+Jg'(tc) J(u ) -g(u ) . (2 .. 7) 

As is.known [1), · the Gauss equation fo; the-world.surfaceof the string xµ(r,o-) 
reduces to-the Liou ville 'equation for g00 = .i2 ( i, o-) , . 
' - ' - . . ' " ,' 

82 lnx2(u+,u-) _ A+(u+)A_(u-). 
_{)u+ou~ - 2.i2(u+,u-) 

·. (2.8)' 

:._/ .,~ 

a.nd (2:7) is the generalsolu.tion to this equation.· .. . _ , 
. . Let us procced,to the boundary ._conditions (2.4). For each·of value i = 1, 2, .orily 

· 2 of the 3 equations (2.4) are. independent of each other sirice the.projections.of this 
system onto th'e tangent vectors xµ( T, '!) and xµ( ;: o-) c6incide. Thus, 4 .. independent .. 

.equations of the system (2.4) contain,·6 unknown quantities: two functions o';(r) and 
4 independent components of the vectors it,:f',expressed, according. to (2.6), thr~ugh 
A±, J, g.That indefinit~nessis a consequence of the invariance (){equations (2.4) _ar1d 
(2.8) unde~he conformal. transformation ,of the parameters f ± O'. = u( T_ ± O' )'. .So, the 
definition of this system may be supplemented by imposing two auxjliary conditions: . 

( .. (·. ·)···:.,( ... ))2 2" x r,o- ±x r,o- =:-A_= const. · (2.9) 
,. . . , -. 

In term:tof·1),:f' it means that 1P±12(r ± ;) ~ -A2, or aciording to (2.6) 
:·-; !< '~> .;.> -~- ·'· .·_: -~~'· .. ,--,_ .. _,_,·, :·--.--·, _·' 

A+(r± at= A-(r ± o-)-='A= const 

'\ 

\2:ui) 
Eqs."(2.9f are the gauge conditions whi_ch COIIlpletely fix tl1e coor1inate system)-, O' ~11 

the string world sheet. This choice of gauge lias the simple geometric m~aning: Indeed,. 
having fixed A± according to (2.10), we -~btain the, coefficient~ of the .se~ond quadratic · 

form bk1;inth~ following fo;n_i: · · • · · · · •· · •, 

. · • . · A+ - A-': . ·· .· •. .· A+ + A..: . 
boo =·bnc= . = 0, , bo1 = bw =· -'----'--- = A. . 2 · . · 2. · 

-- (2; 11) 

, ' \ -
Geometrically [10), thi; me~ns'that· the ~rthonormal coordiriates (2.2) are at th~ ~me 
time the asymptoticlines on the string world surface. The gauge (2.9) fixes th'e fu~c- .. 
tions o-;( r) in eqs. (2.4).In fact, projecting (2.4) ontqnormals 71,1' and taking account 
of b~; =: ( ;;::;~,) we ge~ the €:qu;tion: a ·• · · .· . · ·. _·. . . : · __ 

• ' ~ • , • ' ' -. • l 

. . ' 

(1+ ci}(r)),boo+ 2ci-;(r) bo1 ·:;:= O. /· 
(2.12) 

, ' 

/ 

-. ' 

3 

·, 

·,· 
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With (2.11) it turns· into a;( T) ,= 0, i ~ .1; 2. an~ we put 0-1 = ,o arid .0-2 = l. · Now : ' 
taki11g advantage of the conformal gauge (2.2) and equations of motion (2.3) it is easy. 
to shm~ that the projections (2:4) onto ±"( T, a-;) vanish; and projections onto x"( T, ;i) 
give only two equaticms for bound;ries~-: . . . . . . ' 

- ·. 1. . .. ·. a ( .) [Ju · . · == _ i i+I , . . . 
. , Jx2(7-,o-) lu=u, ( )~ -m; .. (z = 1, 2).·· 

(2.13) 

Inserting the ge11er~l solutioll (2.7) of the'Liouville equati~n (2.8) i.nto (2.13) we obtain. •· 1 

the system of two differential equations for .the functions J ( T) a,nd g( T) 
' •. - • - • '. i. . -. - .• - ' ' 

~ In g'(r) +2/'(r) + g'(r). :~ 
dT_ J'(r) . f(r)-g(r)._ . . ·· 

~, ''. ~ I ·---: ~ . , -/ 

. ..1.. IAI IJ(T) .-c g(T)I (2.14). 

<J In g'(r. _: l) +
2 

f'( T + i)·+ g'( r - l) 
. me Jf'(+)g'(T)

1 

• . ..• 

. dT l(r + 1)- . J(r + l) - g(r -1). 
,. . . i• 

= ~..1.. IAI If( T +._l) :- g( T·_: l),1(2.15) 
m2·._ ·, Jf'(r+l)g'(T-1}· -· . 

. where A is an arbitrary const~nL . .· . . . . ; ... ·- . . . \ . . . ' . 
: in the Minkowski space· E} we ·sh~II d~sc~ibe th~ world traject~ries of the massive 
string endpoints iii terms' oftwo~geometri~ invariants;· curvature k; and t~rsion -;_i ( i =;= 
1, 2). As is well known (10], these characteristics uniquely define a curve in a three
dime11siona(space_ up.to its'position.';lii refs.[8,9]one 1emonstrnted that the ~~r!cf" 
lines' x"( r, ir;) have the ~onstant curvatures ki,; ;;t ''i ,;: f, 2. and th_~ir torsions are 
given by the expressions . - ·· .. · .·. · · '·.' • · ·. . . · ; .:- •. 

I ,. ' , ; • • • • -~ • 

: , . .- •K1(T) 

K2(r) 

4J'(i)g'(r) ·. 

A [J(r)-' g(_r) )2
' 

.• : .. · 4J'(r ~ l)g'( r - l). 
. . . . . 2 ; 

A[J(r+, l) - gjr -1)] . 

(2.16), 

· (2.17} 

By- using these formulas together with eqs'. (2:14)-arid (2.15) the f~nctions f( i) and .. 
g(r) can be expressed [9] in terrris of the curvatu~e's k;,~nd .torsions K;( i) ~ follows . ' 

' ,' • • ·- .-1: . .• ,• . : •,:, .· (''r:·· .. . ,::.)·.'.Ji c')'.(. '':· k2 )·' . a<{T 
f:,(!(7:T) ~ D J✓~K1(r/)d71 + K; 

7 
. 1 ~ 2t) ~2k1-;ry;;r:;j ~ 

. . , .• : . . • . _ . _ . • :': . K1 T . T. K1 T . ~-

= i, ( T .j A,,c" l"") + A,,r; - ,} ( 1 _>•H ;~ ,; ) ~ ·'±':, 1/ ,,c £D• c 2.1s) 

• -- __ .:. - •. ( ,T .-: __ ·'. -.-) A c r(· , · k2 .• ),· ·• . : d ~··. A • 
D(g(r)) -=:.···.JJ: / .. ✓ .. AK. 1(71)d71.· .. + .... K.2

1 7

· .. 1- 2 (
1

._) +2. k1-d .· ... · -::-_( ·)· .. ·.= ... -- , .·. , . · . -- . . .Kl T ... • , T. K1 T 

-=j.·(:1T+_.,✓A:K.,2(_y/.); +. :..;,(T+/)(1 > ,kr )-2., ~ ✓ A. ·.(2.19). 
. •··Tl Tl ...•..... 2_, · K~(r+l) dr,K2(r+l)_ · · 

•' .: ., ' . ' . ~ . . '-~ . , ' . - . 

~ I _' ·._,-
···I· -
. I, 

l 
l 

I 
·:j 

'F . • J; 

J 

J l_. 
._-,·.-1.:,. 
·•i ~· ., ' 

.I 
j 
l . 

·1 
·1 

,., 

·. Her~ D(J(T)) standsfor the Schwarz de~ivat_i;~: . \.~ . 

_ · . rc~r · ·3 (r<'f'.)) 2 
_ ~-· ~~(~) :_ 

.. D,(J(T)) = j'(T) - 2 f'(T) - . 2yt(r)dT2. ·vf'(r) . 
• / • " ' I ••• ' -; , • • ! .• 

According to (2.5) and (2.6), it follows from (2.18) and (2.19) that the.stririg co6~dinates 
x"(r~) are-completely defined by k; ~nd K;(r), 'i_ = 1,2 of the world trajectories 
x"( r, p-;) of massive string endpoints. · 

-/ 3 ~The case ·of constant torsions 

We ha;e the simplest solution to eqs~ (2.18) and (2:19) fol thecorista~t torsions ~;( rf = ',; 
. Koi. whenJhe string massive ends are moving-along helic~s. In this' cas~, the equation~ ; 

(2.18) and (2.19) take the form · · · ' · - · · ·· 

'D(g(r;)=D(f(r))=A-;_01'(1- ~r)·. =. AK02(1--k!)·, (3.1) 
- . • - 2 Ko1 .. 2 . . Ko2 

' A, ·. '(. .. . k··~. ). . ·. '. 2 .. ' .• • I . 
Kos , . t : W 

-- 1- 2 = -; 
I ' , . 02 · Ko· ,2 

/ 

" -.J - . '· -· . -- ,'. -~ '. • • ( , •---

.- where w is.a constantwhich, as will be seen_below, can be put to equal to A. Then 
frorri,the second ~q. of (3.1) if A ~ wit follows that:, · ' · · c · 

•. ·. ·. ( '. . 2 '· ' ''. ) 

1 . · wm· . · wm-· ·. 1 · 
. Ko;.=- (-. -•·) +1 + -' .,- k;=.;_-. - . .: (3.2) 
·: , , . m; 21 . .· . 21 .· . i m; . · . .'. - . - '.. . . ; . ' -' . ' '. \ . ~#.:... ~~ ''. : . 

Th~ first eq: 6f (3:1) co;n~~ts J(r) a~d g(r): D (!( r)) = D (g( r)), therefore these , 
. two functions are related by the Moebius transformation: - , 

. ·, ' " , - . .' ... . . \ . . ' , . ~ 

'· ··.. · df(r)+b .• 
1 

J'(r)' 
.1 g(r)=cf(r)+d',<!.?_(r):==(cf(r)\d):' --.• (3-3) 

. . ad - cb ;,, 1. 

·, lns~rting t~is expressioz'i"ror g(.1Jint,othe first eq: 6f (2.14) ;~ obt~in f~r p ::::<~ that 
• ,'o ••• .' ' - • • '< C •-• ' • -' 

.- · Ok1 ".( · - ·· 2f'(r) ... . ) ·. > 
_P ~ Ko/ cf2(r)+(d-a)f(r):-b '· 

~/ 

where c( x) is a sign forictiori 
/ 

'..; 

·_. ·_ ( .. ·.) · ·{.-+l, if~> 0 •€ X - . -
. , .·. -_ -- . -1, .. if X < 0 

We take. the constants c:> 0 and i¥1 =Ip 1.<'L th~refore, thepolynomW in theargumentofthe. 
. c - function is always positive. Further, we set f'( r) > 0, which implies, according_ · 

'.\ ·1 

. ',\,: 

5 ·. 



. tc/(3.3), thatg'(r) > 0 and.the argurr{ent of th; t:.- function is positive. As a result, · 
using (3.2), we have , · · · · · · · 

a+d _ ~ = 
fl=~-: _Ko1 

· S~tting th~ function f(r) to b~ equai to .· 
;,-

(
wm1,) 2' '. : ~ i:,~I -
T + 1 - .-2-· < 1. , ._ .- , _ 1 

- cf(;L+ d_~ p+Jl-:-1/tanWT, J'(r) ~ w~ ~' 
- . . - · · •· 2. · . . . _ 2C; cos2 

';,,, ' 

· (304) 

{3'.5) 

obeyi_ng eq: {3.1) DU(r)) = ~ and ~he conditio,n !'(;) >,:O,·we geri~e/from {3.3), 
the following expression for g( T ): - , , , 

' ' ' . : ,·.,- . ' . 

· . cg(r)_: a == -l 
•. .·• :P + v'l.-:- p2'tan w-r , g'(r) > O .:· 

- ' ..... j~ . -· ,· .-

· (3.6) . 

,, . . .--- ,, . ' . - .. 2 . ·, ' ·. -,_ ' . , , 

that _also.satisfies the equ~tion B(g(r)) :;:= ~ :: Now we,turn to the seco!1d boti~dary, -
··. condition (2.15). Without_ loss of generality, we assume.that a = d ~- P. < 1 and; 

instl')ad of (3.5) and,(3.6), we ~bta.in: ~ :. . . •. ' .. ·, .. ,;.,_ - . '..:. 

, f( .) _ ~t-·~;:;.;_ .. ,(.-)· _ ~ptan~~--~ Jr::?" .. 
T - .an ,,.gT ,- .. --~ ·w-r , ..• ,; 

, · c · , 2 , >
0 c . · v 1-- p- tan 2,_+ p '· ' _ 

(3.7) 

'Btshifting argum~~ti'i'i1 these~ond 6feq~; (2.15) by('.-l),' w'e arrive at the.equation 
• . . • ··. ·, . . ,, . ' • ' _, • j' .. ' 

·. d · g'(r-2/)- f'(;)-t-g'(r...:21)· '·· .. ·. · :lf(;)~'g(~-21)1 
--d. In ~!'( ) + 2 .!·( ) . , ( . 21) = -c-k2w ✓ . . r .- r < · r -gr.- . •. f'(r)g~(r~2l) 

Inserting t~e expression' for'!( r:) anl_ 

._'.;{~·
2

l) =~(pcos_wl~-Vf=7'sinwl)ta~'"f- (psinwr+v'f=-#co;~l) 
g_ ~- , , .. , ·_c . -( ✓1 '-::' p2,coswl + p ~inwl) tan ';7 + (pcoswl-:- v'l _:_ p2 sinwl) -

., . , . ••• ' ·;-~ •. " ' • ; :, ·' .·• •• « } '.:! '._,,' _<·~: -·.:·· -
into -it, we optain ,, the exp~ession;. ''l'.ithout the"time·parameter' T, connecting the _pa~ 
rarri.eters p (3.4), w; l ci~d k

2 
~ 1 · . - .. . . - . . . 

• • s, -.· _,_. ,. ·, .- • ~2 

( ✓; ~ p2\in~l _~ fJCoswt)
2 +~m2 _(J1 ~/sinwl , ;rns~l)_=:= · ;· 

._, ', ,, ... ,,,' ', ,, > , ,, /, ', ' 
-/ 

,/1~•/~i~wl pcosw,l= l[wm2, .,:_ 1 ~-wrnz· 

. Setting p =- sin ¢>0 , we have 
\ ' .,, , 

.... _ I • 

I '{I-. 
lt 

'f 
l ~-
' 

i: r. 
f 
l 

-~ • 2 -· .· wm2 wm2 
sin(wl - </>o) =:= _(-) . +. 1 -:- .-.. 

., . , 2")' - , 2,, 
!- . I,~, . . . -· 

, Since </>o =. ar~si11_( /( ~ r ·+_ 1 - -~) ; 'according to (3.4), we can the~ determine 

the dimensional param~t1;r l: · • · 
\ 

1 2. (. ·: (wm:) 
2 

- • • w;,.) 
l = ·-Earcs_in _ -• ,.+ 1 --• 

W i=I • , 21 , , 21 
' ' • • • ' ~. '• r 

ming-(2.6) at A('u:) = A(ir) = ~ = ~' 
!,( . +) v'l-:- p

2 
.. . wu+ ( _) - , ~ · - (wu-- ,1,-) u :==. _;____,_,__ tan - , g u ,;= . cot -. + '/'O 

, -,..- ,: C . • 2.. - - ,. C -' .. _ -~ 2 , ,;, 

and taking the vectors aµ, bµ, cµ i~ thefor~: . 

, ; Ji _•p2 , ,'' µ . . · µ •. · C , 

aµ=_~ 2c _ {l,O,l},, .. :b"'.'{0,1,0},:c_ "".~{1,0,-1}, 

we obtain. 
ij/f(r.+'d) = .{l, sinw(r+d),,co;~(rf u)}; 

ef;'!(r _cu) =' {i, -~inw(r - u + 2¢>0 ), ..:cosw(~ _:. a.+ 2¢>0 )( 

Hence, it foil'o"s that if we' put A = w, theri T = t b~cause 

(3.8) · 

• . , ' 'tµ <', ' ' ' •µ· ' .: . ·- , ', , , . , ,· Iµ - ' ',;; . - . , 
cµ(· ) 1/l+Cr:+o-)+1/i:.(r.-u) 'µ(---). 1/l+(r+u)-ef;_(r-u)·• 
x T,O' = 

2
. , x r,u ,= -

2 
, 

. _Iv ,_ 
' ' . .- : ' ' - r., yi ... ...... , 

' ' 

take the form 

:i:µ( r, u) = {1, sin,(wu•- ¢>0 ) [cos(wr+ ef>o), - sin(w-r + ef>o)]l , 
, . . ~ . . . . . . . . .. 

--~ 

•. xµ(r, u) = {O, cos('-<->O'- ef>6) (sin(wr + ef>o), cos(wr + ef>o))} .. 
and finally we get, -, . . . . . --

•_'.x~( r, u) ~ -{r, ,sin(w:--~of(~in(~r,+~0 ); cos(=r+ ef>o))},. 
,'; • ' ' •• >. •• '·"" ••• 

. (3:9) 

· Then from (3.9) it follows that r = t. The physical ~icture giv~n by thi~ s~lution.is 
clear: .the string as a pie~e of a·str~ight line rotates ,vith the angular velocity w. The 
linear veio~ities of the massive string ends can be' det~rmined from (3.9}'as,follows: .. - . l .. · - : -. -. .. - - - / -. :,/ 
- vj = i(t,O) ~ sin ,Po [:-cos(wt + ef>o), si11(wt + ~o)] , · · - - • 

·--...· '-;• 

"-
7" 

( 
I -

'~ 

I 



'· 

vi== i(t,l) = sin(wl.-</>o)[cos(wt,:+.4>o),-sin(wt+4>o)]. 
' . . . . . . 

- ·The absolute value of v; is e_qual to · 

v1 = I sin 4>ol. =:= 
"( )2. ·, .wm1 - _ . _ wm1 

2 _-+l 2·' 
-- 'Y.. . 'Y. 

(3.9a) 
. - . -~ (win2) 2 .. / 1· . -wriir·---,-

-- v2 = !sm(w/ -:,t>o)I = . --. - + L- ·-· · , · .· . 2, . . -2, 

·· Now·we can de.termine R;, thj distance~ from the c~nter .of rotation of t'he st.ring to its 

ends _. . __:_. ·._ v; ~ 1.--[ (wm. ;)·-.2 , ·_. -c' ~m;] - . . -. 
•/ 

R; = .- = -:-- .-- +1 - ---. 
- . w w . 2, - . 2, 

. \· ·, . . ' : ( . . ' '-·.. ·. ·, . ·• -

Equation (3.10) gives the connection.between R 1 and R2 in•the.following form· . . '. ' ; . ,, ~ . . . ~ ' . "; 

(3.10) 

. . . . ·- . . .· _.· . • . . . ,2 
- 1 Ri(m1 + ,R1) ~ ,R2 (in2;+ ,R2) = w2 · (3.11) 

This equations in terms of v;takes· the form:·.-
_...,._ . . . .. ' . . . ,: 

. . v2 - . ; . : v2 •. - . ' : . 

~Il
1
.(m1 +,,Ri) =. R: (m2+,R2) =-,~ (3.12) 

it has asimple physical meaning: the string tension -y bal~nces\he coiitrifugaiforces 
. ~i rotating masse's Jt/m;and the rriassei ,i ofrotati~g string pi1:ces ih R;' linking ~; 
,-\viththe center of string 7Q.\.ati6n. · . . . . · · · · 

_4 .. -.Energf and~ arigular momenttlni'/bf a 'rotating -·• 
·itring·: . . . . 

. ·1n' the gauge, ·we ha.ye chosen ~•- = t, the Lagrangiai1ofthe system. is given b;:~·he 
e * • ~,' • • • • • • • ' •, • C ." 

express10n: .. 

-._· I ••' :.·.~ r \ • ,·• ·' • • :.! :' , 2l•, ·• •. <' 

, ~ :=: .c..,J JCi1i,,)2+x;,(r :c.._ xf)'d,_u-:_ t'i m;Jl -xf(t,a;). 
0 .... . . · .. : 

. \'/Uereis the ~ithonorm'ai gauge condhi°'ns (2_.2)in termsof.~oment~ become nJ 

(4:1) 

/(t,:) +)x~(t,u) == / f&;a);,, fi;(t,u): - . {4.2) 
' . ,.. ,:: .. . -· . . ~ . . 

_ The· string Hamiltonian is equal to 
-/ 

· ... ·/,-·, ·" .... 

If,1 ~ j.J(ir(t,u)+ , 2X:(t,u)
1
du ~-- ~ti 

0 '' . . •' •,' . ·. • . .. 

'(4:3) · 

. ·. -I 

.--!-~ 

l 
f ·t 

. ·j 
\ 

~ 
YI 
·'! i:\i -
. I:. 
J 

. :1'·. ' 
' -r_ 

:'{ . -

-c 
t· 

. andth~ J!amiHonian of the masses in;' at the e~ds of the string is give~ by 
. . 2· ... 

2 m: ... · .. L· m; .. • 

Hm, =:. ~ Jl :_ ;i(t u·)' = •=I J1 - v( _,.,_ · i=l . t , • ·f 

(4.4)' 

The energy 6f the ;ystem·~an be express~d [1...:.sf as the value·ofthe total Hamiltonian 
on the 'solution (3.9) . . -

. • . 2 m:· 
._ _ E ~ ,l +~Ji~ vl. · _ . _ (4.5) 

Using13.8) and (3.9a)-we-~an express the ~nergy orily in terms ofHnear veloiities of 
· ·_ the ends of the string v; and masses m;' or in terms of the angular veloctty of}he string 

·wandm;: · •· ·· 

/ 

·2. 

-·"' 

.-

'Y .. 

- [ •

1

, • m '] 
£~ t 3arcsinw~-~ = ':(1-6) 

wm· ,. wm· ···. m· 
-L, 

· i=l 

. . .(· 
---· a.resin . w .•. 

~ . 
( 

. )·2 . .. I ) .. ,· 

---· +~~---· + . 
•' •• • : ~ ~ a•+ 'I<,.:... ~ 

'Y . 2-y ·. _ . 2-y 

.. 2,. .. _ . 2'"t _-_ - I • ·(J_(- . __ )2 . __ : __ . -.• -)' 
- .- ••' 

l . . --. . • . .-,· . . 

· In the no~rdativistic case, v; <t: !, fro~ the first ~quatio~ ( 4.6) we get 

' ·,,· 2 ·(, • · • m-v~-) 
E ~- E -v;.+m;+T 
. ·' i=l- W. . . , 

an:d taki~g into'account thit v; ::, wR; we a~rive at the linearlyg;~wi,ng pot~ntial 

-~- -:·~B ='Y(~~-+,~L+:t_(~i i ~
2
;v1)·, -

. ·-. ' - . 'i i=l · _.- .·· .•, . 

' (~.7) 

where R ,;,, R1 + R2 is the length of the' ;traight-line string: _· .. _ . _ 
For the totafangular momentum .we· obtain the following expression ·. 

• ,• '. - ~ • ' (. , I • • • 

. ' , I . - , . . . . .... 

<,f ~ J(xpy _:_ yp~fdu "rt (x/p~, ~YiPx,) = 
,'-.;;, l ,•_. ,·,., ', o· .. :-. ·. ,· . ·1 . : ·1-=::l ,_.,, . _. ,· 

·1 - 2. [ ; .. ., . - '2 ] · 'Y -- . , . -.- m;v- •-· . . 
- -2 E -aicsin•-v; + _- ~--. •_ , . . · · . (4.8) -

. w i=l w .. , . . . V 1 ~. v; . . .. . 
/ CompariJig ;he expressions ·fo; E ( 4.6) arid for 'J ( 4.S)we find first that their differeric'e . 

. ' is_equalto . . . . ... ·. . . . ·. '/· . . . , .. • .. 

- ,:;:: . ·. ·2 _',,~ ·, ::.". _,-_ -\ .,:2: .• 
-' E .c.. 2wJ ='F,m·Jl-v~• = I::;Ji-

-- . ·i=l ' ,. ·. '---...... :-,- i=-t'· I (tr+:~ w2~')•. 



., ' 

i' ,, 

/"°. 

/ 

tend.Sto zero both when mi -+-0 and when w ~' 0 in both the cases vi -+ 1.- Second, 
these expr~ssions result in the inequality: . . •, . 

. J < a'E2
·, if mi=/. O; (4.10) 

. 'where a' = 2!.r is ,the Nambu slopeof.R~gge trajectories. Indeed, using-expressions 
· (4.6) and (4.8), we determine the difference::--'· · 

~
2 

- 2t.r(t~rcsin,v;) ~ 
.· •=I ·. 

···.· 2 ·, :: ... ·.; .· ·.· ,)' '(2' ·:)2 
~.'1(I:arcsinvi)I:m;(R_+}1:..:.v; +_ L Ff > ff, 

W i=1 . i=I 1.- vl, .. . . •=1 . 1 - V; 

when mi 4 O, from which it f<_illows that ' 
I, 

. E2 , .. 7r ~ ( , ) <- 2 • 
J 21r7 ;E ?,rcsm v; 

,ifm,=/0; '\, 

and since 
·'Ir 

2, , '. ,::; 1, 
I: arcsin Vi 

. ..,,,./, 

"- i=l - , .. ..-_-

inequality ( 4.lQ) holds tru~. At 7lii ,:':'' 0 ~e.have Vi = 1 and th~ equality J = a' E 2 is 
valid exactly. ' '.. . . . , . . .. 

. If consider the case ofsiriall quark mass~s m, «· b:;'then from (3.9afwe obtain 
for the velocities v, ::::_ 1 - ~;which means that v;i~ close to tl:_e velo~ity of light._ . 
Upon simple calculations we obtain · .. · · 

J = c/E2 (1 ·~'Vimi
12

'+•m~/
2
)· 

\ ·E3/2 , . 
,,..,_-✓ • • ; .'. 

(4:11). 

which is consis_tent with inequality (4;1Q): , . . • . . 
. This formula allows us to calculate the masses of quarks m;. by using 'E = M 
(meson mass) and J. (meson spinLfrom the Particle Data for.mesons with equal or 
close quarkmasses.m1 ~ m2. FrC>m '(4:u) we_ have. 

, ·,, .. ,· J 
3/2+· 3/2 _ _!_ [E3f2 -.·---] 

. m1 m2 , - _'Ir . . • . cl E 112 

"'\.:,; 
(4:Ita) 

· "' · The corresponding 
0

results are listed in Table L A good agreement is observed with the 
mass values of current quarks md arid mb, however, for the_1r+ meson, the mass 1nu,d is 

· very s_mall. · For· vector meson~' p+ and J{••, the calculated quark masses turn out to be 
·negative sinc'e forthem E 3.12 <; 

0
,f,72 • Thus, f~r heavy mesons we obtainsatisfac~ory. 

values of m 9 • · · · ~ · . . ·· . · ' · 

·,, 

.\, . 

10 

' 

,-

) .. · 

· fo the_ othe; limiting c;s~ wten the masses. of qurks are large .7:1\; >~ 12, from (3.9a) 
we get v; :::: ~- « 1 and · · · · · · · · 

J·. '- I (E :," . : ·. .. )3/2 v· m1·m' 2 - a - m1 - m2 1r -.-- ••. > : '. . · · . m1 _+ m2 . 
Y:· . (4.12) 

I~ this case 'Hie contribution of masses to Eand J_ is much large than.that from the 
. _stri~g E ·.:_ ~1 ·_ m2 «.m1 .+ · ~2- i · _ . .. · · 

. One interesting ·case· is that when m1 =;=. m2 ;= ,R,. a~d therefore 'from (3.10). · 
: R1 = R2_ =f, _:,,L, v = :wR =c' .j"i ;= ":,w .. f,rom.( 4.6) and ( 4.8) we obt<).in: · 

E 
. 1r+4 . .J .. ·21r+1r2._ 2:··,h. ···2· .J·. • :(21r:+;2)2E2. , = .--m "''Ir = ---m t en '""'Ir = -'----'--'-. '1]. I. .· 2 , l , , I ,;' ( '/r +, 4)2 , l 

. , · aii? finally:.·, · ,' . 
'J =· a'(o.6)£2 (4.13). 

with inequality ( 4:10) being "valid. -
. Anofaer interesting'class of mesons (heavy-:-light mesons)j; when one of the quarks 

__ :Jrn~, becomes~ye;y massiv~, spec)fically ~1 -~ m2,and;m1 -~ ~, . ~2 .« 12- !hen. 
from (3.9a) we have VJ __ :::: ;;¼.-.,<<,l,, _v2 =;= 1-, 7)s verydose tothevel~c1ty of, 
light: Let us ana,Jyse the caj_c:ulation in this case inmore~detail:Using (4.9) we can 
express !!!. through E; J, m;; ",: Iridee_d,: . - ' . . .. . , . . . . . .. 

", 'Y . ; •. . '' 

'.', . . 

, · . · w , , , . ·. ✓m2w' · 
E~ 21J-:::: m1 +. m2 -. -._-., ·, ... -. 

, , 'i' . · 'i' ·' . . z ,., . 

·then !!!. :::: . E;']; . From ( 4.6) E c~n be. deiermin'edas foll~w; 
'Y 'Y , " • ' , . . . • .. '·. 

Finally:/ 

E .. ·., .· · -'._1r, . fff .. n_.·.1·2.,_ •. --· . . :_· -. 11". ;r ·.:. ·· 1/2/2 .. ,J -• .. . = m1 + - + -.. -.- ::::-m1 + --.- +.m2 · ---. 
·· ,• .. · 2w . w ... :. .. · E - m 1 ' ; E-:- m 1 , 

1r~f =;= (E-1~i) 2 
- ~(E- m 1?lt - ~- 1/7 . 

Thus, the first term of this fci;mula de~cribes the dep~ndence of J on E at a small 
: mass m'2 (4.11), whereas 'the second term with opposit~ sign Corresponds to·formula 
(4.'12) for large-m~sses m;. However, in the .case under considerati'an, as it has 'beei~ 

.mentionelin r~f. [12], the slope for heavy-light me~ons is double the Nanilm slope 26( 
Jnd~;d, from (4.14) itcan be obtai~ed as..foll<>ws... . 

. ., ' - 2 (1-~ ✓ . 2m2 . ) ' ' 
J·= 2a(E-c"-1,1)_ ... • 7r_(E.:...mi) •·· • (4:.15)J 



✓ ,,: 

i 
h 

/ 

' 
·. To conclude this consideration, we present the expressions for E ( 4.6) and J. ( 4.8) as· · 

Ju~ctio,ris of R; and v;. Expanding. th~ a.resin Vj. in_~ power seri~s of Vj = ✓ m?t;R, ', we . 
obtain ' . . · · . · . · .. · 

"(4.16) .\ ~- ~ .-y(Ri+ R;)+ t [',11; E 2"(t;;;;;r+ 1) ~ ,i¾] 
' . • . . . . •=1 · · . k=l • . . 1 - V[ 

. . -- ',. . . \ 

__ . Th~ firs·t term is a.linearly growing potential and the sec~~d one i; a correction to it · 
in powers' of v'f., ForJ we have ' ' ' · 

. • l 

/ : . . · · 1 2 
·[ · 'oo .· (2k)lv7k . m-v7 '] 

J = 2w (Ri + R2
) + 2w~ ~ -yR; E 2;k(k!)2(~k + 1) + J1 ~

1

v'f ·c 4.11) 

Here also the infinite Stirn over degre~s of v; gives a correctioi:i to the leaclini first t~;m. 
In no0:relativistic limit we 'get( 4. 7)and .' .. - .. ·.. . . : . ··• •· . · . ' 

'Y ;, ' ' . . i 2 ( ~2 , . . ')' 

J = 2w (R1 + R2~ + 2_w ~ -yR! ; + ~;v; , 

. In Fig; 1; th~:'nu~erical computation is plotted f;r th~ de~;n~ence of j on E 2 f~~ 
·. various ratios of masses =' = a. It i~ clear that thecurv~ in Fig. 2 have the asymptotic·· 

.• m1 · .. ; - .. , , _ . , 
. behaviourJ = c/E2 • · . · • · ._, · • , .... ·•. •.· · , 

5 · Conclusion 

The geometrical method propose here for sol~ing the boundary. prohiemin the the~ry . 
.of the ~elativi~tic string with massive ends i~ essentiaiJy based on the geometdcal notion 
oLtorsioi:ts Kj ·ofworld trajectories of the m;ssive string ends. The w~rld sm-f.;tce of 
a string ¼'ith massive ends is co111pletely defined by traj~ctories of the massive ends. 
These trajectories .;,re characterized by geometrical invariants k; arid K;( T ). 'In our c~se 
K;(t) = Ko - const .. and _the ~oundary curves arehelices, the string world 'surface' 
is a l:ielicoid. The solution. derived here for a rotating straight'.-line string reproduces 
all the 'results found in the. flux tube model [12], the so-'.-called yrast solutioi:i that here 

'-follows automatically fr:om (3.10)-(3.12) withou't the auxiliary condition . 

;;;_iV[ 
-yR;=l-ti~' 

• . 1 

resulting fio01 (3.12)'and. coveri~g the cases of equal arid different mass~~ m;. Quasi
classical quantization of this. system -a~co{ding to N. Bohr: J~ ~- 1i(j + I)j gives the. 
energy spectru01 of the system Ei; however, we should know the'analytic depende~ce 

- of E on .J defermin~d by, an equation of the fourth order in E: for which it is very · 
difficult to find physically reasonable-roots _but this equation can be solved numerically 
with the'use of Fig .. 2. A drawback of the iatter ;olution is' the absence of quark radial 

-- s..~' • • - ; 

. \ 

12 ·> 

I 

> 

' . \ 

Table 1 

m J~z + m 3/z =. _L [E. ~h - 1_ E.· ·rz] 
.' 1 2. . fif .. - o<' .·. :_ ' 

. ·~ ... ·- ~ 

m,.z -.mass quarks.-~ 

· -E'= M- mass mesons 

· (m,, 2 <£. )" 
:]..:spin mesons 

~·=o.ia 

mesons J · M GeV m GeV . mq ·Particle Data 

1t+=ucl. 0 0.14 . . 0 .06 
. }, . mud-~ .OJ S 

+.= uil · 1 0.768 ~ b . 
. '--

1/'f''= cc 1 3;097.:•. :1. 24 . I. / 

't-1 11 =-CC 1' .3.69 : ' .1.S 

4'Q/ =CC. 1 '3.77 - 1.5"3 ~- ·1.3 < inc< 1.7 
-i.p .= cc 1.64 

.to .= cc.•. 1.73 I I. _ __:..,. 

:x · 1.41 

_..,,.;,,· 

m Particle Data 

·a- = 
mb = 6.84 }4.7~mb~S:'3 

a-11- ., bu·, 6 66 ., . .· ·. I ·.-: '--· mb =- . . .. 
. 

D"" = cs· · 1.97 · me = 1.56 · . } V3E_mc ~ 1.7 
. +H ·-

- · 2.11 ,,me = 1.29 " Os.=. cs 

K-t = us I O· 0.49 m5 = 0,19 · } o.1<'m;'< 0.3· 
-. 1 - -0:89 =<Q, 
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. · __ ~otions sin~e at a given angular-velocity w the _'xnass~s m; move alo~g ~irdes of radius 
R;., This soluti_-0n cannot_yretend to be a mescmrealistic·mocl.el, however; from Table)~
it. is seen that the masses m; calculated by formula ( 4;1la) are.in good agreement with, 
experimental_d~taon current masses of heavy quarks. , .. . . . 
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