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1. Introduction 

The purpose of this paper is to describe eight new systems 'of differential equatioiis khd 

to write out the Lax pairs for them, We derive equations for all these integrable systems 

using the method of symmetry reduction (see (1, 2] and references therein) applied,to the 

self-dual 'Yang-Mills (SDYM) equatim'.1s in th~ ~pac~ R2
•
2 with the metri~ of the· signature 

( + + --). For derivation of the Lax pairs for these equations we use the algorithm of 

reduction of the Lax pair for the SDYM equations described in (3]. 

We use the SDYM equations jn R2
•
2 and the symmetry reduction method only as 

a tool for obtaining new integrable systems in lower dimensions, but there are at least 

three reasons in view of which the connection between these integrable systems and the 

SDYM equations is important. Firstly, the importance of the SDYM equations in R2•2 is 

motivated by the conjecture [4] that the SDYM equations may be a universal integrable 

system; i:e. that all integrable equations in 1 ::; d ::; 3 dimensions can be obtained from it 

by suitable reductions. In fact, it has recently been shown that mariy integrable equations 

can be embedded into the SDYM equations (4-14]. It is obvious that besides the known 

equations, the symmetry reductions of the SDYM equations give the opportunity to obtain 

some new integrable equations valuable for applications.· ·1n the' foll~wing, w~ illu~trate 

this by deriving "deformations" of the equations mentioned in the abstract. · Under the 

deformations of some equations we mean equations which coincide with the initial ones up 

to so'me additional terms. Secondly, to the equations derived from the SDYM equations, 

one may apply the twistor techniques for solving equations and for analysing properties of 

~olutions (see, e.g., (15, 16, 10, 11]). Thirdly; the SDYM equations are known to 'arise in 

the N = 2 supersymmetric string theory (17, 18] 'which is considered now as the universal 

string theory including the conventional N ~ 0 and N ~ I strings·as particular vacua (19, 

20]. Therefore, the soliton-type solutions of the SDYM equations and t_heir reductions are 

important for the analysis of nonperturbative effects in string theories. 

2. Definitions and notation 

We consider the space R2•2 with the metric (g1.w) ,= diag(+l,+1,-1,-1) and the 

potentials Aµ of the Yang-Mills (YM) fields Fµv-== 8µA,-8vA1.1+lA1.1, Av], whereµ, v,- .. == 
. . 

1, ... ,4, 8µ == 8/8x,.., Fjelds Aµ and Fµv take values.in the Lie algebra gl(n,C). 

In R2•2 we introduce null coordinates t == ½(x2-x4), u == ½(x2 +x4), y == ½(x1 - x3), z == 

½(x1 + x3) ~nd set At == A2 :_ A4, A;, = A2 + A4; Ay == A1 - A3, A~ == A1 + A3: The 



SDYM equations in the null coordinates have the following form: 

Ft, .= 0, Fuy = 0, Ftu + F,y = 0. (I) 

Equations (1) can be obtained as compatibility conditions of the following linear system 

of equations ( cf. ref. [21, 22]): 

(81 - >.8y + At - >.Ay)'11 = 0, 

(8, +>.au+ A,+ >.A,,,)'11 = 0, 

iJxlll = 0, 

(2a) 

(2b) 

(2c) 

where X is a complex conjugate to >... Here '11 is a column vector depending on the 

coordinates of R2
•
2 and the "coordinates" >.., X, parametrizing the upper sheet of the 

hyperboloid H 2 = SO(2, 1)/SO(2). Notice that '11 is defined on the twistor space Z = 
R2

•
2 x H2 for the space R2•2, and eqs.(2) mean the holomorphicity of the vector-function 

'11 (Ward theorem [22]). 

3. Symmetry reduction 

We consider the inhomogeneous group of rotations 1S0(2, 2) (rotations and transla

tions) and an arbitrary subgro~p G of the group 1S0(2, 2). We would like to impose the 

conditions of G-invariance on the YM potentials Aµ and on the vector-function \}I_ For 

that, we have to define the generators of the group I SO(2, 2} as vector fields on R2•2 when 

considering the ~ction of G on Aµ,. and as vector fields on the twistor space R2•2 x //2 

when considering the action- of G on '11 [3]. 

Let us introduce the following constant tensors: 

f;v = {Jbc, µ=a, V = b; h:;v = 4; -h~, µ = 4}, / 0 ~ = -~9ab9µ>, Jkv, (3a) 

- l >, -b 
f;v = {Ji'c, µ=a, V = b; -b:, V = 4; b:,µ = 4}, Ja ~ = - 29ab9/L f>.v> (3b) 

where a, b, ... = 1, 2, 3, 911 = 922 = -933 = 1 and JJ3 = J]1 = - Jl2 =' 1 are the structure 

constants of the group SO(2, 1 ). · Then, the generators of the group / SO(2, 2) can be 

realized in terms of the following vector fields on R2•2: 

Xa = /0 ~XvOµ, Ya= J0 ~XvOµ, Pµ = Oµ- (4) 

The vector fields on Z = R 2
•
2 x H2, which also form the generators of /SO(2, 2), are 

given by 

Xa = Xa, Ya = Y,, + Za, Pµ = Pµ, (5,z) 

2 

' 

~ 

with the following expression of the generators z. of the SO(2, I )-rotations on H 2: 

1 2 -2 - l 2 -2 
Z1 = -[(I->. )8>.+(1->.. )8xl, Z2 = -[>.8>.+>.axl, Z3 = -;;_[(l+>.. )8>.+(I+>. J8xl- (5b) 

2 . 

It can be easily shown that [X., Xb] = tibxc, [Z., Zb) = tibzc, [Y., Yb] = J;bYc and so on. 

In order to reduce the SDYM equations ( 1) and the linear system (2) under a subgroup 

G of the group /80(2, 2), it is necessary to impose the following conditions of G-inYarian,:c 

on the gauge potentials Aµ and on the vector-function '11 [23]: 

W{Aµ + AuWl,/L = 0, v, E (}, 

¾\\Ji = 0, v, E (}, 

(6a) 

(6b) 

where (} is a Lie algebra of the group G, W< = W[ Ou are vector fields on R2
•2 and 

w{ = W[ Ou + Wt z. are vector. fields on R2
•
2 

X H 2
• Both w{ and w{ form a realization 

of the Lie algebra(}. 

In accordance with the g~neral method of symmetry r.eduction (see [l] and references 

therein), as new coordinates on R2
•
2 x H2, one should choose t.h(' coordinates O{ on th1• 

orbits Q of the group Gin R 2
•
2 x H2, and the invariant coordinates 0,1 (A = I. .... •1-dim(J) 

and ( which parametrize the space of orbits and satisfy 

W<OA = o, W<( = o, 8x( = o, v, E (}. en 
Here, the invariant complex coordinate ( represents the new "spectral paranwter". Th<'n. 

substituting solutions of eqs.(6) and (7) into eqs.(l ), (2), we obtain the red_uced SDY.\1 

equations and their Lax pairs in terms of functions of the invari.ant coordinal.c>s, [L :l}. 

Now we consider examples of reduction of the SDYM equations to the integrable 

equations in 1 :S: d '.S 3. In what follows, we shall firstly write out some known integrable 

equations which arise as reduction of the SDYM equations under translations. After that 

we shall describe new nonautonomous versions of these equal.ions (i.e. their deformation~). 

derited via reduction with respect t.o the action of t.he subgroups containing rot.at ions. 

4. Reductions to-integrable systems in (2 + 1) dimensions 

Chiral model _equation in R 2
•
1 [24, 16}. Let us consider the onP-dinwnsional Abrli,,n 

group with generator Py - P,. Then, <p = y - z will be the coordinate on t.he orbit and 

the invariant coordinates are ·x = y + z, t, u and >... The YM potentials Aµ,sat.isfyi11g 

(6a),and the vector-function '11,satisfying (6b) and (2c),are given by 

A1 = T1(t,u,x),Au = Tu(t,u,x),Ay ~ 1~(t,u,x),A, = 'l~(t,u,x), '11 = tf,(t,u,x,>.). (8) 

:1 



Substituting (8) into the linear system (2), we obtain the following reduced Lax pair: 

(81 - Aor + T1 - ATy)i/; = 0, (or+ Aou + T, + U~)i/; = 0. (!}) 

Accordingly, the SDYM equations ( 1) are reduced to the compatibility conditions of tlw 

Lax pair (9): 

01T, - o,:T, + [T,, T,] = 0, oSu - ouTy + [Ty, 1~] = 0, 

ox(Ty - T,) + 011~ - o,,1~ + [T,, 1~] + [7~, 1~] = 0. 

(10a) 

( 10b) 

:-.'ow let us impose the a.lgebraic constraints 1~ = T1 = 0. Then, from eqs.(10a) we 

obtain Tu= g- 1aug, Ty= g~ 1axg, where g is an arbitrary function oft, u, X with values in 

the group GL(n,C), and eqs. (10b) coincide with the equation of the chiral field model 

considered in the papers [24, 16]: 

or(g-1oxg) + Ot(g-1oug) = 0. (11) 

Nonautonomous chiral model equation in R2•1• Now we consider the one-dimensional 

Abelian group of rotations generated by the vector field ·x2 + Y2 • From (4) and (5), 

we obtain X2 + Yi = X2 + Y2 + Z2 = zo, - yoy - AD>. - Xox. Let us introduce the 

coordinates p,O,TJ,t, by formulae y = ½pe-0
, z = ½pe0

, A= ryeie, then X 2 + Y2 = Do and 

X2 + Y2 = Do -rion. Therefore, cp = ½(O - lnri) will be the coordinate on the orbit and 

t, u, p, ( = Ae8 will be the invariant coordinates. 

The invariant YM potentials A,,, satisfying eqs.(6a), have the form 

A,= T1(l,u,p), A,,= 1~(t,u,p), Ay = Ty{t,u,p)e8
, A,= T,(t,u,p)e- 0

• (12a) 

The vector-function 

"1 = t/J(t,u,p,() (12b) 

is the solution of equations (6b) and (2c). 

Substituting (12) into (2), we obtain the following reduced Lax pair: 

'vv,'P = [iJ,-(Dp+~(28c+7~-(1~jt/J = 0, 'vv,1/J = (op+(ou+~(oc+1~+(T,.]1/J = 0, (1:J) 
p p 

where ½ = a~ - (op+ ¼(2Dc, Vi = op+ (ou + ;(o,. Remind that in the general case 

[½, Vi] i O and then for linear systems like (13) the compatibility condition is 

[Vv,, 'vv2 ] - 'viv,.v,J = 0. 

4 

(M} 

,., 

Cot-r<'spondingly, the SDYM equations (1) are reduced to. 

. 8tT, - o/I't+ [T,, T,] = 0, opTu - ouTy + [Ty,Tu] = 0, 

1 . 
op(Til - T,) + -'-(Ty,-T,) + 01Tu - ouTt + [Tt, Tu].+ [T,, Ty]= 0 

p 

which agree with the compa.tibility condition '(14) of the Lax pair (13). 

(15a) 

(15b) 

Choosing the same algebraic constraints T, = T1 == 0 as 'in (9), (10), from eq.(15a} we 

obtain Tu':" g~ 1oug, Ty= g~ 1ap9· Then, eq.(15b) is reduced to the nonautonomous chiral 

model equation in R2
•
1

: 

1 1 
op(g-1opg) + -g-1opg + o,(g-1oug) = O <==> -op(pg-1 opg) + 81(g-1oug) = 0. 

p ' . p ' 
(16) 

The Lax pair for th.is equation has the form (13) with T, = T1 = 0. 

Remark. Notice that if one ~ses an additional.condition of invariance under P1 + Pv.: 

(81 + ou)i/J = (o1 + ou)g = 0 in the Lax pair (9) and in eqs.(11) 1 then one obtains the 

equation of the p;incipal chiral model in, Ri,i .' But if we impose. the same condition on 

.1/J and g in (13) and (16), then we obtain the nonautonomous equation of the principal 

chiral model in R1
•
1 [25, 26], which in a particular case of the gauge group GL(2, R) is 

equivalent to the Ernst equations [25, 10]. 

5. Reductions to integrable systems in (1 + 1) dimensions 

Generalized nonlinea~ ·schrodinger equation {NLS) {9]. Let ~s consider the two

dimensional Abelian group wit~ the generators {Py-:- P,, P.,.}. 1:'h.e.¥, solu~ions A,, an.cl IV 

of eqs.(6) and (2c) are given by 

A,= T,(t,x), Au= Tu(t,x), Ay = Ty{t,x), A,= T,(t,x), w·= 1/J(t,x,A). (17) 

The linear system (2) is· reduced to the following one: 

{ 
(81 - Ao,,+ Tt - ATy)VJ = 0, => { [01 + T1 + A(T, - Ty).+ A2Tu]1P = 0, 

(ox+ T, + ,\Tu)1P = 0 (o,, + T, + ,\Tu)1P = 0 
(18) 

and the SDYM equations (1) are ,reduced to the compatibility con,dition of_ the J;,ax pair . . . ' . ,, : . ·, 

(18): 

8,T, - o,,T1 + [T,, T,] = 0, oxTu - [Tu, Ty] = 0, 

o,Tu - ox(T, -Ty)+ [T1,T .. ] + [T,,Ty] = 0. 

(19a) 

{19b) 

To reduce eqs.(19) to the generalized NLS equations, introduced by Fordy and Kulish 

[27], one should impose the algebraic constraints on the elements of matrices in (19). 

5 



Let us choose in G L(n; C) the subgroups N and H so that N /H· b~ a wmpact Herinitian 

symmetric space. Let N and 1i be the Lie algebras .of the Lie gro~ps N and H. Then N = 
1iHJP and [1i, 1i] C 1i, [1i, P] C P, [P, P] C 1i. A special fe~tur~ of Hen;.1itian symmetric 

spaces is the existe~ce of a~ element A E 1i ~uch th~f7i,=,;-Ur f)l: [A; Bl= O}. The 

matrix adA has only. three distinct eigenvalues O, ±i:and (A, 1i] =.0, fA;X±J.= ±iX± for 
all X .. ±. E p±, P = p+ EB P~. ,Let e:l;a be a basis of .the.space p±_ :Then 

. . . .. . . 

[A, e±a] = ±ie±a, 
• ~. $. . ~ 

[eµ~-[C 11 , e_~]] ·= -R;,;,,;_:.cr"ea. 

[e-µ, (e_,.,, eu]] = R:;·.-v,qe_':' .R:;,.-v,-a = R~,v.-u,, . (20) 

whe.re R;,v,-u are components of the curvat~re tensor defined at the initial point of thi• 

symmetric space N / H,. and R::.-v,u are complex conjugate to .the R:,v,.:.~ compoi1ents. 

For the matrices from (17) we choose the following ansatz: 

Tt = 2)f"ea +.~"e-a)+ 1)1"'•-/J[ea,e-,a}, Tu a=A, 
a,/J 

Ty= 0, ,Tz =:= L(i/J"eo + t/J~e-o},: (21) 
0 

where </>", 1/J" and f!<>,-/J are arbitrary complex-vahied functions of t,x arid the b~{ovcr 

the letter means complex conjugation. Substitu~JJ?.i£ (2~), in.to ~qs.(1?), w~ pbtain that 
'S ' • V .• ,:,. • '·,•. " '.• 

. </>" = iax1P" ,; ria,~/J = i(i/J"ili + n~·-.a}, n~'.~;,.=; fi"·~/J = ~onst (22) 

and eqs:{19) are reduc~dto the generafo;ed NLS ~~atio~J o'n l:.h'e fuiictions 1/J": 

ia ·'·"' + a.2•1•,;, + ~ R" ·.'· ,,.,,v.T,u + s-' R" nv•-".·'·" = O t'f' · :c'f' ~ µ,v,-u'f' 'f'. Y.,: .- ~· ~v,-u o 'f' .. · .. (2:l) 
Ji,,v,u Ji.,v,u.;, 

Notice that the constant components n;;,-u can always be chosen ·so that Lv,cr R;,v,-,-un;;:-;" = 
w"b;, where w0 are real constants [27]. The Lax.pair for ~q-s.(23) ~an be deduced via sub-. . " 

stitution of (21) and (22) in (18). 

Nonauton_omous generali~ed NLS equatio7:. Now let uscoiisider the .two:dimensio11al 

Abelian group with the generators {X2 + ~' P~}. Then, i~variant Aµ 0:-nd IV, are 
0

givcn 

by formulae (12) whereT,, and 1/J do not depend on ui Th~ reduced Lax pair and SDYM 
\ .' u ; 

equations ha\le the form 

· 1 . . . "~i,' •. . 
[av~ (ap + -(2a, +Tt - (Ty]1P = 0, [BP+ -(a,+ T/+ (Tu]1P = o, {2·1) 

'. • .,' P,·· · . ,. · · .. ,: ·P :/. c< :· .... '. · · · 

atT,, -at>Tt+ [Ti,Tz) = 0, apT.J. + [T~;T.,]::;: O, . (25(1) 
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' ·1/, 

1 . 
ap(1; - T2 ) + -(Ty - T,) + a1Tu + [1~, Tu}+ [Tz, Ty] = o: (2.1b) 

p . ' 

For matrices from (24), (25) we choose the ansatz (21) again. Substituting (21) into· 

¢" =· i(api/J" + !11,·0
), 

' p 

(25), we obtain that 

n°,-/J = i(t/6/i + D~·-/J +.2 J d: 1/J"t/J/J), D~·- 0 = O~--/J = canst (26) 

and the functions 1/J0 have to satisfy the nonautonomous generalized NLS equ,,tions 

ia,i;0 + iJ2iJ;" + ~ R" . _ 1/J"'ljJvif;" + ~ R" _ w,-u ,:.," = 
. p ~ µ,v, a. _ ~ µ,v. a o 

p.,V,<1 ll,V,t! 

.. 1 J d .. 
= -a (-t/J") - 2 ~ R" _ ,,,,,. _!!_ipvif;". P . , ~ µ,v, c,.,.,. 

p ,,.v,u p 
(27) 

The Lax pair for eqs.(27) can be obtained by substitution of (21) and (26) into (2•1). 

Remark. In the case of N = SU(2) and JI= U(l), ansat.z (21) has the form 

Ti= ( 
!1 ¢ ) . 1 ( 1 0 ) . ( 0 t:') , Tu = -

2
. . , 1~ = 0, T, = ~. , . 

<P -n I O -1 1/.' Q 
(28) 

where n, ¢> and 1/J are arbitrary complex-valued functions oft and p, and K is an arbitrar.\· 

real constant parameter. Substituting (28) into (25), we obtain that 

- J dp-n = -iK.(t/11/J - ·l) - 2i,,, Pi/Ji/J, 
1 

</> = i~(apt/J + -ip), 1 = co11.s/. 
p 

and the function 1/J has to satisfy the equation 

• 2 - 2 l J dp . ia11/J + ap 1/J - 2,,,( t/;1/J - , )tJ; = -ap( -1/J) + 4,,,tf, -t/•1/.•. 
. . p p 

The Lax pair for eqs.(30) can be.obtained by substitution of (28) 'and (29) into (21). 

(29) 

(:lO) 

The nonautonomous NLS equation (30) has been considered in the paper [:!6}. \Vh<'n 

1,, = -1 and 1
2 = 0, this equation is gauge equivalent to the equation of the lleisenb<'rg 

ferromagnet in axial geometry.· By change of variables t, p a11d 'IJj, eq.(30) cari b(· trans

formed to. the equation, ½'.h.ich has. been introduced and integrated in [28]. ,Thus. th<' 

nonautonomous NLS equation is shown to be the reduction of the SDYM equ,it.icms. 

/(orlcwe_q-dc. Vries equation [5,6]. Now, consjdering the genera.tors {Py - I',,!'.,}. the 

Lax pair ( 18) and the compatibility conditions (19), we choosP th<' matricl's from ( 19) in 

the form of the following 2 x 2 matrices 

. (a b )· . ( o o) ·(O o)·, . ·(o g)· 1;= . . , Tu= , 'I~= . , 1~= . , (:Ila) 
· ,c -a . -1 0 . h O · J O ' 

7 



- where a, b, c, J, g and h are arbitrary real~valued_ functions. 

Substituting (31a) in (19), we obtain that 

1 1 __ -1_
2

-,-1i-- .1-_ --
a= -axf, b =- --f, c= -f +-DJ, h = -f, g = -I,-4. -• 2 .2 . 4 X . _ 2 .. ---- (:Hb) 

: - - . . 

and the function f has to satisfy the KdV equation 

• 3 · -· I -
otf - 2foxf - 4ff;J = o. (32) 

The ~ax pair for eqs.(32) is obtained after substitution of (31a) and (31b) iu"to (18). 

Nonautonomous J(dV.equation. Now we consider the generators {X2 + ½, P,,}, Lax 

pair (24) and its compatibility conditions (25). For matrices from (25) let us choose the 

ansatz (31a). Substituting (3la)"in (25), we obtain that 

- ___ I " f _ 1 / dp_f a -u - -- -- 4 P 4p p ' 6= _.!_I~ .!_j dp f, 
2p 2p p h = ~f + ~! dpf, 

. - P, 

. 1 ,,2 - 1 1 2 c 1 r / dp 1 c=-puf--f+-J + -+-) -f, g=---
- 4 P 4p 2 - 4p · 2 p p ': (33) 

and the function I satisfi~s the equation 

. 3 - I - · ., --
od - 2Jopf '- 4o;(pf) = 

l 1 2 1 _ _ 1 2 1 _·- f 1 / dp . 
==-f+-f --oJ--aJ+(-of----) -,-,-f. 2p2 2p 4p P 2 P 2 e · 2p 4p2 - - p _ {34) 

The Lax pair for eq.(34) is obtained after substitution of (31a) and (33) into the Lax pair 

(24). 

Remark. Nonautonomous KdV equations have been_ considered in the papers [26, 28}. 

Equation (34) differs from ones, considered in {26, 28), and it is a new deformation of the 

KdV equation. 

6. Reductions to integrable dynamical systems 

Periodic Toda lattice with damping .. Let us consider the th_ree-dimensional non-Abelian 

subgroups of I SO(2, 2) generated by the vector fields X2+fJ½; Py, P,, where /J E R; (:J :f. 1. 

Notice that the SDYM equations,. reduced with respect to the symmetry group with the 

generators X2 + Yi, Py and P., lead to the zero curvature condition F,.,, = 0 and, therefore, 

they are not interesting. That is why we shall investigate the case fJ.:f. l. 

Let us introduce the coordinates r,0 by formulae T = ¼In(4tu)2, 0 = ¼In(f)2. Then, 

the orbit coordinates are x = 2g~~;i"e+ ½fJI_n(,A,\), y_, z and the invariant coordinates 

8 
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1 

~re, T, ( = ,\~-YO, _whe~e ;,;; = 2fJ/( I.::- fJ). The invariant YM po!entials an_d IJ/ -satisfying 

cqs:(2c) ant (6))re given by: 

At= T1(r)~0-T, Au= Tu(r)e-0-T, Ay·="Ty(r)e(I+-y)(O-T), A.:= T.(r)e-(l+-y)(8+T) 

IJ/ = tp(r, (). (3,5) 

Substituting (35) into the linear system {2), changing the variables and using (6), we 

obtain the following reduce"d Lax pair: 

[8T - --y(or, + 1i - (e--YTTy]tp = o; {(8r +-r(20, + e--YTT. + (T,.]ip = o, (36) 

Using the compatibility condition (14) for the -Lax pair (36), we obtain the followir1g 

reduced SDYM equations: 

d 
dr Ty + [Tu, Ty] = 0, 

d - - -
-d T. + [Tt, T.J = 0, 

T -

~ (T,. -Ti)-+ [T1,T..") + e-z-y-,-[T.,Ty) = 0. 

(37a) 

(37b) _ 

The equations of the periodic Toda lattice with damping are derived via the_~lgebraic 

r~duction of eqs.(37). L~t us choos~ for T1,T,.;Ty,Tz E gl(n,C) the following (algebraic) 

ansatz: 

0 a1 0 0 

T,=-T.= p 0 .... 0) 0 0 Uz 
P2 

Ty=T:=2 0 1 , (38) 
0 ' 

0 0 0 0 n-l 
. 0 0 Pn .11 

Un 0 .'I.. 0 0 

where a"' = exp(qa - qa+i) and the superscript T means matrix transpose. Then, after 

substitution of (38) into eqs.(37), we obtain 

d 
drqa = Pa, !Pa= 2exp(-2--yr){exp[2(qa-l - qa)) - exp{2(qa - qa+.i)l}. (39) 

When --y.= 0, the latter equations coirn:ide with the standard periodic Toda lattice equa

tions. If_ --y _ :f. 0, then using the variable cp = exp( ---yr), we obtain the equations of the 

• Toda !attic!! with damping: 

d2 Id 2 , 
-d 2 qa + --d q" = 2 {exp[2(qa-l - qa)] - exp[2(qa - q;+l))}. · (40) 

cp cp 'P 'Y 

The corresponding Lax pair -is obtained by inserting (38) in {36). 
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' 1ntegrable Hamiltonian systims with quartic potentials. We are still considering the 

generators X2 + f3Yi, Py, Pz, the Lax pair (36) and the compatibility conditions (37). Let 

us choose in GL(n, C) the subgroups N and Hin such a way that N/ H be the Hermitian 

symmetric space (for definitions and notation see Sec.5). 

For the matrices from (37) we choose the following ansatz: 

Nt = 0, · N., = iL qa(ea'+ e~a),' 
a 

Ny'."' L ra(ea - e_a·) + L na,-u[ea,e_,,)? Nz = A, (1 l) 

a,<1 

where q~, ra and na,-" _are arbitrary r~al-valued functions ofr. 
' .. • ' ; I • 

Subs~ituting ( 41) in (37) we obtain that 

ra = -e2"1" ddqa' na,-u = iO~·-" - ie2"1" qaqu + 2i ,.f dr e2
"1" qaq"' n~--q = canst, ( 42) 

T ' . 

and eqs.(37) are reduced to the equations 

.!._ a - """ R" µ. V q + """ Ra ov,-<1 µ. -dr2q •.• b , µ.,v,-<1q q q · b µ.,v,~u · o q_ - . 
µ 1v 1u µ.,11,u 

= -2, (dqa +e-2ry-r,""" Ra - qµ.f dr e2"(-rqvqu)+(l-e-2"(T)""" Ra - nv,-<1qµ.. (4J) dr ~ µ,v, u - ~ µ,,v, a o 
: · µ,v,<1 _ µ,v,cr · 

Notice that n~•-" may always be :chosen so that I:v:o- R~,v,-<10~--0" = Wµ.0~, where Wa = 

canst. 
t • ,, I 

When I c= 0, eqs.( 43) coin<;idi with the equations of motion in quartic potentials, 

co~sidJred, in [29). Equations of t:'he Ga1nier system are the particular case of eqs.( 43), 

co~responding to 1 = O,N = SU(n),H = S(U(l) x U(n -1)). The Lax pair for eqs.(1:l) 

can be obtained by i~serting ( 41) and ( 42) into (36)'. 
. . . . ,, ' 

Euler-Arnold equations and their deformations. Now' lef us consider the three-dimensional 

. non-Abelian symme~ry group with the. generatms ~X2 + f3Yi, Pv., Py, where a, f3 E 

R, a 2 - (3 2 = 1. Let us introduce the coordinates T •= ½( a - (3) ln z2 + ½( a + (3) ln t2, 0 = 

½(a·- fJ) 1n z 2 - ½(a'+ (3) ln t2 • In this case the orbits ar~ parametrized by the coordinates 

x::: ·0 - ½f3 fn(,\,\), u, y and the invariant coordinates a;e r, '( = ,\ell9.• Solving eqs. (6) 

and (2c), we obtain the following formulae for the invariant· YM;potentiiils and for the 

vector-function \[I 
', \ 

( 
0 - T ) ( ,T , 0 ) 

A 1 =(a+JJ)exp 2(o:•+f3) Tt(r),,Av._=(a,-f3),ex~. 2(a-~f3)--: 2(a+f3) Tu(r), 

•10 

Ay -=: (n+,1)}~;;_(--2(a~/j)+;(n~ ,J)} 1~(r), A,~ (a - '~)exp(2(:. = ;;,) 7~(,J ... 
IJl=t;.,(i,().· (II) 

Subsfih;tc (411) into the linear system (2) and express the deri~~tives in (2) via thf' 

·'nf'W coordinate; .. 'i'hc1i, afi'cr. u.sir;g the conditions of .invariance.of if:. the linear svstem - . -· .·· . •-; ' , - - - __ . -,·- - .. 
• (2) is f('dutcd to the following ot;e: 

far cc- /3(8, + '.~t .,.._q~)'ljJ == o. (aT + B(&,+T,+ (T,,)ij,, = 0. (-Li) 

If ' . "· - 1:(-~l' '/') ~' . , 1 (1'·.,+··1· ')' \' · t(1' ' .,, )- I\' 1 (1' -,~) I WCpnt;,i=:: 2 z+ i,;v,,== 2 y ,,,:'y= 2 y-'u••·z== 2 z-11,IJell-\VC 

.can' r<•writc the Lax pair (·15) in the form 

(iJ, + NT - (Nyh'• == 0, (;j(Bc + N, + (N,;k = o: · 

The minpatibiliiycondit.ions oLthc Lax pair ('16) are 

8:,.N,, + f]Ny + [Ni, N,,] + (N,, Ny}= 0. (Nu, 1\'y) = 0 

iJ,,.Nz + [Ni, Nz) == 0. 

(4G) ' 

(,17n) 

(-17b) 

Let us cht>0sc N1, N, t.obc antisyrnmct.ric nx n matrices ,111d Nu, :\".v to lw diagonal ma-
. . . ) ,. - -

trice~ satisfying-the equation a,,.Nv. + /3Ny = 0. We choose the. ~olution of this equatiou i11 
. ' ' . ' . . ~ - ' 

the following form: N,, =,Au-/JT Ny,wherc Au = dia.g(a 1 , ::.,a,.) and Ny = diag(b
1

, •••• b,,) 

are const.ant·diagonal,matrices-with a;=/ ai, b;,,f bi and a; #bi when if:._ j. Solution of 

eqs.( 17a) ,may.be written in the form 

N,, = A,, -{hNy, A,,= c:onsl, Ny·= c0118l, (N;);, = ,\;;\1;1, 

· (N,);i = (/3d;i - l)M;;, (-1:-i) 

whcrii X;i '= fb/.:. bJ/( a; -ai), M = (M;i) == (-Mi;) is au ,U'bit.rary antisymnwt.ric matrix 

and (N1 );j, (N,);j are components of the mat.riri~s N1• N=. 

After substitution of (18), _?qs.(47b) Citll bp w_rittcn i11 tl1e form 
d . . .. 

dr[{l - jJr,\;j)MiiJ = L(Akj- ,\;k}M;i,Mkj· (l!l) 
k. 

When /3 = 0, these equations coincidP with the Euler-Arnold equations dcsnibi11~ t hi• 

rot.,ition offhe n-dimehsion~l rigid body (:JO). One may also i•ewrit.e cqs.( '19} i11 t lw form 

d · /3,\ · · · · · 'I · - · . · 
--c-M;j- '

1 
,\ M;j = /3 ,\, L(,\kj - ,\;k)M;ki\h]" (:ill) 

dr . I - /3r ij I - r ii k 
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Deformed generalized Calogero-Moser system. Here we consider the same syrmnetry 

group with the generators aX2 + /1Y2, Pu, Py (a,/1 ER, a'2 -/12 = 1), the Lax pair (-Iii) 

and the compatibility conditions (-17). Now for the matrices Nt, Nu, Ny, Nz E gl(n. C) we 

choose the following algebraic ansatz:_ 

n J+J n 

\ • - - . ' j k . - 2N N - - . '1+1 . N' - ?;V 
4 t - l L.-, ( . - )2 eJk z, u - i ~ j ke3k, y - ..... 4 u, 

1,k=I qJ qk j,k=I ,,,. 

{

n n J+f } 
NZ = h L PkCkk + i L ~eik . 

k=I 1,k=I qJ qk ,,,. 
(51) 

Here Pi, qi and hare the real-valued functions of r, the vector-functions Jj( r) belong to N

dimensional vector space cN, ft are canonical conjugate to J;: ff li = I:~=1 l'! f'! = 1, 

and (ejk)mn = OjmOkn are the generators of the group SL(n, C): [ejk, e1m] = 8klejm -Omjetk· 

Substituting (51) into (47), we obtain that h = exp(2/Jr) and eqs:(47) are reduced to 

the following system of equations: 

d d ~ Ut !k)U: li) 
d
-qi = Pi, -d Pi+ 2/Jpi = 2 L ( . )3 , 

T T k=I ~ -qk 

d n 

drfi + /Jli = -i L /kU: /;) 
k=I (qi - qk)2' .,,, 

.,,, 
d . 
drft + nt =it Ut /k)J: 

k=I (qi - qk)2 .,,, 
(52f 

The Lax pair for eqs.(52) can be obtained by substituting (51) into ( 46). When /'I = 0. 

eqs.(.52) coincide with those of the generalized Calogero-Moser system introduced in [31] 

(sec also [32] and references therein). 

Deformed Euler-Calogero-Moser system. Considering the same symmetry group with 

the generators aX2 + (3Y2, Pu, Py (a,/J E R, a 2 _; {32 = 1), the Lax pair (46) and 

its compatibility conditions (47), for matrices in (46), (47) we choose now the following 

ansat-::, 

n hik 
Nt = L ( )2 ejk - 2Nz, 

1.k=I qj - qk ,,,. 

n 

Nu = - L h;kCjk, 
j,k=I 

Ny= 2N,,,, 

{ 

n h .k } 
Nz = exp(2(3r) L Pkekk - L ~ Ejk , 

k 1,k=I qJ q ,,,. 
(5:J) 

where Pi, r/j and h;j = -h;; are the real-valued functions of r, and Ejk are the generators 

of the group 8L(n, R). 
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Substituting (53) into eqs.(47) yields 

d d ~ h;khjk 
drq; = p;, drPi + 2/JP; = 2 L -(. _ )3' 

k=I q, qk 
k,;lj , 

n · [ 1 1 ] 
d~hjk + 2/)h;k = ~ h;mhmk (qk - q;,.)2 - (q; - qm)2 .. (54) 

-m,;lJ,k 

The Lax pair for eqs.(54) has the form (46) with the matrices Ni, Nu, Ny, NZ from' (5:l). 

When /J = 0, eqs.(54) coincide with those of the Euler-Calogero-Moser system introduced 

in the paper [33] (see also the discussion of this integrable system in ~32]). 

7. Conclusion 

In this paper, we have introduced eight new systems of nonlinear integrable differential 

equations. The Lax pairs for all of these systems contain derivatives of the form ( -k with 

respect to the · spectral parameter (. The differe~tial operator ( -k corresp~nds to the 

extention of the loop algebra associated with the Lie algebra of the gauge group, and this 

extention is important in the standard approach to the integrable equations in {1 + 1) 

dimensions [34]. The dressing method for the Lax pairs containing the additional term 

(8( has been developed by Belinsky and Zakharov [25]. Namely, if one chooses a "seed 

solution" of an integrable system and constructs the corresponding solution t/;0 of the 

linear system, then the ansatz for iteration is 1Pn = (I+ (~Zn )'Pn-1, where the matrices 

Rn are independent of(, and µn are functions of the coordinates and do not depend on 

( (moving poles). For more detailed discussions see, e.g., [25, 26, 34]. 
-.J 
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